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Introduction 


Euclid’s Elements is by far the most famous mathematical work of classical antiquity, and also has the distinction 
of being the world’s oldest continuously used mathematical textbook. Little is known about the author, beyond 
the fact that he lived in Alexandria around 300 BCE. The main subjects of the work are geometry, proportion, and 
number theory. 


Most of the theorems appearing in the Elements were not discovered by Euclid himself, but were the work of 
earlier Greek mathematicians such as Pythagoras (and his school), Hippocrates of Chios, Theaetetus of Athens, and 
Eudoxus of Cnidos. However, Euclid is generally credited with arranging these theorems in a logical manner, so as to 
demonstrate (admittedly, not always with the rigour demanded by modern mathematics) that they necessarily follow 
from five simple axioms. Euclid is also credited with devising a number of particularly ingenious proofs of previously 
discovered theorems: e.g., Theorem 48 in Book 1. 


The geometrical constructions employed in the Elements are restricted to those which can be achieved using a 
straight-rule and a compass. Furthermore, empirical proofs by means of measurement are strictly forbidden: i.e., 
any comparison of two magnitudes is restricted to saying that the magnitudes are either equal, or that one is greater 
than the other. 


The Elements consists of thirteen books. Book 1 outlines the fundamental propositions of plane geometry, includ- 
ing the three cases in which triangles are congruent, various theorems involving parallel lines, the theorem regarding 
the sum of the angles in a triangle, and the Pythagorean theorem. Book 2 is commonly said to deal with “geometric 
algebra”, since most of the theorems contained within it have simple algebraic interpretations. Book 3 investigates 
circles and their properties, and includes theorems on tangents and inscribed angles. Book 4 is concerned with reg- 
ular polygons inscribed in, and circumscribed around, circles. Book 5 develops the arithmetic theory of proportion. 
Book 6 applies the theory of proportion to plane geometry, and contains theorems on similar figures. Book 7 deals 
with elementary number theory: e.g., prime numbers, greatest common denominators, etc. Book 8 is concerned with 
geometric series. Book 9 contains various applications of results in the previous two books, and includes theorems 
on the infinitude of prime numbers, as well as the sum of a geometric series. Book 10 attempts to classify incommen- 
surable (i.e., irrational) magnitudes using the so-called “method of exhaustion”, an ancient precursor to integration. 
Book 11 deals with the fundamental propositions of three-dimensional geometry. Book 12 calculates the relative 
volumes of cones, pyramids, cylinders, and spheres using the method of exhaustion. Finally, Book 13 investigates the 
five so-called Platonic solids. 


This edition of Euclid’s Elements presents the definitive Greek text—i.e., that edited by J.L. Heiberg (1883- 
1885)—accompanied by a modern English translation, as well as a Greek-English lexicon. Neither the spurious 
books 14 and 15, nor the extensive scholia which have been added to the Elements over the centuries, are included. 
The aim of the translation is to make the mathematical argument as clear and unambiguous as possible, whilst still 
adhering closely to the meaning of the original Greek. Text within square parenthesis (in both Greek and English) 
indicates material identified by Heiberg as being later interpolations to the original text (some particularly obvious or 
unhelpful interpolations have been omitted altogether). Text within round parenthesis (in English) indicates material 
which is implied, but not actually present, in the Greek text. 


My thanks to Mariusz Wodzicki (Berkeley) for typesetting advice, and to Sam Watson & Jonathan Fenno (U. 
Mississippi), and Gregory Wong (UCSD) for pointing out a number of errors in Book 1. 


ELEMENTS BOOK 1 


Fundamentals of Plane Geometry Involving 
Straight-Lines 


STOIXEION 


“Oeo.. 

a’. Unyetdv cot, ob ugeoc ovudév. 

B’. Deauur o€ uiixoc ankatéc. 

y’. Touts 5€ népata onyeia. 

0. Evveta yeauur cotw, tric €€ toou tol¢ ey’ Eautiic 
onuctotc xeitou. 

e’. Exupavera 6€ €otw, 0 UAKoc xol MATOS UOvov Exel. 

¢. Emupavetac 6€ néeata yeoatt. 

C’. “Entnedoc¢ empdverd eotw, tic €€ toou tac e¢’ 
Eautiis cvdetorc xeitou. 

1. Entnedog 6€ ywvia cotly h ev eminédw 600 yeauddy 
ONTOUEVWV GAATAWY “al UR Ex evVelac xElUgvwV TEdC 
GAAHAac TEV YEAUedY xAtolc. 

0’. “Otay 6€ al Tepleyovoa THY Ywviav yeaual codeta 

Bow, cvIvyeayoc xoreito 7 ywvia. 
V. “Otay dé cdVeia en” edVeiav otadeion the Epetiic 
yorviac loug GAAnAas ToLh, OoDN Exatéea T&V lowy Ywwddy 
Eotl, xal YN EMeotynxvia cvdela xdVetoc xadeita, EM Tv 
EMEOTHXEY. 

vw’. AuBAgta yovia cotly A YeiCwv oedfc. 

\B’. O€eta dé H EAdoowy Oped. 

vy’. Opog Eottv, 6 twd¢ EotL Téeac. 

6". LY AHUd Cott TO UT tivo ¥ TIVOV Gow TEELEYOUEVOY. 

ie’. KvxAog totl oyfua extnedov Und Uldc YeauUtc 
nepieyduevoy [i xareita nepipeoetal, medc yy ay’ Evdc 
onuctou tév evtdc tol oyhYatog xEWEVWV TOOL atl 
neoontrtovoa evveta [ned¢ thy tot xUxhovu meei@epeLay] 
toa GAANAai eloty. 

is’. Kévteoy d€ tod x0xAOU TO oNUstov xaAciTH. 

17’. Atdueteog 5€ tot xbxdov Eotlv evVetd tic Std TOD 
XEVTOOU NYLEVN ual MepatouUEVH EM ExdtepN Ta YEON 
ONO Tic Tol xbxdovU TeeIpEostac, HtI¢ Kal Stya tTeUvEL TOV 
XUXAOV. 

wy. Huixdxdov 6€ cot TO MepleyOUEVOV OYHUA UTS TE 
Thc Stayeteou xal tic amoAnUBavouevns Un aUTHS TEEl- 
wepetac. xévtoov be Tov nulxvxAtov TO avTO, O xal TOD 
xXUXAOV EoTIY. 

WO’. Uyfyata evdUypauud eott ta Uno evdelév Te- 

PlexOUEVa, TeITAcVEa UEV TH LTO TELOY, TeTodmMACVEa bE TH 
UNO Tecodowy, TOAUTAEVEY SE TA UNO TAELOVUY 1 TEGOKOWY 
euvelésy MepleyOUEeva. 
x’. TOv d& TeiTAcvVewWY OYNUdTWY todTAEVEOV eV 
tolywvdy Eotl TO Tuc TeEic louc Eyov TAEUVEdC, lovOxKEAEC 
d€ TO Tac SUO Ldvac louc Eyov TAELVEdC, OXAANVOYV bE TO 
Tas Tesic avioouc Eyov TACULEdC. 

xa’ "Et 6€ Tv ToImAcbewY oyNUdTwWV OPVOYMVIOV LEV 
totywvdyv gott TO Exov OeUHY ywviav, aUBAVYavoy be TO 
éyov auBAstav ywviav, OfvyMvwov Sé TO Tac ToEic O€eluc 
éyov yoviac. 
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Definitions 

1. A point is that of which there is no part. 

2. And a line is a length without breadth. 

3. And the extremities of a line are points. 

4. A straight-line is (any) one which lies evenly with 
points on itself. 

5. And a surface is that which has length and breadth 
only. 

6. And the extremities of a surface are lines. 

7. A plane surface is (any) one which lies evenly with 
the straight-lines on itself. 

8. And a plane angle is the inclination of the lines to 
one another, when two lines in a plane meet one another, 
and are not lying in a straight-line. 

9. And when the lines containing the angle are 
straight then the angle is called rectilinear. 

10. And when a straight-line stood upon (another) 
straight-line makes adjacent angles (which are) equal to 
one another, each of the equal angles is a right-angle, and 
the former straight-line is called a perpendicular to that 
upon which it stands. 

11. An obtuse angle is one greater than a right-angle. 

12. And an acute angle (is) one less than a right-angle. 

13. A boundary is that which is the extremity of some- 
thing. 

14. A figure is that which is contained by some bound- 
ary or boundaries. 

15. A circle is a plane figure contained by a single line 
[which is called a circumference], (such that) all of the 
straight-lines radiating towards [the circumference] from 
one point amongst those lying inside the figure are equal 
to one another. 

16. And the point is called the center of the circle. 

17. And a diameter of the circle is any straight-line, 
being drawn through the center, and terminated in each 
direction by the circumference of the circle. (And) any 
such (straight-line) also cuts the circle in half.’ 

18. And a semi-circle is the figure contained by the 
diameter and the circumference cuts off by it. And the 
center of the semi-circle is the same (point) as (the center 
of) the circle. 

19. Rectilinear figures are those (figures) contained 
by straight-lines: trilateral figures being those contained 
by three straight-lines, quadrilateral by four, and multi- 
lateral by more than four. 

20. And of the trilateral figures: an equilateral trian- 
gle is that having three equal sides, an isosceles (triangle) 
that having only two equal sides, and a scalene (triangle) 
that having three unequal sides. 


STOIXEION 


xB’. Tov be tetoutrAcbewy oynudtwy tetedywvoyv Uév 
got, 6 iodmAcupdv TE EoTL xal OPVOYOVOV, ETECdUNKEC 
dé, 6 OPVOYOVOYV YEv, OLX lodmAELEOV 6, PdUBOC BE, 6 
lodTAEUpOY HEV, OLX OPVOYaVOV 5é, POUBOELBEC SE TO Td 
dnevavttov MAcuedic Te Kal yuwvlac toug aAArAaic Eyov, 6 
ovte iodmAcUpdy EoTIy OUTE CPVOYOVOV’ TH SE TAEd TABTo 
TetedTAevea toanéCia xaretode. 

xy’. TlaeddAnaoi elow evuvdeto, aitivec ev 16) abdtés 
EINES OVSM xo ExBAAGUEVEL cic AmElpov Ep Exdtepa 
TH MEOH ETL UNSETEOA OUUTIMTOVOW GAANAAIC. 
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21. And further of the trilateral figures: a right-angled 
triangle is that having a right-angle, an obtuse-angled 
(triangle) that having an obtuse angle, and an acute- 
angled (triangle) that having three acute angles. 

22. And of the quadrilateral figures: a square is that 
which is right-angled and equilateral, a rectangle that 
which is right-angled but not equilateral, a rhombus that 
which is equilateral but not right-angled, and a rhomboid 
that having opposite sides and angles equal to one an- 
other which is neither right-angled nor equilateral. And 
let quadrilateral figures besides these be called trapezia. 

23. Parallel lines are straight-lines which, being in the 
same plane, and being produced to infinity in each direc- 
tion, meet with one another in neither (of these direc- 
tions). 


+ This should really be counted as a postulate, rather than as part of a definition. 


Aitfuota. 

a. “Hithodw ano navtdc onuctou ent nav onusiov 
eutetav Yeauuny cyoyely. 

BY. Kol neneonouevny sutetav xatk TO ouveyéc En 
evvdelac éxBorciv. 

vy’. Kal ravtl xévtew xal diactyatt xOxAov yodpeoVau. 

&. Kat néoug tac opbdc ywviac tou aAArAauc elvan. 

e’. Kat ea cic S00 eudetac cbVeta cutintovod ta EvtO¢ 
mol Eml TH AUTH EEN, Yworviac S00 dEDHV EAdooovac ToLfi, 
ExBarrouevac tac 600 cbVEluc En” dmelpov oUUTintel, EC’ 
& YEE Elolv ai tév S00 dEVEy EAdooovec. 


Postulates 


1. Let it have been postulated? to draw a straight-line 
from any point to any point. 

2. And to produce a finite straight-line continuously 
in a straight-line. 

3. And to draw a circle with any center and radius. 

4. And that all right-angles are equal to one another. 

5. And that if a straight-line falling across two (other) 
straight-lines makes internal angles on the same side 
(of itself whose sum is) less than two right-angles, then 
the two (other) straight-lines, being produced to infinity, 
meet on that side (of the original straight-line) that the 
(sum of the internal angles) is less than two right-angles 
(and do not meet on the other side).? 


+ The Greek present perfect tense indicates a past action with present significance. Hence, the 3rd-person present perfect imperative "Hitho0w 


could be translated as “let it be postulated”, in the sense “let it stand as postulated”, but not “let the postulate be now brought forward”. The 


literal translation “let it have been postulated” sounds awkward in English, but more accurately captures the meaning of the Greek. 


= This postulate effectively specifies that we are dealing with the geometry of flat, rather than curved, space. 


Kovwat évvotot. 


a’. TH T6 HvTES tom xo GAANAOIC Eotly toa. 

B’. Kal edv toot tow meootedY}, Ta Aa Eotly toa. 

vy’. Kal av and towyv toa apapeOf, Ta xatareimdueve 
cot toa. 

0. Kat t& epapudtovta En’ GAAV AA toa GAANAOIS Eotly. 

e’. Kat t6 ddkov tot uépouc peiTdv [Eotw]. 


Common Notions 


1. Things equal to the same thing are also equal to 
one another. 

2. And if equal things are added to equal things then 
the wholes are equal. 

3. And if equal things are subtracted from equal things 
then the remainders are equal.' 

4. And things coinciding with one another are equal 
to one another. 

5. And the whole [is] greater than the part. 


+ As an obvious extension of C.N.s 2 & 3—if equal things are added or subtracted from the two sides of an inequality then the inequality remains 


STOIXEION 


an inequality of the same type. 


a’. 
‘Ent tic Soveionc evdeiug nemepuouévnc telywvov 
lodnAgupov cVoTHoaoVaL. 


CL 


"Eotw f Soveton evdeia nenepacuevy n AB. 

Aci oh én thc AB ev¥etac tetywvov todm\evpov 
ovothoaova. 

Kévtew yév 6 A dStaothuatt 6é 16 AB xvxdoc 
yeyedodw 6 BLA, xat néAw xévtew uev 16) B Staotrati 6é 
16) BA xdxdo¢ yeyea~dw 6 ATE, xal and tot T onuetou, 
nad’ 6 téuvovow GAAHAOUG ot xOxAOL, Ext Ta A, B onucia 
ereCevy0woav cvdeia ot PA, PB. 

Kat éxel 16 A onueiov xévtoov éotl tot PAB xdxAou, 
ton cotly WH AL tH AB’ nédw, Exel 16 B onueiov xévtpov 
éott tov TAE xvxdov, ton cotiv H BI ti BA. edetydn dé 
xo 7 DA tH AB ton: exatépa dpa tHv TA, TB 17 AB éotw 
fon. Ta OE TH HOTH toa nal GAANAOIC Eotly tow xa n TA doa 
tf TB got ion: at teeic dow ot TA, AB, BL too dAAKA cc 
cloty. 

Tlodrievupoy doa gott tO ABT tetywvov. xal ouveotatat 
emt thc Sovetonce evdetuc menepuouevng tijc AB. énep der 
TOOL. 
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Proposition 1 


To construct an equilateral triangle on a given finite 
straight-line. 


C 


Let AB be the given finite straight-line. 

So it is required to construct an equilateral triangle on 
the straight-line AB. 

Let the circle BCD with center A and radius AB have 
been drawn [Post. 3], and again let the circle ACE with 
center B and radius BA have been drawn [Post. 3]. And 
let the straight-lines CA and CB have been joined from 
the point C, where the circles cut one another,’ to the 
points A and B (respectively) [Post. 1]. 

And since the point A is the center of the circle CDB, 
AC is equal to AB [Def. 1.15]. Again, since the point 
B is the center of the circle CAE, BC is equal to BA 
[Def. 1.15]. But C'A was also shown (to be) equal to AB. 
Thus, C'A and CB are each equal to AB. But things equal 
to the same thing are also equal to one another [C.N. 1]. 
Thus, CA is also equal to C'B. Thus, the three (straight- 
lines) CA, AB, and BC are equal to one another. 

Thus, the triangle ABC is equilateral, and has been 
constructed on the given finite straight-line AB. (Which 
is) the very thing it was required to do. 


+ The assumption that the circles do indeed cut one another should be counted as an additional postulate. There is also an implicit assumption 


that two straight-lines cannot share a common segment. 


Be 

Tlod¢ 16 SoVEVTL ONUEiw TH SOVEton cOVEig tony cvVEtav 
VEoda. 

"Eotw 10 vév do0Ev onuetoyv to A, 7 Sé Sovcion eUdeta 
7 BI Set d7 med¢ 16 A only tH SoVeton cdVeta tH BI 
tony evdetav Véodan. 

‘EneCevy0w yuo ano tot A onueiou ext 16 B onuciov 
evveta h AB, xal ovveotétu én’ adtiic telywvov lodTAEUpOV 
to AAB, xai exBeBrAfiodwouv én’ evdelac toic AA, AB 


Proposition 2! 


To place a straight-line equal to a given straight-line 
at a given point (as an extremity). 

Let A be the given point, and BC the given straight- 
line. So it is required to place a straight-line at point A 
equal to the given straight-line BC. 

For let the straight-line AB have been joined from 
point A to point B [Post. 1], and let the equilateral trian- 
gle DAB have been been constructed upon it [Prop. 1.1]. 


STOIXEION 


evvetar ai AE, BZ, xat xévtew ev 16) B dtaotiyatt 5€ té5 
BI xbdxdroc yeyedgdw 6 THO, xat ndéAw xévtew 16 A xa 
dtaotyuatt t65 AH xdxroc yeyedqdw o HKA. 


‘Enel obv 10 B onuctov xévteov Eotl tot THO, ton Eotlv 
7 BI tH BH. nédw, exet t6 A onueiov xévteov goth tot 
HKA xbxAov, ton cotlv n AA ty AH, Ov 7 AA tf AB ion 
éotlv. Aownth doa 7 AA downy} tH BH éotw ton. edetydy dé 
xo 1 BI t% BH ton: exatéon dow téiv AA, BI tH BH éotw 
fon. Ta O€ TH MUTE lou xal DAKAOIC Eotiv fou wal A AA 
goa tH BI cot ton. 

Ilpd¢ dow 16 Sovevt oNuciw 6 A tH Sodeion evVeta 
tf BI ion cv0eia xeitoa A AA’ Sree Eder Totijom. 
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And let the straight-lines AE and BF have been pro- 
duced in a straight-line with DA and DB (respectively) 
[Post. 2]. And let the circle CGH with center B and ra- 
dius BC have been drawn [Post. 3], and again let the cir- 
cle Gk L with center D and radius DG have been drawn 
[Post. 3]. 


Therefore, since the point B is the center of (the cir- 
cle) CGH, BC is equal to BG [Def. 1.15]. Again, since 
the point D is the center of the circle GAL, DL is equal 
to DG [Def. 1.15]. And within these, DA is equal to DB. 
Thus, the remainder AL is equal to the remainder BG 
[C.N. 3]. But BC was also shown (to be) equal to BG. 
Thus, AL and BC are each equal to BG. But things equal 
to the same thing are also equal to one another [C.N. 1]. 
Thus, AL is also equal to BC. 

Thus, the straight-line AL, equal to the given straight- 
line BC, has been placed at the given point A. (Which 
is) the very thing it was required to do. 


+ This proposition admits of a number of different cases, depending on the relative positions of the point A and the line BC. In such situations, 


Euclid invariably only considers one particular case—usually, the most difficult—and leaves the remaining cases as exercises for the reader. 


ae 

Abo dsoveoiv cvVeiv dviowy dnd tic UelCovoc TY; 
Ehdooov tony cuvetav cpedgty. 

"Eotwoav at Soveion S00 cbVEian vicar at AB, T, dv 
uci@wv gotw 7 AB> det Sh ano tic UeiCovoc tic AB th 
éhdooow th TP tony cuvetav ageneiv. 

Ketodw mpd¢ 16 A onuetw th DP evdeta ton n AA> xot 
xévtow ev 16) A Staothuats sé 16 AA xbxdoc yeyedotw 
o AEZ. 

Kot éxel to A onyustov xévtpov gotl tod AEZ xdxovu, 


Proposition 3 


For two given unequal straight-lines, to cut off from 
the greater a straight-line equal to the lesser. 

Let AB and C be the two given unequal straight-lines, 
of which let the greater be AB. So it is required to cut off 
a straight-line equal to the lesser C from the greater AB. 

Let the line AD, equal to the straight-line C, have 
been placed at point A [Prop. 1.2]. And let the circle 
DEF have been drawn with center A and radius AD 
[Post. 3]. 


STOIXEION a’. 


ton cotiv n AE th AA GAG xat AT tH AA Eotw ton. 
exatéoa doa téiv AE, I t7 AA éotw ton: dote xai 7 AE 
th DP cot ton. 


T 
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And since point A is the center of circle DEF, AE 
is equal to AD [Def. 1.15]. But, C is also equal to AD. 
Thus, AF and C are each equal to AD. So AE is also 
equal to C [C.N. 1]. 


C 


A D 
E 
A B nN E B 
Z, F 


Abo dé dodeov cvVev aviowy téiv AB, T ano tic 
uetCovoc tij¢ AB t¥j EAcooow tH DP ton dpfenta n AE: one 
EOEl TOLAou. 


o. 

"Eay 600 totywva tue S00 TAEvVEds [Toic] BVOL MAEUPAIIC 
loug eyn Exatépav exatéoa xal thy ywviav th yovig tony 
éyn Thy vnd Hv towv cvderdsv Tepleyouevny, xol Ty 
Baow th Bdoet tony eet, xal TO telywvov 16 TeLryavay toov 
EOTAL, Kat ol AOLTAL Ywvlon toitc Aotoiic ywviatc too Eoovtat 
EXATEOA ExATEPA, VP’ Ac at too TAcUEal UTOTELVOVOL. 


A A 
; J\ L\ 

"Hot S00 tetywva te ABT, AEZ tac 500 TAevedc 
tac AB, AT tolic duol mAeupaiic toig AE, AZ toug Eyovta 
Exatéopay Exatéoy thy uev AB tH AE thy de AL tH AZ 
xa yoviay thy Und BAT ywvia tH 0nd EAZ tony. Evo, 
ou xal Baorg 7 BI’ Bédoet tH EZ ton eotiv, xa to ABP 
totywvov 16) AEZ tetyove toov gota, xal at Aoumal yervtan 
toiic Aotmolic yuviac toon Eoovta Exatépa Exatéeg, VY" dc 
at too MAcueal Unotetvovow, 7H Yev UNO ABT t7 bnd AEZ, 
n Se Und ALB t7 Ono AZE. 


"“EgapuoCouevou yuo tot ABI teryavou ent to AEZ 
totywvov xal tWeyEvou tot uev A onuetou ext T6 A onueiov 


10 


Thus, for two given unequal straight-lines, AB and C, 
the (straight-line) AF, equal to the lesser C,, has been cut 
off from the greater AB. (Which is) the very thing it was 
required to do. 


Proposition 4 


If two triangles have two sides equal to two sides, re- 
spectively, and have the angle(s) enclosed by the equal 
straight-lines equal, then they will also have the base 
equal to the base, and the triangle will be equal to the tri- 
angle, and the remaining angles subtended by the equal 
sides will be equal to the corresponding remaining an- 
gles. 


A D 

Let ABC and DEF be two triangles having the two 
sides AB and AC equal to the two sides DE and DF, re- 
spectively. (That is) AB to DE, and AC to DF. And (let) 
the angle BAC (be) equal to the angle EDF’. I say that 
the base BC is also equal to the base EF, and triangle 
ABC will be equal to triangle DEF, and the remaining 
angles subtended by the equal sides will be equal to the 
corresponding remaining angles. (That is) ABC to DEF, 
and ACB to DFE. 


For if triangle ABC is applied to triangle DEF,‘ the 
point A being placed on the point D, and the straight-line 


STOIXEION 


tic 6é AB cdVetuc Exit thy AE, egagudoet xat to B onuetov 
émt to E dtd 16 tony civ thy AB tH AE: é~apuoodone 51 
tic AB ent thy AE egapudoe xal n AP cdVeta ext thy AZ 
die TO tony ivan thy O16 BAT ywvlav tH bn0 EAZ: Bote xa 
to T onusiov ext to Z onuciov Ep~apudoet Sid tO tony mé&AWw 
elvan thy AD t7# AZ. GAAw UH xa TO B Ext to E egroudxer 
wote Bao 7 BI ent Baow thy EZ e~apudoet. et yuo to 
uev B ent 10 E e~apudoavtos tod be T ent to ZH BI Bdouc 
émt thy EZ obx Emapudoet, Svo0 evVEta ywetov nepreEovow’ 
Onee Eotly adbvatov. Epapudoet dow 7 BI Baoug Ext thy 
EZ xat ton adth Eota Bote xal dAov t6 ABI telywvov 
émlt dAov t6 AEZ tetywvov épapyudoet xa foov wvtés EotaH, 
xa at Aol Ywvian Eml Ta AoiTaS Yavlag EPapUdcovOL xall 
toa adtoic Eoovtat, H ev Und ABL t7j Und AEZ n Se br 
ATB t7 tno AZE. 

"Eay doa S00 totywva tac S00 mAcvEdC [Toiic] S00 
TAguedic loucg Eyn exatéeav exatéoa xal Thy ywviav tH 
yovia tony Exn Thy UNO Tév towv every mepleyouevny, 
nal thy Badow ty Bdoet tony e€er, xal tO tetywvov tés 
Toltyava toov gota, xol al Aowmal yorviow tol¢ Aownoiic 
yoviouc too Ecovta ExaTtéoa Exatéog, VE Ac at too TAEVEAL 
Unotetvouow’ Onep Eder Seigan. 
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AB on DE, then the point B will also coincide with EF, 
on account of AB being equal to DE. So (because of) 
AB coinciding with DE, the straight-line AC will also 
coincide with DF’, on account of the angle BAC being 
equal to EDF. So the point C will also coincide with the 
point F’, again on account of AC being equal to DF’. But, 
point B certainly also coincided with point F, so that the 
base BC will coincide with the base EF’. For if B coin- 
cides with EF, and C with F’, and the base BC does not 
coincide with EF, then two straight-lines will encompass 
an area. The very thing is impossible [Post. 1].! Thus, 
the base BC will coincide with EF, and will be equal to 
it [C.N. 4]. So the whole triangle ABC will coincide with 
the whole triangle DEF, and will be equal to it [C.N. 4]. 
And the remaining angles will coincide with the remain- 
ing angles, and will be equal to them [C.N. 4]. (That is) 
ABC to DEF, and ACB to DFE [C.N. 4]. 

Thus, if two triangles have two sides equal to two 
sides, respectively, and have the angle(s) enclosed by the 
equal straight-line equal, then they will also have the base 
equal to the base, and the triangle will be equal to the tri- 
angle, and the remaining angles subtended by the equal 
sides will be equal to the corresponding remaining an- 
gles. (Which is) the very thing it was required to show. 


+ The application of one figure to another should be counted as an additional postulate. 


t Since Post. 1 implicitly assumes that the straight-line joining two given points is unique. 
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Proposition 5 


For isosceles triangles, the angles at the base are equal 
to one another, and if the equal sides are produced then 
the angles under the base will be equal to one another. 


A 


D E 

Let ABC be an isosceles triangle having the side AB 
equal to the side AC, and let the straight-lines BD and 
CE have been produced in a straight-line with AB and 
AC (respectively) [Post. 2]. I say that the angle ABC is 
equal to ACB, and (angle) CBD to BCE. 

For let the point F have been taken at random on BD, 
and let AG have been cut off from the greater AE, equal 
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ExaTEea, VY Ac at loo TAcVEal UnoTElvovLOLW: ton hoa EoTly 
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to the lesser AF [Prop. 1.3]. Also, let the straight-lines 
FC and GB have been joined [Post. 1]. 

In fact, since AF is equal to AG, and AB to AC, 
the two (straight-lines) F.A, AC are equal to the two 
(straight-lines) GA, AB, respectively. They also encom- 
pass a common angle, F'AG. Thus, the base FC is equal 
to the base GB, and the triangle AFC will be equal to the 
triangle AGB, and the remaining angles subtendend by 
the equal sides will be equal to the corresponding remain- 
ing angles [Prop. 1.4]. (That is) ACF to ABG, and AFC 
to AGB. And since the whole of AF is equal to the whole 
of AG, within which AB is equal to AC, the remainder 
BF is thus equal to the remainder CG [C.N. 3]. But FC 
was also shown (to be) equal to GB. So the two (straight- 
lines) BF, FC are equal to the two (straight-lines) CG, 
GB, respectively, and the angle BFC (is) equal to the 
angle CGB, and the base BC is common to them. Thus, 
the triangle BFC will be equal to the triangle CGB, and 
the remaining angles subtended by the equal sides will be 
equal to the corresponding remaining angles [Prop. 1.4]. 
Thus, FBC is equal to GCB, and BCF to CBG. There- 
fore, since the whole angle ABG was shown (to be) equal 
to the whole angle ACF, within which CBG is equal to 
BCF, the remainder ABC is thus equal to the remainder 
ACB [C.N. 3]. And they are at the base of triangle ABC. 
And F'BC was also shown (to be) equal to GC'B. And 
they are under the base. 

Thus, for isosceles triangles, the angles at the base are 
equal to one another, and if the equal sides are produced 
then the angles under the base will be equal to one an- 
other. (Which is) the very thing it was required to show. 


Proposition 6 


If a triangle has two angles equal to one another then 
the sides subtending the equal angles will also be equal 
to one another. 


A 


B C 
Let ABC be a triangle having the angle ABC equal 


tf Und ATB ywvige AEyw, Str xal TAcvEd& 7 AB mAcvEs tH to the angle AC'B. I say that side AB is also equal to side 
AC. 


AT éotw ton. 
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For if AB is unequal to AC then one of them is 
greater. Let AB be greater. And let DB, equal to 
the lesser AC, have been cut off from the greater AB 
[Prop. 1.3]. And let DC have been joined [Post. 1]. 

Therefore, since DB is equal to AC, and BC (is) com- 
mon, the two sides DB, BC are equal to the two sides 
AC, CB, respectively, and the angle DBC is equal to the 
angle AC'B. Thus, the base DC is equal to the base AB, 
and the triangle DBC will be equal to the triangle ACB 
[Prop. 1.4], the lesser to the greater. The very notion (is) 
absurd [C.N. 5]. Thus, AB is not unequal to AC’. Thus, 
(it is) equal.’ 

Thus, if a triangle has two angles equal to one another 
then the sides subtending the equal angles will also be 
equal to one another. (Which is) the very thing it was 
required to show. 


t Here, use is made of the previously unmentioned common notion that if two quantities are not unequal then they must be equal. Later on, use 


is made of the closely related common notion that if two quantities are not greater than or less than one another, respectively, then they must be 


equal to one another. 
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Proposition 7 


On the same straight-line, two other straight-lines 
equal, respectively, to two (given) straight-lines (which 
meet) cannot be constructed (meeting) at a different 
point on the same side (of the straight-line), but having 
the same ends as the given straight-lines. 


C 
D 


A B 

For, if possible, let the two straight-lines AC, CB, 
equal to two other straight-lines AD, DB, respectively, 
have been constructed on the same straight-line AB, 
meeting at different points, C and D, on the same side 
(of AB), and having the same ends (on AB). So CA is 
equal to DA, having the same end A as it, and CB is 
equal to DB, having the same end B as it. And let CD 
have been joined [Post. 1]. 

Therefore, since AC is equal to AD, the angle ACD 
is also equal to angle ADC [Prop. 1.5]. Thus, ADC (is) 
greater than DCB [C.N. 5]. Thus, CDB is much greater 
than DCB [C.N. 5]. Again, since C'B is equal to DB, the 
angle CDB is also equal to angle DCB [Prop. 1.5]. But 
it was shown that the former (angle) is also much greater 
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(than the latter). The very thing is impossible. 

Thus, on the same straight-line, two other straight- 
lines equal, respectively, to two (given) straight-lines 
(which meet) cannot be constructed (meeting) at a dif- 
ferent point on the same side (of the straight-line), but 
having the same ends as the given straight-lines. (Which 
is) the very thing it was required to show. 


Proposition 8 


If two triangles have two sides equal to two sides, re- 
spectively, and also have the base equal to the base, then 
they will also have equal the angles encompassed by the 
equal straight-lines. 


A D 


G 


B E 

Let ABC and DEF be two triangles having the two 
sides AB and AC equal to the two sides DE and DF, 
respectively. (That is) AB to DE, and AC to DF. Let 
them also have the base BC equal to the base EF’. I say 
that the angle BAC is also equal to the angle EDF. 

For if triangle ABC is applied to triangle DEF’, the 
point B being placed on point FE, and the straight-line 
BC on EF, then point C will also coincide with F’, on 
account of BC being equal to EF’. So (because of) BC 
coinciding with FF’, (the sides) BA and C'A will also co- 
incide with ED and DF (respectively). For if base BC 
coincides with base EF, but the sides AB and AC do not 
coincide with FD and DF (respectively), but miss like 
EG and GF (in the above figure), then we will have con- 
structed upon the same straight-line, two other straight- 
lines equal, respectively, to two (given) straight-lines, 
and (meeting) at a different point on the same side (of 
the straight-line), but having the same ends. But (such 
straight-lines) cannot be constructed [Prop. 1.7]. Thus, 
the base BC being applied to the base EF’, the sides BA 
and AC cannot not coincide with ED and DF (respec- 
tively). Thus, they will coincide. So the angle BAC will 
also coincide with angle EDF, and will be equal to it 
[C.N. 4]. 

Thus, if two triangles have two sides equal to two 
side, respectively, and have the base equal to the base, 
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then they will also have equal the angles encompassed 
by the equal straight-lines. (Which is) the very thing it 
was required to show. 


Proposition 9 


To cut a given rectilinear angle in half. 


A 


F 
B C 


Let BAC be the given rectilinear angle. So it is re- 
quired to cut it in half. 

Let the point D have been taken at random on AB, 
and let AEF, equal to AD, have been cut off from AC 
[Prop. 1.3], and let DE have been joined. And let the 
equilateral triangle DEF have been constructed upon 
DE [Prop. 1.1], and let AF have been joined. I say that 
the angle BAC has been cut in half by the straight-line 
AF. 

For since AD is equal to AF, and AF is common, 
the two (straight-lines) DA, AF are equal to the two 
(straight-lines) L.A, AF’, respectively. And the base DF 
is equal to the base EF. Thus, angle DAF is equal to 
angle LAF [Prop. 1.8]. 

Thus, the given rectilinear angle BAC has been cut in 
half by the straight-line AF’. (Which is) the very thing it 
was required to do. 


Proposition 10 


To cut a given finite straight-line in half. 

Let AB be the given finite straight-line. So it is re- 
quired to cut the finite straight-line AB in half. 

Let the equilateral triangle ABC’ have been con- 
structed upon (AB) [Prop. 1.1], and let the angle ACB 
have been cut in half by the straight-line CD [Prop. 1.9]. 
I say that the straight-line AB has been cut in half at 
point D. 

For since AC is equal to CB, and C'D (is) common, 
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the two (straight-lines) AC, CD are equal to the two 
(straight-lines) BC, CD, respectively. And the angle 
ACD is equal to the angle BCD. Thus, the base AD 
is equal to the base BD [Prop. 1.4]. 


C 


A 


D B 


Thus, the given finite straight-line AB has been cut 
in half at (point) D. (Which is) the very thing it was 
required to do. 


Proposition 11 


To draw a straight-line at right-angles to a given 
straight-line from a given point on it. 


F 


A B 


D C E 

Let AB be the given straight-line, and C the given 
point on it. So it is required to draw a straight-line from 
the point C at right-angles to the straight-line AB. 

Let the point D be have been taken at random on AC, 
and let CE be made equal to CD [Prop. 1.3], and let the 
equilateral triangle F DE have been constructed on DE 
[Prop. 1.1], and let FC have been joined. I say that the 
straight-line FC has been drawn at right-angles to the 
given straight-line AB from the given point C on it. 

For since DC is equal to CE, and CF is common, 
the two (straight-lines) DC, CF are equal to the two 
(straight-lines), EC, CF, respectively. And the base DF 
is equal to the base FE. Thus, the angle DCF is equal 
to the angle ECF [Prop. 1.8], and they are adjacent. 
But when a straight-line stood on a(nother) straight-line 
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TOH yevig tH Und EOL eotw ton. xat elow epegiic. Stav 
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makes the adjacent angles equal to one another, each of 
the equal angles is a right-angle [Def. 1.10]. Thus, each 
of the (angles) DCF and FCE is a right-angle. 

Thus, the straight-line CF has been drawn at right- 
angles to the given straight-line AB from the given point 
C on it. (Which is) the very thing it was required to do. 


Proposition 12 


To draw a straight-line perpendicular to a given infi- 
nite straight-line from a given point which is not on it. 


F 


A B 
G E 
D 

Let AB be the given infinite straight-line and C the 
given point, which is not on (AB). So it is required to 
draw a straight-line perpendicular to the given infinite 
straight-line AB from the given point C, which is not on 
(AB). 

For let point D have been taken at random on the 
other side (to C) of the straight-line AB, and let the 
circle HFG have been drawn with center C and radius 
CD [Post. 3], and let the straight-line EG have been cut 
in half at (point) H [Prop. 1.10], and let the straight- 
lines CG, CH, and CE have been joined. I say that the 
(straight-line) CH has been drawn perpendicular to the 
given infinite straight-line AB from the given point C, 
which is not on (AB). 

For since GH is equal to HE, and HC (is) common, 
the two (straight-lines) GH, HC are equal to the two 
(straight-lines) EH, HC, respectively, and the base CG 
is equal to the base CE. Thus, the angle CHG is equal 
to the angle EHC [Prop. 1.8], and they are adjacent. 
But when a straight-line stood on a(nother) straight-line 
makes the adjacent angles equal to one another, each of 
the equal angles is a right-angle, and the former straight- 
line is called a perpendicular to that upon which it stands 
[Def. 1.10]. 

Thus, the (straight-line) CH has been drawn perpen- 
dicular to the given infinite straight-line AB from the 


17 


STOIXEION ’. 


, 


Ly’. 
‘Edy cuveia en’ cvVetav otadeion ywviac moti, Htot dvo0 
oeduc A dvolv dpVdic toug Tojoel. 


E 


A B rT 


Evveia yao tic WH AB én’ cdVeiav thy TA otadeion 
yoviag notetta tac Und TBA, ABA: AEyoo, dt ai UDO TBA, 
ABA yovicu Ftot 500 dpdat ciow 7 Suolv deol tou. 

Et uev odv ton Eotl n O20 PBA tH Und ABA, dv0 dedat 
clow. et d€ 00, HyVw &nd Tod B onuctou TH TA [edVetq] npd¢ 
op0ac W BE: at dea bnd TBE, EBA S00 dpdat ciow: xa 
énel n Und TBE bvoi toc Ond TBA, ABE ion éotiv, xowh 
teooxetodw fh Und EBA: at dou Und TBE, EBA terol toiic 
ond TBA, ABE, EBA to ciotv. médw, Enel 1 Und ABA 
dvol toig Und ABE, EBA ‘on éotiv, xowh meooxeiodw n 
uno ABI ai doa b26 ABA, ABT toto totic nd ABE, EBA, 
ABI ‘ow ciotv. edetydnoay dé xal at Und TBE, EBA tewot 
Tolig adTOIc too Ta bE TE AUTH Tom xal GAAAAOIS Coty tow: 
xa at bnd TBE, EBA do toiic bnd ABA, ABT tom cioiv: 
GAG at O16 TBE, EBA 800 dedat ciow: xal at bnd ABA, 
ABI da dvolv dedaic tom etotv. 

‘Ea dow cvUeta én’ eudetav otadeion ywviag molf}, Ato 
d00 dedac F dvOlv deVdoic tou nohoel Sree Eder Seta. 


18 


ELEMENTS BOOK 1 


given point C,, which is not on (AB). (Which is) the very 
thing it was required to do. 


Proposition 13 


If a straight-line stood on a(nother) straight-line 
makes angles, it will certainly either make two right- 
angles, or (angles whose sum is) equal to two right- 
angles. 


E A 


D B C 

For let some straight-line AB stood on the straight- 
line CD make the angles CBA and ABD. I say that 
the angles CBA and ABD are certainly either two right- 
angles, or (have a sum) equal to two right-angles. 

In fact, if CBA is equal to ABD then they are two 
right-angles [Def. 1.10]. But, if not, let BE have been 
drawn from the point B at right-angles to [the straight- 
line] CD [Prop. 1.11]. Thus, CBE and EBD are two 
right-angles. And since CBE is equal to the two (an- 
gles) CBA and ABE, let EBD have been added to both. 
Thus, the (sum of the angles) CBE and EBD is equal to 
the (sum of the) three (angles) CBA, ABE, and EBD 
[C.N. 2]. Again, since DBA is equal to the two (an- 
gles) DBE and EBA, let ABC have been added to both. 
Thus, the (sum of the angles) DBA and ABC is equal to 
the (sum of the) three (angles) DBE, EBA, and ABC 
[C.N. 2]. But (the sum of) CBE and EBD was also 
shown (to be) equal to the (sum of the) same three (an- 
gles). And things equal to the same thing are also equal 
to one another [C.N. 1]. Therefore, (the sum of) CBE 
and EBD is also equal to (the sum of) DBA and ABC. 
But, (the sum of) CBE and EBD is two right-angles. 
Thus, (the sum of) ABD and ABC is also equal to two 
right-angles. 

Thus, if a straight-line stood on a(nother) straight- 
line makes angles, it will certainly either make two right- 
angles, or (angles whose sum is) equal to two right- 
angles. (Which is) the very thing it was required to show. 


STOIXEION ’. 


10’. 

‘Edy medc tw evteta xol TG meOc MUTA oNnUEtw dvO 
evveton ur) Emi Ta MUTA UgON xEluevan The EMEeTic ywviac 
dvoly dpVdic toug noLBow, Em evVetac EoovTa GAA atc ott 
euvdeta. 


A E 


T B A 

Ilpdo¢ yuo tw evdeta tH AB xal 16 med¢ aUty onveteo 
16 B dvo cdVeia ot BE, BA un Ext ta ade UEP xeluevan 
tas Epecfic ywviac tac bnd ABIL, ABA S00 dpdoic tou 
notettwouv AEYwW, Sti En’ evVetac Eotl t/ TB yn BA. 

Et yoo wh cot tH BI en’ cvVeiac 7 BA, gotw tH TB 
én cudetuc 7 BE. 

‘Enel odv ev¥eia 7 AB én’ cvdetav thy TBE épéotnxey, 
at doa Und ABT, ABE ywovion 600 dedoaiic tom elotv clot sé 
xa at ond ABP, ABA S00 deddiic tou ai dou Und TBA, 
ABE tdic bn0 TBA, ABA ‘om ciotv. xowh apnefodw n 
bono TBA: Aownh dea 7 bnO ABE Aoiny tH Und ABA éotw 
ton, f EAcoowy tH YeiCow Step Eotlv ddVvatov. Obx doa 
én’ evvetac cotlv H BE tH TB. Ouotuc 54 SeiGouev, Str ove 
BAY Tig TARY thc BA’ En’ cdVetac dou Eotlv n TB tH BA. 

‘Edy doa medc ti cvdeta xal Té Ted HTH oNUEto 
dvo cvdeion ur Emi autTd WEEN H“ElUEevan Tac EMEtc Ywvlac 
dvolv dpVoic touc noLBow, En evVelac Eoovta KAA Aauc ott 
evvetau Sree det SetEau. 


, 


le. 


‘Eay 600 cudetoau TEeUvwow GAATAAC, TAC KATH XOEUTY 
yoviag toug aAArAac ToLtovow. 
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Proposition 14 


If two straight-lines, not lying on the same side, make 
adjacent angles (whose sum is) equal to two right-angles 
with some straight-line, at a point on it, then the two 
straight-lines will be straight-on (with respect) to one an- 
other. 


A E 


Cc B D 

For let two straight-lines BC and BD, not lying on the 
same side, make adjacent angles ABC and ABD (whose 
sum is) equal to two right-angles with some straight-line 
AB, at the point B on it. I say that BD is straight-on with 
respect to C'B. 

For if BD is not straight-on to BC then let BE be 
straight-on to CB. 

Therefore, since the straight-line AB stands on the 
straight-line CBE, the (sum of the) angles ABC’ and 
ABE is thus equal to two right-angles [Prop. 1.13]. But 
(the sum of) ABC and ABD is also equal to two right- 
angles. Thus, (the sum of angles) CBA and ABE is equal 
to (the sum of angles) CBA and ABD [C.N. 1]. Let (an- 
gle) CBA have been subtracted from both. Thus, the re- 
mainder ABF is equal to the remainder ABD [C.N. 3], 
the lesser to the greater. The very thing is impossible. 
Thus, BE is not straight-on with respect to CB. Simi- 
larly, we can show that neither (is) any other (straight- 
line) than BD. Thus, CB is straight-on with respect to 
BD. 

Thus, if two straight-lines, not lying on the same side, 
make adjacent angles (whose sum is) equal to two right- 
angles with some straight-line, at a point on it, then the 
two straight-lines will be straight-on (with respect) to 
one another. (Which is) the very thing it was required 
to show. 


Proposition 15 


If two straight-lines cut one another then they make 
the vertically opposite angles equal to one another. 


STOIXEION 


Abo yao evdeia of AB, TA teuvétwouv dha Kate 
to E onusiov: Aéyw, Sti ton cotly H uev UNO AET ywvia tH 
ono AEB, # dé Und [EB t7j ond AEA. 

A 


B 

‘Exel yuo cudeta n AE én’ cvdeiav thy PA egéotynxe 
yovlag mototoa tac UNO TEA, AEA, ai dow bnd TEA, AEA 
yovla Svoly OpVaiic tou ciotv. ndéAw, Enel cdVeta n AE én” 
evvetav thy AB epéotynxe Ywoviacg tototicn tac Und AEA, 
AEB, at goa bn6 AEA, AEB yeovian dvolv deVaiic tom etoty. 
edetyOnoav Sé xal at Und TEA, AEA duo dpdoiic foo ait 
goa Und TEA, AEA toc bn0 AEA, AEB iow eiotv. xowh 
&pnerjovde 7 bro AEA: downy dea H UNO TEA Ain tH nO 
BEA ior Eotty: duotws OF SetyOhoeta, dtr xal ai bnO LEB, 
AEA ito cioty. 

‘Edy toa Sv0 cvdetan TéEUvwow GAANAAC, Tc KATH KO- 
eugiy ywviac loa dAAnAauc novlotow: Sree Eder Seta. 


1s". 

Tlavto¢ tetymvou wdc Tv TAcUEéy TeooExBANVetonc 
N EXTOS Ywvla ExaTéeac Té&v EvtTO¢ Kal amevavtiov YwwLddy 
uetCwv éotty. 

"Eo tetywvoy to ABT, xai npooexBeBAfoda adtod 
ula tAcved W BI ent 16 A> Eye, Sti H ExTOG Yovia H LTO 
ATA ueiWev éotiv éExatéeac tév Evto¢ nal dmevavtioy tév 
ono TBA, BAT yowudy. 

Tetujove n AL diya xat& 16 E, xol emCevydeioa 7 BE 
éxBeBrAnodw ex’ eudeiac ext to Z, xal xelodw tH BE ton 7 
EZ, xai éexneCevyw Hn ZV, xol SAyVw n AL Eni to H. 

‘Exel odv ton cot 4 uev AE tH ED, 7 5¢ BE th EZ, 500 
of at AE, EB dvol toc TE, EZ tom ciolv exatéea exatéea: 
xa yovia 7 Ord AEB ywvia tH 0nd ZED ton cotiv: xate 
xopvory yao: Béoig toa 7 AB Bdoet tH ZT ton Eotty, xal tO 
ABE tetywvov 16 ZED teryave Eotiv toov, xal at Aotmal 
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For let the two straight-lines AB and CD cut one an- 
other at the point FE. I say that angle AEC is equal to 
(angle) DEB, and (angle) CEB to (angle) AED. 

A 


B 

For since the straight-line AF stands on the straight- 
line CD, making the angles CEA and AED, the (sum 
of the) angles CEA and AED is thus equal to two right- 
angles [Prop. 1.13]. Again, since the straight-line DE 
stands on the straight-line AB, making the angles AED 
and DEB, the (sum of the) angles AED and DEB is 
thus equal to two right-angles [Prop. 1.13]. But (the sum 
of) CEA and AED was also shown (to be) equal to two 
right-angles. Thus, (the sum of) CEA and AED is equal 
to (the sum of) AFD and DEB [C.N. 1]. Let AED have 
been subtracted from both. Thus, the remainder CEA is 
equal to the remainder BED [C.N. 3]. Similarly, it can 
be shown that CEB and DEA are also equal. 

Thus, if two straight-lines cut one another then they 
make the vertically opposite angles equal to one another. 
(Which is) the very thing it was required to show. 


Proposition 16 


For any triangle, when one of the sides is produced, 
the external angle is greater than each of the internal and 
opposite angles. 

Let ABC be a triangle, and let one of its sides BC 
have been produced to D. I say that the external angle 
ACD is greater than each of the internal and opposite 
angles, CBA and BAC. 

Let the (straight-line) AC have been cut in half at 
(point) F [Prop. 1.10]. And BE being joined, let it have 
been produced in a straight-line to (point) F.' And let 
EF be made equal to BE [Prop. 1.3], and let FC have 
been joined, and let AC have been drawn through to 
(point) G. 

Therefore, since AF is equal to EC, and BE to EF, 
the two (straight-lines) AE, EB are equal to the two 
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yovlat tolic Aottdlic ywvioug too ciolv Exatéea exatépa, 0” (straight-lines) CE, EF, respectively. Also, angle AEB 

de at tom mAcveal brotetvovow: ton doa Eotly H Und BAE is equal to angle FEC, for (they are) vertically opposite 

tf Und EVZ. uei@av d€ gotw A UNO ETA tij¢ Oxd ETZ: [Prop. 1.15]. Thus, the base AB is equal to the base FC, 

vetTwv goa W Ond ATA tij¢ UNO BAE. ‘Ouotws 54 tH¢ BI and the triangle ABE is equal to the triangle FEC, and 

Tetunyevng diya Setydhoeta xal 7 Ond BIH, toutéotw 7 the remaining angles subtended by the equal sides are 

ono ATA, vetCov xat tig Und ABL. equal to the corresponding remaining angles [Prop. 1.4]. 
Thus, BAE is equal to ECF. But ECD is greater than 
ECF. Thus, ACD is greater than BAE. Similarly, by 
having cut BC in half, it can be shown (that) BCG—that 
is to say, AC_D—C(is) also greater than ABC. 


A Z A F 
B A B D 
T C 
H G 
Ilavto¢g dea toLlymvou uldc TH TAELEHY TeOCEX- Thus, for any triangle, when one of the sides is pro- 
Brndetong i Extd¢ Yuvia Exatéeac tév Evtdc xa &me- duced, the external angle is greater than each of the in- 
vavtiov Yue wetCwv éotiv: émep Eder Seita. ternal and opposite angles. (Which is) the very thing it 


was required to show. 


+ The implicit assumption that the point F lies in the interior of the angle ABC should be counted as an additional postulate. 


10’. Proposition 17 

Ilavté¢ teryavou ai 600 ywvioa S00 de0Gyv Ecooovec For any triangle, (the sum of) two angles taken to- 

cio M&VTA UetaAauBavouevate. gether in any (possible way) is less than two right-angles. 
A 
B T A B C D 

"How totywvoy 10 ABI’ Aéya, dt tob ABT toevywvou Let ABC be a triangle. I say that (the sum of) two 
at sv0 ywvian S00 dev EAdttoves ciot névtTH WETaHAOU- angles of triangle ABC’ taken together in any (possible 
Bavouevan. way) is less than two right-angles. 
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"ExBeBAnovw yuo 7 BI éxito A. 

Kat énel tetymvou tod ABT éxtd¢g Eott ywvia A OO 
ATA, vei@ov éotl tic Evto¢ xol amevavttoy tic Und ABY. 
xow? Teooxciodw n Utd ATB: at dea bro APA, ATB tév 
ono ABT, BVA uctCovéc ciow. GA’ ot Ond ATA, ATB 
d00 dOpVoiic tom ciotvy at dea bnd ABT, BLA dvv0 dedev 
éhdoooves elo. Ouotwe SY SelEouev, StL xl aft UNO BAT, 
ATB do dpdév Edoooves cio xal Ett at Und TAB, ABI. 

Ilavto¢ doa tetya@vou at dV0 ywviar dVo0 deVdv EAdoc- 
ovés clot n&vty} YetaAauBavduevan Step Eder SetEau. 


# 
iY) - 
Ilavto¢ tevryovou 7 UeiCwy TAcVEd THY YEtTova Yoovioey 
brotetvet. 


A 


B T 

"Eom yue tetywvov t6 ABI uciova géyov thy AL 
TAgvedy tij¢ AB’ Aéyoo, dti Kal Yovia A Und ABT vetTov 
éotl t¥j¢ bro BLA: 

‘Enel yoo uei@wv éotlv n AD tic AB, xeiodw tf AB ton 
n AA, xot eneCedydw 7 BA. 

Kat énel terywvou tod BLA éxtd¢ tots ywvia A Od 
AAB, usi@wv Eotl tic EvtO¢ Kal &mevavtiov tic bnd ATB- 
fon de 4 Und AAB tf 0nd ABA, éxel xal tAcved H AB tH 
AA éow ton: yeitav dea xal 7 Und ABA tic bnd ATB- 
TOAAG Goa n bnO ABT uci@wv Eotl tH¢ Ono ATB. 

Ilavto¢g dpa tetymvou A UciTwv TAevEd Thy YelCova 
yoviay bnotetver’ 6mee Eder Seiga. 


1’, 


Tlavté¢g terymvou ond Thy UEiCova ywoviay A uEtTwv 
TAgve& UnotEtvel. 

"Eo tetywvov 10 ABI uciCova éyov thy tnd ABP 
yoviay tij¢ bro BVA: Eye, Sti xal TAcvEd H ALD TAcupac 
tic AB vei@wv éotiv. 
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For let BC have been produced to D. 

And since the angle ACD is external to triangle ABC, 
it is greater than the internal and opposite angle ABC 
[Prop. 1.16]. Let ACB have been added to both. Thus, 
the (sum of the angles) ACD and ACB is greater than 
the (sum of the angles) ABC and BCA. But, (the sum of) 
ACD and ACB is equal to two right-angles [Prop. 1.13]. 
Thus, (the sum of) ABC and BC is less than two right- 
angles. Similarly, we can show that (the sum of) BAC 
and ACB is also less than two right-angles, and further 
(that the sum of) CAB and ABC (is less than two right- 
angles). 

Thus, for any triangle, (the sum of) two angles taken 
together in any (possible way) is less than two right- 
angles. (Which is) the very thing it was required to show. 


Proposition 18 


In any triangle, the greater side subtends the greater 
angle. 


A 


B C 

For let ABC be a triangle having side AC greater than 
AB. I say that angle ABC is also greater than BCA. 

For since AC is greater than AB, let AD be made 
equal to AB [Prop. 1.3], and let BD have been joined. 

And since angle ADB is external to triangle BCD, it 
is greater than the internal and opposite (angle) DCB 
[Prop. 1.16]. But ADB (is) equal to ABD, since side 
AB is also equal to side AD [Prop. 1.5]. Thus, ABD is 
also greater than AC'B. Thus, ABC is much greater than 
ACB. 

Thus, in any triangle, the greater side subtends the 
greater angle. (Which is) the very thing it was required 
to show. 


Proposition 19 


In any triangle, the greater angle is subtended by the 
greater side. 

Let ABC be a triangle having the angle ABC greater 
than BCA. I say that side AC is also greater than side 
AB. 


STOIXEION o’. 
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Et yoo wh, ytot ton cotlv y AD 17 AB Ff EAdoowv: ton 
uev odv ovx gotw A AD tH AB: ton yoo &v Hy xal ywvia H 
ono ABT tH Und ALB: obx Eott 5€° 0x Goa ton Eotlv H AP 
tf, AB. o0d€ uy Eddoowy Eotlv H AL tic AB’ tAcoowv 
yoo a ty xal yovia 7 bnd ABT ti¢ bnd ATB: odx Eot 
dé 00x doa EAdoowv Eotlv HW AL tic AB. edetydn dé, Str 
ovdé ton Eottv. ueitwv dea cotlv 7 AD tic AB. 


mae 


Tr 


Tlavté¢ doa Tetymvou Und Thy UEtTova ywviav 7H UEtTwv 
TAgUea UmotEtver: Oreo det SetZa. 


, 


Xx. 


Ilavto¢ teryovou at dvo TAEUEAl Tic AoLRc YEiCovec 
clot M&VTH UETAAAUBaVvouEvatL. 


A 


B T 
"Eom yoo tetywvov 10 ABI: Aéyw, 6tt tod ABP 


For if not, AC is certainly either equal to, or less than, 
AB. In fact, AC is not equal to AB. For then angle ABC 
would also have been equal to AC'B [Prop. 1.5]. But it 
is not. Thus, AC is not equal to AB. Neither, indeed, is 
AC less than AB. For then angle ABC would also have 
been less than AC'B [Prop. 1.18]. But it is not. Thus, AC 
is not less than AB. But it was shown that (AC) is not 
equal (to AB) either. Thus, AC is greater than AB. 


A 


C 
Thus, in any triangle, the greater angle is subtended 
by the greater side. (Which is) the very thing it was re- 
quired to show. 


Proposition 20 


In any triangle, (the sum of) two sides taken to- 
gether in any (possible way) is greater than the remaining 
(side). 

D 


B C 
For let ABC be a triangle. I say that in triangle ABC 


TeLy@vou ai S00 TAcUPAl tfc AOLTc UsiTovec ciot né&vtH (the sum of) two sides taken together in any (possible 
vetokauBavouevat, at wev BA, AT tic BI, ai 5¢ AB, BI. way) is greater than the remaining (side). (So), (the sum 
tic AT, ot 6¢ BY, TA tic AB. of) BA and AC (is greater) than BC, (the sum of) AB 
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Avjy8@ yee 7 BA ext to A onueiov, xai xeiodw ty PA 
ton n AA, xa exeCedydw n AT. 

‘Enel odv fon Eotiv 7 AA th AT, ton eotl xal ywvia 
n ond AAT tf Und ATA: vEiZwv goa H Ond BLA tij¢ bd 
AAT* xai éxel totywvdv gott tO ATB yeifova Eyov thy Un 
BIA yovioy tii\¢ Ord BAT, tnd be thy UEiTova ywviav H 
uetCwv mAcved brotetvet, 7 AB doa ti¢ BE gots uctZwv. ton 
dé n AA ty AT: yetCovec doa at BA, AT tij¢ BI duoiwe 
on SeiGouev, Str xal at uev AB, BI tic TA yvetCovéc ciow, 
at dé BY, TA tic AB. 

Ilavtog doa terymvou at S00 mAevEal Tic AotTTic 
uciCovéc clot m&vty UEeTaAaBavouevan Smee Eder Seigau. 


no’. 

‘Edy Tetyavou emt wdc Tv TAELEGY aNd THY TeEdTwv 
vo cvVEtoan Evtdg CVoTAVBoW, at cvoTtateion tTév AoiTdV 
Tov toty@vou 500 TAcuPév EAdTtTOVEs UEV Eoovta, UetTova 
dé ywviav meptetovow. 


E 


B ii 


Tetymvou yao tob ABT énl wc tv mAcupséiy tic BI 
and Tv Tepdtwv TOV B, TP dbo euveia Evtocg ouveotd&twoayv 
at BA, AT: éyw, éu1 of BA, AT tév Aownév tod teryovou 
dvo TAcUpGY TOV BA, AT EAcoooves uEv iow, UelCova dé 
yovlay neetéyovot thy b10 BAT tic Und BAT. 

Aijy8o yuo 7 BA ént 10 E. xol énel mavtd¢ toryadvou 
at S00 mAEveal tiic AoIniic UctTovec ciow, tod ABE dpa 
Tety@vou ai svo mAcveal ai AB, AE tiic BE uctlovéc 
ciow: xow? Teooxeiobw A ED: at dea BA, AT tév BE, 
ED ueiCovéc ctow. médw, exet tod TEA teryavou ai dv0 
mAcvpal ot CE, BA tic TA uetCovéc ciow, xown reooxeiotw 
n AB: ai TE, EB dow tév TA, AB yeiCoves eiow. GAA 
tév BE, ED uetCovec edetydnoav ai BA, AD: noAAG sea aii 
BA, AT tév BA, AT yei@ovéc ciow. 

IldAw, Enel mavto¢ Telymvou Nh ExTO¢ Ywvia Tic EvtTOG 
xol dnevavttov uetCav éotiv, tol TAE doa toryvou n 
éxtog Yovla A UNO BAT usiGev éotl tic Ond TEA. did 
TavTa toivuv xal tol ABE teryavou 7H éxtd¢ Ywvia A bn 
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and BC than AC, and (the sum of) BC and CA than 
AB. 

For let BA have been drawn through to point D, and 
let AD be made equal to CA [Prop. 1.3], and let DC 
have been joined. 

Therefore, since DA is equal to AC, the angle ADC 
is also equal to ACD [Prop. 1.5]. Thus, BCD is greater 
than ADC. And since DCB is a triangle having the angle 
BCD greater than BDC, and the greater angle subtends 
the greater side [Prop. 1.19], DB is thus greater than 
BC. But DA is equal to AC. Thus, (the sum of) B.A and 
AC is greater than BC. Similarly, we can show that (the 
sum of) AB and BC is also greater than C'A, and (the 
sum of) BC and CA than AB. 

Thus, in any triangle, (the sum of) two sides taken to- 
gether in any (possible way) is greater than the remaining 
(side). (Which is) the very thing it was required to show. 


Proposition 21 


If two internal straight-lines are constructed on one 
of the sides of a triangle, from its ends, the constructed 
(straight-lines) will be less than the two remaining sides 
of the triangle, but will encompass a greater angle. 


A 
E 


B C 

For let the two internal straight-lines BD and DC 
have been constructed on one of the sides BC of the tri- 
angle ABC, from its ends B and C (respectively). I say 
that BD and DC are less than the (sum of the) two re- 
maining sides of the triangle BA and AC, but encompass 
an angle BDC greater than BAC. 

For let BD have been drawn through to E. And since 
in any triangle (the sum of any) two sides is greater than 
the remaining (side) [Prop. 1.20], in triangle ABE the 
(sum of the) two sides AB and AEF is thus greater than 
BE. Let EC have been added to both. Thus, (the sum 
of) BA and AC is greater than (the sum of) BE and EC. 
Again, since in triangle CED the (sum of the) two sides 
CE and ED is greater than C'D, let DB have been added 
to both. Thus, (the sum of) CE and FB is greater than 
(the sum of) CD and DB. But, (the sum of) BA and 
AC was shown (to be) greater than (the sum of) BE and 
EC. Thus, (the sum of) BA and AC is much greater than 


STOIXEION a’. 


TEB uei@ov gotl tic UNO BAL. dAA& tic UNO PEB ueiav 
edety0yn HW Ond BAT: norrG goa H Und BAT yei@wv Eotl 
tic Und BAT. 

‘Edy dea Tety@vou emi uldic tév TAELEGY ATO THY 
Tepdtwv Svo evdeta Evtd¢ ovotaviow, at ovotaveion TéHv 
oiny to teryavou dbo TAEUEHY EAdTTOVES EV EloL, 
uetCova b& ywviay nepleyovow: Orep Eder SetEau. 


xB". 

‘Ex tody evvetdv, of elow fou tool toic dovdeiooc 
[evVetouc], totywvov cvotioao var: Set SE ta BVO tHj¢ AoUTF< 
uetCovac elven névtn uetarauBavouevac [51k TO xal MavtTOc 
Toeryw@vov Tuc S00 TAEUEaS Tic AOITA\c UEtTovac eivon T&vTH 
vetarauBavouevas]. 


Op 


"Eowwouy ai soveion teeic c00eia ot A, B, T, Sv at 
dU0 tis Aotniic ustCovec Eotwoay Té&vTy UETaAaUBavduEvat, 
at yev A, Brac T, ai de A, T tic B, xot Ett at B, DP tic Av 
det OH Ex THv fowy toc A, B, TP tetywvov ovotioaoda. 

‘Exxeiodw tic evdeia n AE nenepaouévy wev xat& TO 
A dneipoc 6€ xate 10 E, xa xeiodw tH ev A ton 7 AZ, 
th Se B ton nH ZH, th Se VF ton 1 HO xot xévtoew yev té5 
Z, Siaothatt 6é 65 ZA uduroc yeyeapdw 6 AKA: nédw 
xévtew YEeV TE) H, Staothyatt be 16) HO xvxdoc yeyodotu 
0 KAO, xal exeCebyDwoav ai KZ, KH héyw, dt Ex terdsv 
evvetisv tév towv toic A, B, [ tetywvov ovvéotata tO 
KZH. 

‘Enel yuo to Z onyeiov xévtpov coti to AKA xdxdou, 
fon eotly H ZA tH ZK: DAG H ZA tH A Eotw ion. xa H 
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(the sum of) BD and DC. 

Again, since in any triangle the external angle is 
greater than the internal and opposite (angles) [Prop. 
1.16], in triangle CDE the external angle BDC is thus 
greater than CED. Accordingly, for the same (reason), 
the external angle CEB of the triangle ABE is also 
greater than BAC. But, BDC was shown (to be) greater 
than CEB. Thus, BDC is much greater than BAC. 

Thus, if two internal straight-lines are constructed on 
one of the sides of a triangle, from its ends, the con- 
structed (straight-lines) are less than the two remain- 
ing sides of the triangle, but encompass a greater angle. 
(Which is) the very thing it was required to show. 


Proposition 22 


To construct a triangle from three straight-lines which 
are equal to three given [straight-lines]. It is necessary 
for (the sum of) two (of the straight-lines) taken together 
in any (possible way) to be greater than the remaining 
(one), [on account of the (fact that) in any triangle (the 
sum of) two sides taken together in any (possible way) is 
greater than the remaining (one) [Prop. 1.20] ]. 

A 


B 
Cc 
K 
D i G H E 
L 


Let A, B, and C be the three given straight-lines, of 
which let (the sum of) two taken together in any (possible 
way) be greater than the remaining (one). (Thus), (the 
sum of) A and B (is greater) than C, (the sum of) A and 
C than B, and also (the sum of) B and C than A. So 
it is required to construct a triangle from (straight-lines) 
equal to A, B, and C. 

Let some straight-line DE be set out, terminated at D, 
and infinite in the direction of £. And let DF made equal 
to A, and FG equal to B, and GH equal to C [Prop. 1.3]. 
And let the circle Dk L have been drawn with center F 
and radius FD. Again, let the circle ALH have been 
drawn with center G and radius GH. And let KF and 
KG have been joined. I say that the triangle K F'G has 


STOIXEION o’. 


KZ da tH A eotw ton. nédw, Exel t6 H onuciov xévtpov 
éotl tod AKO xdxAov, ton cotiv 7 HO tH HK: GAAa H HO 
th DP cow ton xal yn KH tow th DP eotw ton. cotl d& xal 7 
ZH t7 B ton: ot teeic dow evdeton ot KZ, ZH, HK tetot totic 
A, B, T’ tom cioty. 

"Ex toeldv doa evderdiv tév KZ, ZH, HK, af ciow 
fou tetol tac Sodetoac evdetac totic A, B, TP, totywvov 
ovvéotata T6 KZH: donee eet novijoa. 


a Ge 
Tled¢ th Soveton evdeta xal 16 med¢ AUTH onuetw 
Th Soveton ywovig coduyeduUe tony ywviav cod0yYeaUOV 
ovotioaova. 


A 


A H B 


"Eotw 7 Yev doveion evdeta nA AB, tO 5€ Ted aUvTH; 
onuetov 10 A, 7 5é SoVEton ywvia evVOYeauUOs A UNO ATE: 
det OF MEd TH SoVdcion edVetg TH AB xol 16 Ted WITH 
onyctw 16 A tH Sovcton ywvia evDvypduUe tH Und ATE 
tony yoviay eudv0yeauov ovotioactan. 

Etjpde eo’ exatépac tv TA, TE tuydvta onueta t& 
A, E, xat eneTevydw 7 AE: xai €x tov cdVetav, at elow 
toa tetot toiic TA, AE, DE, totywvov ovuveotétw to AZH, 
ote tony civar thy uev TA ty AZ, thy be TE tH AH, xai 
étt thy AE ty; ZH. 

*Exet obv S00 at AT, TE d00 toc ZA, AH tom ctotv 
exatéoa exatéeg, xal Baoic n AE Bdoet tH ZH ton, ywvia 
goa Hy Und ATE yovig ti bnd ZAH eotw ton. 

Ilod¢ dea tH Soveton edVeig tH AB xal 16 mpd¢ adTH 
onyciw 16 A tH Sovcton ywvia ev0vypduUH TH Und ATE 
fon yovia eudvypauuoc ovveotata 7 Und ZAH: Sree Eder 
TOLOOL. 
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been constructed from three straight-lines equal to A, B, 
and C. 

For since point F is the center of the circle DK L, FD 
is equal to F kK. But, F'D is equal to A. Thus, K F is also 
equal to A. Again, since point G is the center of the circle 
LKH, GH is equal to GK. But, GH is equal to C. Thus, 
KG is also equal to C. And FG is also equal to B. Thus, 
the three straight-lines KF, FG, and GK are equal to A, 
B, and C (respectively). 

Thus, the triangle kK FG has been constructed from 
the three straight-lines KF, FG, and GK, which are 
equal to the three given straight-lines A, B, and C (re- 
spectively). (Which is) the very thing it was required to 
do. 


Proposition 23 


To construct a rectilinear angle equal to a given recti- 
linear angle at a (given) point on a given straight-line. 


D 


E 


ie G B 


Let AB be the given straight-line, A the (given) point 
on it, and DCE the given rectilinear angle. So it is re- 
quired to construct a rectilinear angle equal to the given 
rectilinear angle DCE at the (given) point A on the given 
straight-line AB. 

Let the points D and FE have been taken at random 
on each of the (straight-lines) CD and CE (respectively), 
and let DE have been joined. And let the triangle AFG 
have been constructed from three straight-lines which are 
equal to CD, DE, and CE, such that CD is equal to AF, 
CE to AG, and further DE to FG [Prop. 1.22]. 

Therefore, since the two (straight-lines) DC, CE are 
equal to the two (straight-lines) F'A, AG, respectively, 
and the base DE is equal to the base F’G, the angle DCE 
is thus equal to the angle FAG [Prop. 1.8]. 

Thus, the rectilinear angle FAG, equal to the given 
rectilinear angle DCE, has been constructed at the 
(given) point A on the given straight-line AB. (Which 


STOIXEION ’. 


xo’. 


"Eay 600 tetywva ta B00 TAEUEaS [Toi¢] BVO TAEUPAIIC 
toug eyn eExatéoav exatéeg, thy € ywvlav tic ywvlac 
uetCova Eyn tiv UNO tv towv cvVelBv mepleyouevny, xa 
thy Baow tic B&oews wetCova eet. 


A A 


H Z 

"Hot S00 tetywva te ABT, AEZ tac d500 mAEuedc 
tac AB, AT toliig S00 TAcupaiic toiic AE, AZ toug éyovta 
Exatéoay exatéoa, thy uev AB ty AE tiv 6é AT tH AZ, H 
dé Med¢ TH A yeovia tie Ted¢ 16 A ywviag UeiCav Eote 
EY, OTL xal Borg H BI Bdoewe tic EZ uct@wv eotiv. 

‘Enel yuo ucttwv n Und BAT ywvia tic tnd EAZ 
yoviac, ouveotétw Ted¢ tH AE ev0eta xal 16 med¢ aUvty 
onto 16 A tH Ono BAL yeovia ton A Und EAH, xa xetodw 
onotéoa tv AD, AZ ton A AH, xol exeTevydwour at EH, 
ZH. 

‘Exel obv ton cot 4 uev AB tH AE, ny Se AT tH AH, 
dvo of at BA, AT dvol taic EA, AH fom ciolv exatéea 
Exatéog xal ywvia 7 Und BAT ywvia ti tnd EAH ion: 
Baorg dea 7 BI Bdoet tH EH éotw ton. médw, Enel ton 
éotlv 7 AZ t¥ AH, ton Eotl xal H Und AHZ yovia tA bn 
AZH: uciWav dea n bnd AZH tijc nO EHZ: noAdrG doa 
ueitwv cotly n Und EZH tic bn EHZ. xol Exel tetywvov 
éott to EZH ueiCova gyov thy Und EZH ywviav tic bn 
EHZ, vn 5é thy ueiCova ywviav 7 UeiCwv TAcUvEd UnoTEtvEl, 
uci@av doa xal mAcved n EH tij¢ EZ. ton 5 1 EH tj BI’ 
ueitwv doa xol W BI tic EZ. 

‘Eay dpa 600 Tteiywva tac dVO TAEUEdC SUOl TAEUPOiiC 
loug eyy Exatépav exatéoa, Thy € yovlav tho yevlac 
usiCova Eyn tiv UNO Hv towv ecvVelBv mepleyouevyy, xa 
thy Baow tic B&oews yetCova EEer Sree Eder Setau. 
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is) the very thing it was required to do. 


Proposition 24 


If two triangles have two sides equal to two sides, re- 
spectively, but (one) has the angle encompassed by the 
equal straight-lines greater than the (corresponding) an- 
gle (in the other), then (the former triangle) will also 
have a base greater than the base (of the latter). 


A D 


G ow * 

Let ABC and DEF be two triangles having the two 
sides AB and AC equal to the two sides DE and DF, 
respectively. (That is), AB (equal) to DE, and AC to 
DF. Let them also have the angle at A greater than the 
angle at D. I say that the base BC is also greater than 
the base EF’. 

For since angle BAC is greater than angle EDF, 
let (angle) EDG, equal to angle BAC, have been 
constructed at the point D on the straight-line DE 
[Prop. 1.23]. And let DG be made equal to either of 
AC or DF [Prop. 1.3], and let EG and FG have been 
joined. 

Therefore, since AB is equal to DE and AC to DG, 
the two (straight-lines) BA, AC are equal to the two 
(straight-lines) ED, DG, respectively. Also the angle 
BAC is equal to the angle HDG. Thus, the base BC 
is equal to the base EG [Prop. 1.4]. Again, since DF 
is equal to DG, angle DGF is also equal to angle DFG 
[Prop. 1.5]. Thus, DFG (is) greater than EGF. Thus, 
EFG is much greater than EGF. And since triangle 
EFG has angle EFG greater than EGF, and the greater 
angle is subtended by the greater side [Prop. 1.19], side 
EG (is) thus also greater than EF’. But EG (is) equal to 
BC. Thus, BC (is) also greater than EF’. 

Thus, if two triangles have two sides equal to two 
sides, respectively, but (one) has the angle encompassed 
by the equal straight-lines greater than the (correspond- 
ing) angle (in the other), then (the former triangle) will 
also have a base greater than the base (of the latter). 
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xe. 

‘Edy 600 totywva tac S00 TAEUEaS SUOl TAELEAIC tou¢ 
ExN exatéoav Exatéoa, thy be Bdow tic B&oews ystTova 
ExN, xal thy ywviav tic ywvlac uetTova eer thy bro téHv 
towv cvdeésv Neoleyouevny. 


A 


E ZL 

"How d00 tetywva te ABT, AEZ tac d0o0 mAeuedc 
tac AB, AT tolig B00 TAcvpdiic toiic AE, AZ toug Eyovta 
Exatéoayv Exatépa, thy wev AB t# AE, thy 5 AT tH AZ: 
Baotc 5€ H BI Bd&oews tic EZ uci@wv Eotw AEyw, OTL xa 
yovia 7 ond BAT ywviag tig Und EAZ uei@wv Eotiv. 

Et yao UN, Atot ton Eotly auth yj cAdoowy: ton ev odv 
ovx Eottw 4 UNO BAT tH Und EAZ: ton yao & Fy nal Bdorc 
n BI Bdoet tH EZ: ovx Eott 6€. Ovx hoa ton Eotl ywvia 7 
ono BAT tf tnd EAZ: od82 uhy EAdoowy Eotiv H UNO BAT 
tic Und EAZ: ehdoowy yoo &v Fv nal Baoug A BP Bdoewc 
tic EZ: obx got Be Obx Kou EAdoowy Eotiv H Und BAT 
yovla thc Und EAZ. edetydn 5, dt OvdE ton UEtTov doa 
gotly n Uno BAT tic UnO EAZ. 

‘Ey doa 600 totywva tac dVO TAEUEdC SUOl TAEUEOiC 
foug yn eExatéoav exdteoa, thy dé Bactv thc Baocewc 
uetCova éyy, xal Thy ywviay tic ywviag yetCova eer thy 
UNO TOY towv evVELdv Tepleyouevny’ Smee Eder Seiga. 


xe’. 

‘Edy 600 tetyava tac 600 yaviag Sval ywvlaig toag Ey 
EXATEOAY EXATEOY Ka Ularv TASVEY ULE TALES tony FtoL THY 
TEDS Tdlic toorg Ywviaic A Thy LDrotetvovoay LTO Ula TédV 
lowv Youd, xal tac Aoimac TMACUVEaS Tolc Aoi TAEUPEAlIC 
tou Efe [Exateoay exatéog] xal tiv Aoinhy Ywvlay TH Aout# 
yovig. 

"Eow dbo tetywva ta ABT, AEZ tac B00 ywviag tae 
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(Which is) the very thing it was required to show. 


Proposition 25 


If two triangles have two sides equal to two sides, 
respectively, but (one) has a base greater than the base 
(of the other), then (the former triangle) will also have 
the angle encompassed by the equal straight-lines greater 
than the (corresponding) angle (in the latter). 


E F 

Let ABC and DEF be two triangles having the two 
sides AB and AC equal to the two sides DE and DF, 
respectively (That is), AB (equal) to DE, and AC to DF. 
And let the base BC be greater than the base EF’. I say 
that angle BAC is also greater than EDF. 

For if not, (BAC) is certainly either equal to, or less 
than, (EDF). In fact, BAC is not equal to EDF. For 
then the base BC would also have been equal to the base 
EF [Prop. 1.4]. But it is not. Thus, angle BAC is not 
equal to EDF. Neither, indeed, is BAC less than EDF. 
For then the base BC would also have been less than the 
base EF [Prop. 1.24]. But it is not. Thus, angle BAC is 
not less than DF’. But it was shown that (BAC is) not 
equal (to EDF) either. Thus, BAC is greater than EDF. 

Thus, if two triangles have two sides equal to two 
sides, respectively, but (one) has a base greater than the 
base (of the other), then (the former triangle) will also 
have the angle encompassed by the equal straight-lines 
greater than the (corresponding) angle (in the latter). 
(Which is) the very thing it was required to show. 


Proposition 26 


If two triangles have two angles equal to two angles, 
respectively, and one side equal to one side—in fact, ei- 
ther that by the equal angles, or that subtending one of 
the equal angles—then (the triangles) will also have the 
remaining sides equal to the [corresponding] remaining 
sides, and the remaining angle (equal) to the remaining 
angle. 
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ono ABL, BLA Sdvol toc bnd AEZ, EZA toucg éyovta 
Exatépav Exatéea, Thy wev Und ABL tH brd AEZ, thy 
d€ Und BIA ty tnd EZA: éyétw Se xal uiav mAcvedy Wd 
TAcveE& tony, TEOTEPOV THY TEdG Tolic toor¢ Ywvlorg tH 
BI th EZ: Evo, Ot nal tac AoiMa MACVEUC Tolig AOLTaiic 
TAcupdic tou é€er Exatéoav exatéeg, thy uev AB tf AE 
ty 6€ AP th AZ, xat thy Aownhy ywviav tH Aoin# ywvia, 
thy Uno BAT tH tnd EAZ. 


A 


A 
H 


E 


B or 

Et yao &viodc Eotw 7H AB tH AE, ula adtiv uetCov 
gouty. Eotw yetTwv 7 AB, xal xeiodw 7 AE ion 7 BH, xa 
éreCevy0w n HL. 

‘Enel ody ton cotlv 4 uev BH 17 AE, 7 6é BI t7j EZ, 500 
67 at BH, BI duo toiic AE, EZ tom eiotv exatéoa exatéea: 
nal yovia 7 Und HBL yovia tH Und AEZ ton eottv: Bdouc 
goa 7 HT Boost t7 AZ ton Eotiv, xai 16 HBT tetywvov té5 
AEZ tetyave toov éotty, xal al Aoumal yovioat toiig Aotmatic 
yeviaic tou Eoovtat, Dy’ a¢ at toa TAcveal Unotetvovolw: 
ton doa 7 bnd HTB ywvia tH bn AZE. DAG H Und AZE 
th Ondo BLA brdxerta ton xal n 0nd BVH Soa 17 nO BLA 
ton cotty, 7 EAdoowy ty uctTow Smee adOvatov. Ovx doa 
&viod¢ Eottvy H AB t# AE. ton how. Zot 6E xat H BL tH EZ 
ton: vo 54 at AB, BLT bBvo0t taiic AE, EZ too cio exatéoa 
exatéoy xal ywvia yA Und ABT ywvig tH Und AEZ éotw 
tor Borg doa HAD Badoet tH AZ ion cotiv, xol Aon Yovia 
n Uno BAT th Aon yovia tH O26 EAZ ton Eotiv. 

AAG 5H TdAL Eotwoa at TO tke foag ywvlag TAcUpal 
Unotetvovon toa, ac A AB tf AE: déyw mdAw, Ste xal att 
hotnal TAEvEAl tolig AOotmolg TAEUPAIIc too Eoovtat, A YEev AT 
th AZ, n sé BI tH EZ xol Ett H Aownh Yeovia WH Ond BAT 
TH Aon, Yovia tH On6 EAZ ion éotiv. 

Et yuo &viod¢ Eotw H BI tH EZ, uta adtév yeiCwv Eotiv. 
Zotw yet@wv, et Svvatdv, 7 BI, xal xetoVw tH EZ ton H BO, 
nal ereCevy0w A AO. xol enét ton Eotlv H ev BO tH EZ 
n S¢ AB tH AE, 500 64 at AB, BO dvol totic AE, EZ fou 
cloly exatéoa Exapgea ual ywvlac lou¢c mepieyovuow’ Baotc 
goa 7 AO Bodoe: 17 AZ ton eottv, xal tT ABO tetywvov té5 
AEZ tetyave toov éotiv, xal at Aoumal yoviot toiig Aotmatic 
yoviaic toa Eoovta, VY’ a¢ al loag TAcveal Unotetvovolw: 
ton é9u cotlv H Und BOA ywvia tH Und EZA. GAG FH OTO 
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Let ABC and DEF be two triangles having the two 
angles ABC and BCA equal to the two (angles) DEF 
and EF'D, respectively. (That is) ABC (equal) to DEF, 
and BCA to EFD. And let them also have one side equal 
to one side. First of all, the (side) by the equal angles. 
(That is) BC (equal) to EF. I say that they will have 
the remaining sides equal to the corresponding remain- 
ing sides. (That is) AB (equal) to DE, and AC to DF. 
And (they will have) the remaining angle (equal) to the 
remaining angle. (That is) BAC (equal) to EDF. 


D 
A 
G 


E F 


B WC 

For if AB is unequal to DE then one of them is 
greater. Let AB be greater, and let BG be made equal 
to DE [Prop. 1.3], and let GC have been joined. 

Therefore, since BG is equal to DE, and BC to EF, 
the two (straight-lines) GB, BC are equal to the two 
(straight-lines) DE, EF, respectively. And angle GBC is 
equal to angle DEF’. Thus, the base GC is equal to the 
base DF, and triangle GBC is equal to triangle DEF, 
and the remaining angles subtended by the equal sides 
will be equal to the (corresponding) remaining angles 
[Prop. 1.4]. Thus, GCB (is equal) to DFE. But, DFE 
was assumed (to be) equal to BC'A. Thus, BCG is also 
equal to BC'A, the lesser to the greater. The very thing 
(is) impossible. Thus, AB is not unequal to DE. Thus, 
(it is) equal. And BC is also equal to EF. So the two 
(straight-lines) AB, BC are equal to the two (straight- 
lines) DE, EF, respectively. And angle ABC is equal to 
angle DEF’. Thus, the base AC is equal to the base DF, 
and the remaining angle BAC is equal to the remaining 
angle EDF [Prop. 1.4]. 

But, again, let the sides subtending the equal angles 
be equal: for instance, (let) AB (be equal) to DE. Again, 
I say that the remaining sides will be equal to the remain- 
ing sides. (That is) AC (equal) to DF, and BC to EF. 
Furthermore, the remaining angle BAC is equal to the 
remaining angle EDF. 

For if BC is unequal to EF then one of them is 
greater. If possible, let BC’ be greater. And let BH be 
made equal to EF [Prop. 1.3], and let AH have been 
joined. And since BH is equal to EF, and AB to DE, 
the two (straight-lines) AB, BH are equal to the two 
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EZA t7 0x0 BIA Eoww ton: teryovou of tot} AOL f Extd¢ 
yovia 7 Und BOA ton Eotl tH EvtO¢ nal dnevavtiov TY LUMO 
BIA: énep dd0vatov. obx doa &viod¢ Eotw FH BI tf EZ: ton 
goa. gotl dé xal A AB tf AE fon. S500 54 ai AB, BI 500 
toc AE, EZ tom ctolv exatéoa exatéea xal ywviac tou 
nepteyouor Bédoic doa n AD Bdoet tH AZ ton cotty, xal tO 
ABT tetywvov 16 AEZ teryave toov xal Aoi yovia H 
ono BAL t¥ Aon) ywvia tH nd EAZ ton. 

‘Edy doa 500 Tolywva tac SVO Ywviac Bucl ywviac touc 
éyn Exatéoav exatéex xa Ulov TAcvEedy Ws TAEVES tony 
HtOL thy MEd tolic toog yeoviouc, ¥} THY UNoTEtvoucaY UTO 
uiav tév towv ywwldy, xal Tag AOITaS TASLES Tallg AOLTalic 
TAcupdic tous éfer xol thy Aoinhy Ywviav tH AowTH yoviq: 
Onee Eder Seiza. 


t The Greek text has “BG, BC”, which is obviously a mistake. 


xO, 
"Ey cic O00 edv¥etac eb0cta EumimtovoA Tuc EVAAAKE 
yoviac loug HAANACUS TOLH, MACGAANAOL EGOVTAL GAANACUC ott 
cuvetan. 


A 


T Z A 


Eig yao dv0 evVetac tac AB, TA cdV0eia éunintovoa 
EZ tac Evorrde yoviag tac bnO AEZ, EZA toug dhAVAcc 
Tovette AEyw, StL MAEdAANAdS Eotw A AB tH TA. 

Et yao wh, exBarAdueven at AB, PA ovunecotvta tor 
emt ta B, A uéon Ff ent ta A, TD. exBeBAhoIwouy xal ovuy- 
muntétwouyv ent ta B, A ueon xat& tO H. toryevou 67 tot 
HEZ nh exto¢ Yovia H UNO AEZ ton eotl tH Evtoc ual dne- 
vavtiov tf} Und EZH: énep eotiv dd0vatov: obx doa at AB, 
AT exBarAduevar ouutecodvtm ext te B, A ygon. Ouoiwc 
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(straight-lines) DE, EF, respectively. And the angles 
they encompass (are also equal). Thus, the base AH is 
equal to the base DF’, and the triangle ABH is equal to 
the triangle DEF, and the remaining angles subtended 
by the equal sides will be equal to the (corresponding) 
remaining angles [Prop. 1.4]. Thus, angle BHA is equal 
to EFD. But, EFD is equal to BCA. So, in triangle 
AHC, the external angle BHA is equal to the internal 
and opposite angle BC'A. The very thing (is) impossi- 
ble [Prop. 1.16]. Thus, BC is not unequal to EF’. Thus, 
(it is) equal. And AB is also equal to DE. So the two 
(straight-lines) AB, BC are equal to the two (straight- 
lines) DE, EF, respectively. And they encompass equal 
angles. Thus, the base AC’ is equal to the base DF’, and 
triangle ABC (is) equal to triangle DEF, and the re- 
maining angle BAC (is) equal to the remaining angle 
EDF [Prop. 1.4]. 

Thus, if two triangles have two angles equal to two 
angles, respectively, and one side equal to one side—in 
fact, either that by the equal angles, or that subtending 
one of the equal angles—then (the triangles) will also 
have the remaining sides equal to the (corresponding) re- 
maining sides, and the remaining angle (equal) to the re- 
maining angle. (Which is) the very thing it was required 
to show. 


Proposition 27 


If a straight-line falling across two straight-lines 
makes the alternate angles equal to one another then 
the (two) straight-lines will be parallel to one another. 


D 


For let the straight-line FF, falling across the two 
straight-lines AB and C'D, make the alternate angles 
AEF and EF'D equal to one another. I say that AB and 
CD are parallel. 

For if not, being produced, AB and CD will certainly 
meet together: either in the direction of B and D, or (in 
the direction) of A and C [Def. 1.23]. Let them have 
been produced, and let them meet together in the di- 
rection of B and D at (point) G. So, for the triangle 


STOIXEION o’. 


OF Sety0oetm, Sti OSE Ext Ta A, I> at SE Ent uNndétepa TH 
UEEN OVUTITTOVOAL TAPGAANAOL Elow: TAEGAANAOS doa EoTly 
n AB 14 TA. 

"Ea doa cic B00 evVetuc cOVeta Eurintovog tac EvaAAKE 
yoviag toacg GAANAcUS ToLf, TAEGAANAOL Eoovtan al evVETou: 
Onee Eder Seiza. 


xn. 

‘Edy cic B00 evdetac cvdeia eunintovoa thy extdc 
yoviay TH Evto¢ xol dnevavttov xal Ext Ta ATH UEON tony 
TOU, NH TUG Evto¢ Kal Ext Ta AUTH LEON, SLO deEDdiic touc, 
THOGAANAOL EGOVTAL HAAHAaIc at cvUVEta. 


E 


Z 


Eig yao S00 ev¥etac tac AB, TA cdV0eia gunintovoa 
EZ thy exto¢ Yoviay thy Uno EHB th evtdc xol anevavttov 
yovia th Uno HOA iony roteitew Wf tue EvtOc nal Ext TH 
avtTe WEEN tac Und BHO, HOA dvoiv doddiic fouc: AEyoa, 
Ott TaPdAANAdS Eotw 7 AB t# TA. 

‘Enel yde ton Eotly n Un0 EHB t7j 0nd HOA, GAAG H UNO 
EHB t7j tnd AHO Eo ton, xol 7 bnd AHO dpa tH bn 
HOA Eéotw ton: “at low EvahAde naodAdnroc &pa Eotlv H 
AB tA TA. 

IldAw, énet at bnd BHO, HOA dv deddiic tom etloty, 
ciol 5 xal ai bnd AHO, BHO dvolv dpdoiic fom, at koa 
vbnd AHO, BHO totic tnd BHO, HOA iow siotv: xowh 
apnoyjodvw n bro BHO: downh Goa H UNO AHO doinf} tH 
ono HOA éotw ion: xa elow EvahAde napdrAAnroc doa 
éotlv 7 AB tH TA. 

‘Edy doa cic 600 cvVElacg evLDeia EuTimTOVOM Thy ExTOC 
ywoviay TH Evto¢g xol amevavtiov xol ext Ta aUTa UEEN tony 
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GEF, the external angle AEF is equal to the interior 
and opposite (angle) EF'G. The very thing is impossible 
[Prop. 1.16]. Thus, being produced, AB and CD will not 
meet together in the direction of B and D. Similarly, it 
can be shown that neither (will they meet together) in 
(the direction of) A and C. But (straight-lines) meeting 
in neither direction are parallel [Def. 1.23]. Thus, AB 
and CD are parallel. 

Thus, if a straight-line falling across two straight-lines 
makes the alternate angles equal to one another then 
the (two) straight-lines will be parallel (to one another). 
(Which is) the very thing it was required to show. 


Proposition 28 


If a straight-line falling across two straight-lines 
makes the external angle equal to the internal and oppo- 
site angle on the same side, or (makes) the (sum of the) 
internal (angles) on the same side equal to two right- 
angles, then the (two) straight-lines will be parallel to 
one another. 


E 


F 


For let EF, falling across the two straight-lines AB 
and CD, make the external angle EGB equal to the in- 
ternal and opposite angle GHD, or the (sum of the) in- 
ternal (angles) on the same side, BGH and GHD, equal 
to two right-angles. I say that AB is parallel to CD. 

For since (in the first case) EGB is equal to GH D, but 
EGB is equal to AGH [Prop. 1.15], AGH is thus also 
equal to GHD. And they are alternate (angles). Thus, 
AB is parallel to CD [Prop. 1.27]. 

Again, since (in the second case, the sum of) BGH 
and GHD is equal to two right-angles, and (the sum 
of) AGH and BGH is also equal to two right-angles 
[Prop. 1.13], (the sum of) AGH and BGH is thus equal 
to (the sum of) BGH and GHD. Let BGH have been 
subtracted from both. Thus, the remainder AG‘ is equal 
to the remainder GHD. And they are alternate (angles). 
Thus, AB is parallel to CD [Prop. 1.27]. 


STOIXEION @’. 


TOU, N Tu Evto Ka Ext Ta AUTH UEEN, SLOlY deddiic touc, 
TApGANAot Eoovtan ai evdetour’ Smee der SetEau. 


ale 


“Hl cic tag MapadARAous evdeiac cudeia cumimtovog tdc¢ 
TE EVAAAGE yoovlag toacg GAAHAac Motel wal Thy ExtO¢ TH 
évtog xal anevavtiov tony xa Tac EvtOc wal Eeml TH AUTH 
ueen Svolv dedaiic toc. 


E 


Z 


Eig yup mapakAfAoucg evdetac tac AB, TA cddeia 
éumintéetw A EZ AEyw, Str Tag EvUAAGE yYwviag tue Uno 
AHO, HOA iouc note? xal thy Extd¢ Ywviayv thy bnO EHB 
TH Evto¢ Kal dnevavttov tH Und HOA tony nal tag Evtd¢ 
mol Emi ta aT U~EN Tac UTO BHO, HOA dsvolv deddiic 
touc. 

Et yao &viod¢ Eotw 7 UNO AHO tH Und HOA, pia wdtév 
uci@av gotty. gotw yeitwv n Und AHO: xow? teooxciodw 
7 Und BHO: at dow Und AHO, BHO tév bnd BHO, HOA 
uetCovec clow. GAAG al Und AHO, BHO duo dopdoiic tom 
ciotv. [xat] ai doa tnd BHO, HOA dv0 dedav Eddioaovec 
clolv. al d€ an ehacodvwyv Fj S00 de0dy exBarkAduevar 
cic dneipov ouurintovow: at doa AB, TA exBarAduevan 
cic OMELpOV GUUTECOUVTAL’ OV OUUTITTOVOL be Sia TO TA- 
earAAoUS avTa UtoxeioVa Ox Goa &vicd¢ EoTW 7 UTO 
AHO tf b10 HOA: fon dow. GAG H Ond AHO tH Und EHB 
got tor: xal 7 UnO EHB dow tH Und HOA Eo tw ton: xowh 
Teooxctodw 7 LTO BHO: at doa Und EHB, BHO toiic tno 
BHO, HOA ‘ow ciotv. GAA& oft DO EHB, BHO dv dodaiic 
fou eiotv: xat at Und BHO, HOA dea dv0 dpVaiic tom cictv. 

"H doa ele tac MapadArAouc cvVetuc cUdeta EuTITTOVON 
TaS TE EVAAAKE Ywvlag toa GAAVAas Totet xal Thy ExTtO¢ 
TH Evtoc xal amevavtioy tony xal tac Evto¢ wal El Ta AUTH 
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Thus, if a straight-line falling across two straight-lines 
makes the external angle equal to the internal and oppo- 
site angle on the same side, or (makes) the (sum of the) 
internal (angles) on the same side equal to two right- 
angles, then the (two) straight-lines will be parallel (to 
one another). (Which is) the very thing it was required 
to show. 


Proposition 29 


A straight-line falling across parallel straight-lines 
makes the alternate angles equal to one another, the ex- 
ternal (angle) equal to the internal and opposite (angle), 
and the (sum of the) internal (angles) on the same side 
equal to two right-angles. 

E 


P 


For let the straight-line EF fall across the parallel 
straight-lines AB and CD. I say that it makes the alter- 
nate angles, AGH and GHD, equal, the external angle 
EGB equal to the internal and opposite (angle) GHD, 
and the (sum of the) internal (angles) on the same side, 
BGH and GHD, equal to two right-angles. 

For if AGH is unequal to GHD then one of them is 
greater. Let AGH be greater. Let BGH have been added 
to both. Thus, (the sum of) AGH and BGH is greater 
than (the sum of) BGH and GHD. But, (the sum of) 
AGH and BGH is equal to two right-angles [Prop 1.13]. 
Thus, (the sum of) BGH and GHD is [also] less than 
two right-angles. But (straight-lines) being produced to 
infinity from (internal angles whose sum is) less than two 
right-angles meet together [Post. 5]. Thus, AB and CD, 
being produced to infinity, will meet together. But they do 
not meet, on account of them (initially) being assumed 
parallel (to one another) [Def. 1.23]. Thus, AGH is not 
unequal to GHD. Thus, (it is) equal. But, AGH is equal 
to EGB [Prop. 1.15]. And EGB is thus also equal to 
GHD. Let BGH be added to both. Thus, (the sum of) 
EGB and BGH is equal to (the sum of) BGH and GHD. 
But, (the sum of) EGB and BGH is equal to two right- 


STOIXEION a’. 


ueery Suolv dpVoiic touc: Sree Eder SeiEar. 


rN. 
Al tH avty c0Veta MapdAANAorL xal GAAHAaE Elol TAPGAAN- 


Ao. 
n/ 


A 


EB 


K 


/ 


"How exatéoa tv AB, TA 17 EZ napdddndoc: Aéyo, 
out xat n AB t7 TA éott napédAndoc. 

"EVTINTET Yoo cic UTA cOVEIa N HK. 

Kat énel cic napadArdouc eddetac tac AB, EZ ct0eia 
éuréntwxevy A HK, ton dea yn Und AHK tf vno HOZ. 
TdAw, Emel cic MaoMAAHAoUS edVelac tac EZ, TA cbVeia 
éurentwxev n HK, fon ecotiv n Und HOZ tf tno HKA. 
edetyOn Oé xal n bnd AHK tf bnd HOZ ton. xai y ond AHK 
dou tH Und HKA éotvw ion xat low EvahAdE. rapdAAnroc 
dou cotlv 7 AB 17 TA. 

[Ai doa tH abt evdeta mapdAAnAor xal GAANAaIC ciol 
TaedAnAot] Smee ESer SetEou. 


ie A 


ha’. 

Atv& tod So0VEvto¢ onuetou TH SoVeton cdVeig MaPdAANAOV 
eutetav YeauUny cyoyety. 

"Eotw tO pév do0Ev onuetoyv to A, 7 Sé Soveion eUDeta 
7 BI’ det Oh Std tod A onuetou tH BI evety naeddAndrov 
cuvelav YeauUry wyoyely. 

Ei jp0e ent tic BL tuyov onusiov 16 A, xat exeCevydw 
n AA: xat ovveotata med¢ TH AA evdeta xal 16 med¢ WITH 
onyetw 1 A th Und AAT ywvig ton 7 Ord AAE: xa 
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angles [Prop. 1.13]. Thus, (the sum of) BGH and GHD 
is also equal to two right-angles. 

Thus, a straight-line falling across parallel straight- 
lines makes the alternate angles equal to one another, the 
external (angle) equal to the internal and opposite (an- 
gle), and the (sum of the) internal (angles) on the same 
side equal to two right-angles. (Which is) the very thing 
it was required to show. 


Proposition 30 


(Straight-lines) parallel to the same straight-line are 
also parallel to one another. 


A G B 
E H F 
C K D 


Let each of the (straight-lines) AB and CD be parallel 
to EF. I say that AB is also parallel to CD. 

For let the straight-line GK fall across (AB, CD, and 

And since the straight-line GK has fallen across the 
parallel straight-lines AB and EF, (angle) AGK (is) thus 
equal to GH F [Prop. 1.29]. Again, since the straight-line 
GK has fallen across the parallel straight-lines EF and 
CD, (angle) GHF is equal to GAD [Prop. 1.29]. But 
AGK was also shown (to be) equal to GH F. Thus, AGK 
is also equal to Gk D. And they are alternate (angles). 
Thus, AB is parallel to CD [Prop. 1.27]. 

(Thus, (straight-lines) parallel to the same straight- 
line are also parallel to one another.] (Which is) the very 
thing it was required to show. 


Proposition 31 


To draw a straight-line parallel to a given straight-line, 
through a given point. 

Let A be the given point, and BC the given straight- 
line. So it is required to draw a straight-line parallel to 
the straight-line BC, through the point A. 

Let the point D have been taken a random on BC, and 
let AD have been joined. And let (angle) DAE, equal to 
angle ADC, have been constructed on the straight-line 


STOIXEION 


exBeBahodu en cvVetuc tH EA cv0eia y AZ. 


E A 7, 


B i 
A 


Kat enet cic 600 eudetauc tac BY, EZ cv0eta curintovoa 
n AA ta EvorrdE yoviag tac tnd EAA, AAT itouc 
GAhAas Tetotnxev, TapddAnroc Koa Eotlv n EAZ t7j BY. 

At& tot So00Evt0¢ Kea onuetou tod A tH Soveton evVeta 
tf, BP napddrnroc edvveia your Fxta n EAZ: donee ger 


TOOL. 


INC 
Tlavt6¢ tetymvou wdc Tv TAcUedy TeocExBANVetonc 
N ExtOG Ywvia Suol Tolic EvTOS xa aTEvavtioy ton EoTty, xall 
al Evto¢g To tely@vou TeEic Ywviat dvolv deVoaic fom eiotv. 


A EB 


B rT A 


"Eow tetywvoy to ABIL, xal nmpooexBeBAroda adtod 
ula tAcved W BI eri 16 A> éyw, Sti H ExTOG Ywvia H LTO 
ATA ion Eott dvol tolig Evtdg xal dnevavttov taiic Und TAB, 
ABI, xol at Evtd¢ tod tetyovou toecic ywvion at Und ABT, 
BIA, TAB dvolv dedoiic tom ciotv. 

"Hyde yao de tod LP onuetou tH AB evdeta napdArndroc 
7 TE. 

Kat énet mapdrAnardc cotw 4 AB ti TE, xat cic avtae 
éunentwxey i AT, at evorrde ywovion at bnd BAT, ATE tou 
aAHAats ciotv. méAw, Enel TapdAANAdS Eotw A AB 17 TE, 
nal cic adta¢ Eunéntwxeyv cvdeta 7 BA, 7 Extd¢ Yovia 
ono EVA ton got th EvtOc xol anevavtiov tH Und ABT. 
edetyOy Se xal n UNO ATE t7j Und BAT ion: bAn doa H VIO 
ATA yoviaton gott duol toiig EvtO¢ Kal anEvavtiov tol¢ DLO 


BAT, ABT. 
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DAat the point A on it [Prop. 1.23]. And let the straight- 
line AF have been produced in a straight-line with FA. 


E a F 


B C 
D 


And since the straight-line AD, (in) falling across the 
two straight-lines BC and EF, has made the alternate 
angles HAD and ADC equal to one another, EF AF is thus 
parallel to BC [Prop. 1.27]. 

Thus, the straight-line HAF has been drawn parallel 
to the given straight-line BC, through the given point A. 
(Which is) the very thing it was required to do. 


Proposition 32 


In any triangle, (if) one of the sides (is) produced 
(then) the external angle is equal to the (sum of the) two 
internal and opposite (angles), and the (sum of the) three 
internal angles of the triangle is equal to two right-angles. 


A 


B C D 

Let ABC be a triangle, and let one of its sides BC 
have been produced to D. I say that the external angle 
ACD is equal to the (sum of the) two internal and oppo- 
site angles CAB and ABC, and the (sum of the) three 
internal angles of the triangle—ABC,, BCA, and CAB— 
is equal to two right-angles. 

For let CE have been drawn through point C parallel 
to the straight-line AB [Prop. 1.31]. 

And since AB is parallel to CE, and AC has fallen 
across them, the alternate angles BAC and ACE are 
equal to one another [Prop. 1.29]. Again, since AB is 
parallel to CE, and the straight-line BD has fallen across 
them, the external angle ECD is equal to the internal 
and opposite (angle) ABC [Prop. 1.29]. But ACE was 
also shown (to be) equal to BAC. Thus, the whole an- 


34 


STOIXEION @’. 


Kowyh neooxetodw 7 Und ADB: ai dea bro APA, APB 
totol toc bnO ABY, BVA, TAB tow eiotv. aA’ ai bno ATA, 
ATB Suolv deVdiic too ciotv: xal at Ond ATB, PBA, TAB 
doa dvolv dedoiic tom etoty. 

Ilavtog dea tetymvou wldic Tév TAcUvedyY TeOCExX- 
BAnvetoncs n ExtO¢ Ywvla Svol tolic Evtoc ual anevavtiov 
ton eotty, xal al Evtoc tod telywvou tesic ywviow Suciv 
OpvVoic tou ciotv: Sree Eder SetEau. 


, 


hy’. 
At tac toug te xol maowAAnAous Ext Ta HUTA WEEN ET- 
Cevywovoa evdeton xal adtal too te xol TaEcAANAOL ciow. 


B A 


A T 


"Eotwouy too te xol raedAAnAot at AB, TA, xol em- 
Cevywtiwoay autas emt Te wbTa UgeN edVEta ot AT, BA: 
Evo, Ott xa at AT, BA too te xal maedAAnAot ciow. 

‘ExeCevy0w 7 BI. xol Enel rapdAAnards cotw 7 AB ti; 
TA, nol cic adtac eunéntwxev A BI, at Evora yooviou ait 
ono ABY, BIA tom cAAfAac ciotv. xal Enel fon Eotlv nH AB 
tf TA xowy d¢ 4 BY, 500 67 at AB, BL S00 totic BP, FA too 
ciotv: xal ywvia n Und ABT ywvig tH Ondo BIA ton: Bdotc 
goa n ALD Baoet tH BA éotw ton, xai t6 ABT tetywvov té5 
BIA teryove toov gotiv, xal ai Aowmal ywvion toiic Aoumatic 
yoviac too Eoovta exatéea Exatéog, Kip’ de att too TAcVEAL 
Unotetvouow’ ton doa 7 Und ALB ywvia th Ord PBA. xa 
émel cic 600 evVetuc tac AT, BA cdVeta gunintovoa 7 BI 
TAS EVUAAKE ywrviac toug GAAAAac Tenolnxev, TaSdAANAOS 
dou cotlv y AL tH BA. edetyOy 5é wdTH xat ton. 

At doa tac toug te xal TapadANAOUS El Ta AUTH LEON 
emiCevywwovoa. evdetoar xal autal too te xal mapcrAndot 
ciow: Onep edet SetEan. 
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gle ACD is equal to the (sum of the) two internal and 
opposite (angles) BAC and ABC. 

Let AC'B have been added to both. Thus, (the sum 
of) ACD and ACB is equal to the (sum of the) three 
(angles) ABC, BCA, and CAB. But, (the sum of) ACD 
and ACB is equal to two right-angles [Prop. 1.13]. Thus, 
(the sum of) ACB, CBA, and C'AB is also equal to two 
right-angles. 

Thus, in any triangle, (if) one of the sides (is) pro- 
duced (then) the external angle is equal to the (sum of 
the) two internal and opposite (angles), and the (sum of 
the) three internal angles of the triangle is equal to two 
right-angles. (Which is) the very thing it was required to 
show. 


Proposition 33 


Straight-lines joining equal and parallel (straight- 
lines) on the same sides are themselves also equal and 


parallel. 
B A 


D C 


Let AB and CD be equal and parallel (straight-lines), 
and let the straight-lines AC’ and BD join them on the 
same sides. I say that AC and BD are also equal and 
parallel. 

Let BC have been joined. And since AB is paral- 
lel to CD, and BC has fallen across them, the alter- 
nate angles ABC and BCD are equal to one another 
[Prop. 1.29]. And since AB is equal to CD, and BC 
is common, the two (straight-lines) AB, BC are equal 
to the two (straight-lines) DC, CB.'And the angle ABC 
is equal to the angle BCD. Thus, the base AC is equal 
to the base BD, and triangle ABC is equal to triangle 
DCB#, and the remaining angles will be equal to the 
corresponding remaining angles subtended by the equal 
sides [Prop. 1.4]. Thus, angle ACB is equal to CBD. 
Also, since the straight-line BC, (in) falling across the 
two straight-lines AC and BD, has made the alternate 
angles (ACB and CBD) equal to one another, AC is thus 
parallel to BD [Prop. 1.27]. And (AC) was also shown 
(to be) equal to (BD). 

Thus, straight-lines joining equal and parallel (straight- 


STOIXEION ’. 


+ The Greek text has “BC, C.D”, which is obviously a mistake. 
* The Greek text has “DC'B”, which is obviously a mistake. 


ho” 
TOV TAPMAANACYEGLUOV YwWElwv al dmevavtiov TAELEAt 
Te xa Yeovion toot HAAHAatc Eloty, xal N Stiduetoeoc wUTH Stya 
TEUVEL. 


Ba B 


Tr A 

"Hot TaowAAnrdoyeauuov ywpiov t6 ATAB, didéueteoc¢ 
dé adtod H BI: AEye, 6tt toU ATAB rapaddAnrhoyeduuon ait 
dmevavttov TAcveal te xa yorvion too aAAMAaus elotv, xal 7 
BI dtdéueteo¢ AUTO Stya TéyveL. 

"Enel yoo TapddAnddce cotw A AB ti DA, nal cic adta&¢ 
éurentwxev cvveta A BI, at EvorkAdE ywvion at bnd ABT, 
BIA tom aAhAag ciotv. mdéAw Exel mapdrAANAds Eotww HW AD 
th BA, xol cic avtac Gunéntaxev A BI’, at EvarAdE yeovion 
at bnd ADB, TBA fou aAhAatg ciotv. 500 SF Tetywvd EoTL 
ta ABI, BIA tau 500 ywviag tac Und ABI, BLA Svol 
toiic Und BPA, PBA toug Eyovta Exatéoay Exatéoy xa utorv 
TACUEaY Wa TAELES tony THY TEdG Tolic tog Ywvioug xOWWNY 
avtéy thy BI: xal tac Aoiumac hoa mMAcuvedc toll¢ Aowmaiic 
toug é€er Exatépay exatéog xal thy Actin ywviay tH Aouny 
yovia ton doa n wev AB mAcued& tH TA, n Se AP tH BA, 
xa Ett ton Eotiv Hy Utd BAD yovia tH Ono TAB. xat exel 
fon cotly 7 vev UnO ABT ywvia tH bn BLA, 7 5 Ond TBA 
tf Uno ATB, 6An doa 7 Und ABA An tH On ATA Eotw 
fon. edetydn dé xal y UNO BAD tH Ono TAB tor. 

TOV doa TUpAAANnAoYEdUUwV ywpiwy al anevavtiov 
TAgveat Te xa yeovion too aAAAAdc ciotv. 

Aéyo oh, Ott Kol H Siduetoos AUTH Stya téuver. Enel yee 
fon cotly Wy AB tH TA, xowy de A BI, S00 OH of AB, BP 
dvol totic TA, BP too eto exatéou exatéoa xa ywovia A 
ond ABT ywvia tH 0nd BLA ion. nol Borg dou WH AT tH 
AB ion. xat to ABT [Koa] totywvov 6 BLA teryave toov 
eotly. 

‘H &éepa BI Stdueteo¢ Stya téuver tO ABTA rapod- 
Anrdyeauov’ Oneo Eder SetEau. 
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lines) on the same sides are themselves also equal and 
parallel. (Which is) the very thing it was required to 
show. 


Proposition 34 


In parallelogrammic figures the opposite sides and angles 
are equal to one another, and a diagonal cuts them in half. 


A B 


Cc D 

Let ACDB be a parallelogrammic figure, and BC its 
diagonal. I say that for parallelogram AC'DB, the oppo- 
site sides and angles are equal to one another, and the 
diagonal BC cuts it in half. 

For since AB is parallel to CD, and the straight-line 
BC has fallen across them, the alternate angles ABC and 
BCD are equal to one another [Prop. 1.29]. Again, since 
AC is parallel to BD, and BC has fallen across them, 
the alternate angles ACB and CBD are equal to one 
another [Prop. 1.29]. So ABC and BCD are two tri- 
angles having the two angles ABC and BCA equal to 
the two (angles) BCD and CBD, respectively, and one 
side equal to one side—the (one) by the equal angles and 
common to them, (namely) BC. Thus, they will also 
have the remaining sides equal to the corresponding re- 
maining (sides), and the remaining angle (equal) to the 
remaining angle [Prop. 1.26]. Thus, side AB is equal to 
CD, and AC to BD. Furthermore, angle BAC is equal 
to CDB. And since angle ABC is equal to BCD, and 
CBD to ACB, the whole (angle) ABD is thus equal to 
the whole (angle) ACD. And BAC was also shown (to 
be) equal to CDB. 

Thus, in parallelogrammic figures the opposite sides 
and angles are equal to one another. 

And, I also say that a diagonal cuts them in half. For 
since AB is equal to CD, and BC (is) common, the two 
(straight-lines) AB, BC are equal to the two (straight- 
lines) DC, C'B', respectively. And angle ABC is equal to 
angle BCD. Thus, the base AC (is) also equal to DB, 


STOIXEION ’. 


+ The Greek text has “C.D, BC”, which is obviously a mistake. 
* The Greek text has “ABCD”, which is obviously a mistake. 


Ke’. 


Ta TaparANADY PALA TH ETl THe aUTH¢ Baoews Ovta xal 
Ev Tdlig adToic TAPAAAHAOLS low GAANAOIC EoTIV. 


A A EB Z. 
\X/ 
B ia 


"Hot taeadkAndoypauua ta ABTA, EBIZ ent tic 
adtH¢c B&oews tic BI xat ev tolic wvtoiig MaparAAKAots Toil 
AZ, BI: déya, 611 toov ott 16 ABTA 16 EBL'Z napadAn- 
AoyegUUe. 

‘Enel yuo mapadkAnAdypauudoy cott to ABTA, ton Eotiv 
n AA tH BI. 8a te HvTe 54 “ol Y EZ tH BE Eotw tor: 
ote xal 7 AA ti EZ eotw fon xal xowh 7 AE: 6An dea 
n AE oAn tH AZ eotw ton. Eotr SE xat HW AB tH AT ion: 
dvo $4 at EA, AB d0o tac ZA, AT tom cioiv exatépa 
exatéoy xal ywvia y Und ZAT ywvia tH ond EAB éotw 
ton N Exto¢ TH Evtdc: Bdotc doa W EB Baoet tH ZT ton cotiv, 
xal to EAB tetywvov 16 AZT toryave toov gota xowov 
&pnerjodvw 10 AHE: \oindv doa t6 ABHA toanéZiov Aownés 
16) EHVZ teaneZiw cotiv toov: xowdy meooxetodw 16 HBT 
totywvov’ dhov doa TO ABTA raparAnddypauuov ddw TES 
EBIZ ropadrnroyeduue toov cottv. 

Ta doa TACUAANAGY PAUUA TH ETL To HUT ¢ Beoews Svta 
Hal EV Tolig HUTOli¢ MAEAAANAOIC low HAANAOIS Eotiv: Stee Edet 
Seiten. 
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and triangle ABC is equal to triangle BCD [Prop. 1.4]. 
Thus, the diagonal BC cuts the parallelogram ACD B? 
in half. (Which is) the very thing it was required to show. 


Proposition 35 


Parallelograms which are on the same base and be- 
tween the same parallels are equal! to one another. 


A D E F 
\xS 
B C 


Let ABCD and EBCF be parallelograms on the same 
base BC, and between the same parallels AF and BC. I 
say that ABCD is equal to parallelogram EBCF. 

For since ABCD is a parallelogram, AD is equal to 
BC [Prop. 1.34]. So, for the same (reasons), EF is also 
equal to BC. So AD is also equal to EF. And DE is 
common. Thus, the whole (straight-line) AF is equal to 
the whole (straight-line) DF. And AB is also equal to 
DC. So the two (straight-lines) EA, AB are equal to 
the two (straight-lines) F.D, DC, respectively. And angle 
FDC is equal to angle EAB, the external to the inter- 
nal [Prop. 1.29]. Thus, the base FB is equal to the base 
FC, and triangle EAB will be equal to triangle DFC 
[Prop. 1.4]. Let DG'E have been taken away from both. 
Thus, the remaining trapezium ABGD is equal to the re- 
maining trapezium EGCF. Let triangle GBC have been 
added to both. Thus, the whole parallelogram ABCD is 
equal to the whole parallelogram EBCF. 

Thus, parallelograms which are on the same base and 
between the same parallels are equal to one another. 
(Which is) the very thing it was required to show. 


+ Here, for the first time, “equal” means “equal in area”, rather than “congruent”. 


Az. 


Ta TUpMAANACYeAUA Ta ET Towv Bacewv Ovta xa Ev 
Tolig adTalic TAPAAAHAOIC tow GAANAOIC Eotiv. 

"Hot maowAndkoyeauya te ABTA, EZHO ent towv 
Bacewy dvta tv BI, ZH xal ev tolic adtolic maparAnAoic 
toic AO, BH: Aéyw, étt toov gott tO ABTA rapaa- 
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Proposition 36 


Parallelograms which are on equal bases and between 
the same parallels are equal to one another. 

Let ABCD and EFGH be parallelograms which are 
on the equal bases BC and FG, and (are) between the 
same parallels AH and BG. I say that the parallelogram 
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Anroyeauuoy té) EZHO. 
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ABCD is equal to EFGH. 


B T Z H B C F G 


‘EneCevydwoav yee ot BE, TO. xat Exel ton Eotlv 7 
BI th ZH, ac 9 ZH tH EO cot ton, xol n BI dow tH; 
EO éow ton. ciol sé xal mapd&AANAoL. xual EmTevyvWovoww 
avtac at EB, OF: ai b€ tac tou te xol mapadrAnAouc Erl 
TH HUTA YEON EMITevYWWOUGA toa Te Kal TAEdAANAOL clot 
[xat ot EB, OF & eu tom té ciot xal mapdAANAOL]. TMaAeaA- 
Anroyeauuov dea cott tO EBVO. xat cotw toov 16 ABLA: 
Baow te yao avTé Thy avTHy Eyet THY BI’, xa ev tolic avtoii¢g 
TapahAAots Eotly adtH totic BL, AO. dla ta aWTA BY nal TO 
EZHO 16 advté 16 EBLO eotw ioov: ote xai t¢ ABTA 
TAPMAANAOYEAULOY 6) EZHO cotw toov. 

Ta doa TApHAANASyEaLUA TH ETL tow Bacewyv SvTa xal 
EV Tdlig AVTOIc MAPAAAHAOIC low HAAAOIC EoTiv’ Sree det 
Seteou. 


NG 
Ta totyova ta emt tH¢ avTH¢ Béoews dvta xal Ev toll 
avtolic TaPArAANAOIc tow GAANAOIS Eotiv. 


E A A Z, 


B T 

*Eow tetywva te ABP, ABL ext tic avtiic Baoewes tic 
BI xa év tolig adtoiic mapadArAotg toc AA, BI: AEyw, Str 
fooyv gott t0 ABT totywvov 16) ABL teryave. 

"ExBeBAjova n AA eg’ exdteoa te Ugo Ext ta E, Z, xa 
dia yev tod B tH TA naeddAndroc HyVo fh BE, dla sé tod P tH 
BA rapadAnroc HyVa AH UZ. napa Andrddyeayov dea Eotiv 
exatepov tv EBPA, ABV'Z: xat ciow tow ent te yue tic 
adti¢ B&oews clot th¢ BI xal ev tolic avtolic TaparAAHAoic 
totic BY, EZ: xat got: to} uev EBTA napa Anroyedupou 
futov tO ABT totywvov: 7 yae AB didueteo0¢ auto Stya 
téuvet’ tod 6 ABZ napadkAndoyeduov yutov to ABI 
totywvov' n yuo AT Siduetpoc avtd Stya teyver. [te dE 
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For let BE and CH have been joined. And since BC is 
equal to F'G, but FG is equal to EH [Prop. 1.34], BC is 
thus equal to FH. And they are also parallel, and EB and 
HC join them. But (straight-lines) joining equal and par- 
allel (straight-lines) on the same sides are (themselves) 
equal and parallel [Prop. 1.33] [thus, EB and HC are 
also equal and parallel]. Thus, EBCH is a parallelogram 
[Prop. 1.34], and is equal to ABCD. For it has the same 
base, BC, as (ABCD), and is between the same paral- 
lels, BC and AH, as (ABCD) [Prop. 1.35]. So, for the 
same (reasons), EFGH is also equal to the same (par- 
allelogram) EBCH [Prop. 1.34]. So that the parallelo- 
gram ABCD is also equal to EF GH. 

Thus, parallelograms which are on equal bases and 
between the same parallels are equal to one another. 
(Which is) the very thing it was required to show. 


Proposition 37 


Triangles which are on the same base and between 
the same parallels are equal to one another. 


E A D 


B C 

Let ABC and DBC be triangles on the same base BC, 
and between the same parallels AD and BC. I say that 
triangle ABC is equal to triangle DBC. 

Let AD have been produced in both directions to E 
and F’,, and let the (straight-line) BE have been drawn 
through B parallel to C/A [Prop. 1.31], and let the 
(straight-line) CF have been drawn through C parallel 
to BD [Prop. 1.31]. Thus, EBC'A and DBCF are both 
parallelograms, and are equal. For they are on the same 
base BC, and between the same parallels BC and EF 
[Prop. 1.35]. And the triangle ABC is half of the paral- 
lelogram E BCA. For the diagonal AB cuts the latter in 


STOIXEION a’. 


t&v low lon tow GAAAAoIs Eotty]. toov dea Eotl t6 ABT 
totywvov 16) ABL teryave. 

Te doa totywva TH ETL The AOTH¢ Bacews Ovta nal Ev Toll 
autoiic naparhAnroic tox GAAVAoIc Eotiv’ Onep Eder Seigau. 


t This is an additional common notion. 


Mr 
Ta totywva ta Ent lowv Bdoewy dvta xal Ev Tolic avToli¢ 
THEAAANAOLS toa HAAHAOIC EOTy. 


H A A © 


B T EB Za 


"How tetywva te ABL, AEZ ért towv Baoewv tév BY, 
EZ xat ev tolic adtoiic mapadAnAotc toc BZ, AA: AEyw, StL 
toov ott 16 ABT tetywvov 16 AEZ teryove. 

"ExBeBAnodw yuo n AA én’ exdtepa T& Ugon Enl ta H, 
O, xal Sid yev tod B tH TA napdrdndoc HyIw A BH, dla be 
tot Z ti AE rapdddrnroc FyIw 7 ZO. rapwdrAnrdyeauuov 
dou gotly exdtepov tv HBTA, AEZO: xai toov 16 HBTA 
ta AEZO: ent te yuo towv Bdoewy cior tv BI, EZ xa 
év toig aUtolig TAPAAAHAOlS Toic BZ, HO’ xat Eotr tod yev 
HBPLA rapadAnroyeduyou futov to ABT tetywvov. n yao 
AB Sdidueteog adtO Stya téuver’ toh 6 AEZO napadAn- 
oyeduuou futov tO ZEA tetywvov' H yue AZ dtaueteoc 
auto Stya téyvet [ta SE THY towv Huton tow GAAMAOI< Eotiy]. 
foov dea éott to ABL tetywvov 165 AEZ teryove. 

Ta toa totywva Ta emt lowy B&oewv Svta xal Ev Toiic 
avtoiic naparhAnroic lox GAAVAOIc ECotiv’ Onep Eder Seigau. 


AW. 
Ta tou tetywva ta Eml THe wwTic Bdoews Svta xal Ent 
TH KUTA UEP Kall Ev Tolle MUTOilg MAPAAANAOIC EOTIY. 
"How toa tetywva te ABL, ABT Ent tij¢ avt¥}¢ Bdoewe 
Ovta wal Eml Ta HUTH YEON TH¢ BI: Aéyw, dt xal Ev Toiic 
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half [Prop. 1.34]. And the triangle DBC (is) half of the 
parallelogram DBCF. For the diagonal DC cuts the lat- 
ter in half [Prop. 1.34]. [And the halves of equal things 
are equal to one another.]' Thus, triangle ABC is equal 
to triangle DBC. 

Thus, triangles which are on the same base and 
between the same parallels are equal to one another. 
(Which is) the very thing it was required to show. 


Proposition 38 


Triangles which are on equal bases and between the 
same parallels are equal to one another. 


G A D H 


B C E F 

Let ABC and DEF be triangles on the equal bases 
BC and EF, and between the same parallels BF and 
AD. I say that triangle ABC is equal to triangle DEF. 

For let AD have been produced in both directions 
to G and H, and let the (straight-line) BG have been 
drawn through B parallel to CA [Prop. 1.31], and let the 
(straight-line) FH have been drawn through F parallel 
to DE [Prop. 1.31]. Thus, GBC'A and DEFH are each 
parallelograms. And GBC A is equal to DEF ‘'H. For they 
are on the equal bases BC and EF, and between the 
same parallels BF and GH [Prop. 1.36]. And triangle 
ABC is half of the parallelogram GBC A. For the diago- 
nal AB cuts the latter in half [Prop. 1.34]. And triangle 
FED (is) half of parallelogram DEF H. For the diagonal 
DF cuts the latter in half. [And the halves of equal things 
are equal to one another.] Thus, triangle ABC is equal 
to triangle DEF. 

Thus, triangles which are on equal bases and between 
the same parallels are equal to one another. (Which is) 
the very thing it was required to show. 


Proposition 39 


Equal triangles which are on the same base, and on 
the same side, are also between the same parallels. 

Let ABC and DBC be equal triangles which are on 
the same base BC, and on the same side (of it). I say that 


STOIXEION a’. 


avtolic TapArAnAolc Eotly. 


ra 


A 
B T 

‘EneCevydw yuo 7 AA: Eva, Sti TaPdAANADS EoTLV 7 
AA v4 BY. 

Et yao uh, FyVw dia tod A onuetou tH BI ev0etq 
nmapdhAndog 7 AE, xol eneTevydw A ED. toov toa Eotl 16 
ABI tetywvov 16 EBD totyove ent te yuo tic avtiic 
Bacews Eotw wvtds th¢ BI xat ev tolig adtoic MapadrANAotc. 
aa TO ABP 165 ABT Eotw toov: xai to ABT &oa 165 EBP 
loov Eotl tO UEiCov 16 EAdhooow Smee EoTlv &dUVaTOV’ OLX 
doa mapddrnrdcs Eotw HN AE tH BI. Ouolwe 57 SelZouev, 
Ott OVd’ GAAH Tic TAY tic AA’ Hy AA Gow tH BI éotr 
TAOGAANAOS. 

Ta doa tou totywva tH Ent Th¢ abTIc B&oews Svta xatl 


ETL TH HUTA EET Kal Ev Tolic aUTOlig TAPAAAHAOLS EOTIY’ STEP 
EOet Seieau. 


, 
a tou totywva Ta Ent lowv Bacewy d6vta xa El TA HUTS 
UeEN xal Ev tolic adTalic TAPAAANAOIC EOTIY. 


B r EB 


"How toa tetywva te ABP, TAE éxt towv Baoewy tiv 
BI, TE xot ent te adt& UEEN. AEyw, StL xal Ev Tolg wUTOil¢ 
TAEAAANAOLS Eotiv. 

‘EneTevy0w yuo 7 AA: Aéya, StL TaPdAANADS EoTLV 7 
AA v7 BE. 

Et yao uh, AyVw Sia tod A tH BE napdddndoc 7 AZ, 
nal eneCedy0u n ZE. toov &pa Eotl 16 ABT toelywvov 
16 ZTE totyove ext te yuo towv Baoewy etor tév BI, 
TE xot év tolic adtoiic napadhAnAotc toic BE, AZ. GAA& tO 
ABT tetywvov tooy cot 16 ATE [tetywve| xl t6 ATE 
goa [tetywvoy] toov cotl 16 ZTE teryave tO ueiCov tés 
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they are also between the same parallels. 
j D 
B C 

For let AD have been joined. I say that AD and BC 
are parallel. 

For, if not, let AE have been drawn through point A 
parallel to the straight-line BC [Prop. 1.31], and let EC 
have been joined. Thus, triangle ABC is equal to triangle 
EBC. For it is on the same base as it, BC, and between 
the same parallels [Prop. 1.37]. But ABC is equal to 
DBC. Thus, DBC is also equal to EBC, the greater to 
the lesser. The very thing is impossible. Thus, AF is not 
parallel to BC. Similarly, we can show that neither (is) 
any other (straight-line) than AD. Thus, AD is parallel 
to BC. 

Thus, equal triangles which are on the same base, and 


on the same side, are also between the same parallels. 
(Which is) the very thing it was required to show. 


Proposition 40' 


Equal triangles which are on equal bases, and on the 
same side, are also between the same parallels. 


A D 


B C E 


Let ABC and CDE be equal triangles on the equal 
bases BC and CE (respectively), and on the same side 
(of BE). I say that they are also between the same par- 
allels. 

For let AD have been joined. I say that AD is parallel 
to BE. 

For if not, let AF have been drawn through A parallel 
to BE [Prop. 1.31], and let FF have been joined. Thus, 
triangle ABC is equal to triangle FCE. For they are on 
equal bases, BC and CE, and between the same paral- 
lels, BE and AF [Prop. 1.38]. But, triangle ABC is equal 
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Ehdooow: nee Eotlv dd0vatOV: OUx Goa TaedAAnAoc 7 AZ to [triangle] DCE. Thus, [triangle] DCE is also equal to 
tf BE. duotws 57 SetZouev, Sti 00d’ HAAN Tic TAH tic AA’ triangle FCE, the greater to the lesser. The very thing is 
7 AA dea tH BE gott napdAAnaoc. impossible. Thus, AF is not parallel to BE. Similarly, we 
T& tea tow totywva te Ext lowv Béoewy 6vta xal Ext te can show that neither (is) any other (straight-line) than 
aUtTa UEEYH xa Ev Tolic aVTOic TAPMAAHAOIc Eotiv: neo E5e. AD. Thus, AD is parallel to BE. 
Seizau. Thus, equal triangles which are on equal bases, and 
on the same side, are also between the same parallels. 
(Which is) the very thing it was required to show. 


+ This whole proposition is regarded by Heiberg as a relatively early interpolation to the original text. 


Uo’. Proposition 41 
"Edy TOEMAANASYpaULOY TeLyYavy Buow te éyn Thy If a parallelogram has the same base as a triangle, and 
aothy xal Ev tolic adtoiic maparhArrotc fh, SitAcotdv Eott is between the same parallels, then the parallelogram is 
TO TACAAANASYEAULOV TOD TELYWVODL. double (the area) of the triangle. 
EB A D E 
B rT B C 


TlaparAnrdyeauyov yao To ABTA teryovw 164 EBL For let parallelogram ABCD have the same base BC 
Béow te eyétw thy adthy thy BI xal ev tolic wbtolic na- as triangle EBC, and let it be between the same parallels, 
eaAAAAots Eotw totic BT, AE: AEyw, St SimAdovdv Cott t©6 ~=BC and AE. I say that parallelogram ABCD is double 
ABIA rapadAnddypauoyv tot BET teryavou. (the area) of triangle BEC. 

‘ExeCevydw yoo 7 ALD. toov 54 got: t0 ABL tolywvov For let AC have been joined. So triangle ABC is equal 
t@ EBD tetyove: ent te yuo tic attic Bdoews Eotw to triangle EBC. For it is on the same base, BC, as 
aurtés ti¢ BI xat ev toiic adtolic napadkAnrots toiic BE, AE. (£ BC), and between the same parallels, BC and AE 
GAAKK TO ABTA raporAnrdypauuoy SinAcowdy cott toU ABI’ [Prop. 1.37]. But, parallelogram ABCD is double (the 
toryavou' nH yuo AT Sidueteo¢ wvtO Stya téuvet’ ote area) of triangle ABC. For the diagonal AC cuts the for- 
to ABTA rapadaAnrdyeauuov xoal tol EBT teryevou gott mer in half [Prop. 1.34]. So parallelogram ABCD is also 


StMAGOLOV. double (the area) of triangle EBC. 

"Edy doa TACWAANAOYeALLOY TeLyYove Bé&ow te ExN Thy Thus, if a parallelogram has the same base as a trian- 
autiy xal ev toic adtoic maparhArAots H, SitAdcovdy Eott tO gle, and is between the same parallels, then the parallel- 
TAPKAANAOYPAUMLOV Tod TeLywvou’ One Eder Seigau. ogram is double (the area) of the triangle. (Which is) the 


very thing it was required to show. 


up’. Proposition 42 
T@ do0évt toryava toov TaeaAANAOCYeALLOV CUVOTY- To construct a parallelogram equal to a given triangle 
caovat ev tf Sovelon yovia e0DuypduUL. in a given rectilinear angle. 
"Eotw tO vey S00év telywvov 10 ABIL, nh dé So0cion Let ABC be the given triangle, and D the given recti- 


yovia eodvypayyoc 7 A’ Set 67 16 ABI tovryovw toov na- linear angle. So it is required to construct a parallelogram 
eahAnrdypauuoy avotioaoda ev TH A ywvig evdvyeduum. equal to triangle ABC in the rectilinear angle D. 


Al 
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B E T 

Tetujove 7 BI dtya xata 10 E, xat exneCevydw n AK, 
xal ovveotatw Ted¢ TH ED cvveia xal 16 ned¢ abt oNUElo 
tH E th A yevia ton 7 bnd LEZ, xol dd yev tod A tH ED 
nrapdhAnaros AxyIw 7A AH, Sid 5é tot TF tH EZ rapdddnroc 
HXVw 7 TH: naparAnrdyeauuov dea cott to ZELH. xat exet 
ton cotlv h BE tj ED, toov gotl xai to ABE totywvov 165 
AET teryove ent te yuo towv Béoewy eiot tv BE, ED xa 
Ev Talig aUTOlig MaPAAANAOt< toiic BI, AH: SimAcovov doa Eotk 
to ABT toetywvov tot AET tetrywvou. éott 6é xal tO ZETH 
TAPAANAGYEaUoY SitAcotov tol AED terymvou: Baow te 
yop wutds thy authy éyer xal ev tolic avtaiic cotw aUTd 
TAUEMAANAOIc’ toov dou cotl tO ZETH napadrrAndAdyeauoyv 
tw ABT teryova. xal gyet thy nd TEZ ywviav tony tH 
doVeton tH A. 

T6 d00 SoVEvTL TELYOVD 16 ABT toov naparkANAdyeau- 
yov ouvéotata to ZEVH év ywvig th ond VEZ, yt1¢ cotlv 
ton tH A> Onep Zdet Torhoa. 


LY. 

Tlavt6¢ napadkAnrdoyeduuou téyv mepl thy SiduETeOY Ta- 
COAANAOYEGUUWY TA TAPATANEOYATA low HAANAOIC EoTly. 

"Hot taoadAndoyeauuov tO ABTA, didueteoc dé 
avtot 7 AL, rept be thy AT naparkAndrdyeauya yev Eotw 
ta EO, ZH, t& 5¢ Acyoueva taoatAnpwmyata te BK, KA: 
Evo, Ott toov Eotl TO BK ropandfpwwa t6 KA rope 
TANOCULOTL. 

"Enel yoo TapaAAnAoyepauudy cott TO ABTA, didueteoc 
dé adtod A AT, toov gotl 16 ABI totywvov 4 ATA 
TOLYOVO. TAL, ETElL TMAPAAANAOYEAULOY EoTL TO EO, 
dtdetoos Sé aUTOD got! H AK, toov Eotl 16 AEK toelywvov 
tH AOK teryove. dud Te adT& OA xal TO KZI toetywvov 
ta KHI éotw ioov. éenet otv 10 uév AEK totywvov 16 
AOK tetyava Eotly toov, 10 6 KZT 164 KH, to AEK 
totywvov wet tod KHT toov éotl 16 AOK tetryovw weta 
tot KZI: géott 5é xa dAov 16 ABT telywvov bAw 16 AAT 
toov hoinov dea TO BK napanAnpwua rAoind 16 KA rapa- 
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B E Cc 

Let BC have been cut in half at & [Prop. 1.10], and 
let AE have been joined. And let (angle) CEF’, equal to 
angle D, have been constructed at the point F on the 
straight-line EC [Prop. 1.23]. And let AG have been 
drawn through A parallel to EC [Prop. 1.31], and let CG 
have been drawn through C parallel to EF [Prop. 1.31]. 
Thus, FECG is a parallelogram. And since BE is equal 
to EC, triangle ABE is also equal to triangle AEC. For 
they are on the equal bases, BE and EC, and between 
the same parallels, BC and AG [Prop. 1.38]. Thus, tri- 
angle ABC is double (the area) of triangle AEC. And 
parallelogram F ECG is also double (the area) of triangle 
AEC. For it has the same base as (AEC), and is between 
the same parallels as (AEC) [Prop. 1.41]. Thus, paral- 
lelogram F ECG is equal to triangle ABC. (F ECG) also 
has the angle CE'F equal to the given (angle) D. 

Thus, parallelogram F ECG, equal to the given trian- 
gle ABC, has been constructed in the angle CE F,, which 
is equal to D. (Which is) the very thing it was required 
to do. 


Proposition 43 


For any parallelogram, the complements of the paral- 
lelograms about the diagonal are equal to one another. 

Let ABCD be a parallelogram, and AC its diagonal. 
And let EH and FG be the parallelograms about AC, and 
BK and KD the so-called complements (about AC). I 
say that the complement BK is equal to the complement 
KD. 

For since ABCD is a parallelogram, and AC its diago- 
nal, triangle ABC is equal to triangle AC'D [Prop. 1.34]. 
Again, since FH is a parallelogram, and AK is its diago- 
nal, triangle AF K is equal to triangle AH K [Prop. 1.34]. 
So, for the same (reasons), triangle K FC is also equal to 
(triangle) KGC. Therefore, since triangle AE-K is equal 
to triangle AH K, and KFC to KGC, triangle AE K plus 
KGC is equal to triangle AHK plus KFC. And the 
whole triangle ABC is also equal to the whole (triangle) 
ADC. Thus, the remaining complement BK is equal to 


STOIXEION a’. 


TANEOYATL EotW toov. 


© 


E K 


Tlavto¢ doa maparkAnroyedéuov ywotou tH&v meet thy 
OIGNETEOV TACAAANAOYESUUWY TA TapATANnEamata too HAAT- 
hotc Eotiv: Smee Eder SeiEan. 


Uo’. 
Tlapd thy So8eiony cv¥eiav 165 SoVEevtt TeLyOve toov Ta- 
ia TapaBarety év tH SoVEton yovig euduyedu- 


A? 
AG 


"Hote 1 Wey ees evveta i AB, 10 a dov_ev Tolywvov 
tO T, H O€ SoVeion ywvia evdbyeayyoc A A> det 57 Tad 
thy Soveiony ed0ciav thy AB 16 dSodEvt teryovy TH TP 
fooyv TapMAANnAdYeauLov TapaBaretv ev ton tH A ywvic. 

Duveotata 6) TP teryave toov napakAnrdyeayov TO 
BEZH év yovia ti ono EBH, 4 eotw fon th A> xat xeiodw 
Bote én’ evdetuc civar thy BE ty AB, xol Sijydw n ZH 
emt T6 O, xal dia tol A Onotéea tHv BH, EZ napd&dAndoc 
HYV 7 AO, xol ExeCebyuw 7 OB. xa Enet cic mapaAAHAOUC 
tac AO, EZ cvdcia evenecoev n OZ, at doa vnd AOZ, OZE 
yovia duolv dpVdic clow tom. ot doa Und BOH, HZE 
d00 de0dv EAdoooves elow at SE UNO EhaccdvHv 7H SVO 
Opddy cic dneloov exBarkAdUEvan GUUTITTOLOW: al OB, ZE 
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the remaining complement K D. 


A H D 
B G C 


Thus, for any parallelogramic figure, the comple- 
ments of the parallelograms about the diagonal are equal 
to one another. (Which is) the very thing it was required 
to show. 


Proposition 44 


To apply a parallelogram equal to a given triangle to 
a given straight-line in a given rectilinear angle. 


Ad? 
a 


Let AB be ae given havi C the given trian- 
gle, and D the given rectilinear angle. So it is required to 
apply a parallelogram equal to the given triangle C to the 
given straight-line AB in an angle equal to (angle) D. 

Let the parallelogram BEFG, equal to the triangle C, 
have been constructed in the angle FBG, which is equal 
to D [Prop. 1.42]. And let it have been placed so that 
BE is straight-on to AB.' And let FG have been drawn 
through to H, and let AH have been drawn through A 
parallel to either of BG or EF [Prop. 1.31], and let HB 
have been joined. And since the straight-line HF’ falls 
across the parallels AH and EF, the (sum of the) an- 
gles AHF and HF E is thus equal to two right-angles 


STOIXEION a’. 


doa exBarAduevan ouuTeoobvtat. exBeBAioIwoay xol OVU- 
TUNTETWOARV KATA TO K, xal dia toU K onyEtou Onotéea 
tév EA, ZO rapddAnroc HyVw 7 KA, xat exBeBrAnodwouv 
at OA, HB ént ta A, M onueia. napadkAnddyeauov cea 
gotl 10 OAKZ, didueteo¢ SE avTOD n OK, regi dé thy OK 
TapahAnrAGyeauua yev Te AH, ME, t& 5é Acyoueva Tapa 
TAneauata ta AB, BZ: toov &pu Eott tO AB 16 BZ. AAG 
16 BZ 16 T teryave@ Eotlvy toov’ xal t6 AB doa 165 T Eotw 
toov. xal énel ton gotly H Und HBE yovia tH 0nd ABM, 
AAG H ONO HBE tf A cot ion, xal n Und ABM dpa tH A 
yovia Eotly ton. 

Tloo& thy dSoveioay dpa evVetav thy AB 16 dodEvtt 
Toryove 16) [ toov napadAnrdyeauuov napaBEBAnta to AB 
év ywvig tf br6 ABM, # Eotw ton th A> Omee Edet Tolfjou. 


+ This can be achieved using Props. 1.3, 1.23, and 1.31. 


Ue. 

Té doVEvtt euduyeduUe toov TapAAANAYPAWOV OVOT- 
foaoda ev th Sovdeion yovig evduyeduue. 

"Eom tO yev dSodev eddbyepauyov tO ABTA, n dé 
doVeton ywvia evdOyeauoc A E det 6H 16 ABTA evdv- 
YEdUU loov TAPAAANAOyYpaLUoV cVoTHoAoVaL Ev TH SoVEton 
yovia tH E. 

"EneTevy0w 7 AB, xal ovveotaétw 14 ABA teryove 
loov TapaAAnAdypaov tO ZO Ev tH Un OKZ ywvia, 7 
cow ton tH E xol napaSeBAnodw napa thy HO cvveiay té5 
ABP toetyave icov napadAndoyeayyov To HM ev tj bn 
HOM yovig, 4 cote ton th HE. xol exel WE yovia exatéoy 
TOY UNO OKZ, HOM Eotw ton, xat n O10 OKZ dou tH Un 
HOM éotw ton. xowrh toooxciodw A bnO KOH: at doa 
vmod ZKO, KOH toc bro KOH, HOM toa elotv. GAA’ ot 
bro ZKO, KOH duol deddiic too etotv xol at bd KOH, 
HOM doa do dpdoaic fom elotv. med SH tw cvVeta tH HO 
xal 16) MEd AUTH OnUElw TE O SVO cdVeta at KO, OM uy 
emt TH HUTA UEON HElUEevan Tac EMEtHc yYwviac 500 doeVaiic 
loa¢g nolotow: ex evudetuc dou cotly 7 KO tH OM: xa 
éttel El¢ TaPAAAAOUC Tac KM, ZH cvdeia eveneoev n OH, 
at EVOAAGE yeoviaan at b10 MOH, OHZ too dAAVAac ciotv. 
nowy Teooxetodw 7 UNO OHA: ai doa Und MOH, OHA tolic 
vmod OHZ, OHA tom ciow. GAA’ at Ord MOH, OHA dvo 
opVoic fou ciotv: xal at bnd OHZ, OHA doa dbo doeddiic 
fou eiotv: én’ evdetuc doa éotly n ZH ty} HA. xat enet 
ZK t¥ OH ton te xol napdArAnrdc cot, GAAG xa WH OH tH 
MA, xol 7 KZ dou tH MA ton te xa mapdrAAnAde Eat: xall 
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[Prop. 1.29]. Thus, (the sum of) BHG and GFE is less 
than two right-angles. And (straight-lines) produced to 
infinity from (internal angles whose sum is) less than two 
right-angles meet together [Post. 5]. Thus, being pro- 
duced, HB and FE will meet together. Let them have 
been produced, and let them meet together at kK. And let 
KL have been drawn through point K parallel to either 
of EA or FH [Prop. 1.31]. And let HA and GB have 
been produced to points L and M (respectively). Thus, 
HLKF is a parallelogram, and HK its diagonal. And 
AG and ME (are) parallelograms, and LB and BF the 
so-called complements, about Hk. Thus, LB is equal to 
BF [Prop. 1.43]. But, BF is equal to triangle C. Thus, 
LB is also equal to C. Also, since angle GBE is equal to 
ABM [Prop. 1.15], but GBE is equal to D, ABM is thus 
also equal to angle D. 

Thus, the parallelogram LB, equal to the given trian- 
gle C,, has been applied to the given straight-line AB in 
the angle ABM, which is equal to D. (Which is) the very 
thing it was required to do. 


Proposition 45 


To construct a parallelogram equal to a given rectilin- 
ear figure in a given rectilinear angle. 

Let ABCD be the given rectilinear figure,! and E the 
given rectilinear angle. So it is required to construct a 
parallelogram equal to the rectilinear figure ABCD in 
the given angle EF. 

Let DB have been joined, and let the parallelogram 
FH, equal to the triangle ABD, have been constructed 
in the angle H K F, which is equal to FE [Prop. 1.42]. And 
let the parallelogram GM, equal to the triangle DBC, 
have been applied to the straight-line GH in the angle 
GH M, which is equal to E [Prop. 1.44]. And since angle 
E is equal to each of (angles) HK F and GHM, (an- 
gle) HK F is thus also equal to GHM. Let KHG have 
been added to both. Thus, (the sum of) FAK H and KHG 
is equal to (the sum of) KHG and GHM. But, (the 
sum of) FKH and KHG is equal to two right-angles 
[Prop. 1.29]. Thus, (the sum of) KHG and GHM is 
also equal to two right-angles. So two straight-lines, K H 
and HM, not lying on the same side, make adjacent an- 
gles with some straight-line GH, at the point H on it, 
(whose sum is) equal to two right-angles. Thus, KH is 
straight-on to HM [Prop. 1.14]. And since the straight- 
line HG falls across the parallels KM and FG, the al- 
ternate angles IM HG and HGF are equal to one another 
[Prop. 1.29]. Let HG have been added to both. Thus, 
(the sum of) MHG and HGL is equal to (the sum of) 


STOIXEION @’. 


emiCevywovow avtéc cvVeta of KM, ZA: xal ot KM, ZA 
doa too te xal TaPcAANAOL Elo: TACAAANADYEAULLOV ded. 
éotl to KZAM. xat énel foov ott t6 uév ABA toelywvov 
16 ZO napadhAndoyeduuw, to 5¢ ABI 16 HM, dhov dea 
to ABTA ev0byeauov Aw 16 KZAM rapardnroyeduyo 


éotl toov. 


A 
T 
A 
E 
B 
/ i 
K oOo M 


TS d&pa Sodevt evdvypduw 6 ABTA toov napad- 
AnAdyeauov ouveotatat TO KZAM év ywvia tH Uno ZKM, 
H cot ton tH SoVeton tH E donee Eder novioo. 
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HGF and HGL. But, (the sum of) MHG and HGL is 
equal to two right-angles [Prop. 1.29]. Thus, (the sum of) 
HGF and HGL is also equal to two right-angles. Thus, 
FG is straight-on to GE [Prop. 1.14]. And since F'K is 
equal and parallel to HG [Prop. 1.34], but also HG to 
ML [Prop. 1.34], AF is thus also equal and parallel to 
ML [Prop. 1.30]. And the straight-lines KM and FL 
join them. Thus, kM and F'L are equal and parallel as 
well [Prop. 1.33]. Thus, KF LM is a parallelogram. And 
since triangle ABD is equal to parallelogram F'H, and 
DBC to GM, the whole rectilinear figure ABCD is thus 
equal to the whole parallelogram KF LM. 


D 
C 
A 
E 
B 
F GL 
K H M 


Thus, the parallelogram KF'LM, equal to the given 
rectilinear figure ABCD, has been constructed in the an- 
gle F.K M, which is equal to the given (angle) E. (Which 
is) the very thing it was required to do. 


+ The proof is only given for a four-sided figure. However, the extension to many-sided figures is trivial. 


Us. 
Ano tic SoVetong evdetuc tetekywvoyv dvayedar. 
"How  sovdeion ev0eta n AB Set Sh and tic AB 
evvetac tetokywvoy avayeddpa. 
"Hyd tH AB ecdVeig and tod med¢ aUTH oNUEiou tod 
A nedc opdac 7 AL, xo xetodw tH AB ton 7 AA: xol did 
yev tod A onyetou tf AB naeddAndoc Hyd n AE, die 
d€ tod B onuetou tH AA napddAnroc FxI@ 7 BE. rapaa- 
AnAdyeauuov doa Eotl t6 AAEB-: ion dou Eotiv H Uev AB 
tf, AE, 7 be AA tH BE. DAG A AB tH AA Eo tw ion: 
at técoupec Goa ot BA, AA, AE, EB fom aAAVAac ciotv 
todrAcupoyv doa cott tT AAEB rapadAndAdypauuov. AEyw 
of, Sti xal deVOYaMov. Enel yuo cic TAPMAAHAOUS Tac AB, 
AE evveia evéreoev n AA, ai doa Und BAA, AAE yoovion 
d00 deddic tou ciotv. de07 5 A LTO BAA: ded} koa xa 


Proposition 46 


To describe a square on a given straight-line. 

Let AB be the given straight-line. So it is required to 
describe a square on the straight-line AB. 

Let AC have been drawn at right-angles to the 
straight-line AB from the point A on it [Prop. 1.11], 
and let AD have been made equal to AB [Prop. 1.3]. 
And let DE have been drawn through point D parallel to 
AB [Prop. 1.31], and let BE have been drawn through 
point B parallel to AD [Prop. 1.31]. Thus, ADEB is a 
parallelogram. Therefore, AB is equal to DE, and AD to 
BE [Prop. 1.34]. But, AB is equal to AD. Thus, the four 
(sides) BA, AD, DE, and EB are equal to one another. 
Thus, the parallelogram ADEB is equilateral. So I say 
that (it is) also right-angled. For since the straight-line 
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n und AAE. t&v Sé TapAAANAOYEdUUMYV YoolOv at d&meE- 
vavttov TAveal Te xa Ywvlat too aAAAAaIs claiv’ deh doa 
xal Exatéoa Tv anevavtiov tv bnd ABE, BEA yowdiv: 
opVoyonov dpa Eoti To AAEB. edety Oy 5é xal iodmAEvEOV. 


A B 


Tetepdywvov toa gotiv: xat cotw and tic AB edVetac 
dvayeyeuuevov’ Otee Edel Tolfjoau. 


ue. 

‘Ey toi¢g dp0oywvloicg Telyovolg TO aNO TYic Thy OED 
yoviay Unotewovons TAEUEdC TeTEdYWVOV toov EoTL toic 
and THv thy opdyyv ywviay mepleyoucdsy MAcuedéyv TeE- 
TOXY VOL. 

"Eo telywvoy dedoymwuov t6 ABI debyy ~yov thy 
vmod BAT yoviav Aéyw, St TO and ti¢ BI tetekywvov 
fooy gott totic and tv BA, AT tetowyevoic. 

Avayeyeaodw yuo ano uév tic BI tetedzywvov t6 
BAET, ano d€ tv BA, AT t& HB, OF, xol &i& tot 
A onotéeg tév BA, TE rapdaAdnhoc Aydw A AA xa 
éreCeby0woav ai AA, ZPD. xal enel dod eotw exatéea 
tév Und BAT, BAH yowdy, med¢ O64 tw evdeta tH BA 
ual. TG TES AUTH ONUelw TH A SvVO cvVetm ai AT, AH yy 
Emh TH HUTA WEEN xElUEVaL Tac EMEEFC Ywviac SUOly deVaiic 
foug novodow: én’ evVelac dow éotly H TA ti AH. did ta 
auta 54 xal NY BA tA AO Eotw En’ cdVelac. xal Enel ion 
éotlv H UNO ABT ywvia tH Und ZBA: dpdh yuo Exatéea: 
nowy Teooxciodw fn UNO ABI™ Gdn dou 7 Ord ABA An tH 
ono ZBI éotw ton. nal exet ton cotlv 7 veEv AB tf BI, 
dé ZB ti BA, d00 84 at AB, BA 6800 tac ZB, BT tom cioiv 
Exatéoa exatéoa’ xal ywvia 7 Dnd ABA yovig tH Ondo ZBI 
ton: Béors Gow n AA Bdoet tH ZT [Eotw] ton, xol t6 ABA 
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AD falls across the parallels AB and DE, the (sum of 
the) angles BAD and ADE is equal to two right-angles 
[Prop. 1.29]. But BAD (is a) right-angle. Thus, ADE 
(is) also a right-angle. And for parallelogrammic figures, 
the opposite sides and angles are equal to one another 
[Prop. 1.34]. Thus, each of the opposite angles ABE 
and BED (are) also right-angles. Thus, ADEB is right- 
angled. And it was also shown (to be) equilateral. 


C 
D E 
A B 


Thus, (ADEB) is a square [Def. 1.22]. And it is de- 
scribed on the straight-line AB. (Which is) the very thing 
it was required to do. 


Proposition 47 


In right-angled triangles, the square on the side sub- 
tending the right-angle is equal to the (sum of the) 
squares on the sides containing the right-angle. 

Let ABC be a right-angled triangle having the angle 
BACa right-angle. I say that the square on BC is equal 
to the (sum of the) squares on BA and AC. 

For let the square BDEC have been described on 
BC, and (the squares) GB and HC on AB and AC 
(respectively) [Prop. 1.46]. And let AL have been 
drawn through point A parallel to either of BD or CE 
[Prop. 1.31]. And let AD and FC have been joined. And 
since angles BAC and BAG are each right-angles, then 
two straight-lines AC’ and AG, not lying on the same 
side, make the adjacent angles with some straight-line 
BA, at the point A on it, (whose sum is) equal to two 
right-angles. Thus, CA is straight-on to AG [Prop. 1.14]. 
So, for the same (reasons), BA is also straight-on to AH. 
And since angle DBC is equal to F BA, for (they are) 
both right-angles, let ABC have been added to both. 
Thus, the whole (angle) DBA is equal to the whole (an- 
gle) FBC. And since DB is equal to BC, and FB to 
BA, the two (straight-lines) DB, BA are equal to the 


STOIXEION @’. 


totywvoyv 6) ZBI teryave Eotlv toov: xat [Eott] tob wev 
ABA totyavou ditAcotov T6 BA napadkAnrAdypauov: Bdow 
Te Yu Thy auTyy Eyovot Thy BA xal Ev tolic adtoii¢ cion 
TaparhAhAoic toc BA, AA: tod dé ZBI teryovou ditAcotov 
tO HB teteaywvov: Bé&ow te yao MdAW THY aUTHY EyovaL 
thy ZB xal ev tolic autoiic clot tapadAhAotc toic ZB, HT. 
[ta 5é TOV fowv SitAcota tow GAAHAOI< Eotiv'| icov dea Eotl 
xa TO BA napadkAnroyeaov 165 HB teteaxyave. Ouolwe 
on emCevyvuuevov tv AE, BK deydyjoeta xol to TA 
TUEMAANAOYEAULOV toov 16) OL tetoayava’ ddAov doa TO 
BAET tetecywvoyv dvol toic HB, OL teteayavorg tcov 
éotlv. xat ott TO uUev BAET tetepdywvov and tii¢ BP dva- 
yoeupev, ta 6€¢ HB, OF and tév BA, AT. 16 dow and tic 
BI mAeupiic teteckywvoy toov got toig dnd téHv BA, AP 
TAUPGY TETEAY VOL. 


A A E 


‘Ey dea toic opVoywvioig Telyovoig TO AMO TtH¢ THY 
oedhy yoviay brotewovons TAsvEdc TeTe&ywvoy toov EoTl 
Toic dnd tHv thy ody [ywviay] nepieyovodsy TAEUEGSY TE- 
toeaywvoic’ Oree Eder SetEaun. 


+ The Greek text has “F.B, BC”, which is obviously a mistake. 


t This is an additional common notion. 
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two (straight-lines) CB, BF,' respectively. And angle 
DBA (is) equal to angle FBC. Thus, the base AD [is] 
equal to the base FC, and the triangle ABD is equal to 
the triangle FBC [Prop. 1.4]. And parallelogram BL 
[is] double (the area) of triangle ABD. For they have 
the same base, BD, and are between the same parallels, 
BD and AL [Prop. 1.41]. And square GB is double (the 
area) of triangle FBC. For again they have the same 
base, FB, and are between the same parallels, FB and 
GC [Prop. 1.41]. [And the doubles of equal things are 
equal to one another.]' Thus, the parallelogram BL is 
also equal to the square GB. So, similarly, AE and BK 
being joined, the parallelogram CL can be shown (to 
be) equal to the square HC. Thus, the whole square 
BDEC is equal to the (sum of the) two squares GB and 
HC. And the square BDEC is described on BC, and 
the (squares) GB and HC on BA and AC (respectively). 
Thus, the square on the side BC is equal to the (sum of 
the) squares on the sides BA and AC. 
H 


DL E 
Thus, in right-angled triangles, the square on the 
side subtending the right-angle is equal to the (sum of 
the) squares on the sides surrounding the right-[angle]. 
(Which is) the very thing it was required to show. 
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, 
aul 
‘Edy TelyOVvoOU TO ONO Uldic TOV TAcUEGY TeTE&ywvoV 
toov YF toic and TéHV AoiNdy ToD TeLly@vou SUO TAEUEGSY 
TETOXYOVOLS, N TEpleyoUevN Ywvia UNO tév AOLMY TOD 
Toltyavou Svo0 TAEUEdéy OED Eotw. 


A A B 

Tetyavou yee tot ABT 16 ano wie tic BI tAcupaic 
tetedywvov toov ~otw toic and téHv BA, AT mAcupéiv te- 
Teaywvoic AEyaw, Sti OeVH Eotw 7H UNO BAT ywvia. 

"Hyde yao and tot A onusiou th AD evdety ted¢ dedac 
7 AA xai xeiodw tH BA ton 7 AA, xal ExeCedydw 7 AT. 
énet ton cotiv y AA ti AB, ioov gott xal tO and Tc 
AA tetecywvov 16 and tic AB tetoaymve. xowvov Teo- 
oxetoVw tO &nd tic AT tetekywvov: t& doa and tév AA, 
AT tetedywva tox goti toic and tév BA, AT teteayavotc. 
GAA toig yev dnd tev AA, AT foov Eotl 16 and ti¢ AT: 
6e07 yée Eotw H UNO AAT yoovia toic 5 dnd téHv BA, 
ATL ‘oov éoti 16 and tii¢ BI tndxerta yuo: 16 doa and 
tiic AT tetodywvov toov Eotl 16 and ti\¢ BI teteayaove 
Hote xal tAeved n AT tH BI cotw ton: xol Enel ton Eotiv 
n AA tf AB, xowy dé 7 AT, 500 54 at AA, AT d00 toiic 
BA, AT fom ciotv: xat Béoug 7 AT Bé&oet tH BL ton yovia 
goa 7 Und AAT ywovig tH Und BAT [Eotw] ton. dedt 5é A 
vno AAT: dpdh doa xat n Und BAT. 

"EQy ded TOLYOVOU TO UNO dic THY TAEUEOY TeTEaYWVOV 
toov Fj toic and TéHv AoiNdy ToD teLlymvou SUO TAEUEGSY 
TETOAYVOLC, N TEPleYOUEVN Ywvia UNO tév AoLNdy to 
ToeLryovou Svo0 TAEUEGY OPDY EotW: Sree Eder Seta. 
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Proposition 48 


If the square on one of the sides of a triangle is equal 
to the (sum of the) squares on the two remaining sides of 
the triangle then the angle contained by the two remain- 
ing sides of the triangle is a right-angle. 


D A B 

For let the square on one of the sides, BC, of triangle 
ABC be equal to the (sum of the) squares on the sides 
BAand AC. I say that angle BAC is a right-angle. 

For let AD have been drawn from point A at right- 
angles to the straight-line AC [Prop. 1.11], and let AD 
have been made equal to BA [Prop. 1.3], and let DC 
have been joined. Since DA is equal to AB, the square 
on DA is thus also equal to the square on AB.' Let the 
square on AC’ have been added to both. Thus, the (sum 
of the) squares on DA and AC is equal to the (sum of 
the) squares on BA and AC. But, the (square) on DC is 
equal to the (sum of the squares) on DA and AC. For an- 
gle DAC is a right-angle [Prop. 1.47]. But, the (square) 
on BC is equal to (sum of the squares) on BA and AC. 
For (that) was assumed. Thus, the square on DC is equal 
to the square on BC. So side DC is also equal to (side) 
BC. And since DA is equal to AB, and AC (is) com- 
mon, the two (straight-lines) DA, AC are equal to the 
two (straight-lines) BA, AC. And the base DC is equal 
to the base BC. Thus, angle DAC [is] equal to angle 
BAC [Prop. 1.8]. But DAC is a right-angle. Thus, BAC 
is also a right-angle. 

Thus, if the square on one of the sides of a triangle is 
equal to the (sum of the) squares on the remaining two 
sides of the triangle then the angle contained by the re- 
maining two sides of the triangle is a right-angle. (Which 
is) the very thing it was required to show. 


+ Here, use is made of the additional common notion that the squares of equal things are themselves equal. Later on, the inverse notion is used. 
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Fundamentals of Geometric Algebra 
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“Oeot. 


a’. Ilév napadAnddyeauuov opvoyavov neoliéyeodat 
héyeta tno 00 THv thy OPDhY Ywviav TepLeyovaéiy 
evuvetdsy. 

B’. Tavto¢ 5€ napadkAnroyeduov ywpetou tév meel thy 
SIGUETEOV AUTO TAPAAANAOYEGUUOV EV OTOLOVOUY obv Toc 
dvOl TaAPUTANE@AL yyw xarcioVu. 


on’. 

‘Edy Got S00 cvdetau, tundh Se 7 EtEEA WUTEY El¢ OoU- 
SNTotovy TUHUATA, TO TEpLeydUEVOV OPVOYHVOV UNO THY 
S00 evVelésv toov Eotl Tol¢ UNG TE Tic aTUATOU xal ExcotoU 
TOV TUNUATOY Tepleyouevoic OpVoywviotc. 


A 


A E 


H 
A © 
Z 


"Eotwoayv S00 cvveia at A, BI, xal tetujodw yn BI, 
as étuyev, xatTa Ta A, E onueta AEyw, Sti TO UNO THY A, 
BI nepieyouevov dpdoyawov toov éotl té te nO THyv A, 
BA nrepieyouevas do00ywvie xal 16 bnd THv A, AE xat Ett 
16 Ono tév A, ED. 

"Hyd yuo ano tod B th BI ned¢ opdac n BZ, xot 
xetodw th A ton 7 BH, xot dtd uev tod H tH BY raedAAnaoc 
HYVo h HO, da Se tov A, E, P tH BH rapddAdrnror HyDwoav 
ai AK, EA, TO. 

“Ioov oh Eott TO BO toic BK, AA, EO. xat got 10 
uev BO tO bnd tév A, BI: nepiéyeta uev yuo Und tiv 
HB, BI, ton dé y BH tH A 10 5¢ BK 16 O26 tHv A, BA: 
Tepleyetar uev yuo Und tév HB, BA, ion dé y BH ti A. 10 
dé AA 16 dnd téHv A, AE: ton yoo A AK, toutéotw 7 BH, 
tf A. xal Ett OUOtwe TO EO 16 O16 téHv A, ED: 16 doa bn 
tev A, BE toov éotl 16 te bro A, BA xol 16 bnd A, AE 
xol étt 16) Ono A, ED. 

‘Eay doa Got 600 eudeion, tun f SE N EtTEEA AUTEY Elc 
ooadyToTObY TUAYATA, TO TEELeydUEVvOY OPVOYHVOoV UTO 
tv S00 cvVEl&v foov Eotl toic UNO Te Tio aTUNTOU xal 
EXLOTOV TOV TUNUATWY TepleyoUEvolc OEVoYwviolc’ STEP 


K 
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Definitions 
1. Any rectangular parallelogram is said to be con- 
tained by the two straight-lines containing the right- 
angle. 
2. And in any parallelogrammic figure, let any one 
whatsoever of the parallelograms about its diagonal, 
(taken) with its two complements, be called a gnomon. 


Proposition 11 


If there are two straight-lines, and one of them is cut 
into any number of pieces whatsoever, then the rectangle 
contained by the two straight-lines is equal to the (sum 
of the) rectangles contained by the uncut (straight-line), 
and every one of the pieces (of the cut straight-line). 


A 
B D E C 


: K L H 
F 


Let A and BC be the two straight-lines, and let BC 
be cut, at random, at points D and E. I say that the rect- 
angle contained by A and BC is equal to the rectangle(s) 
contained by A and BD, by A and DE, and, finally, by A 
and EC. 

For let BF have been drawn from point B, at right- 
angles to BC [Prop. 1.11], and let BG be made equal 
to A [Prop. 1.3], and let GH have been drawn through 
(point) G, parallel to BC [Prop. 1.31], and let DK, EL, 
and C’'H have been drawn through (points) D, E, and C 
(respectively), parallel to BG [Prop. 1.31]. 

So the (rectangle) BH is equal to the (rectangles) 
BK, DL, and EH. And BH is the (rectangle contained) 
by A and BC. For it is contained by GB and BC, and BG 
(is) equal to A. And BK (is) the (rectangle contained) by 
A and BD. For it is contained by GB and BD, and BG 
(is) equal to A. And DL (is) the (rectangle contained) by 
A and DE. For DK, that is to say BG [Prop. 1.34], (is) 
equal to A. Similarly, EH (is) also the (rectangle con- 
tained) by A and EC. Thus, the (rectangle contained) 
by A and BC is equal to the (rectangles contained) by A 
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and BD, by A and DE, and, finally, by A and EC. 

Thus, if there are two straight-lines, and one of them 
is cut into any number of pieces whatsoever, then the 
rectangle contained by the two straight-lines is equal 
to the (sum of the) rectangles contained by the uncut 
(straight-line), and every one of the pieces (of the cut 
straight-line). (Which is) the very thing it was required 
to show. 


+ This proposition is a geometric version of the algebraic identity: a (b 


B 
‘Eay cvveia youuu tundh, ac EtUXEV, TO UNO THe CANS 
xa EXATEPOU TOV TUNUATWY TEElLeYOUEVOV OEVOYMVLOV toov 
EoTl TG UNO Thc GANS TeTEAYOve. 


we B 


i E 


Evveta yao n AB tetufodw, ac étvyev, xate 10 T 
onuciov’ EY, Ott tO Und tHv AB, BI repieyduevov 
opvoyovoyv yetx tol Und BA, AI mepieyougvou deto- 
yoviou toov éotl 16 and tij¢ AB tetpayovw. 

Avayeyeapvw yue and tic AB tetedywvov to AAEB, 
xa HyVw Sie tod I onotéeg téiv AA, BE rapdddnroc 
TZ. 

“Ioov oh éott t6 AE toic AZ, TE. xat got 16 uév AE 
tO ano tic AB tetodkywvoyv, 16 5 AZ 6 bn tév BA, 
AT nepteyduevov dpdoyauov mepéyeta Uev yuo UNO Tév 
AA, AT, fon 5 7 AA tH AB: 16 6é TE 16 bn6 tév AB, 
BI: ton yee 7 BE tH AB. 16 dea Ono téHv BA, AT vet& 
tov tnd tév AB, BI toov éoti 16 and tic AB tetepayave. 

‘Ey doa evdeta yeouun tunvy, ac étuyeyv, TO UNO Tic 
OANS Kol ExaATEEOU THY TUNUATWY TEpLEeYOUEVOV CEDOYAVLOV 
foov Eotl 16 &nO Tic GANS TeTOW~oVu SrEo det SetEa. 
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Proposition 2! 


If a straight-line is cut at random then the (sum of 
the) rectangle(s) contained by the whole (straight-line), 
and each of the pieces (of the straight-line), is equal to 
the square on the whole. 

B 


A C 


D F FF 


For let the straight-line AB have been cut, at random, 
at point C’. I say that the rectangle contained by AB and 
BC, plus the rectangle contained by BA and AC, is equal 
to the square on AB. 

For let the square ADEB have been described on AB 
[Prop. 1.46], and let CF have been drawn through C, 
parallel to either of AD or BE [Prop. 1.31]. 

So the (square) AF is equal to the (rectangles) AF 
and CE. And AE is the square on AB. And AF (is) the 
rectangle contained by the (straight-lines) BA and AC. 
For it is contained by DA and AC, and AD (is) equal to 
AB. And CE (is) the (rectangle contained) by AB and 
BC. For BE (is) equal to AB. Thus, the (rectangle con- 
tained) by BA and AC, plus the (rectangle contained) by 
AB and BC, is equal to the square on AB. 

Thus, if a straight-line is cut at random then the (sum 
of the) rectangle(s) contained by the whole (straight- 
line), and each of the pieces (of the straight-line), is equal 
to the square on the whole. (Which is) the very thing it 
was required to show. 
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} This proposition is a geometric version of the algebraic identity: ab + ac= a? ifa=b4+c. 


re 
‘Ea evveia youuu tunvdh, @c EtUXEV, TO UNO Tc CANS 
nal Evo TOY TUNUATWY TepleyduUEvov OEVOYAMoOY tcov EoTl 
TG) Te UMNO THY TUNUATWV TeoleyoUEVW CPVoywviw “al TES 
ANS TOU MEOELONUEVOY TUNUATOS TETEAYOVE. 


A it B 


Z. A EB 


Evveta yuo 7 AB tetunjodw, we étvyev, xat& tO T° 
Evo, Ott TO LTO tv AB, BI nepreyduevov dpdoyavov 
fooy éotl Té te bnd tHv AT, TB nepieyouéevw dpdoywviad 
yete tod and tij¢ BI tetoaxywvov. 

Avayeyeapvw yee and tij¢ TB teteckywvov to TPAEB, 
xa SijyVo 7 EA enl to Z, xal Siz to A Onotépg tév TA, 
BE rapddarnrog FxIw 7 AZ. toov 54 Eott t6 AE toic AA, 
TE: xat éott tO wev AE 10 Ondo tév AB, BI nepieyduevov 
opVoYOnov’ Tepléyetar UEv yuo Und Tév AB, BE, ton dé H 
BE tf BI: to de AA 16 Ond tv AT, TB: fon yoo H AT 
tf, TB: to 6é AB 16 ano tic TB tetedywvov: 16 doa bn 
tév AB, BI nepieyduevov dpdoyawov toov éotl té3 bn 
tév AT, TB nepreyouévw OoVoywvieg uete tod and tij¢ BL 
TETOXY VOU. 

‘Eay doa cvVeta yeauun tunvy, ac étuyeyv, TO UNO TH¢ 
OANS Kall EvOs THY TUNUATWV TEELeyOUEVOV OPTOYaVoY toov 
Eotl Té) Te UNO THY TUNUdTwY TECLeyOUEVW OEVOYOvie xatl 
TG) ATO TOU TECELONUEVOU TUNUATOS TeTEAyHVa STEE eel 
Seteou. 


Proposition 3" 


If a straight-line is cut at random then the rectangle 
contained by the whole (straight-line), and one of the 
pieces (of the straight-line), is equal to the rectangle con- 
tained by (both of) the pieces, and the square on the 
aforementioned piece. 


A C B 


F D E 


For let the straight-line 4B have been cut, at random, 
at (point) C. I say that the rectangle contained by AB 
and BC is equal to the rectangle contained by AC’ and 
CB, plus the square on BC. 

For let the square CDEB have been described on C'B 
[Prop. 1.46], and let ED have been drawn through to 
F, and let AF have been drawn through 4, parallel to 
either of CD or BE [Prop. 1.31]. So the (rectangle) AE 
is equal to the (rectangle) AD and the (square) C'E. And 
AE is the rectangle contained by AB and BC. For it is 
contained by AB and BE, and BE (is) equal to BC. And 
AD (is) the (rectangle contained) by AC and C'B. For 
DC (is) equal to CB. And DB (is) the square on CB. 
Thus, the rectangle contained by AB and BC is equal to 
the rectangle contained by AC and CB, plus the square 
on BC. 

Thus, if a straight-line is cut at random then the rect- 
angle contained by the whole (straight-line), and one of 
the pieces (of the straight-line), is equal to the rectangle 
contained by (both of) the pieces, and the square on the 
aforementioned piece. (Which is) the very thing it was 
required to show. 


+ This proposition is a geometric version of the algebraic identity: (a + b)a=ab+a?. 


0. 


‘Eay cuveta yoouury tundf}, ac etvyev, TO ONO Tic 
ANS TEeTekywvoy toov EoTl ToOl¢ Te UNO THY TUNUdTWV TE- 
TOAYOVOIC Kal TE Sic UNO THY TUNUdTOV TEELEYOUEVW dETO- 


Proposition 4¢ 


If a straight-line is cut at random then the square 
on the whole (straight-line) is equal to the (sum of the) 
squares on the pieces (of the straight-line), and twice the 
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Yovl. 


A 


© 


K 


A Z E 


Evveta yoo youu 7 AB tetufode, wc Etvyev, xat& 
tO T. AEye, 6tt 10 Gnd tic AB tete&ywvov foov Eotl toic 
te ano t&v AT, TB tetoayavoic xal 16 dic Und tHv AT, 
T'B repieyoueva oepdoyavie. 

Avayeyedpvw yuo and tic AB tetedywvov to AAEB, 
nal eneTedyBuw 7 BA, xol da yev tod P onotépg tév AA, 
EB rapddAnroc HxIw 7 CZ, did 5€ to} H onotéog tév AB, 
AE rapaddnaog HyVo 7 OK. xat enei rapdrArnrdc Eotw H 
TZ tH AA, nol cic wota¢ Eunéntwxev HBA, A ExtO¢ Ywvia 
1 bro [HB ton éotl tH Evtd¢ “ol &nevavtiov th Und AAB. 
GAK’ 7H UDO AAB ti Ono ABA Eotw ion, Enel xal TAcvEd A 
BA ti AA Eotw fon: xal W Ord THB doa Yowd tH Und HBP 
cow ton ote xol TAcved 7 BI rAcvek th TH cotw ton: 
OAK’ 7 UEv IB t¥ HK éotw ton. 4 6e TH th KB: xa 7 HK 
doa tH KB éotw ton: todrAcupov doa €ott t0 THKB. AEvoo 
dH, OTL xal deVoyavov. Emel yuo Taed&AANAdS Eotw Nn TH 
tf BK [xal cic wbdta&e eunéntoxev evVeia 7 TB], at dow 0nd 
KBI, HTB ywvion d00 dedaiic ciow tom. oedH SE N UNO 
KBI ded doa xat A UnO BIH: ote xal ot amevoavttov 
at bro THK, HKB opevat ciow. detoyavov dea éotl TO 
THKB: cdety0n 5€ xal iodmAcveOV’ TeTedywvov doa cotiv: 
nat Cotw and tH¢ VB. bd Te AUTH OH xal TO OZ tetodkywvov 
éotw xat Eotw and tij¢ OH, toutéotw [and] tic AT: té& 
goa OZ, KT tetodywva and tev AT, TB eiow. xal enet 
toov cott tO AH 16) HE, xat cot. t6 AH 16 br0 tév AT, 
TB: ton yoo n HE th VB xat 16 HE doa toov Eotl 165 
ono AT, TB: t& goa AH, HE tow éoti 1 dic bnd téHv 
AT, TB. éott 5¢ xat ta OZ, TK tetedyova and tv AT, 
TB: t& dea téooupa te OZ, TK, AH, HE iow oti toi te 
ano tv AT, TB teteayavoig xat 16 dic bnd tv AD, PB 
TEPleYOUEVW OPVOYwrviw. GAAG Ta OZ, PK, AH, HE d\ov 
éott to AAEB, 6 éotw and tij¢ AB tetedywvov’ 16 dea 
ano ti¢ AB tetedcywvov toov Eotl totic te dnd tev AT, 
TB teteayavots xal té dic Und tHv AT, TB repieyouéves 
opvoywvie. 

‘Easy doa cvdeta yeauun tunvy, ac Etuyeyv, TO ANO THH¢ 
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rectangle contained by the pieces. 


A CB 
H G K 
D | ae 


For let the straight-line AB have been cut, at random, 
at (point) C. I say that the square on AB is equal to 
the (sum of the) squares on AC and CB, and twice the 
rectangle contained by AC and CB. 

For let the square AD EB have been described on AB 
[Prop. 1.46], and let BD have been joined, and let CF 
have been drawn through C, parallel to either of AD or 
EB [Prop. 1.31], and let HK have been drawn through 
G, parallel to either of AB or DE [Prop. 1.31]. And since 
CF is parallel to AD, and BD has fallen across them, the 
external angle CGB is equal to the internal and opposite 
(angle) ADB [Prop. 1.29]. But, ADB is equal to ABD, 
since the side BA is also equal to AD [Prop. 1.5]. Thus, 
angle CGB is also equal to GBC. So the side BC is 
equal to the side CG [Prop. 1.6]. But, CB is equal to 
GK, and CG to KB [Prop. 1.34]. Thus, GK is also equal 
to KB. Thus, CGKB is equilateral. So I say that (it is) 
also right-angled. For since CG is parallel to BK [and the 
straight-line C'B has fallen across them], the angles K BC 
and GCB are thus equal to two right-angles [Prop. 1.29]. 
But AK BC (is) a right-angle. Thus, BCG (is) also a right- 
angle. So the opposite (angles) CG and GK B are also 
right-angles [Prop. 1.34]. Thus, CGK B is right-angled. 
And it was also shown (to be) equilateral. Thus, it is a 
square. And it is on CB. So, for the same (reasons), 
HF is also a square. And it is on HG, that is to say [on] 
AC [Prop. 1.34]. Thus, the squares HF and KC are 
on AC and CB (respectively). And the (rectangle) AG 
is equal to the (rectangle) GE [Prop. 1.43]. And AG is 
the (rectangle contained) by AC and CB. For GC (is) 
equal to CB. Thus, GE is also equal to the (rectangle 
contained) by AC’ and C'B. Thus, the (rectangles) AG 
and GE are equal to twice the (rectangle contained) by 
AC and CB. And HF and CK are the squares on AC 
and C'B (respectively). Thus, the four (figures) HF, CK, 
AG, and GE are equal to the (sum of the) squares on 
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ANS TEetTe&ywvoy loov EoTl TOl¢ Te UNO THY TUNUdTWY TE- 
TOAYOVOIC Kal TE Sic UNO TOV TUNUdTOV TEELEYoUEVW dEVO- 
yovio dnee eet SetEau. 
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AC and BC, and twice the rectangle contained by AC 
and CB. But, the (figures) HF, CK, AG, and GE are 
(equivalent to) the whole of ADEB, which is the square 
on AB. Thus, the square on AB is equal to the (sum 
of the) squares on AC and CB, and twice the rectangle 
contained by AC and CB. 

Thus, if a straight-line is cut at random then the 
square on the whole (straight-line) is equal to the (sum 
of the) squares on the pieces (of the straight-line), and 
twice the rectangle contained by the pieces. (Which is) 
the very thing it was required to show. 


+ This proposition is a geometric version of the algebraic identity: (a + b)? = a2 +b? +2ab. 


€. 

‘Eay cvveia yeauun tundf, cic low xol dvica, TO UNO Tov 
AviowY Thc CANS TUNUATWV TepleydUEVoV CODOYVIOV LETH 
Tov dnd Tic UETAEd Tév ToUdY tetexyovou toov Eotl té8 
ONO TH}¢ NUloslacg TeTEAyave. 


A TA B 


K 


EH Z 

Evveta yée tic n AB tetufodw cic uev tow xatk TO 
T, ele 5€ Gvica xata TO A> EYw, StL TO UNO THV AA, AB 
TEpleyOUEvoy OpVOYOvoV UETe TOD and tig TA teteaxywvou 
loov Eotl 16 ano tic TB tetopayove. 

Avayeyeapvw yuo &no tic TB tetodywvov 10 TEZB, 
nal exeTedy¥w 7 BE, xol Sid uev tod A onotéeg tév TE, 
BZ rapddAndrog HyYVw n AH, Sie SE to} O Snotéea téHv 
AB, EZ napdddnroc rdédw FyI@ 7 KM, nal néAw Sid Tob A 
onotépg THY TA, BM rapddAnroc HyVa 7 AK. xol eet toov 
éott 0 TO rapanrnpwun 16) OZ napananewyati, xowov 
meooxctodw to AM: ddov doa 10 [TM ddw 165 AZ ioov 
éottv. GAAg TO TM 765 AA ‘oov éotiv, éxel xal H AD tH 
TB gow ion xal to AA dea 16) AZ ioov Eotiv. xowov 
teooxeto0w to TO: ddov &ea tO AO 165 MNET yvauow 
toov Eottv. GAAX TO AO 16 UNO tév AA, AB éotw: ton 
yoo Wh AO tH AB: xai 6 MNE doa yvauwv too¢g Eotl té5 
ond AA, AB. xowov npooxetodw 16 AH, 6 éotw toov té5 
ano tij¢ TA: 6 doa MNE yvauwv xal to AH tou eotl 165 
vn tv AA, AB repieyoueva dpVoywvin xal 16 dnd tic 


Proposition 5+ 


If a straight-line is cut into equal and unequal (pieces) 
then the rectangle contained by the unequal pieces of the 
whole (straight-line), plus the square on the (difference) 
between the (equal and unequal) pieces, is equal to the 
square on half (of the straight-line). 


A CD B 


F 


For let any straight-line AB have been cut—equally at 
C, and unequally at D. I say that the rectangle contained 
by AD and DB, plus the square on CD, is equal to the 
square on C'B. 

For let the square CE FB have been described on C'B 
[Prop. 1.46], and let BE have been joined, and let DG 
have been drawn through D, parallel to either of CE or 
BF [Prop. 1.31], and again let KM have been drawn 
through H, parallel to either of AB or EF [Prop. 1.31], 
and again let AK have been drawn through 4, parallel to 
either of CL or BM [Prop. 1.31]. And since the comple- 
ment C'H is equal to the complement HF [Prop. 1.43], 
let the (square) DM have been added to both. Thus, 
the whole (rectangle) CM is equal to the whole (rect- 
angle) DF. But, (rectangle) C'M is equal to (rectangle) 
AL, since AC is also equal to C'B [Prop. 1.36]. Thus, 
(rectangle) AL is also equal to (rectangle) DF’. Let (rect- 
angle) CH have been added to both. Thus, the whole 
(rectangle) AH is equal to the gnomon NOP. But, AH 
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TA tetpayave. dhAc o MNES yvauwy xat t6 AH dhov Eott 
tO TEZB tetexywvov, 6 cotw and tij¢ TB: 10 doa ONO TéHSV 
AA, AB nepieyéuevov dp0oyavoy yeta tod and tic TA 
TETeEAyYVOU toov EoTl T6) and TH¢ TB tetoaxyave. 

‘Eay dow evveta yeauun tTUNdh cic tox xa &vion, TO UNO 
TOV dviowy Thc CANS TUNUATwWY TEeLeydUEVOY CEDOYaVLoV 
UETA TOD ANO TYj¢ UETAED Té&v TONY Teteaywvou toov Eotl 
TH ANO Tic Nutoetac tetoayove. Onee der SeiZa. 
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is the (rectangle contained) by AD and DB. For DH 
(is) equal to DB. Thus, the gnomon NOP is also equal 
to the (rectangle contained) by AD and DB. Let LG, 
which is equal to the (square) on C'D, have been added to 
both. Thus, the gnomon NOP and the (square) LG are 
equal to the rectangle contained by AD and DB, and the 
square on C'D. But, the gnomon NOP and the (square) 
LG is (equivalent to) the whole square CE FB, which is 
on CB. Thus, the rectangle contained by AD and DB, 
plus the square on CD, is equal to the square on C'B. 

Thus, if a straight-line is cut into equal and unequal 
(pieces) then the rectangle contained by the unequal 
pieces of the whole (straight-line), plus the square on the 
(difference) between the (equal and unequal) pieces, is 
equal to the square on half (of the straight-line). (Which 
is) the very thing it was required to show. 


+ Note the (presumably mistaken) double use of the label / in the Greek text. 


This proposition is a geometric version of the algebraic identity: ab + [(a + b)/2 — b]? = [(a +b) /2]?. 


7. 

‘Eay cvdeta yearn tundf dtya, moooteDH O€ tic adTH 
evveta en’ evVetac, TO UMO Thc GAN Ob TH TeEooKEWEVH xall 
Thc Teooxeiwevne Tepleyduevov deVdyavoyv Weta TOD aNd 
Ths Nuloetuc tetoxywvou toov Eotl 16) ano Tic OUYKEWEeWNS 
EX TE Tic Nutoetac ual tic MoooKEWEVNCS TEeTEAY~OVY. 


A LT 


RB H Z 


Evveta yde tic 7 AB tetujodw dtya xat& 16 TP onueioy, 
TeooxctoVw Sé Tic HOTA evVEta En’ cvODelag H BA> Ey, 
ou TO UNO THv AA, AB repieyduevov dpdoyavov Uete 
to and thc PB teteaywvou toov gott 16) and tij¢ PA te- 
TOAY OVE). 

Avayeyeapdw yee and tijc TA tetecywvov 10 TEZA, 
xal eneTeby0u n AE, xol die uev tot B onuctov onotéeg 
t6v ED, AZ rapadAndoc HyIw 7 BH, d1& 5€ tod O onyetov 
orotéeg Tv AB, EZ rapdddnroc HyVw 7 KM, xat Ett Sie 
tot A onotéeg tev TA, AM rapdddnroc HyDw 7 AK. 

‘Enel obdv ton cotlv n AL t¥ TB, toov éoti xai t6 AA 
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Proposition 6! 


If a straight-line is cut in half, and any straight-line 
added to it straight-on, then the rectangle contained by 
the whole (straight-line) with the (straight-line) having 
being added, and the (straight-line) having being added, 
plus the square on half (of the original straight-line), is 
equal to the square on the sum of half (of the original 
straight-line) and the (straight-line) having been added. 


A 


E G F 


For let any straight-line AB have been cut in half at 
point C, and let any straight-line BD have been added to 
it straight-on. I say that the rectangle contained by AD 
and DB, plus the square on CB, is equal to the square 
on CD. 

For let the square CEF'D have been described on 
CD [Prop. 1.46], and let DE have been joined, and 
let BG have been drawn through point B, parallel to 
either of EC or DF [Prop. 1.31], and let KM have 
been drawn through point H, parallel to either of AB 
or EF [Prop. 1.31], and finally let Ak have been drawn 


USTOIXEION 8". 


t6 TO. GAd& 10 TO té OZ ioov Eotiv. xal To AA dea té5 
OZ cot toov. xowov teooxciodw tO TM: ddov toa tO 
AM 16 NEO yvauovi gotw toov. dAg tO AM eott 10 UO 
tév AA, AB: ion yap cotw 7 AM t¥ AB: xal 6 NEO dea 
yvauwv toog Eotl 65 Und tév AA, AB [nepieyoueva dedo- 
yovla]. xowdyv teooxetodw tO AH, 6 gotw toov 16 and 
tic BI tetpayaove 16 doa Und tév AA, AB repieyduevov 
opvoyavoyv UEetTa To and tic TB teteaxyavou toov cotl 
t@ NEO yvayuow xt 7 AH. cAAX O NEO yvaouwy xa 
to AH ddov gott 16 TEZA tetokywvov, 6 cotw ano tic 
TA: 16 dea bnd tév AA, AB repieyduevov dpdoyavov 
yeta Tod and ti\¢ [TB tetpayavou toov éotl 16 and tic TA 
TETOXY OVO). 

‘Eay doa evveia yoouuy tuUnvdh Stya, moeootedf SE tic 
avty evveta en’ ev¥elac, TO UNO TtYic GOAN obv TH ToeO- 
OXEIWEVY XO Tho MeooxEWEevNS TepleydUEvov CPVdYAVLOV 
UETR TOU ANO Tic NUloelac tetexyavou toov Eotl T6 AMO 
Thc ovyxewmevncs Ex Te Tic Nulociac xal Tic MeooKEWEeNS 
TETOAYWVE’ OTE Eder Seigar. 
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through A, parallel to either of CL or DM [Prop. 1.31]. 
Therefore, since AC is equal to CB, (rectangle) AL is 
also equal to (rectangle) CH [Prop. 1.36]. But, (rectan- 
gle) CH is equal to (rectangle) HF [Prop. 1.43]. Thus, 
(rectangle) AL is also equal to (rectangle) HF’. Let (rect- 
angle) CM have been added to both. Thus, the whole 
(rectangle) AM is equal to the gnomon NOP. But, AM 
is the (rectangle contained) by AD and DB. For DM is 
equal to DB. Thus, gnomon NOP is also equal to the 
[rectangle contained] by AD and DB. Let LG, which 
is equal to the square on BC, have been added to both. 
Thus, the rectangle contained by AD and DB, plus the 
square on C’B, is equal to the gnomon NOP and the 
(square) LG. But the gnomon NOP and the (square) 
LG is (equivalent to) the whole square CE F'D, which is 
on CD. Thus, the rectangle contained by AD and DB, 
plus the square on C’B, is equal to the square on CD. 
Thus, if a straight-line is cut in half, and any straight- 
line added to it straight-on, then the rectangle contained 
by the whole (straight-line) with the (straight-line) hav- 
ing being added, and the (straight-line) having being 
added, plus the square on half (of the original straight- 
line), is equal to the square on the sum of half (of the 
original straight-line) and the (straight-line) having been 
added. (Which is) the very thing it was required to show. 


+ This proposition is a geometric version of the algebraic identity: (2a + b)b +a? = (a+ )?. 


Oe 
‘Ea cdveia youuu TUndt, @c ETUXEV, TO AMO THe CANS 
Kal TO OUP’ EVOS THY TUNUATWY TH OUVOLPOTEPA TETEY VOL 
lou Eotl 16) te dle UNO Thc GAN xal TOD cionuevou TUAUATOC 
TECLEYOUEV OPVOYWVIw xXal TG AMO TOD AOLTOD TUnUATOC 
TETONY OVE. 


A LT B 


A 


N EB 


Evveta ydée tic 1 AB tetuno dw, wc étvyev, xat& 10 T 
onusiov’ Aéyw, dt: Ta AO THv AB, BI tetedywva tow Eott 
TG te dic UNO tHv AB, BI nepieyouevan d—Voywvie xal Té8 


Proposition 7? 


If a straight-line is cut at random then the sum of 
the squares on the whole (straight-line), and one of the 
pieces (of the straight-line), is equal to twice the rectan- 
gle contained by the whole, and the said piece, and the 
square on the remaining piece. 


A C B 


D N E 


For let any straight-line AB have been cut, at random, 
at point C’. I say that the (sum of the) squares on AB and 
BC is equal to twice the rectangle contained by AB and 


USTOIXEION 8". 


ano tic TA tetenyove. 

Avayeyeapdw yuo and tic AB tetedywvov 16 AAEB- 
xa xatoyeyedpve TO oY FUM. 

‘Enel odv foov éoti t6 AH 16 HE, xowov reooxetodu 
to TZ: dbkov dpa 16 AZ 6dw 16 TE toov éotiv: ta toa 
AZ, TE dinAdore ott tod AZ. MAX te AZ, TE 6 KAM 
EotL YYOUMY xal TO TZ tetekywvov’ 6 KAM doa yvauov 
xa 6 TZ dimAdcork ott tov AZ. Eo 6é tod AZ SinAcotov 
nal TO dic UNO tév AB, BI: ton yuo A BZ tH BI: 6 dpa 
KAM yveyuwv xat 10 PZ tete&ywvov toov Eotl té dic LTO 
tév AB, BI. xowdy roooxeiodw 16 AH, 6 Eotw and tic 
AT tete&ywvov' 0 toa KAM yvouwv xol te BH, HA 
tetodywva tow gout 16 te Sic Und tHv AB, BP repieyouéven 
opvoyovio xal 76 and tic AT tetpayovw. GAAcd 6 KAM 
yvouwy xal ta BH, HA tetodywva ddrov Eotl t6 AAEB xa 
160 DZ, &éotw and tv AB, BI tetodywva: ta dpa and tiv 
AB, BI tetodywva tox eoti té8 [te] dic bnd tv AB, BI 
TEPLEYOUEVH) OEVOYwviw UETe TOD and Tig AD tetowywvov. 

‘Eeav doa cuteta youuu tundf, ac etuyev, TO and 
THic OANS Kal TO HU’ Evo TEV TUNUATWY Ta OUVAUPOTEPH 
TETEaYWVA tow EoTl TG Te dic UNO Tic SANS xal TOD 
clONUEVOU TUALATOS TepleyoUEVW CPVOYwvin xal TO GMO 
Tov AotmOU TUAUATOS TeTOWy~OoVU OnEE det SetEa. 


+ This proposition is a geometric version of the algebraic identity: (a + 


, 
y . 

‘Hay cvveta youuu tunf, ac EtvXEV, TO TeTEdXIC UNO 
Thc OAc xal Evoc THY TUNUdTwY TEeLEeydUEVOV OPDOYaVLOV 
YETeX TOU ano tov AoLNOD TURUATOS TeTeEAXYwVOU toov EoTl 
TG) UNO TE TH¢ Ano xal tod cionuevou TUYUATOC Mc AMO 
WLC avOLYPOPEVTL TETOMY AVE. 

Evveta yde tic 1 AB tetunodw, ac Etvyev, xaT& TO 
T onuctiov: AEyw, St TO teteduic UNO téHv AB, BI ze- 
pleyduevov OpVoyavov YEete Tod and tic AT tetowywvou 
foov totl 16 and tic AB, BE Gc and was avayeupevtt 
TETOXY OVO. 

"ExBeBAjodw yoo en’ edvdetac [tf AB cdVeia] A BA, 
xat xetodw tH IB ton 7 BA, xol avayeyeapde and tic 
AA tete&eywvov 16 AEZA, xol xatayeyedpdw dimAoby TO 
oy fue. 
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BC, and the square on C'A. 

For let the square ADE B have been described on AB 
[Prop. 1.46], and let the (rest of) the figure have been 
drawn. 

Therefore, since (rectangle) AG is equal to (rectan- 
gle) GE [Prop. 1.43], let the (square) CF have been 
added to both. Thus, the whole (rectangle) AF is equal 
to the whole (rectangle) CE. Thus, (rectangle) AF plus 
(rectangle) C'E is double (rectangle) AF. But, (rectan- 
gle) AF plus (rectangle) C'E is the gnomon KLM, and 
the square CF’. Thus, the gnomon kK LM, and the square 
C'F, is double the (rectangle) AF’. But double the (rect- 
angle) AF is also twice the (rectangle contained) by AB 
and BC. For BF (is) equal to BC. Thus, the gnomon 
KLM, and the square C'F, are equal to twice the (rect- 
angle contained) by AB and BC. Let DG, which is 
the square on AC, have been added to both. Thus, the 
gnomon KLM, and the squares BG and GD, are equal 
to twice the rectangle contained by AB and BC, and the 
square on AC. But, the gnomon ALM and the squares 
BG and GD is (equivalent to) the whole of ADEB and 
CF, which are the squares on AB and BC (respectively). 
Thus, the (sum of the) squares on AB and BC is equal 
to twice the rectangle contained by AB and BC, and the 
square on AC. 

Thus, if a straight-line is cut at random then the sum 
of the squares on the whole (straight-line), and one of 
the pieces (of the straight-line), is equal to twice the rect- 
angle contained by the whole, and the said piece, and the 
square on the remaining piece. (Which is) the very thing 
it was required to show. 


b)? +a? =2(a+b)a+b?. 


Proposition 8" 


If a straight-line is cut at random then four times the 
rectangle contained by the whole (straight-line), and one 
of the pieces (of the straight-line), plus the square on the 
remaining piece, is equal to the square described on the 
whole and the former piece, as on one (complete straight- 
line). 

For let any straight-line 4B have been cut, at random, 
at point C’. I say that four times the rectangle contained 
by AB and BC, plus the square on AC, is equal to the 
square described on AB and BC, as on one (complete 
straight-line). 

For let BD have been produced in a straight-line 
[with the straight-line AB], and let BD be made equal 
to CB [Prop. 1.3], and let the square AE F'D have been 
described on AD [Prop. 1.46], and let the (rest of the) 
figure have been drawn double. 
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M 


U] 


E 3) zs 
‘Enel obdv ton cotiv 4 TB tH BA, gddd 4 vev PB tH HK 
gow ton, 7 Se BA t7 KN, xoal H HK dou t7 KN éotw ion. 
Side TA HUTA SY) xo H ITP tH PO Eotw ton. xol Enel ton cotiv 
n BI th BA, n 5¢ HK tH KN, ioov dea oti xol tO Yev 
TK 16 KA, to 5¢ HP 16) PN. ddAA& tO TK 16 PN Eotw 
foov' naparAnepamuata yuo tol TO napakAnroyeduou: xotl 
tO KA doa 165 HP toov gotiv: ta técodpa doa ta AK, TK, 
HP, PN toa crAhdotc Eotly. Ta TEconoa Kou TeToaTAcord 
éott tod DK. nédw éexel fon cotlv HTB ti BA, ddd A Yev 
BA ti BK, toutéot tH CH ton, 7 dé PB tH HK, toutéot 
th HII, cot ton, xot 7 PH toa th HIT ton cotiv. xal eet 
ton cotly n vev CH 7 HII, 7 Se ITP tH PO, toov goti xal 10 
yev AH 165 MII, to de ILA 16 PZ. GAA tO MII 165 ILA Eotw 
loov’ TapaTAneouata yee tol MA napadkAnAoyeduuou’ xatl 
to AH doa 16 PZ ioov gottv: ta técoapa doa te AH, MIT, 
IIA, PZ tow adAfAotg Eotiv’ ta tTéEcoapa doa tot AH éott 
tetparAdoa. edetydn dé xal ta tEecoupa te TK, KA, HP, 
PN tot TK tetoanAdcowm ta dou OxtH, & Mepleyet Tov UTT 
YvOuova, TetpaTAdo.k Eott TOU AK. xal enet to AK 16 bn 
tév AB, BA éotw: ton yao 7 BK tf BA’ 16 dou tetedautc 
vno tév AB, BA teteanAcordyv gots to} AK. edetydn dé 
tot AK teteanAcouog xa 6 UTY yvayuwv: to doa tetedxic 
vno tév AB, BA ioov éoti 16 ETT yvauow. xowov teo- 
oxetodw to ZO, 6 Eotw toov 6 and tic AT tetoxyover TO 
dea tetoduic Und TéHv AB, BA nepieyduevov dpdoyavov 
yeta tot and AT tetepayavou toov éotl 14 NUTT yvauov 
xa 16 BO. DAG O LTT yyvauwv xal To ZO ddov Eotl to 
AEZA tetecywvov, 6 gotw and tic AA: 10 doa tetedxtc 
bno tév AB, BA yvet& tot and AT toov éott 16 and AA 
tetonyave’ ton dé H BA t7 BI. 16 dou tetedutc UNO Tév 
AB, BI nepieyduevov dedoyawov peta tod and AT te- 
teaywvou toov gotl 16) and tic AA, toutéott t6 and Tic 
AB xal BY w¢ dnd wide dvayoapevtt TeTOXyaVE. 
‘Eay doa euveia yeuuuy tunvf, ac EtuYXEV, TO TeTEdXIC 
UNO TH OAs xa Evdc THY TUNUdTWV TEELEYdUEVOY OEVOYO- 
vlov HETa TOU and tov Aoimov tunUatocg TetTeAYwVOU toouU 


A 
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E H L F 

Therefore, since C'B is equal to BD, but C’B is equal 
to GK [Prop. 1.34], and BD to KN [Prop. 1.34], GK is 
thus also equal to KN. So, for the same (reasons), QR is 
equal to RP. And since BC is equal to BD, and GK to 
KN, (square) C'K is thus also equal to (square) K D, and 
(square) GR to (square) RN [Prop. 1.36]. But, (square) 
CK is equal to (square) RN. For (they are) comple- 
ments in the parallelogram CP [Prop. 1.43]. Thus, 
(square) KD is also equal to (square) GR. Thus, the 
four (squares) Dk, CK, GR, and RN are equal to one 
another. Thus, the four (taken together) are quadruple 
(square) CK. Again, since CB is equal to BD, but BD 
(is) equal to Bk—that is to say, CG—and CB is equal 
to GkK—that is to say, GQ—CG is thus also equal to GQ. 
And since CG is equal to GQ, and QR to RP, (rectan- 
gle) AG is also equal to (rectangle) MQ, and (rectangle) 
QL to (rectangle) RF [Prop. 1.36]. But, (rectangle) MQ 
is equal to (rectangle) QL. For (they are) complements 
in the parallelogram ML [Prop. 1.43]. Thus, (rectangle) 
AG is also equal to (rectangle) RF’. Thus, the four (rect- 
angles) AG, MQ, QL, and RF are equal to one another. 
Thus, the four (taken together) are quadruple (rectan- 
gle) AG. And it was also shown that the four (squares) 
CK, KD, GR, and RN (taken together are) quadruple 
(square) CK. Thus, the eight (figures taken together), 
which comprise the gnomon STU, are quadruple (rect- 
angle) Ak. And since AK is the (rectangle contained) 
by AB and BD, for BK (is) equal to BD, four times the 
(rectangle contained) by AB and BD is quadruple (rect- 
angle) Ak. But the gnomon STU was also shown (to 
be equal to) quadruple (rectangle) AK. Thus, four times 
the (rectangle contained) by AB and BD is equal to the 
gnomon STU. Let OH, which is equal to the square on 
AC, have been added to both. Thus, four times the rect- 
angle contained by AB and BD, plus the square on AC, 
is equal to the gnomon STU, and the (square) OH. But, 
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cotl Té dnd te Tic SANs ual Tod cipnUevou tuxuatoc wc the gnomon STU and the (square) OH is (equivalent to) 
AMO Ud Avaypapevtt TeTOKyMva OmEo Eder SeiEar. the whole square AE FD, which is on AD. Thus, four 
times the (rectangle contained) by AB and BD, plus the 
(square) on AC, is equal to the square on AD. And BD 
(is) equal to BC. Thus, four times the rectangle con- 
tained by AB and BC, plus the square on AC, is equal to 
the (square) on AD, that is to say the square described 
on AB and BC, as on one (complete straight-line). 
Thus, if a straight-line is cut at random then four times 
the rectangle contained by the whole (straight-line), and 
one of the pieces (of the straight-line), plus the square 
on the remaining piece, is equal to the square described 
on the whole and the former piece, as on one (complete 
straight-line). (Which is) the very thing it was required 
to show. 


+ This proposition is a geometric version of the algebraic identity: 4 (a + b) a + b? = [(a +b) +.a]?. 


0. Proposition 9" 


‘Eav cvvdeia yeouyn tunvy cic toa xol dvicoa, Ta dno If a straight-line is cut into equal and unequal (pieces) 
T&V dviowy Tic Ans Tunudtov tete&ywva SitAdco1 Eott then the (sum of the) squares on the unequal pieces of the 
TOU Te ARO Tic Hutoelac xal tol and tic ueTAed tév tousv whole (straight-line) is double the (sum of the) square 
TETONY VOU. on half (the straight-line) and (the square) on the (dif- 

ference) between the (equal and unequal) pieces. 


E E 


A T A B A C D B 


Evveta yée tic 1 AB tetuhodw cic uev tow xatk TO For let any straight-line AB have been cut—equally at 
T, cic 5& dice xat& TO A> Evo, Sti TK and tHV AA, AB C, and unequally at D. I say that the (sum of the) squares 
tetedyove dirAcoud Eott THY and tv AT, TA tetexymvwv. on AD and DB is double the (sum of the squares) on AC 

"Hyd yuo &nd tod T t7 AB npdc dedac A TE, xot and CD. 
xetodw ton exatéoa tv AD, IB, xat eneCedyYwouv at EA, For let CE have been drawn from (point) C, at right- 
EB, xo du uev tot A tA ED napddndoc HyIw 7 AZ, ae angles to AB [Prop. 1.11], and let it be made equal to 
dé tov Z tH AB 7H ZH, ual exeCevydw 7 AZ. xol Enel ion each of AC and C’B [Prop. 1.3], and let EA and EB 
cotly y AT t¥ TE, ton eott xat y Und EAT yovia tf Ond have been joined. And let DF have been drawn through 
AETL. xai exet 6004 Eotw H Ted¢ TH T, Aotnal Kou ai Und (point) D, parallel to EC [Prop. 1.31], and (let) FG 
EAT, AET w& de0f too ciotv: xat ciow too hulcera goa (have been drawn) through (point) F’, (parallel) to AB 
opviic Eotw Exatépa tHv Und TEA, TAE. Sia t& ate 54 [Prop. 1.31]. And let AF have been joined. And since 
xal exatépa tév bnd TEB, EBT jutoewk cotw dedfic: 6An AC is equal to CE, the angle EAC is also equal to the 
goa 71 Und AEB dody cotw. xal Exel 7 UNO HEZ huloerd (angle) AEC [Prop. 1.5]. And since the (angle) at C is 
cotw odfic, 6e01 5é 7 UNO EHZ: ton yao Eotr tf Evtoc xol a right-angle, the (sum of the) remaining angles (of tri- 
dnevavttov tf, ond ETB: Aowrh dea A Und EZH futoeukeotw angle AEC), EAC and AEC, is thus equal to one right- 
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Opdiic: ton doa [Eotiv] 7} Und HEZ yovia tH Und EZH: Sote 
xa tAcved YEH th HZ cotw ton. néAw Enel H Ted¢ 16 B 
yovia nuloeid éotw dedfic, de07 SE 7 UNO ZAB- ton yao 
TUAW Eotl TH Evtos xa anevavtiov TH LTO ETB: roiwnh hoa 
n Uno BZA fuloerd Eotw dediic: ton dea H Ted 16H B ywvia 
tf, Und AZB: ote xal mAcved n ZA TArcves tH AB cotw 
fon. xol énet ton eotlv n AL 17 TE, toov cott xal 16 dnd AP 
tT and TE: t& dpa and tév AT, TE tetodywva dimacorm 
cott tov and AT. toic 6€ dnd téHv AT, TE toov Eotl 16 and 
tic EA tetedywvov: de0% yuo 7 Und ATE ywvia tO dea 
ano tic EA SinAcovdy got tod ano tic AL. rdAw, enet ton 
éotly 7 EH th HZ, toov xal 16 and thc EH 16 and th¢ HZ: 
To doa and Tv EH, HZ tetodywva dsitAcowk Eott tod ano 
thc HZ tetoayovou. toic 6¢ and tv EH, HZ tetewyavoric 
loov gotl T6 and thc EZ teted&ywvov tO doa ano tic EZ 
TETEaYWVOY SiTAcOLOV EoTL TOU and Tic HZ. ton be nH HZ 
th TA: 16 dou and ti¢ EZ SitAcovdy cots tov and tic TA. 
gout O€ xal TO &NO Tic EA SinAdotov tod and tic AT: t& 
dou and tv AE, EZ tetodywva SimAdoud got Tv AMO Th 
AT, TA teteayavey. toic 6€ dnd tév AE, EZ toov goth 
tO and tij¢ AZ tetedywvov’ dedi yuo Eotw A tnd AEZ 
yovia TO dow ano tic AZ tetedywvov SimAcotdyv got tiv 
ano tv AT, TA. 16 dé and th¢ AZ tow ta dnd tHv AA, 
AZ: 6e9% yuo i Ted¢ 16H A yoovian: Ta Koa and THv AA, AZ 
dimAdore ott THY and tHv AT, TA tetoayavwv. ton dé H 
AZ ti AB: ta &pa and tév AA, AB tetpdyova dimAdcore 
éott Tv and THv AL, TA tetedyavev. 

‘Eay dow evveia youuu tTUNVF cic toa xal device, TA &TO 
TOY aviowy Tic CANS TUNUdTOV TeTEdywva SiTAdOLe EOTL 
Tov Te &NO Ti\¢ Huloetuc xal ToD and Tic UETAED Tov Tod 
Tetonywvou’ OnEe det Seigar. 
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angle [Prop. 1.32]. And they are equal. Thus, (angles) 
CEA and CAE are each half a right-angle. So, for the 
same (reasons), (angles) CEB and EBC are also each 
half a right-angle. Thus, the whole (angle) AEB is a 
right-angle. And since GEF is half a right-angle, and 
EGF (is) a right-angle—for it is equal to the internal and 
opposite (angle) ECB [Prop. 1.29]—the remaining (an- 
gle) EFG is thus half a right-angle [Prop. 1.32]. Thus, 
angle GEF [is] equal to EF'G. So the side EG is also 
equal to the (side) GF [Prop. 1.6]. Again, since the an- 
gle at B is half a right-angle, and (angle) FDB (is) a 
right-angle—for again it is equal to the internal and op- 
posite (angle) EC'B [Prop. 1.29]—the remaining (angle) 
BF Dis half a right-angle [Prop. 1.32]. Thus, the angle at 
B (is) equal to DF'B. So the side F'D is also equal to the 
side DB [Prop. 1.6]. And since AC is equal to CE, the 
(square) on AC (is) also equal to the (square) on C'E. 
Thus, the (sum of the) squares on AC and CE is dou- 
ble the (square) on AC. And the square on EA is equal 
to the (sum of the) squares on AC and CE. For angle 
ACE (is) a right-angle [Prop. 1.47]. Thus, the (square) 
on EA is double the (square) on AC. Again, since EG 
is equal to GF, the (square) on EG (is) also equal to 
the (square) on GF’. Thus, the (sum of the squares) on 
EG and GF is double the square on GF’. And the square 
on EF is equal to the (sum of the) squares on EG and 
GF [Prop. 1.47]. Thus, the square on EF is double the 
(square) on GF’. And GF (is) equal to CD [Prop. 1.34]. 
Thus, the (square) on EF is double the (square) on CD. 
And the (square) on FA is also double the (square) on 
AC. Thus, the (sum of the) squares on AF and EF is 
double the (sum of the) squares on AC’ and CD. And 
the square on AF is equal to the (sum of the squares) 
on AF and EF. For the angle AEF is a right-angle 
[Prop. 1.47]. Thus, the square on AF is double the (sum 
of the squares) on AC and CD. And the (sum of the 
squares) on AD and DF (is) equal to the (square) on 
AF. For the angle at D is a right-angle [Prop. 1.47]. 
Thus, the (sum of the squares) on AD and DF is double 
the (sum of the) squares on AC and CD. And DF (is) 
equal to DB. Thus, the (sum of the) squares on AD and 
DB is double the (sum of the) squares on AC and CD. 
Thus, if a straight-line is cut into equal and unequal 
(pieces) then the (sum of the) squares on the unequal 
pieces of the whole (straight-line) is double the (sum of 
the) square on half (the straight-line) and (the square) on 
the (difference) between the (equal and unequal) pieces. 
(Which is) the very thing it was required to show. 


+ This proposition is a geometric version of the algebraic identity: a? + b? = 2[([a + b]/2)? + ([a + b]/2 — b)?]. 
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ie 
‘Eay cvdeta yearn tundf dtya, meooteDH O€ tic adTH 
evvela ex’ evdetac, TO aNO TH\¢ CANS ObV TH ToecoxEWEevy 
xol TO UNO THi¢ TEOCOKEIWEVIC TH OUVAUPATEPA TETEcYWvaL 
SiTAKOLe EoTL TOD Te UNO THi¢ Nulostac xal Tob and Tic ovy- 
MEINEVNS EX TE Thc AUloelac xol thc MeooxEWEVIS WC AMO 
ULC aLVvOLYPAKPEVTOS TETOEAYWVOD. 


KR 06 


A 


H 


Evveia yao tic H AB tetufodw dtya xat& 16 TP, ne0- 
oxetode dé tic adTH evVEta Ex’ cODeluc A BA: Aéyw, STL TH 
ano tév AA, AB tetedyova SimAdouk Eott Tév dnd Thy 
AT, TA tetoayavev. 

"Hydw yuo and tod P onuetou t7 AB npdc¢ Opdac 7 TE, 
nal xetodw ton exatéea tév AT, TB, xol exeCebyDwoav 
at EA, EB: xai did ev tot E t7 AA napddAnroc Hyd 7H 
EZ, did 5é tod A tH TE napddaAnrog Hydw 7 ZA. xa Enel 
cic MapadArAouc evvetuc tac ED, ZA evVetd tic Evereoev 
n EZ, at 0nd TEZ, EZA da dvoclv deVoic tom ciotv: ai 
goa tnd ZEB, EZA d00 dpdav Ehdoooves ciow at dé 
an’ ehacodvuyv dbo Opddy exBarAdyevar ouUTinTOvVOLW: 
at dea EB, ZA éxBoddduevan ext ta B, A yéen ovp- 
meoobvta. ExBeBAHoIwoauyv xal ouUTINTETWOAY XaTa TO H, 
ual eneTevy0w 7 AH. xol enel ton Eotlv n AT th TE, ton 
éotl xa yovia y O16 EAT tH Ono AET- xat dod} H med¢ té 
T- yuloeia doa de0fjc [Eotw] exatéoa tév bnd EAT, AET. 
Std TA KUTA OH Kal Exatéoa Tv Un0 LEB, EBT nutoerd cotw 
opdvijic Ge dow Eotly H Und AEB. xal énel huloera de0 Fc 
gov H UNO EBL, Autoeia doa dediic xal y Und ABH. gott 
dé xal y Und BAH 60%; ton yde Eott tH Und ATE: EvodAae 
ye" Kownh Goa A UNO AHB juiced Eotw dedfic H doa Uno 
AHB t7f 0x6 ABH Eow ion Hote xai tAcved WH BA tAcve& 
tf, HA éotw ion. mda, exel 1 UNO EHZ jutoewk eotw 
oedyic, deDY SE 7H MEd 16) Z lon Yue EOTL TH aMEevavtiov TY; 
mTed¢ 76) T° Aownh doa y ONO ZEH yuloers Eotw dedfic: toy 
goa n OnO EHZ yoovia ty ono ZEH: Hote xal mAcved n HZ 
TAcvEg TH, EZ cot ion. xal eel [ton eotiv 7 EL tH TA, 
toov éotl [xal] tO &nd tic ET tetedywvov 16 and tic TA 
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Proposition 10! 


If a straight-line is cut in half, and any straight-line 
added to it straight-on, then the sum of the square on 
the whole (straight-line) with the (straight-line) having 
been added, and the (square) on the (straight-line) hav- 
ing been added, is double the (sum of the square) on half 
(the straight-line), and the square described on the sum 
of half (the straight-line) and (straight-line) having been 
added, as on one (complete straight-line). 


E F 


D 


G 


For let any straight-line AB have been cut in half at 
(point) C, and let any straight-line BD have been added 
to it straight-on. I say that the (sum of the) squares on 
AD and DB is double the (sum of the) squares on AC 
and CD. 

For let CE have been drawn from point C, at right- 
angles to AB [Prop. 1.11], and let it be made equal to 
each of AC and CB [Prop. 1.3], and let EA and EB have 
been joined. And let EF’ have been drawn through EF, 
parallel to AD [Prop. 1.31], and let FD have been drawn 
through D, parallel to CE [Prop. 1.31]. And since some 
straight-line E'F falls across the parallel straight-lines EC 
and F'D, the (internal angles) CE F and E'F'D are thus 
equal to two right-angles [Prop. 1.29]. Thus, FEB and 
EFD are less than two right-angles. And (straight-lines) 
produced from (internal angles whose sum is) less than 
two right-angles meet together [Post. 5]. Thus, being pro- 
duced in the direction of B and D, the (straight-lines) 
EB and FD will meet. Let them have been produced, 
and let them meet together at G, and let AG have been 
joined. And since AC is equal to CE, angle EAC is also 
equal to (angle) AEC [Prop. 1.5]. And the (angle) at 
C (is) a right-angle. Thus, EAC and AEC [are] each 
half a right-angle [Prop. 1.32]. So, for the same (rea- 
sons), CEB and EBC are also each half a right-angle. 
Thus, (angle) AFB is a right-angle. And since EBC 
is half a right-angle, DBG (is) thus also half a right- 
angle [Prop. 1.15]. And BDG is also a right-angle. For 
it is equal to DCE. For (they are) alternate (angles) 
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USTOIXEION 8. 


TETENyOVvo’ TK Koa and THv EL, TA tetedywva dimrdcorm 
éott Tov ano tij¢ TA tetowywvou. toic dé and tv ED, TA 
toov got 10 and tic EA: 16 dow and tic EA tetedywvov 
ditAcovdy Eott Tov and tic AT tetpaywvov. néALw, Exel ton 
cot 7 ZH tf EZ, toov cotl xal 16 and tic ZH 16 and the 
ZE: ta don ano tTév HZ, ZE dirAdcowk cots tov ano ti¢ EZ. 
toic b¢ and tv HZ, ZE toov cotl 16 ano ti\¢ EH: 10 tow 
and thc EH binAdovdy cott tov ano ti\¢ EZ. ton b€ 7 EZ tH 
TA: 16 é90 a6 thc EH tetedywvov dimAcodv Eott to ano 
tic TA. edetydn dé xol 16 dnd tic EA SitAcotvov tod ano 
tic AT: ta dou dnd tHv AE, EH tetodywva ditAcouk Eott 
tév and Tv AD, TA tetoayovav. toic 5 and tev AE, 
EH teteayavoic foov éotl 10 and thc AH tetodywvov: 10 
dou and tic AH dinAcoudy cot tv and téHv AT, TA. 165 
dé dnd tic AH tou éoti ta dnd tv AA, AH: t& dou and 
tév AA, AH [tetedyova] dinidoid Eott THY and tov AT, 
TA [tetoxyovwy]. ton d¢ 7 AH th AB: t& dow and tév 
AA, AB [tetedyova] ditAdod cote THY and téHv AT, TA 
TETOLY OVO. 

‘Ey doa evdeia yoouuy tUndh Stya, moeootedf SE tic 
avty evveia en’ ev¥elac, TO UNO TtYic GOAN Obv TH TeO- 
OXEWEVY, Xal TO UNO Thc MECOKEIUEVNC TH OUVVAUPOTEPA 
TETONYWVA SITAKOLA EoTL TOD TE AMO Tc Hutoeiac xal tod 
ONO Tic ovYxEwWEevnS EX TE Tic Nulociac xal tic TeO- 
OXEIWEVIS OC ATO Uldic AVvAYEAPEVTOS TETEAXYwWVOU' STEP 
eeu Seicoau. 
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[Prop. 1.29]. Thus, the remaining (angle) DGB is half 
a right-angle. Thus, DGB is equal to DBG. So side BD 
is also equal to side GD [Prop. 1.6]. Again, since EGF is 
half a right-angle, and the (angle) at F (is) a right-angle, 
for it is equal to the opposite (angle) at C [Prop. 1.34], 
the remaining (angle) F EG is thus half a right-angle. 
Thus, angle EGF (is) equal to FEG. So the side GF 
is also equal to the side EF [Prop. 1.6]. And since [EC 
is equal to CA] the square on EC is [also] equal to the 
square on C'A. Thus, the (sum of the) squares on EC 
and CA is double the square on C'A. And the (square) 
on EA is equal to the (sum of the squares) on EC and 
CA [Prop. 1.47]. Thus, the square on EA is double the 
square on AC. Again, since FG is equal to EF, the 
(square) on FG is also equal to the (square) on FE. 
Thus, the (sum of the squares) on GF and FE is dou- 
ble the (square) on EF’. And the (square) on EG is equal 
to the (sum of the squares) on GF and FE [Prop. 1.47]. 
Thus, the (square) on HG is double the (square) on EF’. 
And EF (is) equal to CD [Prop. 1.34]. Thus, the square 
on EG is double the (square) on CD. But it was also 
shown that the (square) on EA (is) double the (square) 
on AC. Thus, the (sum of the) squares on AE and EG is 
double the (sum of the) squares on AC and CD. And the 
square on AG is equal to the (sum of the) squares on AE 
and EG [Prop. 1.47]. Thus, the (square) on AG is double 
the (sum of the squares) on AC and CD. And the (sum 
of the squares) on AD and DG is equal to the (square) 
on AG [Prop. 1.47]. Thus, the (sum of the) [squares] on 
AD and DG is double the (sum of the) [squares] on AC 
and CD. And DG (is) equal to DB. Thus, the (sum of 
the) [squares] on AD and DB is double the (sum of the) 
squares on AC and CD. 

Thus, if a straight-line is cut in half, and any straight- 
line added to it straight-on, then the sum of the square 
on the whole (straight-line) with the (straight-line) hav- 
ing been added, and the (square) on the (straight-line) 
having been added, is double the (sum of the square) on 
half (the straight-line), and the square described on the 
sum of half (the straight-line) and (straight-line) having 
been added, as on one (complete straight-line). (Which 
is) the very thing it was required to show. 


+ This proposition is a geometric version of the algebraic identity: (2 a 


, 
loa. 
Try do00cioay eudeiav teueiv Mote TO UNO Thc GAN nal 
tov Etépou TV TUNUdTWY TECLeyduEvoy OEpVOYaWov toov 
elvan TG) dno tov AoinoD TURUaATOS TETEAYAVE. 


+ b)? +b? = 2[a? + (a +b)? ]. 


Proposition 11° 


To cut a given straight-line such that the rectangle 
contained by the whole (straight-line), and one of the 
pieces (of the straight-line), is equal to the square on the 
remaining piece. 
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"How 7 soveion ev0eta n AB’ det Of thy AB teusiv 
ote TO UNO Tic SAN xal tol Etécou TOV TUNUdTOV 
Tepleyouevoy opdoyawoyv toov civ 6 and tod Aoirod 
TUNUATOS TETOAYOVOD. 

Avayeyeapdw yuo and tij¢ AB tetodywvoy 16 ABAT, 
nal tetuHovw n AL diya xat& 16 E onuetov, xat exneCevyDuo 
1 BE, xoi dihy9o 7 TA ent 16 Z, xat xelodw ti BE ton 
EZ, uxol avayeyeapdw and tic AZ teteeywvov to ZO, xa 
diAxyVw 7 HO Eni 16 K: AEyw, 611 7 AB tétuntTH xat& 16 O, 
ote tO bro tév AB, BO nepieyduevov dedoyavov toov 
Toteiv Té and tic AO tetoayave. 

‘Exel yuo ecv0eta n AD tétuntu Stya xate tO E, 
Tedoxetta dé aut A ZA, 16 doa bnd tv TZ, ZA nze- 
pleyduevov dpVoyaviov UETa tod dnd tic AE teteaywvou 
loov Eotl t6) and tH\¢ EZ tetoayove. ton b¢ 7 EZ tH EB: 
tO doa Und tHv TZ, ZA yeta tod and ti\¢ AE ioov éotl 
6 and EB. gdk& 16 and EB toa eotl ta and tHv BA, 
AE: 6e07 yee A mpd¢ 16H A ywvia TO dow Und TOV TZ, 
ZA yet tod &nd tic AE toov Eotl toic and tév BA, AE. 
xowoy aoneyjodw to and tic AE: Aoindv doa 16 ONO TéSV 
TZ, ZA nepieyduevov devoyauov toov Eotl 16 and tic AB 
TETONyOVH. “al EoTl TO Yev On6 THv TZ, ZA tO ZK: ton 
yoo y AZ t7, ZH: to be and thc AB 10 AA: 16 doa ZK toov 
gotl 16) AA. xowdyv doenepfodw to AK: Aoindv dea tO ZO 
16) OA toov Eottv. xat ott TO UEv OA 10 O10 téHv AB, 
BO: ion yoo H AB t7 BA’ 16 d€ ZO 16 and tic AO’ tO 
goa Und THv AB, BO nepteyduevov dpdoyawov toov éotl 
16) dnd OA teteNyove. 

‘H dea Sodeion cvdeta 7 AB tétyntou xat&e tO O ote 
tO Und tTév AB, BO xepieyduevov deVoywwovy toov moteiv 
TG ano thc OA tetoeayaove Sree Edel ToLfjou. 
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Let AB be the given straight-line. So it is required to 
cut AB such that the rectangle contained by the whole 
(straight-line), and one of the pieces (of the straight- 
line), is equal to the square on the remaining piece. 

For let the square ABDC have been described on AB 
[Prop. 1.46], and let AC have been cut in half at point 
E [Prop. 1.10], and let BE have been joined. And let 
CA have been drawn through to (point) F, and let EF 
be made equal to BE [Prop. 1.3]. And let the square 
FH have been described on AF [Prop. 1.46], and let GH 
have been drawn through to (point) A’. I say that AB has 
been cut at H such as to make the rectangle contained by 
AB and BH equal to the square on AH. 

For since the straight-line AC has been cut in half at 
E, and FA has been added to it, the rectangle contained 
by CF and FA, plus the square on AE, is thus equal to 
the square on EF [Prop. 2.6]. And EF (is) equal to EB. 
Thus, the (rectangle contained) by CF and FA, plus the 
(square) on AF, is equal to the (square) on EB. But, 
the (sum of the squares) on BA and AEF is equal to the 
(square) on EB. For the angle at A (is) a right-angle 
[Prop. 1.47]. Thus, the (rectangle contained) by C’F’ and 
FA, plus the (square) on AE, is equal to the (sum of 
the squares) on BA and AE. Let the square on AE have 
been subtracted from both. Thus, the remaining rectan- 
gle contained by CF and FA is equal to the square on 
AB. And FK is the (rectangle contained) by CF and 
FA. For AF (is) equal to FG. And AD (is) the (square) 
on AB. Thus, the (rectangle) F'K is equal to the (square) 
AD. Let (rectangle) AK have been subtracted from both. 
Thus, the remaining (square) FH is equal to the (rectan- 
gle) HD. And HD is the (rectangle contained) by AB 
and BH. For AB (is) equal to BD. And FH (is) the 
(square) on AH. Thus, the rectangle contained by AB 


USTOIXEION 8. 
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and BH is equal to the square on H A. 

Thus, the given straight-line AB has been cut at 
(point) H such as to make the rectangle contained by 
AB and BH equal to the square on HA. (Which is) the 
very thing it was required to do. 


+ This manner of cutting a straight-line—so that the ratio of the whole to the larger piece is equal to the ratio of the larger to the smaller piece—is 


sometimes called the “Golden Section”. 


1. 

‘Ev totic ayBAvyewviow tTerymvoig TO GMO TH¢ THY 
auBAciayv ywviay Unotewovonc TAcupac TeTEaYWVOV UEtTov 
éott THY dno THY Thy aUBAciav ywviay Tepleyovadsy 
TASVEDY TETONYMVOV TE TEPLEYOUEVY) Sic ONO TE UEC TOY 
Teel THY GUBAEtav yevlav, Em Av n xdVetog TintEL, xol TH¢ 
dnohauBavouevys EXTOS UNO THi¢ xaVETOU TEdC TY HUBATta 
yovia. 


B 


A A T 


"Hot quBAvyovoy telywvov 70 ABT auBAciav Eyov 
tHy Und BAT, xat Hy8w and tod B onuetou ent thy TA 
exBrnveioay xaVetoc n BA. AEyo, Sti TO Gnd tH¢ BI 
TETEUYWVOV UEiCdv Eotl Tv dnd THv BA, AT teteayavey 
T@ Sic Und tév TA, AA repieyoueva dpVoyevin. 

‘Exel yuo evdeta n TA tétunto, wc Etvxev, xata TO A 
onystov, 10 dea ano tij¢ AT toov éoti toic and tHv TA, 
AA tetpayavoicg xal 1 dic Und tév TA, AA repieyouéven 
opvoywvio. xowov Tecoxeiodw TO dnd Tic AB’ ta dea 
ano tév TA, AB tow Eotl toic te and tv TA, AA, AB te- 
TEAYOVOIS nal TES Sic Und tév TA, AA [nepreyouevean d6e00- 
yovla]. Gad toic wév and tév TA, AB ioov Eoti tO &nd 
tic TB 600% yuo H mpo¢ 165 A ywovia toic € dnd THY AA, 
AB ‘oov 16 ano tij¢ AB’ 16 &0u and tig TB tetekywvov 
foov éotl toic te and téHv TA, AB teteayavoic xat 68 dic 
bono tv TA, AA repieyouéves OpVoyavie’ Bote TO &NO Tic 
TB tetedywvoy tév dnd tev TA, AB tetoaxyavev usiZov 
Eott T6 dic Und tév TA, AA repieyouevay d6oV0ywviw. 

"Ey doa toic auBAvywvioig Toly@voic TO aNO THs THY 
auBAciav ywviay UmoTetwovons TAEUpEC TeTEYWVOV UEtTOv 
éotl Tv and THV Thy aUBAciav ywviay Tepleyovadsy 
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Proposition 121 


In obtuse-angled triangles, the square on the side sub- 
tending the obtuse angle is greater than the (sum of the) 
squares on the sides containing the obtuse angle by twice 
the (rectangle) contained by one of the sides around the 
obtuse angle, to which a perpendicular (straight-line) 
falls, and the (straight-line) cut off outside (the triangle) 
by the perpendicular (straight-line) towards the obtuse 
angle. 


B 


D A C 


Let ABC be an obtuse-angled triangle, having the an- 
gle BAC obtuse. And let BD be drawn from point B, 
perpendicular to C'A produced [Prop. 1.12]. I say that 
the square on BC is greater than the (sum of the) squares 
on BA and AC, by twice the rectangle contained by C'A 
and AD. 

For since the straight-line CD has been cut, at ran- 
dom, at point A, the (square) on DC is thus equal to 
the (sum of the) squares on C'A and AD, and twice the 
rectangle contained by C/A and AD [Prop. 2.4]. Let the 
(square) on DB have been added to both. Thus, the (sum 
of the squares) on CD and DB is equal to the (sum of 
the) squares on C'‘A, AD, and DB, and twice the [rect- 
angle contained] by CA and AD. But, the (square) on 
CB is equal to the (sum of the squares) on CD and DB. 
For the angle at D (is) a right-angle [Prop. 1.47]. And 
the (square) on AB (is) equal to the (sum of the squares) 
on AD and DB [Prop. 1.47]. Thus, the square on CB 
is equal to the (sum of the) squares on C'A and AB, and 
twice the rectangle contained by C'‘A and AD. So the 
square on C’B is greater than the (sum of the) squares on 
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TACUEGY TETEAYOVWY TG) TEELyOUEVY Ol¢ UNd Te WLdc THY 
Teel THY GUBAEtav yevlav, Em Fv n x&Vetoc TintEL, xol Tic 
dnohkauBavouevyc EXTOS UNO THi¢ xaVETOU TEdC TY HUBASta 
yovig Onep eet SetEaun. 
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CA and AB by twice the rectangle contained by C'A and 
AD. 

Thus, in obtuse-angled triangles, the square on the 
side subtending the obtuse angle is greater than the (sum 
of the) squares on the sides containing the obtuse an- 
gle by twice the (rectangle) contained by one of the 
sides around the obtuse angle, to which a perpendicu- 
lar (straight-line) falls, and the (straight-line) cut off out- 
side (the triangle) by the perpendicular (straight-line) to- 
wards the obtuse angle. (Which is) the very thing it was 
required to show. 


+ This proposition is equivalent to the well-known cosine formula: BC? = AB? + AC’? — 2 AB AC cos BAC, since cos BAC = —AD/AB. 


ly’. 

"Ev tolc d€vywvioic Tery@voig TO ano Tio Thy O€etav 
yoviay bmotewovoncs TAEVEec TEeTeEaMyWVoV EAATTOV EOTL 
TOV &nNO Tév tiv d€eiav Ywviav Tepieyouodiv TAEUEGSY TE- 
TOAYOVUY TE TEPLEXYOUEV) Ol¢ UNG TE Uldic THY Teel THY 
d€eiav ywviav, Ey’ Hv H xdVetos nintel, xal thc dmoAMUBa- 
VOUEVNS EvTOS UNO Tic xaVETOU Ted TH Ofelia Ywvia. 


A 


B A T 


"Hot ofvyowov tetywvov 10 ABI d&eiav éyov thy 
mTed¢ 16 B ywviav, xa HyJw and to} A onyeiou ent thy 
BI x&Vetocg n AA? AEY, STL TO dnd tic AT tete&kywvov 
Ehattov Eott Tv ano Tv TB, BA tetoayove té dic UTO 
tév TB, BA nepieyouéva 6p00ywvin. 

‘Enel yoo cvveia 7 TB tétuntoa, @¢ étuyev, xat& tO 
A, t& &pa and téHv TB, BA tetedywva tow gotl té8 te 
dic Und THv TB, BA zepreyouévo dedoyovin xal tT ano 
tic AT teteayove. xowdyv neooxeiodw tO and tic AA 
TetTedywvov' Te dea ano Tv TB, BA, AA tetedyuva tou 
éotl 16 te dic Und téHv TB, BA nepreyoueva doo0ywvia 
xal toic and té&v AA, AT tetoayavoc. GAAG toi WEV AMO 
tév BA, AA ioov 10 &xd tig AB: p01 yuo H Ted¢ TH A 
yovig toic dé and tév AA, AT toov 16 and tic AT: tu 
dou dnd tév TB, BA tou éoti 16 te dnd ti}¢ AP nal 16 dic 
bno tv TB, BA: ote Udvov 16 and tij¢ AP Ehattdév Eott 


65 


Proposition 13° 


In acute-angled triangles, the square on the side sub- 
tending the acute angle is less than the (sum of the) 
squares on the sides containing the acute angle by twice 
the (rectangle) contained by one of the sides around the 
acute angle, to which a perpendicular (straight-line) falls, 
and the (straight-line) cut off inside (the triangle) by the 
perpendicular (straight-line) towards the acute angle. 


A 


B D C 


Let ABC be an acute-angled triangle, having the an- 
gle at (point) B acute. And let AD have been drawn from 
point A, perpendicular to BC [Prop. 1.12]. I say that the 
square on AC’ is less than the (sum of the) squares on 
CB and BA, by twice the rectangle contained by C'B and 
BD. 

For since the straight-line C'B has been cut, at ran- 
dom, at (point) D, the (sum of the) squares on C'B and 
BD is thus equal to twice the rectangle contained by CB 
and BD, and the square on DC [Prop. 2.7]. Let the 
square on DA have been added to both. Thus, the (sum 
of the) squares on CB, BD, and DA is equal to twice 
the rectangle contained by C'B and BD, and the (sum of 
the) squares on AD and DC. But, the (square) on AB 
(is) equal to the (sum of the squares) on BD and DA. 
For the angle at (point) D is a right-angle [Prop. 1.47]. 


USTOIXEION 6’. 


tv and Tv TB, BA tetpayavey 16 dic Un téHv TB, BA 
TECLEYOUEV) OEVOYOvie. 

"Ev dpa toi 6€vywviots TeLyWvolg TO AMO TH\¢ Thy Ofetav 
yoviay bmotewovons TAcUedC TeTeE&ywvov EAATTOV EOTL 
TOV dnd Tév tiv d€eiav Ywviav nepieyouodv TAEUEGV TE- 
TONYWVOV TG) TEeleyoUEVU) Sic UNG TE ULdic TOV Teel THY 
delay ywviav, ey’ Hv H xdVetog nintel, xol thc &moAGUBA- 
vous Evtoc UNO tij¢ xaVETOU TEd¢ TH OEela Ywovia Smee 
eeu Seicoau. 
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And the (square) on AC (is) equal to the (sum of the 
squares) on AD and DC [Prop. 1.47]. Thus, the (sum of 
the squares) on CB and BA is equal to the (square) on 
AC, and twice the (rectangle contained) by CB and BD. 
So the (square) on AC alone is less than the (sum of the) 
squares on CB and BA by twice the rectangle contained 
by CB and BD. 

Thus, in acute-angled triangles, the square on the side 
subtending the acute angle is less than the (sum of the) 
squares on the sides containing the acute angle by twice 
the (rectangle) contained by one of the sides around the 
acute angle, to which a perpendicular (straight-line) falls, 
and the (straight-line) cut off inside (the triangle) by 
the perpendicular (straight-line) towards the acute angle. 
(Which is) the very thing it was required to show. 


+ This proposition is equivalent to the well-known cosine formula: AC? = AB? + BC’? — 2 AB BC cos ABC, since cos ABC’ = BD/AB. 


10. 
TS sodévt cvYuyedauw toov tetedywvov ovotiouc- 
Dou. 


© 

E 
B i Z. 
Tr A 


"Eotw tO dovév evdvypauuov tO A: det 5H TH A 
evVUYECUUG toov TeTedywvov ovotyoaova.. 

Duveotatw yee 7 A evduyeduu@ toov maeadAnAd- 
yeaov opvoyMvov TO BA: ei uév obv ton eotly 7 BE 
tf, EA, yeyovocg ay etn 16 Emitaydév. ouveotata yuo té8 
A evduypduue toov tetecywvov 16 BA: et dé ot, Ula Tév 
BE, EA veiCwv cottv. Eotw usitwv 7 BE, xol exBeBAjoda 
ént 16 Z, xa xetodw tH EA ton 7 EZ, xol tetujodw 7 BZ 
dtya xata to H, xal xévtow 16 H, Stacthyati o€ Evi tov 
HB, HZ nurxdxAtov yeyeaotw to BOZ, xa exBeBanotu 
AE éni 10 O, xal exeTevydw 7 HO. 

‘Enel ody evveta ) BZ tétunto cic ev tow xat& tO H, eic 
d€ dvica xaTta TO HE, tO doa UNO Tév BE, EZ repueyduevov 
opVoyY@viov UETa Tov ano tic EH tetoaywvou toov cotl 
tT) and tic HZ tetpayove. ton d¢ n HZ tH HO: 10 dow 
bno tv BE, EZ yete tod and tij¢ HE toov cotl 163 ano 
thc HO. 16 b€ ano thc HO tou cotl te ano tv OE, EH 
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Proposition 14 


To construct a square equal to a given rectilinear fig- 
ure. 


H 
E 

B e 7 

C D 


Let A be the given rectilinear figure. So it is required 
to construct a square equal to the rectilinear figure A. 

For let the right-angled parallelogram BD, equal to 
the rectilinear figure A, have been constructed [Prop. 
1.45]. Therefore, if BE is equal to ED then that (which) 
was prescribed has taken place. For the square BD, equal 
to the rectilinear figure A, has been constructed. And if 
not, then one of the (straight-lines) BE or ED is greater 
(than the other). Let BE be greater, and let it have 
been produced to F, and let EF be made equal to ED 
[Prop. 1.3]. And let BF have been cut in half at (point) 
G [Prop. 1.10]. And, with center G, and radius one of 
the (straight-lines) GB or GF, let the semi-circle BHF 
have been drawn. And let DE have been produced to H, 
and let G'H have been joined. 

Therefore, since the straight-line BF has been cut— 
equally at G, and unequally at E—the rectangle con- 


USTOIXEION 8". 


TeTeEdywva TO doa Und Tév BE, EZ yeta tod and HE tow 
éotl tolc ano tév OE, EH. xowovy apnonode 16 ano th\¢ HE 
TeTeE&ywvov’ AoIMOV Goa TO UNO THv BE, EZ repveyduevov 
deVoyavioy toov cotl 16 UNO Tic EO teteayave. GAA TO 
vno tév BE, EZ 16 BA éotw: ion yao 7 EZ 17 EA: 10 
goa BA raparAndAdéypauuov toov gotl Té &nd tic OE te- 
teayave. toov 5¢ 10 BA 16 A edduypduue. xa to A doa 
cvudvyeauoy toov cotl 16) and tic EO avayeapnoouévy 
TETOXY OVO). 

TS &pa dodvdeva evOvypduUH 16 A foov tetedywvov 
OUVVEOTATA TO AMO Tic EO avayeapnoduevov’ Onep eet 
TOOL. 
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tained by BE and EF, plus the square on EG, is thus 
equal to the square on GF [Prop. 2.5]. And GF (is) equal 
to GH. Thus, the (rectangle contained) by BE and EF, 
plus the (square) on GE, is equal to the (square) on GH. 
And the (sum of the) squares on HE and EG is equal to 
the (square) on GH [Prop. 1.47]. Thus, the (rectangle 
contained) by BE and EF, plus the (square) on GE, is 
equal to the (sum of the squares) on HE and EG. Let 
the square on GE have been taken from both. Thus, the 
remaining rectangle contained by BE and FF is equal to 
the square on FH. But, BD is the (rectangle contained) 
by BE and EF. For EF (is) equal to ED. Thus, the par- 
allelogram BD is equal to the square on HE. And BD 
(is) equal to the rectilinear figure A. Thus, the rectilin- 
ear figure A is also equal to the square (which) can be 
described on EH. 

Thus, a square—(namely), that (which) can be de- 
scribed on £ H—has been constructed, equal to the given 
rectilinear figure A. (Which is) the very thing it was re- 
quired to do. 
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Fundamentals of Plane Geometry Involving 
Circles 


STOIXEION y’. 


“Opo.. 


a’. “Toot xbxAot ciotv, dv al Sidietoot too Eloty, A dv at 
éx Tv xEvTEwy toa Elotv. 

B’. Hoveia xoxdhou eganteoda A€yeta, tic amtouevy 
to¥ xUxAOU xa ExBahAoUEvY OU TEUvEL TOV XUXAOV. 

vy’. Koxdor epdnteotan aAAhAwv Agyovtau oltiwec antd- 
UEVOL GAAHAWY OV TEUVOUOL GAATAOUG. 

0. “Ev x0xAw toov améyew ano tod xévtoou evdeta 
Eyovtal, Otav al and to xévtpov En avutac xuVetoL 
ayduevat toa Bou. 

e’. MeiZov be anéyew Agyetat, E”’ Hy H yElCwv xdVetoc 
TURTEL. 

¢. Tyufua xoxAou cot TO mepleyOUEVov OYFUa UNG TE 
evvetac xol xUXAOU TEeL~pEpEtac. 

C. Tunuatoc 6& yavia cotiv A meoleyougvn UNO te 
evvetac xol xUXAOU TEeLipEpEtac. 

7. Ev tufyatt 6€ ywvia éotiv, dtav el thc Tepl- 
wepetag tol tuyatoc Anpdy tt onuctov xal an’ avtOU Ext 
TA MEPATA Tho cvUdetuc, H Eott B&org tov tunyatoc, Em- 
CevydGow evdein, A neoleyouevn ywvia Uno Tév EmCeuv- 
yVetodyv cvvderdy. 

0. “Otav b€ al neeleyovom Thy ywvlay evdetar a&mo- 
AauBdvoot twa mepipépetav, en Exetvnc Agyetou PeBnxévon 
N Yovia. 

V. Toueds 5€ xUxAOV Eotiv, OTav Ted¢ 16 xEvTEGS TOD 
x0xAOV OVOTADH Yavia, TO TECLEYOUEVOY OY FUA UNO TE TOV 
THY yoviay Tepleyovodsy cbVelv xal Tic amoAMUBavouevNg 
Un’ wMUTo&Y TEeipepetac. 

vo’. “Quota tunyata xUxkwv ecotl Ta Seyousva Yoviac 
loac, 4 ev oi¢ at Yeovion too aAANAauc Elotv. 


a. 

Tot do0€évto¢c xbxhovu TO xévteov Eeveelyv. 

"How 6 dovelc xbxhoc 6 ABI: Set 8H tob ABP xbxA0v 
TO XEVTEOV ELEELV. 

Avhy9@ tic cic wdtdv, ¢ EtLxev, cvVEeta n AB, xail 
TETUHOVE Slya xata TO A onUEiov, xal dnd tod A tf AB 
Ted¢ Opvac HYD 7 AT rol SijyYw Ext to E, xal tetujodw 
7 VE dtya xat& 16 Z: héyw, 6tt TO Z xEvtoov ott tov ABT 
[x0xAou]. 

My yée, GAd’ et SUvatdy, Eotw 16 H, xal ExeCedyDwoav 
oat HA, HA, HB. xat enet ton Eotiv n AA tH AB, xowy dé H 
AH, 500 64 of AA, AH do taiic HA, AB fom ctolv exatépa 
exatéeg xal Bows n HA Béoe tf HB éotw ton ex xévteou 
yoo" yovia dea 7 bnd AAH yovia ti bn6 HAB jon Eotiv. 
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Definitions 

1. Equal circles are (circles) whose diameters are 
equal, or whose (distances) from the centers (to the cir- 
cumferences) are equal (i.e., whose radii are equal). 

2. A straight-line said to touch a circle is any (straight- 
line) which, meeting the circle and being produced, does 
not cut the circle. 

3. Circles said to touch one another are any (circles) 
which, meeting one another, do not cut one another. 

4. In a circle, straight-lines are said to be equally far 
from the center when the perpendiculars drawn to them 
from the center are equal. 

5. And (that straight-line) is said to be further (from 
the center) on which the greater perpendicular falls 
(from the center). 

6. A segment of a circle is the figure contained by a 
straight-line and a circumference of a circle. 

7. And the angle of a segment is that contained by a 
straight-line and a circumference of a circle. 

8. And the angle in a segment is the angle contained 
by the joined straight-lines, when any point is taken on 
the circumference of a segment, and straight-lines are 
joined from it to the ends of the straight-line which is 
the base of the segment. 

9. And when the straight-lines containing an angle 
cut off some circumference, the angle is said to stand 
upon that (circumference). 

10. And a sector of a circle is the figure contained by 
the straight-lines surrounding an angle, and the circum- 
ference cut off by them, when the angle is constructed at 
the center of a circle. 

11. Similar segments of circles are those accepting 
equal angles, or in which the angles are equal to one an- 
other. 


Proposition 1 


To find the center of a given circle. 

Let ABC be the given circle. So it is required to find 
the center of circle ABC. 

Let some straight-line AB have been drawn through 
(ABC), at random, and let (AB) have been cut in half at 
point D [Prop. 1.9]. And let DC have been drawn from 
D, at right-angles to AB [Prop. 1.11]. And let (CD) have 
been drawn through to £. And let CE have been cut in 
half at F [Prop. 1.9]. I say that (point) F is the center of 
the [circle] ABC. 

For (if) not then, if possible, let G (be the center of the 
circle), and let GA, GD, and GB have been joined. And 
since AD is equal to DB, and DG (is) common, the two 
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dtav Se edVcta En’ evVEtav otadetion tac EEtic ywviac 
loug GAAhAauc Moly, OPO) Exatéoa Tév lowv Ywwddy Coty’ 
oe07 doa Eotly n UNO HAB. Eotl dé xat 7 Und ZAB edn: 
ton toa Ay Und ZAB tf Ond HAB, 7 vet@wv tH EAdttIow 
bree Eotly ddUvatov. ovx dpa TO H xévtpov ecott to} ABT 
xOxAOV. OUOolwe SH SeiGouev, StL OVS’ GAAO Tt TAHY tod Z. 


E 


To Z doa onuciov xévtpov éotl tot ABT [xbxAou]. 


, 
ITl6eioya. 
‘Ex df tobtoU avepdy, OTL Edv Ev XOXAW evVETd TIC 
cuveiay tiva dtya xal Medc OPVa TEN, ETL tic TeUvovoNc 
Eotl TO xEvteOV TOD xOXAOV. — STE Edel ToLou. 


+ The Greek text has “G.D, DB”, which is obviously a mistake. 


B’. 

‘Eay x0xAOu Eml thc meeipepetac And, 600 tuydvta 
onysia, A eml ta onveta EmiCevywouEvN evVEta Evtoc TeoEitaAL 
TOU xUxAODV. 

"Eotw xbxAoc 0 ABI, xol Ent tic nepiupepetac avtod 
ciAnovu dbo tuxdvta onucta ta A, Be Agyw, dt A and 
tov A ént to B éemCevyvuuevyn evdeta Evtoc meoeita tot 
x0xAOV. 

My yae, WA’ et Suvatdv, MINTETW ExTO¢ Wo N AEB, xa 
ciAnpdw tO xévteov tod ABT xdxovu, xal Eotw TO A, xa 
éneCevyJwoav at AA, AB, xal SAyIw HAZE. 

‘Exel ody ton ecotlv 7 AA ti AB, ton dow xal ywvia 7 
ond AAE tf t2d ABE: xai enet torymvov tod AAE pia 
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(straight-lines) AD, DG are equal to the two (straight- 
lines) BD, DG,' respectively. And the base GA is equal 
to the base GB. For (they are both) radii. Thus, angle 
ADG is equal to angle GDB [Prop. 1.8]. And when a 
straight-line stood upon (another) straight-line make ad- 
jacent angles (which are) equal to one another, each of 
the equal angles is a right-angle [Def. 1.10]. Thus, GDB 
is a right-angle. And F'DB is also a right-angle. Thus, 
F DB (is) equal to GDB, the greater to the lesser. The 
very thing is impossible. Thus, (point) G is not the center 
of the circle ABC. So, similarly, we can show that neither 
is any other (point) except F’. 

C 


E 
Thus, point F' is the center of the [circle] ABC. 


Corollary 


So, from this, (it is) manifest that if any straight-line 
in a circle cuts any (other) straight-line in half, and at 
right-angles, then the center of the circle is on the for- 
mer (straight-line). — (Which is) the very thing it was 
required to do. 


Proposition 2 


If two points are taken at random on the circumfer- 
ence of a circle then the straight-line joining the points 
will fall inside the circle. 

Let ABC be acircle, and let two points A and B have 
been taken at random on its circumference. I say that the 
straight-line joining A to B will fall inside the circle. 

For (if) not then, if possible, let it fall outside (the 
circle), like AFB (in the figure). And let the center of 
the circle ABC have been found [Prop. 3.1], and let it be 
(at point) D. And let DA and DB have been joined, and 
let DFE have been drawn through. 

Therefore, since DA is equal to DB, the angle DAE 
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TAgUE% TeOGEXBEBAnTa A AEB, ueitwv doa 7 Und AEB 
yovia tic tnd AAE. ton 6€ n Und AAE 17 tnd ABE: 
usi@wy gpa y Und AEB tijc On ABE. O20 8€ thy EiTova 
yoviey n uetCwv tAcved Urotetver’ ucitwv goa HW AB tic 
AE. ton 5¢ 7 AB tH AZ. ueitov doa A AZ tic AE H 
EAdttwv tic ustCovoc’ Smee Eotly adSbvatov. ovx toa H 
ano tot A ént 16 B emCevyvwouevn eveta exto¢ neoeitar 
Tov xUxAOVv. OMotwc BH SeiGouev, StL OVSE En’ AUTT\C Tic 
mMeeipeoeiuc’ Evtdc hoa. 


A 


ES; 


‘Eay doa xUxAOU Ertl Thc Tepipepstac AnovY S00 tUydvTa 
onusia, A Erl ta onueta EmiCevyvouEvN evVEta Evtoc TeoEitaL 
tov xbxAou: Onep Eder Sign. 


ec 

‘Edy ev xbxrq cdVeta tic 614 Tov xEvteou cudeidy twa 
uy did tod xEvtpou Stya TéUvN, xal Tod EDUC MUTHY TéEUvEL 
nal Eav MEd OEDaC aUTHY TéUVN, xal Stya aUTHY TéUveEL. 

"Eotw xdxdkoc 6 ABIL, xal Ev adtés cdVeid& tic Sie tod 
xévtpou HDA evdetcay twa uh bid tod xévteou thy AB diya 
TEUVETW KATH TO Z ONUsiov’ AEYu, OTL Kal MEd OEVAC ADTHY 
TEUVEL. 

EtAp0e yue to xévteov tod ABI’ xvxdrov, xal Eotw 
tO E, xal exeCebySwoav at EA, EB. 

Kat éxel ton gotlv n AZ t7 ZB, xow? dé H ZE, 500 dvolv 
too [eiotv]: xal Booug 7 EA Bdoet tf EB ton yovia dou 7 
uno AZE ywvig ti 026 BZE ton éotiv. détav dé evdeta en’ 
evvetav otadeion tac Epettic ywviac toug aAAHAatc otf, 
oe0y exatéepa Tv lowyv ywvidy Eotw: Exatéea doa tédv 
und AZE, BZE ded cotw. 7 TA doa d1& tod xévteou 
ovoa thy AB un dt& tod xévteou ovoay Stya TéeUvovGE xa 
TEOS OPDUC TEUVEL. 


72 


ELEMENTS BOOK 3 


(is) thus also equal to DBE [Prop. 1.5]. And since in tri- 
angle DAE the one side, AEB, has been produced, an- 
gle DEB (is) thus greater than DAE [Prop. 1.16]. And 
DAE (is) equal to DBE [Prop. 1.5]. Thus, DEB (is) 
greater than DBE. And the greater angle is subtended 
by the greater side [Prop. 1.19]. Thus, DB (is) greater 
than DE. And DB (is) equal to DF. Thus, DF (is) 
greater than DFE, the lesser than the greater. The very 
thing is impossible. Thus, the straight-line joining A to 
B will not fall outside the circle. So, similarly, we can 
show that neither (will it fall) on the circumference itself. 
Thus, (it will fall) inside (the circle). 


A 


p 


Thus, if two points are taken at random on the cir- 
cumference of a circle then the straight-line joining the 
points will fall inside the circle. (Which is) the very thing 
it was required to show. 


Proposition 3 


In a circle, if any straight-line through the center cuts 
in half any straight-line not through the center then it 
also cuts it at right-angles. And (conversely) if it cuts it 
at right-angles then it also cuts it in half. 

Let ABC be a circle, and, within it, let some straight- 
line through the center, C'D, cut in half some straight-line 
not through the center, AB, at the point F’. I say that 
(CD) also cuts (AB) at right-angles. 

For let the center of the circle ABC have been found 
[Prop. 3.1], and let it be (at point) #, and let EA and 
EB have been joined. 

And since AF is equal to FB, and F'E (is) common, 
two (sides of triangle AF E) [are] equal to two (sides of 
triangle BFE). And the base FA (is) equal to the base 
EB. Thus, angle AF E is equal to angle BFE [Prop. 1.8]. 
And when a straight-line stood upon (another) straight- 
line makes adjacent angles (which are) equal to one an- 
other, each of the equal angles is a right-angle [Def. 1.10]. 
Thus, AFF and BFE are each right-angles. Thus, the 
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AdA& 67) WH TA thy AB red¢ GpVac teuvéteo AEYW, OTL 
xal dtya avTHY Tevet, Toutéotwy, Ott fon Eotlv H AZ tH ZB. 
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EA tf EB, fon éoti xal ywvia n bn0 EAZ ty tno EBZ. 
éotl de xal de0y A nd AZE 6e0% tH UNO BZE ion: S00 
dou tetywva ott EAZ, EZB tac 500 ywviag Svol ywviauc 
loug Eyovta xal Ulav TAcUEdy Wa TACLES tony xoWw?y aUTodY 
thy EZ brotetvovoay vn0 ulav tév lowyv Ywwldsyv: xal Td 
oinas hoa TAEUEaS Tol¢ AOLMOIc MAEUPAIc Tous EEE Lon How 
n AZ t¥ ZB. 

"Eay doa ev xdxAw evel tic Sik tod xévteoU euVeEtdv 
Tiva UN Sia to xévteou Biya Téuvy, xal TeEd¢ CEVaC avTHY 
Téuvel’ Kol Edy MEd COdC aUTYY TéUvH, xa Stya HUTHY 
téuver’ Omee Eder Seigau. 


o. 


"Eay €v xOxAW SO cvVEtan TEUVWOoW GAAHAACS UN Sia TOD 
XEVTOOV OVOM, OV TEUVOLOW GAAS Biya. 

"Eotw x0xro¢ 6 ABTA, xol ev adtt@ S00 cvVcion at AT, 
BA teuvétwouv aAAiAacg xata TO E uh did tod xévteou 
ovoa AE, OTL OV TEUVOLOL GAAS Slya. 

El yuo Suvatdéyv, teuvéetwouv arAhAac Slya Bote tony 
elvat thy uev AE t¥j ET, thy be BE tf EA: xot ciAjgda 10 
xévtpov tol ABLA xdxAov, xal Eotw 10 Z, ual ExeCevyVuo 
n ZE. 

‘Enel obv cvVetd tic Ok to xévtepou 7H ZE cvdetcy twa 
ur dia tod xévtpou thy AT diya téuver, xal medc deVac 
avtiy téuvet’ Oe0} doa Eotlv H UNO ZEA: ndéAw, Enel cdVeté 
tig 1 ZE evvetdv twa thy BA diya téuvet, xal med¢ 6eVac¢ 
avtyy téuver’ Oe0Y doa n UNO ZEB. edetyOn be xal 7 OT 
ZEA opdr; ton dpa AH On ZEA t¥ Und ZEB nh hdtv th 


73 


ELEMENTS BOOK 3 


(straight-line) C.D, which is through the center and cuts 
in half the (straight-line) AB, which is not through the 
center, also cuts (AB) at right-angles. 


D 


And so let CD cut AB at right-angles. I say that it 
also cuts (AB) in half. That is to say, that AF’ is equal to 
FB. 

For, with the same construction, since FLA is equal 
to EB, angle EAF is also equal to HBF [Prop. 1.5]. 
And the right-angle AF'E is also equal to the right-angle 
BFE. Thus, FEAF and EFB are two triangles having 
two angles equal to two angles, and one side equal to 
one side—(namely), their common (side) EF, subtend- 
ing one of the equal angles. Thus, they will also have the 
remaining sides equal to the (corresponding) remaining 
sides [Prop. 1.26]. Thus, AF (is) equal to FB. 

Thus, in a circle, if any straight-line through the cen- 
ter cuts in half any straight-line not through the center 
then it also cuts it at right-angles. And (conversely) if it 
cuts it at right-angles then it also cuts it in half. (Which 
is) the very thing it was required to show. 


Proposition 4 


In a circle, if two straight-lines, which are not through 
the center, cut one another then they do not cut one an- 
other in half. 

Let ABCD be a circle, and within it, let two straight- 
lines, AC and BD, which are not through the center, cut 
one another at (point) £. I say that they do not cut one 
another in half. 

For, if possible, let them cut one another in half, such 
that AE is equal to EC, and BE to ED. And let the 
center of the circle ABC'D have been found [Prop. 3.1], 
and let it be (at point) F’, and let FE have been joined. 

Therefore, since some straight-line through the center, 
FE, cuts in half some straight-line not through the cen- 
ter, AC, it also cuts it at right-angles [Prop. 3.3]. Thus, 
FEA is aright-angle. Again, since some straight-line FE 
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‘Eay dea ev xbxAw 600 cudeta TEUVWoW GAAAAaC WH Slot 
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deizou. 


ovx dpa ai AT, BA téyvovow 


‘Edy 600 xbxAot TEUVOOW GAANAOUC, OLX EoTH KUTOY 
TO QUTO XEVTEOV. 


Abo yee xdxAor ot ABP, TAH teyvétwouy adAhAouc 
wate ta B, DP onucta. Agyoo, Sti Obx EotH AVTEY TO ADTO 
XEVTOOY. 

Et yuo Suvatév, Zotw TO E, xol exeTevyOw n ED, xa 
oAyVw 7 EZH, we Etvyev. xal Enel tO E onuciov xévteov 
éotl tol ABT xbxA0ov, ton Eotly 9 ED tH EZ. nédw, éenel tO 
E onusiov xévteov éotl tod LAH xbdxdou, ton cotly 7 EP 
th EH: cdeiydn oe 7 ED xo th EZ ton: xol 7 EZ dea th EH 
gow ton h EAcoowy tH UEiCow Sree Eotly adVvaTOV. OUX% 
dea TO E onusiov xévtpov gotl tv ABT, PAH xdxdov. 

‘Eay doa S00 xOXAOL TéEeUVWow GAAAAOUC, OX EoTIV 
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cuts in half some straight-line BD, it also cuts it at right- 
angles [Prop. 3.3]. Thus, FEB (is) a right-angle. But 
FEA was also shown (to be) a right-angle. Thus, FEA 
(is) equal to FEB, the lesser to the greater. The very 
thing is impossible. Thus, AC and BD do not cut one 
another in half. 


A 
B 


Thus, in a circle, if two straight-lines, which are not 
through the center, cut one another then they do not cut 
one another in half. (Which is) the very thing it was re- 
quired to show. 


Proposition 5 


If two circles cut one another then they will not have 
the same center. 


For let the two circles ABC and CDG cut one another 
at points B and C. I say that they will not have the same 
center. 

For, if possible, let EF be (the common center), and 
let EC have been joined, and let EF'G have been drawn 
through (the two circles), at random. And since point 
E is the center of the circle ABC, EC is equal to EF. 
Again, since point F is the center of the circle CDG, EC 
is equal to EG. But EC was also shown (to be) equal 
to EF. Thus, EF is also equal to EG, the lesser to the 
greater. The very thing is impossible. Thus, point E is not 
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avtTev TO ATO xEvtpOV’ STEP Edel SetEan. 


rd 
Go 
"Edy 600 xbxAot EMANTWVTAL GAAHAWY, OX EoTAL KUTOSY 
TO QUTO XEVTEOV. 
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A 


Abo yao xvxdot ot ABP, TAE eqantéodwouy GAAHAwy 
xata TOT onuciov’ A€yw, StL Obx EotaH avVTHY TO ATO 
XEVTOOY. 

Et yuo Suvatév, gotw tO Z, xal exneCevyVu H ZIP, xa 
diAYVw, ac Etvxev, H ZEB. 

‘Enel obv 10 Z onusiov xévteov éotl tot ABP xbxAou, 
lon cot H ZI th ZB. nédw, enet to Z onuctiov xévteov 
éott tot LAE xdxdou, ton cotiv n ZT tf ZE. edetydy Se 
ZV tf, ZB ton xal 1 ZE doa tH ZB eotw ton, n cddttwv 
Th uetCow Sree Eotlv ddUvatov. ovx goa tO Z onuciov 
xévteoy ott tv ABIL, TAE xdxdov. 

‘Edy doa S00 xbxAOL EMANTOVTAL GAAHAWY, OLX EOTOHL 
AUTHY TO ATO XEvTPOV’ STEE Eder SetEau. 


a 

"Edy xUxAOU ET Thc Stauetoou Anodf tt onusiov, 6 ur 
Eotl XEvTEOV TOU xOxAOL, AMO SE TOD oNUEloU TEed¢ TOV 
xUXAOV TecoTintwow evudetat tiwec, Ueyloty UEV EoTaL, E:" 
Hc TO xévtpOV, EAaytotH SE H ALITY, TOV OE GAAwv cel F 
EYYOV Tic Sila tov xEévteoU tic amwtepov yEtCwv Eotiv, 
600 be Ydvoyv tou and To onuclou NeoonecoUVTH TMed¢ 
Tov xOXAOV EM ExdtEpA Tic EAaytotne. 


79 


ELEMENTS BOOK 3 


the (common) center of the circles ABC and CDG. 

Thus, if two circles cut one another then they will not 
have the same center. (Which is) the very thing it was 
required to show. 


Proposition 6 


If two circles touch one another then they will not 
have the same center. 


C 


A 

For let the two circles ABC and CDE touch one an- 
other at point C’. I say that they will not have the same 
center. 

For, if possible, let F be (the common center), and 
let FC have been joined, and let FEB have been drawn 
through (the two circles), at random. 

Therefore, since point F' is the center of the circle 
ABC, FC is equal to FB. Again, since point F’ is the 
center of the circle CDE, FC is equal to FE. But FC 
was shown (to be) equal to FB. Thus, FE is also equal 
to F'B, the lesser to the greater. The very thing is impos- 
sible. Thus, point F’ is not the (common) center of the 
circles ABC and CDE. 

Thus, if two circles touch one another then they will 
not have the same center. (Which is) the very thing it was 
required to show. 


Proposition 7 


If some point, which is not the center of the circle, 
is taken on the diameter of a circle, and some straight- 
lines radiate from the point towards the (circumference 
of the) circle, then the greatest (straight-line) will be that 
on which the center (lies), and the least the remainder 
(of the same diameter). And for the others, a (straight- 
line) nearer’ to the (straight-line) through the center is 
always greater than a (straight-line) further away. And 
only two equal (straight-lines) will radiate from the point 
towards the (circumference of the) circle, (one) on each 


STOIXEION y’. 


"Eotw xdxdoc¢ 0 ABTA, diduetpoc 6€ ato Eotw 7 AA, 
ual, ent tic AA cidhode ti onuctov to Z, 6 un éott xévtp0v 
tod xbxAovu, xEvtpov dé TOU xbxAOU EoTw TO E, xal and tod 
Z npd¢ tov ABTA xvxrov npoomintétwoay evVetat tive ati 
ZB, ZV, ZH: AEyo, Sti yeyiotyn ev cotw H ZA, Erayiotn 
dé H ZA, tHv SE Drwv A vev ZB tic ZT uct@wv, H 5 ZP 
tic ZH. 

"EneCevydwouv yoo at BE, TE, HE. xal énel navtoc 
TeLyovou ai 500 TAcvEal Tic Aotnfic WelTovec Elow, al doa 
EB, EZ tic BZ uetCovéc ciow. ton 5¢ 7 AE t7j BE [at dou 
BE, EZ tom ciol th AZ]: wetlov doa A AZ tic BZ. nédw, 
énet torn cotly H BE tH TE, xowry be 4 ZE, Sv0 Oh oft BE, 
EZ dvol toc TE, EZ too etotv. GaA& xal ywvia n bnO BEZ 
yoviag tij¢ Und TEZ yeilov Bdoug doa n BZ Bdoews tic 
TZ yei@ev cottv. die te adta 6H xal 7 VZ tic ZH yciCav 
eotly. 

IldAw, net ot HZ, ZE tij¢ EH ueiCovec ciow, ion oé 
EH t7 EA, ot tea HZ, ZE tij¢ EA yei@ovéc ciow. now? 
aenoejodw n EZ: own) koa 7 HZ Aoinyic thc ZA yei@av 
gouty. ueylotn uev doa n ZA, Eraytoty sé H ZA, uctCwv sé 
n vey ZB tic ZT, 4 Se ZT thc ZH. 

Aéyw, dtt xal and tot Z onyuetiovu sv0 Udvov toa meo- 
oneoovvta mepd¢ Tov ABLA xbxrov Ey’ Exdteoa tic ZA 
cdaylotns. suveotdtw yuo med¢ TH EZ cvVeta xal 16 med¢ 
AUTH ONnUetw 16 E th Uno HEZ yovig ton n vnd ZEO, xo 
ereCevy0w 7 ZO. ene odv ton cotlv 7 HE tH EO, xowh 
dé n EZ, d0o dh at HE, EZ dbvol toic OE, EZ tom ciotv: 
xa yovia 7 On HEZ yovia th O20 OEZ ton: Bdorc tow 
n ZH Béoe th ZO ton cotiv. A€yw OH, Ott tH ZH GAAy 
lon OV MecoTECEita TeEd¢ TOV xDxAOV ano TOD Z onyuEtov. 
el yao Suvatdv, neoomintétw nN ZK. xol exel n ZK tH ZH 
ton cotly, dA 7 ZO t¥ ZH [lon Eotiv], xal 7 ZK dow tH 
ZO eotw ton, H EYYLOV Tic Sie Tob xévteou TH amMwmTEPOV 
lon Omee adbvatov. Obx dou and tod Z onustou Etéoa Tic 
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(side) of the least (straight-line). 


Let ABCD be a circle, and let AD be its diameter, and 
let some point F’, which is not the center of the circle, 
have been taken on AD. Let E be the center of the circle. 
And let some straight-lines, FB, FC, and FG, radiate 
from F towards (the circumference of) circle ABCD. I 
say that F’A is the greatest (straight-line), F'D the least, 
and of the others, F’'B (is) greater than F'C, and FC than 
FG. 

For let BE, CE, and GE have been joined. And since 
for every triangle (any) two sides are greater than the 
remaining (side) [Prop. 1.20], EB and FF is thus greater 
than BF. And AE (is) equal to BE [thus, BE and EF 
is equal to AF]. Thus, AF (is) greater than BF’. Again, 
since BE is equal to CE, and FE (is) common, the two 
(straight-lines) BE, EF are equal to the two (straight- 
lines) CE, EF (respectively). But, angle BEF (is) also 
greater than angle CEF.? Thus, the base BF is greater 
than the base CF’. Thus, the base BF is greater than the 
base C'F [Prop. 1.24]. So, for the same (reasons), CF is 
also greater than FG. 

Again, since GF and FE are greater than EG 
[Prop. 1.20], and &G (is) equal to ED, GF and FE 
are thus greater than ED. Let EF have been taken from 
both. Thus, the remainder GF is greater than the re- 
mainder F'D. Thus, F'A (is) the greatest (straight-line), 
FD the least, and FB (is) greater than F'C, and FC than 
FG. 

I also say that from point F only two equal (straight- 
lines) will radiate towards (the circumference of) circle 
ABCD), (one) on each (side) of the least (straight-line) 
FD. For let the (angle) F EH, equal to angle GEF, have 
been constructed on the straight-line FF’, at the point E 
on it [Prop. 1.23], and let FH have been joined. There- 
fore, since GE is equal to EH, and EF (is) common, 


STOIXEION y’. 


TEOOTEOEITH TEd¢ TOY xUXAOV lon TY HZ ula dea Uovn. 
‘Edy doa xbxAou Ent tic Siaueteou Anpdy ti onucioy, 
0 UA EoTL xEvtTEOV TOU xbxAOLv, ano bE TOD oNUEloU TEd¢ 
TOV XUXAOV TeCOTintwow evUEtlat tec, UEyloTH EV EoTAL, 
EM fc TO xEvtpOV, EAaytoty SE H AOITH, Tv SE GAAwv del 7 
EYYLOV TYj¢ Sia To xEvteoU TYj¢ dnWTEPOV UEtTwv Eotiv, dvO 
d€ LOvoy toa ao TOD aAvVTOD ONUElov TeooTEGODVTH TEdC 
TOV xUXAOV EY ExdTEpA THic CAaytotHc’ Stee det SetEau. 


+ Presumably, in an angular sense. 
t This is not proved, except by reference to the figure. 


Y . 

‘Eay xvxAou Anpdf tt onustov extdc, and Se to 
OnuEtou med Tov xbxrov SayDGow cbVetat twec, @v ula 
UEV OLA TOU xEVTEOL, al SE AOLTAL, Wc EtTUYXEV, THY LEV TEOC 
THY xOlAny TEpLPepelav TEOOTINTOVODY edVELév YsyioTH 
UeV COTW N Sta TOU xévteOL, TéV bE GAAwv aEl H EY lov Thc 
dia tod xEévtpoU Tic anwtepov UEtTwv Eotiv, tév Sé MEd¢ 
THY XLETHY TEeLpépslayv MeooTINTOVESY evVELOv chaytoty 
uév Eotw 7 YETaA€h tod te onuetov nal tic StaetoeoV, TéHv 
d€ Ghrov wel N EYYlOv Thc EAaylotys tic amMtEedvV EOTIV 
eAdttwv, 500 dé Udvov tom and tod onetov TeconecoUvTH 
TENG TOV KUXAOV EM ExdTEOA Tc Ehaytotc. 

"Eotw xbxdoc 0 ABY, xol tod ABY ctAjpdw tt onueiov 
éxtog 10 A, xal dn’ avtod SijyDwouv cvVetat twec ai AA, 
AE, AZ, AT, gotw 5€ 7 AA Ste tod xévtpov. Eva, 
ot t&v Uev TEOC THY AEZT xotAny nepupépciav neoomt- 
Ttovody cvVedv ysyiotn UEV EoTW 7 Sie TOU xévteoU H 
AA, ueiWwv 6€ 4 Uev AE tic AZ n 5 AZ tic AT, tHv 
dé Ted¢ THY OAKH xvetiy rneeupépetav meoommtovoisy 
edUeLav chaytotn ev cotw 7 AH f uetagd tod onyetou xaul 
Tic Stauetoou tic AH, del 5€ A Eyytov tic AH ehaytotyjc 
EAdttwv Eotl tic anwtepov, y uev AK tic AA, A Se AA 
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the two (straight-lines) GE, EF are equal to the two 
(straight-lines) HE, EF (respectively). And angle GEF 
(is) equal to angle HEF’. Thus, the base F‘G' is equal to 
the base F'H [Prop. 1.4]. So I say that another (straight- 
line) equal to F'G will not radiate towards (the circumfer- 
ence of) the circle from point F’. For, if possible, let Fk 
(so) radiate. And since F'K is equal to FG, but FA [is 
equal] to FG, F'K is thus also equal to F'H, the nearer 
to the (straight-line) through the center equal to the fur- 
ther away. The very thing (is) impossible. Thus, another 
(straight-line) equal to GF will not radiate from the point 
F towards (the circumference of) the circle. Thus, (there 
is) only one (such straight-line). 

Thus, if some point, which is not the center of the 
circle, is taken on the diameter of a circle, and some 
straight-lines radiate from the point towards the (circum- 
ference of the) circle, then the greatest (straight-line) 
will be that on which the center (lies), and the least 
the remainder (of the same diameter). And for the oth- 
ers, a (straight-line) nearer to the (straight-line) through 
the center is always greater than a (straight-line) further 
away. And only two equal (straight-lines) will radiate 
from the same point towards the (circumference of the) 
circle, (one) on each (side) of the least (straight-line). 
(Which is) the very thing it was required to show. 


Proposition 8 


If some point is taken outside a circle, and some 
straight-lines are drawn from the point to the (circum- 
ference of the) circle, one of which (passes) through 
the center, the remainder (being) random, then for the 
straight-lines radiating towards the concave (part of the) 
circumference, the greatest is that (passing) through the 
center. For the others, a (straight-line) nearer’ to the 
(straight-line) through the center is always greater than 
one further away. For the straight-lines radiating towards 
the convex (part of the) circumference, the least is that 
between the point and the diameter. For the others, a 
(straight-line) nearer to the least (straight-line) is always 
less than one further away. And only two equal (straight- 
lines) will radiate from the point towards the (circum- 
ference of the) circle, (one) on each (side) of the least 
(straight-line). 

Let ABC be a circle, and let some point D have been 
taken outside ABC, and from it let some straight-lines, 
DA, DE, DF, and DC, have been drawn through (the 
circle), and let DA be through the center. I say that for 
the straight-lines radiating towards the concave (part of 
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STOIXEION y’. 


tic AO. 


E’jve yao 16 xévteov to} ABT xbxdovu xol Zotw TO 
M: xot exeCebyDwoav ai ME, MZ, MT, Mk, MA, MO. 

Kat énet fon cotlv 7 AM tH EM, xow? reooxetodw 7 
MA: f doa AA ton Eotl toiic EM, MA. add’ ot EM, MA 
tiic EA uetCoves ciow: xat 7 AA dou tic EA uci@wv éotiv. 
TéAw, Enel ton cotiv 7 ME ti MZ, xow? de n MA, at EM, 
MA é« toiic ZM, MA toa ciotv: xal ywvia y bnO EMA 
yoviag tic bn0 ZMA usi@wv Eottv. Baors dou NH EA Bdoewe 
tic ZA usi@ev Eotiv: Ouoiws 57 SelCouev, dtt xl A ZA tic 
TA yvei@eov cotiv: ueylotn wév doa n AA, yeiCwv 6 H YEV 
AE tij¢ AZ, 7 5¢ AZ tij¢ AT. 

Kot énet at MK, KA tic MA uei@ovés ciow, ton dé 7 
MH tii MK, Aoinyy dow A KA Aotniic tic HA uei@wv Eotiv: 
wote 1 HA tic KA eAdttwv Eotiv: xal Emel toryovou tod 
MAA én wdc tév TAcUpéy tic MA B00 cdVeton Evtdc 
ovuveotadynoav at MK, KA, ai doa MK, KA tév MA, AA 
éhattoves ciow: ton dé 7 MK th MA: downy doa H AK 
roinfic thc AA thdttwv Eotiv. Ouotwc SY SelZouev, St 
xa HAA tic AO eidttwv Eotiv chaytoty yev doa n AH, 
ehattwov b¢ 7 Uev AK tic AA ¥ SE AA tic AO. 

Aéyo, Ott xal S00 Ydvov tom dnd tod A onuetou 
TeooneooUvta mMeOc TOV KUXAOV Ey’ Exdteopa tij¢ AH 
éhaytotns’ ouveotatw mpd¢ tH MA evddeta xal 16 med¢ 
aut, onuciw 16 M ti Ord KMA yovia ton yeovia 7 Ord 
AMB, xai exeCevydw 7 AB. xol Enel fon cotly nH MK tf 
MB, xow?n dé 7 MA, dv0 bY ai KM, MA d00 toicg BM, MA 
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the) circumference, AE FC, the greatest is the one (pass- 
ing) through the center, (namely) AD, and (that) DE Cis) 
greater than DF’, and DF than DC. For the straight-lines 
radiating towards the convex (part of the) circumference, 
HLKG, the least is the one between the point and the di- 
ameter AG, (namely) DG, and a (straight-line) nearer to 
the least (straight-line) DG is always less than one far- 
ther away, (so that) DK (is less) than DZ, and DL than 
than DH. 

D 


For let the center of the circle have been found 
[Prop. 3.1], and let it be (at point) M [Prop. 3.1]. And let 
ME, MF, MC, MK, ML, and MH have been joined. 

And since AM is equal to EM, let MD have been 
added to both. Thus, AD is equal to EM and MD. But, 
EM and MD is greater than ED [Prop. 1.20]. Thus, 
AD is also greater than ED. Again, since ME is equal 
to MF, and MD (is) common, the (straight-lines) EM, 
MD are thus equal to FM, MD. And angle EMD is 
greater than angle FMD.‘ Thus, the base ED is greater 
than the base F'D [Prop. 1.24]. So, similarly, we can 
show that F'D is also greater than C'D. Thus, AD (is) the 
greatest (straight-line), and DE (is) greater than DF, 
and DF than DC. 

And since MK and KD is greater than MD [Prop. 
1.20], and MG (is) equal to MK, the remainder kK D 
is thus greater than the remainder GD. So GD is less 
than KD. And since in triangle MLD, the two inter- 
nal straight-lines MK and K D were constructed on one 
of the sides, I/D, then MK and KD are thus less than 
ML and LD [Prop. 1.21]. And MK (is) equal to ML. 
Thus, the remainder DK is less than the remainder DL. 
So, similarly, we can show that DL is also less than DH. 
Thus, DG (is) the least (straight-line), and DK (is) less 
than DL, and DL than DH. 

I also say that only two equal (straight-lines) will radi- 


STOIXEION y’. 


tom ciolv exatéea exatéoa xol yovia n UO KMA yovia 
tf bn6 BMA ton: Béorg dopa NW AK Béoet tH AB ion Eotiv. 
Evo [SA], Ott tH AK cbVela GAA ton od neooreoeita 
Ted¢ Tov xbxAOV &nO Tod A onyEtov. ci yuo SuUVaTOv, TeO- 
omintéta xa Eotw 7 AN. éxel obv 7 AK tH AN Eotw ton, 
oA’ W AK tH AB Eotw ton, xa 7 AB doa tH AN Eotw 
ton, h Eyytov tic AH ehaytotns th &nwtepov [Eotw] ton: 
ore adbvatov edetyOn. ovx doa TAstouc 1 S00 toa med¢ 
tov ABI xbxAov &xo tod A onuetou ep” Exdtepa tij¢ AH 
éAaytotns Meoonecovvtan. 

‘Eay doa xbxdov Anovf, tt onyusiov Extdc, ano bé tod 
onysiou med Tov xbxhov SiayDGow cuvetat tivec, Ov ula 
yev Ola To xévteou at Se Aoimal, wc EtUxEV, TOV YEV TEOC 
THY xOlAny TEelepelav NEOOTINTOVEdY cvVELév UsyioTH 
Uev COTW N Od TOD xévtoOV, Tov SE GAAwv del A Eyylov Tic 
dia tod xEévtoeou Tiic anwtepov UEtTwv Eotiv, tév dé MEd¢ 
THY XVETYY TEELPeeslav TECOTINTOVEDY ebVELGv Ehaytoty 
uév Eotw 7 YETaA€d tod te onuetov nal tic Siaetoov, Tév 
d& Ghrov wel N EYYlov tic EAaylotns tic amMmtEedv EoTIV 
eAdttwv, 500 dé Udvov toa ano Tod onuetov TeconecoUVTH 
TEOS TOV KUXAOV EM ExdTEEA Thc EAaylothnc Sree eer 
deicoau. 


+ Presumably, in an angular sense. 
t This is not proved, except by reference to the figure. 


ae 


‘Eay xvxdou Anpdy th onuciov evtdc, amo dé tod 
ONYEloU MEd TOV XUXAOV TEOOTITTWOL TAEloUC 7) BVO tom 
evuvdeta, TO Angvev onuctov xéEvteov EoTl Tob xOxAOV. 

"Hot x0xdo¢ 6 ABL, évtdc 5 adtOd oniov tO A, xal 
ano tov A npd¢ tov ABT xbxdov npoomintétwoav TAgtouc 
H S00 tom edVetia at AA, AB, AT: déyw, 61 16 A onuciov 
xévtpov éott tol ABI xdxAou. 
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ate from point D towards (the circumference of) the cir- 
cle, (one) on each (side) on the least (straight-line), DG. 
Let the angle DMB, equal to angle KMD, have been 
constructed on the straight-line MD, at the point M on 
it [Prop. 1.23], and let DB have been joined. And since 
MK is equal to MB, and MD (is) common, the two 
(straight-lines) KM, MD are equal to the two (straight- 
lines) BM, MD, respectively. And angle KMD (is) 
equal to angle BMD. Thus, the base DK is equal to the 
base DB [Prop. 1.4]. [So] I say that another (straight- 
line) equal to DK will not radiate towards the (circum- 
ference of the) circle from point D. For, if possible, let 
(such a straight-line) radiate, and let it be DN. There- 
fore, since DK is equal to DN, but DK is equal to DB, 
then DB is thus also equal to DN, (so that) a (straight- 
line) nearer to the least (straight-line) DG [is] equal to 
one further away. The very thing was shown (to be) im- 
possible. Thus, not more than two equal (straight-lines) 
will radiate towards (the circumference of) circle ABC 
from point D, (one) on each side of the least (straight- 
line) DG. 

Thus, if some point is taken outside a circle, and some 
straight-lines are drawn from the point to the (circumfer- 
ence of the) circle, one of which (passes) through the cen- 
ter, the remainder (being) random, then for the straight- 
lines radiating towards the concave (part of the) circum- 
ference, the greatest is that (passing) through the center. 
For the others, a (straight-line) nearer to the (straight- 
line) through the center is always greater than one fur- 
ther away. For the straight-lines radiating towards the 
convex (part of the) circumference, the least is that be- 
tween the point and the diameter. For the others, a 
(straight-line) nearer to the least (straight-line) is always 
less than one further away. And only two equal (straight- 
lines) will radiate from the point towards the (circum- 
ference of the) circle, (one) on each (side) of the least 
(straight-line). (Which is) the very thing it was required 
to show. 


Proposition 9 


If some point is taken inside a circle, and more than 
two equal straight-lines radiate from the point towards 
the (circumference of the) circle, then the point taken is 
the center of the circle. 

Let ABC be a circle, and D a point inside it, and let 
more than two equal straight-lines, DA, DB, and DC, ra- 
diate from D towards (the circumference of) circle ABC. 


ELEMENTS BOOK 3 


STOIXEION y’. 


3) 


‘EneCevydwouv yoo ot AB, BI xol tetujodwoay 
diya xata ta E, Z onucta, xal emCevydetow at EA, ZA 
dijyVwouv ent ta H, K, O, A onueia. 

‘Enel obdv fon cotiv 7 AE ti EB, xowy dé 7 EA, d00 
of at AE, EA 800 toc BE, EA tom ciotv: xa Baoug HW AA 
Baoet tH AB fon yovia dow 7 Und AEA ywvia tA bd BEA 
ton cotiv: opdh doa exatéoa tHv Und AEA, BEA yowdiv: 4 
HK dea thy AB téuver diya xol med¢ OeVdc. xal Enel, Edv 
év xdxhw evdet& tic cbVetav twa Slya te xal MeO¢ deVac 
TéUvN, ETL Thc Teuvobonc Eotl TO xEvToOV TOU xbxAov, Ertl 
thc HK doa cotl 16 xévtpov Tot xOxAov. Side Ta MUTE BF Kot 
émt tic OA eott tO xévteov tod ABT’ xvxdov. xal ovdév 
étepov xowoy Exovow oat HK, OA cdVeion A tO A onuciov: 
to A doa onuctov xévteov éott tod ABI’ xdxAov. 

‘Eay doa xbxhov Angpdf th onuetov Evtdc, and dé tod 
ONYElo MEd TOV XUXAOV TEOOTITTWOL TAEtoUC 7) BVO tom 
evvetau, TO Anpdev onustov xévteov Eotl tov xbxAOU' OTE 
Z0eu Seicoau. 


tbe 
KobxAo¢ xbxAov ov Téuvel Kata TAstova oNUEta 7 VO. 
Et yao Suvatév, xdxAoc 6 ABT xdxdkov tov AEZ 
TEUVETO KATA TAClova oncta 7} S600 ta B, H, Z, O, xo 
emiCevyVeion at BO, BH diya teuveodwoav xata ta K, A 
onysia’ xal dno tév K, A toc BO, BH mpd¢ deduce ayVeion 
at KT, AM dijydwoay ext ta A, E onueta. 
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I say that point D is the center of circle ABC. 
L 


H 


For let AB and BC have been joined, and (then) 
have been cut in half at points EF and F (respectively) 
[Prop. 1.10]. And ED and F'D being joined, let them 
have been drawn through to points G, K, H, and L. 

Therefore, since AF is equal to EB, and ED (is) com- 
mon, the two (straight-lines) AE, ED are equal to the 
two (straight-lines) BE, ED (respectively). And the base 
DA (is) equal to the base DB. Thus, angle AED is equal 
to angle BED [Prop. 1.8]. Thus, angles AED and BED 
(are) each right-angles [Def. 1.10]. Thus, GK cuts AB in 
half, and at right-angles. And since, if some straight-line 
in a circle cuts some (other) straight-line in half, and at 
right-angles, then the center of the circle is on the former 
(straight-line) [Prop. 3.1 corr.], the center of the circle is 
thus on GK. So, for the same (reasons), the center of 
circle ABC is also on HL. And the straight-lines Gk and 
HL have no common (point) other than point D. Thus, 
point D is the center of circle ABC. 

Thus, if some point is taken inside a circle, and more 
than two equal straight-lines radiate from the point to- 
wards the (circumference of the) circle, then the point 
taken is the center of the circle. (Which is) the very thing 
it was required to show. 


Proposition 10 


A circle does not cut a(nother) circle at more than two 
points. 

For, if possible, let the circle ABC cut the circle DEF 
at more than two points, B, G, F, and H. And BH and 
BG being joined, let them (then) have been cut in half 
at points K and L (respectively). And KC and LM be- 
ing drawn at right-angles to BH and BG from K and 
L (respectively) [Prop. 1.11], let them (then) have been 
drawn through to points A and EF (respectively). 
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‘Emel obv ev xvxrw 16) ABI cdVetd tic n AD cvVeiav 
tia thy BO diya xal modc deVuc téuver, Ent tic AT doa 
éotl tO xévtpov tol ABT xbxAov. médw, Emel ev xbxrw TES 
ava té ABT evVetd tic A NE cvdeidv twa thy BH dtya 
xal Tedc CeVac téuvel, Ent tic NE toa eoti 16 xévteov 
tov ABT xbxAov. edetyOn dé xal ent thc AT, xol xat’ 
ovdév oupBdAAovow of AD, NE evdetau A xate to O- 10 
O dea onusiov xévtpov gotl toU ABT xdxAovu. dvoiwe oh 
del€ouev, dtt xal toU AEZ xvxdou xévteov Eotl to O- dv0 
doa xOXAWY TELVOVTOY GAAHAOUc TOV ABT’, AEZ 10 adt6 
EOL XEVTEOV TO O- OEE EoTly KSUVATOV. 

Ovx doa xdxAO¢ KUXAOV TéUvEL KATH TAcioVa ONUEta 7} 
dvo: Onee Eder Seiga. 


Lo’. 

‘Edy 600 x0xAol EMATNTWVTAL AANA Evtdc, xal AnpOY; 
avtev Ta xévtpa, H Eml Ta xévtpa adTHY EemCevYvUUEVN 
evveta xual exBarrAouevn Ext thy ovvagrhy Teoeita. tév 
XUXAWY. 

Abo yao xbxAo1 ot ABT, AAE egantéodwoay GrAnwv 
évtog xata TO A onuEtoy, xal ciAjpde tod uev ABT xbxir0v 
xévtpoy to Z, tod sé AAE 16 H Aéywo, Sti H and tod H ex 
to Z emiCevyvuyevy evvdeta exBarrouevn ert to A meosita. 

My yoo, GAA’ et Suvatév, mntétw ac 7 ZHO, xl 
éreCevy0woav at AZ, AH. 

‘Enel obv al AH, HZ tic ZA, toutéott tij¢ ZO, wetCovec 
ciow, xown denefovw 7 ZH: roiny) doa 7 AH dotniie tic 
HO uei@ov éotiv. ton dé 7 AH tH HA: xol n HA doa 
tic HO uci@wv eotiv n EAdttwy tie YElCovoc: Smee Eotiv 
gsvvatov’ ovx dea n and tov Z ent to H emCevyvwouevn 
evvela Extoc Teoeita xaTa TO A doa El Tic CUVapTic 
TEOELTAL. 
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Therefore, since in circle ABC some straight-line 
AC cuts some (other) straight-line BH in half, and at 
right-angles, the center of circle ABC is thus on AC 
[Prop. 3.1 corr.]. Again, since in the same circle ABC 
some straight-line NO cuts some (other straight-line) BG 
in half, and at right-angles, the center of circle ABC is 
thus on NO [Prop. 3.1 corr.]. And it was also shown (to 
be) on AC. And the straight-lines AC’ and NO meet at 
no other (point) than P. Thus, point P is the center of 
circle ABC. So, similarly, we can show that P is also the 
center of circle DEF. Thus, two circles cutting one an- 
other, ABC and DEF, have the same center P. The very 
thing is impossible [Prop. 3.5]. 

Thus, a circle does not cut a(nother) circle at more 
than two points. (Which is) the very thing it was required 
to show. 


Proposition 11 


If two circles touch one another internally, and their 
centers are found, then the straight-line joining their cen- 
ters, being produced, will fall upon the point of union of 
the circles. 

For let two circles, ABC and ADE, touch one another 
internally at point A, and let the center F of circle ABC 
have been found [Prop. 3.1], and (the center) G of (cir- 
cle) ADE [Prop. 3.1]. I say that the straight-line joining 
G to F, being produced, will fall on A. 

For (if) not then, if possible, let it fall like FGH (in 
the figure), and let AF and AG have been joined. 

Therefore, since AG and GF is greater than F’A, that 
is to say FH [Prop. 1.20], let FG have been taken from 
both. Thus, the remainder AG is greater than the re- 
mainder GH. And AG (is) equal to GD. Thus, GD is 
also greater than GH, the lesser than the greater. The 
very thing is impossible. Thus, the straight-line joining F’ 
to G will not fall outside (one circle but inside the other). 
Thus, it will fall upon the point of union (of the circles) 


STOIXEION y’. 
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at point A. 
H 


C S) S) 


‘Ey doa 600 xbxAOL Sparteavton Ahoy evtéc, [xt 
Andy adtév ta xévtoa], H Ent Ta xEvtoa aUTHV |EmTev- 
yvupevy evveta [xa exBarhhouevy] Ext thy ouvaphy teoeitat 
Tov KOXAWY’ STEP Eder SetEau. 


1". 
‘Edy 600 xUxAOL EQantwvta GAAAAwY ExTOc, H Eml TH 
MEVTOA MUTOY EmiTeLYVUNEVN Sie Tic ENAPTic EAcboeTaL. 


Thus, if two circles touch one another internally, [and 
their centers are found], then the straight-line joining 
their centers, [being produced], will fall upon the point 
of union of the circles. (Which is) the very thing it was 
required to show. 


Proposition 12 


If two circles touch one another externally then the 
(straight-line) joining their centers will go through the 
point of union. 


Abo yae xbxAo1 ot ABT, AAE egantéodwoay GrAnwv 
extog “ata TO A onustov, xal ciAjpdw tod yev ABI 
xévtpov 160 Z, tov b¢ AAE tO H: AEyo, Sut H AO TOD 
Z ent to H emCevyvuyevn edvveta Sia tic uate 10 A Exapyic 
EAEVOETAL. 

My yée, GA’ et Suvatdv, EpyéoVw wo A ZTAH, xai 
ereCeby0woav at AZ, AH. 

‘Exel obv 10 Z onusiov xévteov éotl tot ABI xbxAou, 
fon cotiv H ZA tH ZI. nédw, Enel t6 H onuetov xévtpov 
éotl tov AAE xdxdov, ton cotlv n HA ty HA. edetydn 
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For let two circles, ABC and ADE, touch one an- 
other externally at point A, and let the center F' of ABC 
have been found [Prop. 3.1], and (the center) G of ADE 
[Prop. 3.1]. I say that the straight-line joining F to G will 
go through the point of union at A. 

For (if) not then, if possible, let it go like FCDG (in 
the figure), and let AF and AG have been joined. 

Therefore, since point F' is the center of circle ABC, 
FA is equal to FC. Again, since point G is the center of 
circle ADE, GA is equal to GD. And FA was also shown 


STOIXEION y’. 


dé xal n ZA t¥ ZTE ton: at doa ZA, AH toiic ZPD, HA tom 
cioty’ ote OAn HY ZH téHv ZA, AH yetCwv eotiv’ GAAG xalh 
EAdttwv ONEE Eotly GSvvatov. obx doa n ano tod Z ent 
tO H enievywouevy evveta did tio xata TO A Enagfic ovx 
cAcboetat’ 6. aUTHS Kea. 

‘Edy doa S00 xOxAOL EQANTWVTAL GAANAY ExTdc, NH ETI 
TH KEVTON AUTOY EmCevyVUUEeV, [eDDEta] Sie To Exa~pyic 
éhevoeta’ Orep Eder SetEau. 


LY’. 
Kbxdog x0xAov obx Eg~antetar xaTa TAlova onEta 7 
xa’ Ev, kv TE EVTOS Edy TE EXTOS EPANTHTAL. 


Et yao Suvatév, x0xAkoc 6 ABTA xvxAou tot EBZA 
EMaTtéoVw TPdTEPOY EvTOs KAT TAciova ONuEta 7H Ev Ta A, 
B. 

Kat ciAnpde tot wév ABTA xdx\ou xévtpov 16 H, tod 
sé EBZA 16 O. 

‘H dea ano tod H ent 10 © em@evyvuyevn ext ta B, 
A reoeita. mmtét @¢ 7 BHOA. xai éxel to H onusiov 
xévtpoyv Eotl toU ABTA x0xAov, ton éotlv AH BH tH HA: 
uci@av dea i BH tic OA: noAAG doa UetTwv 7 BO tic OA. 
TéAwW, Emel TO O onuctov xévtoov Eotl tol EBZA xvxdov, 
ton cotlv 7 BO tH OA: edetyDy SE wTH¢ wal TOAAGD UEtTav: 
OrEee ad0vatov’ Ovx hoa xbxdocg xdxAOU EMaNTETA EVTOC 
KATA TActova onueta 7) Ev. 

Aéyw dh, tt O0SE Extdc. 

Et yao Suvatéyv, xvxdoc 0 ATK xbxdAov tod ABTA 
eyantéodw Exto> xaTe TActova onucia H Ev ta A, T, xa 
éreCevy0w n AL. 

"Exel obv xdxAwv tév ABLA, ATK ctdnntu ent tic 
Tepipepstac Exatéeov S00 tuydvta onucia ta A, I, A Ext 
TH onucta EmCevyvuuevn cvdeta Evtoc Exatéeou nEeoeitat 
HAAG tod uev ABTA evtoc Exeoev, tot dé ALK extdc: 
ONEE ATOTOV’ OLX toa XDKAOS XUXAOU EPUNTETAL EXTOS KATH 
TActova onueta 7) Ev. edely0n Sé, StL OVSE Evtdc. 
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(to be) equal to FC. Thus, the (straight-lines) FA and 
AG are equal to the (straight-lines) FC and GD. So the 
whole of FG is greater than F'A and AG. But, (it is) also 
less [Prop. 1.20]. The very thing is impossible. Thus, the 
straight-line joining F' to G cannot not go through the 
point of union at A. Thus, (it will go) through it. 

Thus, if two circles touch one another externally then 
the [straight-line] joining their centers will go through 
the point of union. (Which is) the very thing it was re- 
quired to show. 


Proposition 13 


A circle does not touch a(nother) circle at more than 
one point, whether they touch internally or externally. 


For, if possible, let circle ABDC" touch circle E BF D— 
first of all, internally—at more than one point, D and B. 

And let the center G of circle ABDC have been found 
[Prop. 3.1], and (the center) H of EBF'D [Prop. 3.1]. 

Thus, the (straight-line) joining G and A will fall on 
B and D [Prop. 3.11]. Let it fall like BGHD (in the 
figure). And since point G is the center of circle ABDC, 
BG is equal to GD. Thus, BG (is) greater than HD. 
Thus, BH (is) much greater than HD. Again, since point 
H is the center of circle EBFD, BH is equal to HD. 
But it was also shown (to be) much greater than it. The 
very thing (is) impossible. Thus, a circle does not touch 
a(nother) circle internally at more than one point. 

So, I say that neither (does it touch) externally (at 
more than one point). 

For, if possible, let circle ACK touch circle ABDC 
externally at more than one point, A and C. And let AC 
have been joined. 

Therefore, since two points, A and C’, have been taken 
at random on the circumference of each of the circles 
ABDC and ACK, the straight-line joining the points will 
fall inside each (circle) [Prop. 3.2]. But, it fell inside 
ABDC, and outside ACK [Def. 3.3]. The very thing 


STOIXEION y’. 


KobxAoc¢ dea xbxAov Obx EMaNTETA KATH TASLOVa ONUETA 
A [xd] év, Edy te Evtdc Edy Te Extdc EQarntHTa OnEE ESet 
deieoau. 


+ The Greek text has “ABC'D”, which is obviously a mistake. 
10’. 


‘Ev x0xAm al tom evVeta toov anéyovow and tod 
xEVTEOL, Xal at loov anéyovom and tod xévteoU tom 
HAAN Aauc Elotv. 


A 


Tr 
A 


"Eotw xbxdho¢c O ABTA, xol Ev abdté too evbeta Zotw- 
oav at AB, TA: AEyo, Sti ai AB, TA toov anéyovow and 
tov xévteov. 

El Ave yuo TO xévtov tod ABTA xdxAovu xal Eotw TO 
E, xal and tot E ent tac AB, TA xdde_etor HyIwoay ai EZ, 
EH, xat eneCevydwouy at AE, ET. 

‘Enel obv cdVeta tic dla tot xévteou n EZ evdeidv twa 
Ut) Sia Tov xévteou thy AB xpdc dpVuc téuver, xol diya 
avtiy téuvet. ton toa 7 AZ tH ZB Sindh how A AB tic 
AZ. did Te OTE OF Hol WTA tic TH ott Sindy} nat Eotw 
ton 7 AB tH TA: ton doa xat 7 AZ tH PH. xol enet ion cotiv 
n AE tf EL, toov xali 16 and tic AE 16 and tig EP. GAA 
tT ev and tic AE toa ta and tév AZ, EZ: de0h yao H 
Teds TH) Z yoviar 16) dé and tic ET tou ta ano t6v EH, HI: 
6p07) Yue H Ted¢ 16 H ywvin ta dou and téHv AZ, ZE tou 
éotl toic and tév TH, HE, &v 16 and tH\¢ AZ ioov Eotl 165 
ano th¢ TH: ton yee €otw H AZ tH TH: Aowndv Goa tO and 
thc ZE 16 ano tij¢ EH toov Eotty: ton doa 7) EZ tH EH. ev 
d€ XUXAW loov anéyew ano Tov xévtoou evVela AEyovTa, 
OTAaV al dnd TOD xévtpOU En’ aAvTaC “x&DETOL Hy~dUEVaL Too 
Bow: at doa AB, TA ioov anéyovow and tod xévteov. 

AAG 67 at AB, TA evdeta toov dneyétwouy and tod 
xévtTeOU, Toutéotw ton gotw A EZ tf EH. Aéyo, ti ton 
éotl xa y AB tH TA. 
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(is) absurd. Thus, a circle does not touch a(nother) circle 
externally at more than one point. And it was shown that 
neither (does it) internally. 

Thus, a circle does not touch a(nother) circle at more 
than one point, whether they touch internally or exter- 
nally. (Which is) the very thing it was required to show. 


Proposition 14 


In a circle, equal straight-lines are equally far from the 
center, and (straight-lines) which are equally far from the 
center are equal to one another. 


D 


C 


A 


Let ABDC" be a circle, and let AB and CD be equal 
straight-lines within it. I say that AB and CD are equally 
far from the center. 

For let the center of circle ABDC have been found 
[Prop. 3.1], and let it be (at) E. And let EF and EG 
have been drawn from (point) E, perpendicular to AB 
and CD (respectively) [Prop. 1.12]. And let AE and EC 
have been joined. 

Therefore, since some straight-line, FF’, through the 
center (of the circle), cuts some (other) straight-line, AB, 
not through the center, at right-angles, it also cuts it in 
half [Prop. 3.3]. Thus, AF’ (is) equal to FB. Thus, AB 
(is) double AF’. So, for the same (reasons), C'D is also 
double CG. And AB is equal to CD. Thus, AF' (is) 
also equal to CG. And since AE is equal to EC, the 
(square) on AF (is) also equal to the (square) on EC. 
But, the (sum of the squares) on AF and EF (is) equal 
to the (square) on AF. For the angle at F (is) a right- 
angle [Prop. 1.47]. And the (sum of the squares) on EG 
and GC (is) equal to the (square) on EC. For the angle 
at G (is) a right-angle [Prop. 1.47]. Thus, the (sum of 
the squares) on AF’ and FE is equal to the (sum of the 
squares) on CG and GE, of which the (square) on AF 
is equal to the (square) on CG. For AF is equal to CG. 


STOIXEION y’. 


Tév yuo adtév xataoxevaodvevtwy Ouotwc SelEouey, 
Out SITAF, Eotty H Uev AB tic AZ, n Se TA tic PH: not exet 
ton cotly n AE ti TE, toov éoti 16 and tic AE 168 and 
tic TE: dAd t6 ev and tic AE tow Eotl te and tév EZ, 
ZA, 16 8€ and thc TE tow te and tv EH, HT. t& doa and 
tv EZ, ZA tow éotl toic dnd tv EH, HI: Gv 16 and tic 
EZ 165 ano tij¢ EH cot toov: ton yuo WH EZ th EH: Aownov 
&ou 10 and tH\¢ AZ toov Eotl 16 and tiH\¢ TH: ion doa H AZ 
th CH: xat cou tio uev AZ Sindy H AB, tic 6¢ TH SitAF 
n TA: ton dea y AB tH TA. 

‘EV x0xA® doa at tom evdeian toov anéyovow ano 
tov xévteou, xal at loov anéyovou &no tot xévtoou too 
GAAHAatc elotv: Onee Eder Seigau. 


+ The Greek text has “ABC'D”, which is obviously a mistake. 


le’. 

‘Ev x0xAw UEYLOTH UEV 1 Sidusteoc, Tév Se GAhwv cel 
n EyYlov tov xévteou Tic anwtepov UEtTwv Eotiv. 

"Eotw xdxdocg 0 ABTA, diduetpo¢ 5€ ato Eotw H AA, 
xévtpoy O€ tO E, xat Eyytov yev tij¢ AA diaeteou ~otww H 
BI, anwtepov dé h ZH: Aéyon, Sti ueytoty yEev cotw yn AA, 
uetCwv 6 A BI tic ZH. 

"Hydwouy yae ano tol E xévteou ent tac BI, ZH 
xavdetor al KO, EK. xol enel Ey yoy ev tod xévteou Eotiv 
7 BI, anatepoy 6é A ZH, vetTwv doa nH EK tic EO. xeiodw 
tf EO ton 7 EA, uot 81d tot A tH EK mpd¢ deduce ayVeton 
7 AM dujydw ent to N, xal exneTevyJwoay at ME, EN, ZE, 
EH. 

Kat énet ton cotlv nH EO t7 EA, ton eott xat H BI ti 
MN. réaw, éxel ton cotlv yn uev AE ty EM, Oe EA ti 
EN, 7 éepa AA toiic ME, EN ion Eotiv. dAX’ at uev ME, EN 
tiic MN yetCovec ciow [xal 7 AA tic MN uciGev eotiv], 
ton 5¢ 7 MN tH BI 7 AA dow tic BI yetCwv eottv. xaul 
etel 600 at ME, EN 600 toc ZE, EH tom eloty, xal ywvia 
7 UnO MEN yevlac tij¢ Und ZEH uetZwv [Eotiv], Bé&ors dow 
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Thus, the remaining (square) on F'F is equal to the (re- 
maining square) on FG. Thus, EF (is) equal to HG. And 
straight-lines in a circle are said to be equally far from 
the center when perpendicular (straight-lines) which are 
drawn to them from the center are equal [Def. 3.4]. Thus, 
AB and CD are equally far from the center. 

So, let the straight-lines AB and CD be equally far 
from the center. That is to say, let EF be equal to EG. I 
say that AB is also equal to CD. 

For, with the same construction, we can, similarly, 
show that AB is double AF’, and CD (double) CG. And 
since AF is equal to CE, the (square) on AF is equal to 
the (square) on CE. But, the (sum of the squares) on 
EF and FA is equal to the (square) on AF [Prop. 1.47]. 
And the (sum of the squares) on EG and GC (is) equal 
to the (square) on C'E [Prop. 1.47]. Thus, the (sum of 
the squares) on EF and FA is equal to the (sum of the 
squares) on EG and GC, of which the (square) on FF is 
equal to the (square) on EG. For EF (is) equal to EG. 
Thus, the remaining (square) on AF is equal to the (re- 
maining square) on CG. Thus, AF (is) equal to CG. And 
AB is double AF’, and CD double CG. Thus, AB (is) 
equal to CD. 

Thus, in a circle, equal straight-lines are equally far 
from the center, and (straight-lines) which are equally far 
from the center are equal to one another. (Which is) the 
very thing it was required to show. 


Proposition 15 


In a circle, a diameter (is) the greatest (straight-line), 
and for the others, a (straight-line) nearer to the center 
is always greater than one further away. 

Let ABCD be a circle, and let AD be its diameter, 
and £ (its) center. And let BC be nearer to the diameter 
AD,' and FG further away. I say that AD is the greatest 
(straight-line), and BC (is) greater than FG. 

For let EH and EK have been drawn from the cen- 
ter FE, at right-angles to BC and FG (respectively) 
[Prop. 1.12]. And since BC is nearer to the center, 
and FG further away, EK (is) thus greater than EH 
[Def. 3.5]. Let EZ be made equal to EH [Prop. 1.3]. 
And LM being drawn through L, at right-angles to EK 
[Prop. 1.11], let it have been drawn through to N. And 
let ME, EN, FE, and EG have been joined. 

And since FH is equal to EL, BC is also equal to 
MN [Prop. 3.14]. Again, since AE is equal to EM, and 
ED to EN, AD is thus equal to ME and EN. But, ME 
and EN is greater than MN [Prop. 1.20] [also AD is 


STOIXEION y’. 


1 MN Béoews tic ZH yetCwv éotiv. ahaa 7» MN tH BP 
edetyOn ton [xat y BI tic ZH yeiGwv Eotiv]. ueytotn wev 
goa n AA Siduetooc, ueitwv 5¢ A BI tij¢ ZH. 


M A 
B 
Z 
K A 
H 
N A Tr 


‘Ey x0xAw doa ueyloty YEV EoTW N SidEteOG, TéV dé 
drov del 7 Eyylov tov xévtpou tic dnadtepov etTwv Eotiv: 
oree Eder SetEa. 
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greater than MN], and MN (is) equal to BC. Thus, AD 
is greater than BC’. And since the two (straight-lines) 
ME, EN are equal to the two (straight-lines) FE, EG 
(respectively), and angle MEN [is] greater than angle 
FEG,* the base MN is thus greater than the base FG 
[Prop. 1.24]. But, 1/N was shown (to be) equal to BC 
[(so) BC is also greater than FG]. Thus, the diameter 
AD (is) the greatest (straight-line), and BC (is) greater 
than FG. 


N C 


D 

Thus, in a circle, a diameter (is) the greatest (straight- 
line), and for the others, a (straight-line) nearer to the 
center is always greater than one further away. (Which 
is) the very thing it was required to show. 


+ Euclid should have said “to the center”, rather than ”to the diameter AD”, since BC, AD and FG are not necessarily parallel. 


t This is not proved, except by reference to the figure. 


IT". 

‘H th dtayétew to xvxAoUu Ted deUdc an’ a&xeac 
ayouevn ExtO¢ Teoeita tol xvxAov, xol cic TOV UETAgD 
TONOV THic Te EUVElac xal Tic MEELpEpelac EtTEOAa evDEIA OV 
TapeuTEoeita, “al N WEV TOU AULxLXAloV ywvla ancdonc 
yovlag o€elac evduyeduyou yetCwv eotty, A Se Aownh 
EAGTTOY. 

"Eotw xvxdko¢ O ABI nei xévteov tO A xa didueteov 
thy AB: éyw, tt H and tod A tH AB ted¢ eda an’ 
dxpac HyoUEvN ExTOS Teceitu ToD xOXAODv. 

My yee, DI? et Suvatéyv, miIMTETA Evtdg Wo H TA, xa 
éreCevy0w yn AT. 

‘Enel ton cotlv y AA ty AT, fon Eotl xal ywovia n UM 
AAT yoovig th tnd ATA. dedi dé 7 Ord AAT: 409A doa 
nal A Und ATA: tetymvou 8h to} ATA ai S00 ywvion ai 
ono AAT, ATA 800 dpdoic tam ciotv: nee Eotiv dd0vatov. 
ovx dea 7 &nO to A onuetov tH BA med¢ dp0ac &youevn 
évtog Teoeita, To xUxAOV. OUOolwe Sf SeiGouev, StL 00d’ 
EMl Thc Meeupepsiuc’ ExtOc tow. 
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Proposition 16 


A (straight-line) drawn at right-angles to the diameter 
of a circle, from its end, will fall outside the circle. And 
another straight-line cannot be inserted into the space be- 
tween the (aforementioned) straight-line and the circum- 
ference. And the angle of the semi-circle is greater than 
any acute rectilinear angle whatsoever, and the remain- 
ing (angle is) less (than any acute rectilinear angle). 

Let ABC be a circle around the center D and the di- 
ameter AB. I say that the (straight-line) drawn from A, 
at right-angles to AB [Prop 1.11], from its end, will fall 
outside the circle. 

For (if) not then, if possible, let it fall inside, like CA 
(in the figure), and let DC have been joined. 

Since DA is equal to DC, angle DAC is also equal 
to angle ACD [Prop. 1.5]. And DAC (is) a right-angle. 
Thus, ACD (is) also a right-angle. So, in triangle ACD, 
the two angles DAC and ACD are equal to two right- 
angles. The very thing is impossible [Prop. 1.17]. Thus, 
the (straight-line) drawn from point A, at right-angles 


STOIXEION y’. 


E 


Ilintéta wc 1 AE: Ey OH, Ott cic TOV YETAgd tOTOV 
tic te AE evetuc xal tic TOA neoupepetauc Etéoa cdVeia 
ov TAPEUTEOEITAL. 

Et yoo Suvatév, napeumintétw wo n ZA, xal FyVw and 
tov A onyetou ent tiv ZA xddetoc n AH. xa excl dod4 
éouv 7 Und AHA, éddttwv 6€ dedfic H Und AAH, veiCov 
goa n AA tic AH. ton 6 y AA tH AO: UciCav doa 7 AO 
tic AH, 7 EAdttwv tic UeiCovoc: Sep Eotiv ddUVaTOV. OU 
dea cig TOV UeTAY TOTOV Tiic Te EVVElac nal Tic TepI~pEostac 
Etépa euveia MaosUTeceitaL. 

Aéyw, dti xal A UEV Tod HuixuxAtov yovia h MeeLeyouevN 
bono te tic BA evVetuc xal tic TOA neoupepsiuc andonc 
yovlac d€elac e0NUypduuou UeiCwv gotiv, H bé AowTT H Te- 
eleyouevy Ord te tic TOA nepupepetuc xal tic AE ed0etac 
andone ywvlac d€etac ebNUypduUoU EAdTIWY Eotly. 

Et ye gott tic ywvia evdbyeayuod ueitwv Uev tic 
Tepleyouevns Und te tic BA evdetauc xat tic TOA repr 
wepetac, EAdttwv SE Tic Tepieyouevnc Ond te tic TOA 
mepipepetacg xal thc AE evVeluc, cic tov Uetaed TOnOV Tic 
te TOA neoupepetuc ual tic AE cddetac ev0eta mapeu- 
Teoeita, tlc Moljoet uctTova yev tic Mepleyougvync Uno 
te tic BA ev¥etuc xal tic TOA neoupepetuc Und evdetdiv 
TEQLEYOUEVYV, EAdTTOVa SE Tic TEELeyouEWNC UNO Te TYc 
TOA repupepetucg xal tic AE cv0etuc. ob napeuninter dé 
obx dpa Tic Nepleyouewnc ywviac Und te tic BA edVetac 
xal tic TOA nepipepetag oto YeiCwv O€eta Und cvderésv 
TECLEYOUEVNH, OVSE UNV EAdTTWY Tic TepleyouevNc UNO TE 
tic TOA nepupegstauc xa tic AE cvdetac. 
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to BA, will not fall inside the circle. So, similarly, we 
can show that neither (will it fall) on the circumference. 
Thus, (it will fall) outside (the circle). 

B 


Let it fall like AF (in the figure). So, I say that another 
straight-line cannot be inserted into the space between 
the straight-line AF and the circumference CH A. 

For, if possible, let it be inserted like F'A (in the fig- 
ure), and let DG have been drawn from point D, perpen- 
dicular to FA [Prop. 1.12]. And since AGD is a right- 
angle, and DAG (is) less than a right-angle, AD (is) 
thus greater than DG [Prop. 1.19]. And DA (is) equal 
to DH. Thus, DH (is) greater than DG, the lesser than 
the greater. The very thing is impossible. Thus, another 
straight-line cannot be inserted into the space between 
the straight-line (AF) and the circumference. 

And I also say that the semi-circular angle contained 
by the straight-line BA and the circumference CHA is 
greater than any acute rectilinear angle whatsoever, and 
the remaining (angle) contained by the circumference 
CHA and the straight-line AF is less than any acute rec- 
tilinear angle whatsoever. 

For if any rectilinear angle is greater than the (an- 
gle) contained by the straight-line BA and the circum- 
ference C'HA, or less than the (angle) contained by the 
circumference C'HA and the straight-line AE, then a 
straight-line can be inserted into the space between the 
circumference C'H A and the straight-line AE—anything 
which will make (an angle) contained by straight-lines 
greater than the angle contained by the straight-line BA 
and the circumference CHA, or less than the (angle) 
contained by the circumference CHA and the straight- 
line AE. But (such a straight-line) cannot be inserted. 
Thus, an acute (angle) contained by straight-lines cannot 
be greater than the angle contained by the straight-line 
BA and the circumference C'H A, neither (can it be) less 
than the (angle) contained by the circumference CH A 
and the straight-line AF. 
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TIde1ca. 

‘Ex Of toUtOU wavepdy, OTL H TH Siauetew tod xbxAovu 
TOC CEVdC an Gxeuc KyoUEVH EManteta tod xVxAOU 
[xal dtu cvdeia xdxAov xo’ Ev Udvov EMenteta oNUEloy, 
ereioynep Xal H xATH BVO HUTG CUUBUAAOVOM EvTOS ATO 
nintovoa edety Or] nee eSer SetEau. 


IC. 
Ano tod doVEvto¢ onUeiou tot So00Evto0¢ xOxAOU Eqa- 
Ttovevyy cvvelav YoaUHY cwyoyelv. 


go, 


ae ak 


"Eotw TO yev Sov onuctov 10 A, 0 be doVele xbxAOC 
o BIA: bet 57 and tod A onuetov tod BLA xdxAou ega- 
Ttouevyny cvveiav year cyoryeiv. 

EUnpdw yuo tO xévteov to¥ xvxAoU TO EH, xatl 
éneCevy0w 7 AE, xol xévtow yev 16 E dtaothyats dé té5 
EA xbxdro¢ yeyeapdw 6 AZH, xat and tot A ti EA ned¢ 
opvac FxV@ Hn AZ, xal eneTebyBwouy ai EZ, AB’ dEyo, 
ott dno tod A onyetou tod BPA xbxAou epantoyevn fata 
n AB. 

‘Enel yuo 10 E xévtpov éoti tv BIA, AZH xvxrwv, 
fon doa éotiv nH uev EA ti EZ, 7 6é EA ti EB: 500 5h 
at AE, EB 800 toc ZE, EA toa ciotv: xal ywviav xowhy 
TEpleyovot thy Ted Té) E- Bdouc koa A AZ Bdoer t7 AB 
ton Eottv, xal to AEZ tetywvov té) EBA teryovay toov 
cotty, xal at Aoimal yarvloan tolic Aoumalic ywviauc: ton dea 7 
ono EAZ t7 bn EBA. dp07 5¢ AW bnO EAZ: 6007 doa xol H 
uno EBA. xat gotw 7 EB €x tod xévteou: FS TH StayetoEw 
to xUxAOU Ted OEDdC aN dxouc KYOUEVH E~aNteTa TOD 
xbxrou 7 AB dea e~dnteta tot BLA xdxAov. 

Ano tod toa So0Evtog onustov tot A tod Sodévtoc 
xbxrov tod BLA egantouevyn ev0eta yoauur Fxtoa 7 AB: 
Onee E5el TOLon. 
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Corollary 


So, from this, (it is) manifest that a (straight-line) 
drawn at right-angles to the diameter of a circle, from 
its extremity, touches the circle [and that the straight-line 
touches the circle at a single point, inasmuch as it was 
also shown that a (straight-line) meeting (the circle) at 
two (points) falls inside it [Prop. 3.2]]. (Which is) the 
very thing it was required to show. 


Proposition 17 


To draw a straight-line touching a given circle from a 
given point. 


A 


E 


ee ae 


Let A be the given point, and BCD the given circle. 
So it is required to draw a straight-line touching circle 
BCD from point A. 

For let the center E of the circle have been found 
[Prop. 3.1], and let AE have been joined. And let (the 
circle) AFG have been drawn with center E and radius 
EA. And let DF have been drawn from from (point) D, 
at right-angles to FA [Prop. 1.11]. And let EF and AB 
have been joined. I say that the (straight-line) AB has 
been drawn from point A touching circle BCD. 

For since F is the center of circles BCD and AFG, 
EA is thus equal to EF, and ED to EB. So the two 
(straight-lines) AE, EB are equal to the two (straight- 
lines) FE, ED (respectively). And they contain a com- 
mon angle at &. Thus, the base DF is equal to the 
base AB, and triangle DEF is equal to triangle EBA, 
and the remaining angles (are equal) to the (corre- 
sponding) remaining angles [Prop. 1.4]. Thus, (angle) 
EDF (is) equal to EBA. And EDF (is) a right-angle. 
Thus, EBA (is) also a right-angle. And FB is a ra- 
dius. And a (straight-line) drawn at right-angles to the 
diameter of a circle, from its extremity, touches the circle 
[Prop. 3.16 corr.]. Thus, AB touches circle BCD. 

Thus, the straight-line AB has been drawn touching 


STOIXEION y’. 


, 
\y- 
‘Ey xbxdovu egantytat tic cvdeta, and 6 tod xévteou 
emt Thy aery eniCevy 0 Fj tic cvVEta, A EmiCevyVeiow xdVeto¢ 
Zot ETl Thy EPANTOUEVNV. 


E 


Koxiovu yao tob ABT eq—antéode tig c0Veta n AE xat& 
to TI onuciov, xal ciAypdew to xévtpov to} ABT xvxhov tO 
Z, xal dnd tod Z ent 16 T eneCevyVw y ZT AEyw, Ott H ZE 
xadetoc Eotw ent thy AE. 

Et yao wh, AyI@ and tod Z ext thy AE xadetoc n ZH. 

‘Enel odv 7 Un ZHT ywvia dedH Eotw, O€eia Kou Eotiv 
n dno ZVH: bno b thy UciTova yaviay 7H YelCwv TAEVEa 
bnotetver’ ueitav doa 7 ZDP tic ZH ion Sé H ZT th ZB- 
uci@av dea xat n ZB tic ZH fh EAdtwv tic UetTovoc’ mee 
éotly ad0vatov. ovx doa 7 ZH xddetd¢ Eotw Ext thy AE. 
Ouolwe Oh SetZouev, StL OVS’ GAAy tic TAHY tio ZTE H ZL 
dou udVetd¢ Eott Ext thy AE. 

‘Eay doa xvxdou epdntyntat tic evdeta, and be tod 
HXEVTOOU Erk THY APH EniCevydF tic evVEIa, A EmiCevyVeton 
xav_etog Eota El thy Epantouevyy’ Sree Eder SetEan. 


1’. 


‘Eay xvxdou eodntytat tic cvveta, and Se tiH¢ MpTic TH 
EPANtoNEVN TEdS deVaC [ywvlac] cLIEta YoauUUT ay DF, Ext 
thc ayvelonc Cota TO xEvtoOV TOU xUxAOVv. 

Koxiov yao tod ABT egantéode tic c0Veta n AE xat& 
to T onueiov, xol and tod LP ti AE nedc dedac Hydw A 
TA: AEéyw, Sti Ext tic AT Eott 16 xEvteov tod xbxAov. 
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the given circle BCD from the given point A. (Which is) 
the very thing it was required to do. 


Proposition 18 


If some straight-line touches a circle, and some 
(other) straight-line is joined from the center (of the cir- 
cle) to the point of contact, then the (straight-line) so 
joined will be perpendicular to the tangent. 


E 


For let some straight-line DE touch the circle ABC at 
point C’,, and let the center F' of circle ABC have been 
found [Prop. 3.1], and let FC have been joined from F 
to C. I say that FC is perpendicular to DE. 

For if not, let FG have been drawn from F’, perpen- 
dicular to DE [Prop. 1.12]. 

Therefore, since angle F'GC is a right-angle, (angle) 
FCG is thus acute [Prop. 1.17]. And the greater angle is 
subtended by the greater side [Prop. 1.19]. Thus, FC (is) 
greater than F'G. And FC (is) equal to FB. Thus, FB 
(is) also greater than FG, the lesser than the greater. The 
very thing is impossible. Thus, FG is not perpendicular to 
DE. So, similarly, we can show that neither (is) any other 
(straight-line) except FC. Thus, F'C' is perpendicular to 
DE. 

Thus, if some straight-line touches a circle, and some 
(other) straight-line is joined from the center (of the cir- 
cle) to the point of contact, then the (straight-line) so 
joined will be perpendicular to the tangent. (Which is) 
the very thing it was required to show. 


Proposition 19 


If some straight-line touches a circle, and a straight- 
line is drawn from the point of contact, at right-[angles] 
to the tangent, then the center (of the circle) will be on 
the (straight-line) so drawn. 

For let some straight-line DE touch the circle ABC at 
point C’. And let CA have been drawn from C, at right- 
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A E 
T 

My yuo, GAX’ et Suvatdv, Eotw tO Z, xal EneTevydw 7H 
TZ. 

‘Enel [ody] xdxAou tot ABT egéntetat tic ebVetan 7 AE, 
and S€ Tov xEvtoou Ent thy phy EnéCevuta H ZT, 7 ZT koa 
xadetog Eotw Ent thy AE do0H dea gotlv A Und ZLE. eotk 
dé xal A Uno ATE de0%; ton dou Eotlv H Und ZTE tf bn 
ATE f eidttwv tH ueiCow Smee Eotly ddbvatov. obx koa 
to Z xévtpov gott tod ABT’ xbxAov. duolwc 54 SetEouev, 
Ott 00d’ GAO TL TAH Ext tic AT. 

‘Eay dow xdxAou egantytat tic eudeta, amo SE Tic A~F< 
Th Epantouevyn TeOc CEvac ebVeia yeauUr aydDH, Ent tic 
aydelonc Eota TO xévteov Tov xdxAoU’ Smee Eder Seigaun. 


x’. 

"Ey x0xAW N MES TH XEVTOEW Ywvia SiTAGCLWY EOTI Tic 
TMEOS TH MEoipepein, Stav Thy aAVTHY TEoLPepsLav Bdow Eyw- 
ow al yovio. 

"Eotw xvxdoc 0 ABI, xat med¢ yéev T6 xEvtTEW avTOD 
yovia Eotw h Und BED, npdc Sé tH neoupepsia W Und BAT, 
éyétwouv 6 THY aUTHY TEpLeoeiav B&ow thy BI: Aéyo, 
ott SitAaotwv cotiv H Ond BET ywvia tig Und BAT. 

"Em@evyveion yoo 7 AE dijydo ent 16 Z. 

‘Enel obdv ton cotlv n EA ti EB, ton xal ywvia A Und 
EAB tf 20 EBA’ of doa tnd EAB, EBA yovia tic bn 
EAB dindaotoug eiotv. ton dé H O20 BEZ toc tnd EAB, 
EBA: xai 7 0nd BEZ dow tij\¢ nO EAB éott SitAF. Sid TH 
avte S/H xal A ONO ZED tic Uno EAT got SitAH. SAN koa 
n bno BED Ange tic On BAT Eott SinAF. 
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angles to DE [Prop. 1.11]. I say that the center of the 
circle is on AC. 


A 


D C E 

For (if) not, if possible, let F be (the center of the 
circle), and let CF have been joined. 

[Therefore], since some straight-line DE touches the 
circle ABC, and FC has been joined from the center to 
the point of contact, FC is thus perpendicular to DE 
[Prop. 3.18]. Thus, FCE is a right-angle. And ACE 
is also a right-angle. Thus, FCE is equal to ACE, the 
lesser to the greater. The very thing is impossible. Thus, 
F is not the center of circle ABC. So, similarly, we can 
show that neither is any (point) other (than one) on AC. 


Thus, if some straight-line touches a circle, and a straight- 
line is drawn from the point of contact, at right-angles to 
the tangent, then the center (of the circle) will be on the 
(straight-line) so drawn. (Which is) the very thing it was 
required to show. 


Proposition 20 


In a circle, the angle at the center is double that at the 
circumference, when the angles have the same circumfer- 
ence base. 

Let ABC be a circle, and let BEC be an angle at its 
center, and BAC (one) at (its) circumference. And let 
them have the same circumference base BC. I say that 
angle BEC is double (angle) BAC. 

For being joined, let AE have been drawn through to 
F, 

Therefore, since EA is equal to EB, angle EAB (is) 
also equal to EBA [Prop. 1.5]. Thus, angle EAB and 
EBA is double (angle) EAB. And BEF (is) equal to 
EAB and EBA [Prop. 1.32]. Thus, BEF is also double 
EAB. So, for the same (reasons), F'EC is also double 
EAC. Thus, the whole (angle) BEC is double the whole 
(angle) BAC. 


STOIXEION y’. 


A 


B 


Kerxrdodo dh mda, xol Zotw Etépa Ywvia n Und BAT, 
xal emCevyveioa 7 AE exBeBajodw ent to H. dyoiws oh 
det€ouev, Ott SAF} Eotw Hn UNO HET yovia ti¢ bnd EAT, 
av 7 Und HEB bindfj ott th\¢ UNO EAB oinh &a H ODO 
BED oinAf €ott thc bnd BAT. 

"Ey xUxAW Goa N Teds TG) XEVTOEW Ywvla dITAGCLWY EOTI 
Thc Ted TH Tepupeoeia, OTAV THY HUTYY TEPLpepELav Bow 
éywow [at ywviou]’ Smee Eder Seton. 


, 


Xd. 


‘Ey x0xAw al Ev TE MUTE TUAATL Yoovion too GAANAOUC 


clotv. 
A 


T 

"Eotw xbxdoc O ABTA, xol év 6 wit tyHyaTt To 
BAEA yovia gotwoav at Ord BAA, BEA: AEvo, Str ati 
ond BAA, BEA yeovion fou ana ctotv. 

Et jpda yae tot ABLA xbxdovu 16 xévtpov, xal Eotw 
to Z, xal eneTevy0wouv at BZ, ZA. 

Kat énet 7 wev Und BZA yoovia med¢ té xEvtew Eotiy, 
dé Und BAA xpdc¢ tH nepipepsta, xal Eyovot THy adTHy TeE- 
eupépstav Baow thy BLA, h dpa Und BZA ywvia ditAaotuv 
éotl tij¢ UNO BAA. Ste te avTa BY A UNO BZA xa tic bnO 
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B 


So let another (straight-line) have been inflected, and 
let there be another angle, BDC. And DE being joined, 
let it have been produced to G. So, similarly, we can show 
that angle GEC is double EDC, of which GEB is double 
EDB. Thus, the remaining (angle) BEC is double the 
(remaining angle) BDC. 

Thus, in a circle, the angle at the center is double that 
at the circumference, when [the angles] have the same 
circumference base. (Which is) the very thing it was re- 
quired to show. 


Proposition 21 


In a circle, angles in the same segment are equal to 
one another. 


A 


C 

Let ABCD be a circle, and let BAD and BED be 
angles in the same segment BAED. I say that angles 
BAD and BED are equal to one another. 

For let the center of circle ABCD have been found 
[Prop. 3.1], and let it be (at point) F. And let BF and 
FD have been joined. 

And since angle BF'D is at the center, and BAD at 
the circumference, and they have the same circumference 
base BCD, angle BF'D is thus double BAD [Prop. 3.20]. 


STOIXEION y’. 


BEA Eéott ditAotwv: ton dea H Und BAA tH Und BEA. 
"Ev x0xAM Goa al Ev TE KUT TUAATL yYovion too 
GAAHAauc elotv’ Onep Eder Seigau. 


, 
xB". 
Tv Ev TOlg KUXAOIS TEeTOATAEVEWY al ATEVaVTIOV Yulia 
dvoly oeVoiic fom etotv. 


A 


"Eotw x0xdoc¢ 0 ABTA, xa ev wité tetedmAeupov Eotw 
tO ABTA: déya, 6tt at dnevavttov ywviat dvoly deVaiic too 
eloty. 

‘EneCevydwouv at AP, BA. 

‘Enel obv Tavtbc ToLlyovou al teeic ywviot dvolv oeVaiic 
fou ciotv, tol ABI dea terymvou ai teeic ywvion al bm0 
TAB, ABI, BLA dvolv dpVaiic tou cictv. ton dé A Yev bnO 
TAB tf Und BAT: év yoo 16 adT6 tTufatt cior 164 BAAT- 
n dé Und ATB tf nd AAB: ev yao 16 wdTé TUAatt cior 
ta AATB: 6An doa H Und AAT toc bnd BAT, ATB ion 
éotlv. xowr mpooxciodw 7 Und ABI: at dea bnd ABT, 
BAT, ATB tofc tnd ABT, AAT tom cictv. GAN at tnd 
ABI, BAT, ATB duolv dedoiic tou ciotv. xat ai bnd ABI, 
AAT dea dvotv dpddic toon ciotv. Ovotwc 61 SelZouev, Ott 
xa at bDnO BAA, ATB yeovia dvo0lv dedaiic tom etoty. 

Tv dea Ev toic xbxAoI¢g TeTeaTAcbewY ol anEvavtiov 
yovia, Svolv Oevaiic too elotv Snee Eder SeiZa. 


, 
ny". 
Ent tic wutiic evVetac OVO TUHUATA XOXAWY SUOLA Xo 
d&vica ov ovotadoeta Ent Ta MUTe EON. 
Et yao Suvatdéyv, ent thc avti¢ evVetac thc AB 500 
TUNUATA KUXAWY GUOLA Kol vlIod OUVEOTATW ETL TH AUTH 


uéon ta ALB, AAB, xot dijydo A ATA, xat exeCedyIwouv 
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So, for the same (reasons), BF'D is also double BED. 
Thus, BAD (is) equal to BED. 

Thus, in a circle, angles in the same segment are equal 
to one another. (Which is) the very thing it was required 
to show. 


Proposition 22 


For quadrilaterals within circles, the (sum of the) op- 
posite angles is equal to two right-angles. 


B 


D 


Let ABCD be a circle, and let ABCD be a quadrilat- 
eral within it. I say that the (sum of the) opposite angles 
is equal to two right-angles. 

Let AC and BD have been joined. 

Therefore, since the three angles of any triangle are 
equal to two right-angles [Prop. 1.32], the three angles 
CAB, ABC, and BCA of triangle ABC are thus equal 
to two right-angles. And C'AB (is) equal to BDC. For 
they are in the same segment BADC [Prop. 3.21]. And 
ACB (is equal) to ADB. For they are in the same seg- 
ment ADCB [Prop. 3.21]. Thus, the whole of ADC is 
equal to BAC and AC'B. Let ABC have been added to 
both. Thus, ABC, BAC, and ACB are equal to ABC 
and ADC. But, ABC, BAC, and ACB are equal to two 
right-angles. Thus, ABC and ADC are also equal to two 
right-angles. Similarly, we can show that angles BAD 
and DCB are also equal to two right-angles. 

Thus, for quadrilaterals within circles, the (sum of 
the) opposite angles is equal to two right-angles. (Which 
is) the very thing it was required to show. 


Proposition 23 


Two similar and unequal segments of circles cannot be 
constructed on the same side of the same straight-line. 

For, if possible, let the two similar and unequal seg- 
ments of circles, ACB and ADB, have been constructed 
on the same side of the same straight-line AB. And let 


STOIXEION y’. 


ai IB, AB. 


A 


‘Enel odv dowdy éott TO AT'B tufua 76 AAB ty hott, 
Ouola SE TUAYATA xLxAWY EoTL TH SeyoUEvaA yovlac touc, 
ton éeu Eotlv W Und APB ywvia tH Ond AAB n Extodc tH 
évtoc’ OnE Eotly AdOVaTOV. 

Ovx doa ent tic avthc eudeiac S00 TUnUaTAa xOxAWV 
Sola xal &vica oVoTHDHoETaA ET TH HUTA UEON’ OEE Eder 


Seiten. 


x0". 
Ta ent tlowy evderv Guorm TUAata KVAWY tow GAAAAOLC 
éotly. 


E 


Tr A 


"Eotwouv yuo ent towy evVeiiv tév AB, TA duo 
Turata x0xAwy ta AEB, [ZA: déyw, Sti toov Eotl tO 
AEB tyfjua 165 [ZA thot. 

"“EgapuoCouevou yuo tol AEB tyxatoc ent t6 TZA xol 
tw0euevou tod uev A onuetou ent 10 T tic 6€ AB cdVetac 
ént thy TA, egaoudoer xa t6 B onyuetov ext to A onuctov 
die TO tony etvon thy AB t7 TA: tic 5 AB Ext thy TA Eqap- 
yoodons epapudoet xa To AEB tufiua ext 16 DZA. et yao 
7 AB coveta ext thy TA éqapudoes, 10 6€ AEB tyfua ert 
to PZA un epagudoet, Htot Evto¢ adtod neoettou 7 Extd¢ 
H TaoadAdEet, Oc TO THA, xal xdxrocg xdxrov téuvet xaTe 
TActova onueia yj dvo0" One cotiv GVvatov. ovx hoa E~pag- 
yoCouevig tij¢ AB cvVetuc ext thy TA ovx Epapydoet xa 


BA 
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ACD have been drawn through (the segments), and let 
CB and DB have been joined. 


D 


B 


Therefore, since segment ACB is similar to segment 
ADB, and similar segments of circles are those accept- 
ing equal angles [Def. 3.11], angle ACB is thus equal 
to ADB, the external to the internal. The very thing is 
impossible [Prop. 1.16]. 

Thus, two similar and unequal segments of circles 
cannot be constructed on the same side of the same 
straight-line. 


Proposition 24 


Similar segments of circles on equal straight-lines are 
equal to one another. 


ie 


C D 


For let AEB and CFD be similar segments of circles 
on the equal straight-lines AB and CD (respectively). I 
say that segment AEB is equal to segment CFD. 

For if the segment AFB is applied to the segment 
CFD, and point A is placed on (point) C, and the 
straight-line AB on CD, then point B will also coincide 
with point D, on account of AB being equal to CD. And 
if AB coincides with CD then the segment AEB will also 
coincide with CFD. For if the straight-line AB coincides 
with C'D, and the segment AFB does not coincide with 
CFD, then it will surely either fall inside it, outside (it),' 
or it will miss like CGD (in the figure), and a circle (will) 
cut (another) circle at more than two points. The very 


MTOIXEION y’. 


tO AEB tufa ext 10 PZA: eqapudoet doa, xal toov avtés 
EOTOL. 

Ta doa ent towv cuderdyv duoia TUAYata xOxXAwV tou 
GAVAOIg Eotiv’ SrEO Eder Seigar. 


+ Both this possibility, and the previous one, are precluded by Prop. 3.23. 


, 


XE. 


Ko0xAovu tunuatoc Sovevtog TECGAVayEcpat TOV xOxAOY, 
obnép €otl TUAUC. 


A A 

BLA E B A B A 
E 

is r r 


"Eotw 16 d00€v tua xvxAov TO ABI det 64 tod ABT 
Turatog Teocavayedyar Tov xOxAOV, ONES EOTL TURE. 

Tetujodve yuo 7 AT dtya xata 10 A, xal HyVw and tod 
A onuetou tH AD ned¢ dp0ac H AB, xat exeTevy Iw 7 AB- 
n und ABA ywvia dea tig On6 BAA Ato uctZ@wv Eotiv 7 
ton 7 eAdttwv. 

"Hot medtepoyv yeitwv, xal ovuveotdtw medc ty} BA 
evveta xal 1 Ted¢ AUTH Onustw 17 A tH LTO ABA ywvig 
fon n Un0 BAE, xai dijydw 7 AB Ent to EB, xol exeTevydw 
n ED. énet odv ton Eotiv 7 O26 ABE ywvia ti no BAE, 
fon doa oth xai 7 EB ed0eia tH EA. xol énel ton cotlv 
AA ti AT, xown dé H AE, 500 57 of AA, AE 800 toiic 
TA, AE tom ciolv exatéoa exatéeg xal ywvia y Und AAE 
yovig tH bro TAE cot ion: ded) yuo exatéea Bdoug toa 
n AE Béoet tH TE eotw ion. Ad A AE 17 BE édetydn 
fon xal 7 BE dow t7 TE cot tor: at teeic doa at AE, EB, 
ED too crAnAaic cictv: 6 dea xévteds 16) E Stacthuatt o€ 
evi tév AE, EB, ED xdxdoc yoapouevoc Heer xa due tév 
oinGy onueiwv xa Eotor Toooavayeyepauwevoc. xvxAOU 
doa tufyatoc Sovévtog Teocavayéypunta oO xbxAOC. xatl 
dffrov, ac TO ABI tufjua EAattdv Eotw HurxvxAtou did TO 
tO E xévtpov exto¢ avutod tTuyycévely. 

‘Ouotuc [5€] xav 4 7 Ond ABA ywvia ton tH bnd BAA, 
tic AA tone yevouevnc exatéeg tv BA, AT at teeic ai 
AA, AB, AT tom aAAHAag Eoovta, xal Eota T6 A xévteov 
TOU TECCAVATETANPWYHEVOL KXUXAOL, xal SNHAASH EoTa TO 
ABT nuuxdxAvov. 

"Ey b€ H UNO ABA éhattwv 7 tic OnO BAA, xa ov- 
otynomucta Ted¢ TH BA cb0eia xal 16) mpd¢ adTH oNuetw 
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thing is impossible [Prop. 3.10]. Thus, if the straight-line 
AB is applied to CD, the segment AEB cannot not also 
coincide with CFD. Thus, it will coincide, and will be 
equal to it [C.N. 4]. 

Thus, similar segments of circles on equal straight- 
lines are equal to one another. (Which is) the very thing 
it was required to show. 


Proposition 25 


For a given segment of a circle, to complete the circle, 
the very one of which it is a segment. 


A A A 

B D E B D B D 
E 

Cc C C 


Let ABC be the given segment of a circle. So it is re- 
quired to complete the circle for segment ABC, the very 
one of which it is a segment. 

For let AC have been cut in half at (point) D 
[Prop. 1.10], and let DB have been drawn from point 
D, at right-angles to AC [Prop. 1.11]. And let AB have 
been joined. Thus, angle ABD is surely either greater 
than, equal to, or less than (angle) BAD. 

First of all, let it be greater. And let (angle) BAE, 
equal to angle ABD, have been constructed on the 
straight-line B.A, at the point A on it [Prop. 1.23]. And 
let DB have been drawn through to E, and let EC have 
been joined. Therefore, since angle ABE is equal to 
BAE, the straight-line EB is thus also equal to EA 
[Prop. 1.6]. And since AD is equal to DC, and DE (is) 
common, the two (straight-lines) AD, DE are equal to 
the two (straight-lines) CD, DE, respectively. And angle 
ADE is equal to angle CDE. For each (is) a right-angle. 
Thus, the base AF is equal to the base CE [Prop. 1.4]. 
But, AF was shown (to be) equal to BE. Thus, BE is 
also equal to CE. Thus, the three (straight-lines) AE, 
EB, and EC are equal to one another. Thus, if a cir- 
cle is drawn with center , and radius one of AE, EB, 
or EC, it will also go through the remaining points (of 
the segment), and the (associated circle) will have been 
completed [Prop. 3.9]. Thus, a circle has been completed 
from the given segment of a circle. And (it is) clear that 
the segment ABC is less than a semi-circle, because the 
center £ happens to lie outside it. 


STOIXEION y’. 


16 A tf tnd ABA ywvig tony, Evtocg tod ABT tuxuatoc 
Teoeitat tO xévtpoy Erl tic AB, xal Eoto SnAad} tO ABP 
TUAUA UsiTov NuLxuxAtou. 

Kbxrou dea tunuatoc S0VEvtTOg TEOCAVAYEYEATTA O 
xbxhoc Ore Edel TOLfon. 


, 


XT. 


‘Ey toi¢ tootcg xvxAol¢ at tou ywvia El tow mepi@e- 
celdiv BeBrxaow, Ecv Te TEdC TOlc xXEVTPOIC EV TE TEdC 
tolic meeipepetaic Wot BeBrxvion. 


eZ 


TE 


N 


K 


*Eotwoay too. x0xAor ot ABT’, AEZ xol Ev abtoic tom 
yovio EoTwWouv Ted Lev Toic xEvtPOIc at UNO BHT, EOZ, 
TEO¢ SE Tolic MeeLPepetauc at UNO BAT, EAZ: déywo, ut ton 
éotlv 7 BKT repupéoera t7 EAZ nepipeoeta. 

‘EneCevydwouv yuo at BI, EZ. 

Kal enel toon ciotv ot ABP, AEZ xbxdo1, tom cio ai 
éx tév xévtopwv: 600 67 at BH, HI S00 totic EO, OZ toa: 
xal Yovla A med¢ T6) H yeovia tH med¢ 165 O ton Bdorg tow 
n BI Béoe th EZ cotw ton. xol Enet ton cotly H Ted¢ Té8 
A yovla tf mepd¢ 16 A, duolov dow éoti TO BAT tuFa té5 
EAZ tyyyatt: xat ciow ent towv evderdv [tv BI, EZ]: t& 
dé Ertl flowy evdeldv Ouola TuAYaTta xbxAwWY low GAAHAOLC 
gouty: toov doa 16 BAT ty fue 165 EAZ. gott 5€ xal Grog O 
ABDI xvxro¢ OAw 16 AEZ xdxAw tooc: Aownh Kea WY BKT 
Tepipépeta tH EAZ neoupepeta eotiv ton. 

‘Ey dea toic tooig xOxAOI¢ at too ywviow ent lowy TEel- 
wepeldsy BeBhxaow, Edv Te TEC TOI XEVTOOIC Edy TE TEOC 
toiic nepipepetacg Gor BeBnxvion deo Eder Seigar. 
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[And], similarly, even if angle ABD is equal to BAD, 
(since) AD becomes equal to each of BD [Prop. 1.6] and 
DC, the three (straight-lines) DA, DB, and DC will be 
equal to one another. And point D will be the center 
of the completed circle. And ABC will manifestly be a 
semi-circle. 

And if ABD is less than BAD, and we construct (an- 
gle BAE), equal to angle ABD, on the straight-line B.A, 
at the point A on it [Prop. 1.23], then the center will fall 
on DB, inside the segment ABC. And segment ABC will 
manifestly be greater than a semi-circle. 

Thus, a circle has been completed from the given seg- 
ment of a circle. (Which is) the very thing it was required 
to do. 


Proposition 26 


In equal circles, equal angles stand upon equal cir- 
cumferences whether they are standing at the center or 
at the circumference. 


A 


K 

Let ABC and DEF be equal circles, and within them 
let BGC and EHF be equal angles at the center, and 
BAC and EDF (equal angles) at the circumference. I 
say that circumference BKC is equal to circumference 
ELF. 

For let BC and EF have been joined. 

And since circles ABC and DEF are equal, their radii 
are equal. So the two (straight-lines) BG, GC (are) equal 
to the two (straight-lines) EH, HF (respectively). And 
the angle at G (is) equal to the angle at H. Thus, the base 
BC is equal to the base EF [Prop. 1.4]. And since the 
angle at A is equal to the (angle) at D, the segment BAC 
is thus similar to the segment EDF [Def. 3.11]. And 
they are on equal straight-lines [BC and EF]. And simi- 
lar segments of circles on equal straight-lines are equal to 
one another [Prop. 3.24]. Thus, segment BAC is equal to 
(segment) EDF. And the whole circle ABC is also equal 
to the whole circle DEF. Thus, the remaining circum- 
ference BKC is equal to the (remaining) circumference 
ELF. 

Thus, in equal circles, equal angles stand upon equal 
circumferences, whether they are standing at the center 


STOIXEION y’. 


Ro 
‘Ey Tot¢ toot xvxAoI¢ at Erl lowy TeeipeoelOv BeBrxuton 
yoviat toa aAAnAouc Elotv, Edv Te TEdc TOic XEVTPEOIC E&Y TE 
MEDS Tolig MEeLpeestai¢ Wot PeBnxutan. 


A 7 
Tr E Z. 
K 


"Ev yao tootc xbxdo1¢ toic ABT, AEZ ext towv ree- 
ocpeiasv tv BI, EZ noedc yey toic H, O xévteoic ywvia 
BeBrxétwouy at Uno BHT’, EOZ, noedc be tlic nepupepetoug 
at ond BAT, EAZ: déyw, 61 H EV UNO BHT yeovia t7 O20 
EOZ éotw ton, H 5€ Und BAT tH bn0 EAZ éotw ton. 

El yao avicdc¢ Eotw 1H Un BHT tf Ono EOZ, ula adtév 
usitwv éotiv. got yeiCwv A Und BHI, xol ovveotétw 
Ted¢ TH BH cvvetay xol 16 neoc wutf onuciw 16 H tH Uno 
EOZ yovig ton 7 OnO BHK: ati dé too yovion emt towv 
Teeipepelaiv BeBhxnow, Sta Ted Toic KEVTEOIC Wow: ton 
dou i BK neoupépeta tH EZ mepupepeig. GhAX 1 EZ tH BI 
éotw ton xal 1 BK doa th BI eotw ton A cddttwv tH; 
usiCow Step Eotlv dd0vatov. Ox koa &viIdd¢ EoTW FH LTO 
BHI ywvia th Uno EOZ: ton dow. not Eott tic wev UNO 
BHT nutoeia n med 16 A, tic 6é UNO EOZ juioera n med¢ 
ta) A: ton dea xal A Med¢ 16 A ywvia tH Ted¢ TH A. 

"Ey dea toi¢ tootg xbxAolc at Ett tow Tepipepetasy Be- 
Bruton yoovion loo GAANAaC Eloty, Ekv TE MOOS TOIc XEVTPEOLC 
EcY TE TES Tolic TepLpEoStaic Got BeBnxvion Smee Eder Seta. 


x1. 

‘Ey toic¢ tooig xvxAoig at too ebVeta touc mepipepetac 
&papotor thy ev yeiCova tH YetCow thy dé EAdTIOva TH 
EATTOML. 

*Eotwoay toot xoxdAo1 ot ABP, AEZ, xa év tote xbxA016 
tou evetan Eotwoav at AB, AE taéc yév ATB, AZE rept 
wepetac uetTovac aparpodoa tac 6¢ AHB, AOE eddttovac: 
Eyw, Ott NH Ev ATB yveilov neoupépeia ton cott t7 AZE 
uetCovu mepipepeta 4 5 AHB eddttwv nepipgoera tf) AOE. 
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or at the circumference. (Which is) the very thing which 
it was required to show. 


Proposition 27 


In equal circles, angles standing upon equal circum- 
ferences are equal to one another, whether they are 
standing at the center or at the circumference. 


A D 


C 
K 


For let the angles BGC and EHF at the centers G 
and H, and the (angles) BAC and EDF at the circum- 
ferences, stand upon the equal circumferences BC’ and 
EF, in the equal circles ABC and DEF (respectively). I 
say that angle BGC is equal to (angle) EHF’, and BAC 
is equal to EDF. 

For if BGC is unequal to FHF, one of them is greater. 
Let BGC be greater, and let the (angle) BGK, equal to 
angle EHF, have been constructed on the straight-line 
BG, at the point G on it [Prop. 1.23]. But equal angles 
(in equal circles) stand upon equal circumferences, when 
they are at the centers [Prop. 3.26]. Thus, circumference 
BK (is) equal to circumference EF. But, EF is equal 
to BC. Thus, BK is also equal to BC, the lesser to the 
greater. The very thing is impossible. Thus, angle BGC 
is not unequal to HKHF. Thus, (it is) equal. And the 
(angle) at A is half BGC, and the (angle) at D half FHF 
[Prop. 3.20]. Thus, the angle at A (is) also equal to the 
(angle) at D. 

Thus, in equal circles, angles standing upon equal cir- 
cumferences are equal to one another, whether they are 
standing at the center or at the circumference. (Which is) 
the very thing it was required to show. 


Proposition 28 


In equal circles, equal straight-lines cut off equal cir- 
cumferences, the greater (circumference being equal) to 
the greater, and the lesser to the lesser. 

Let ABC and DEF be equal circles, and let AB 
and DE be equal straight-lines in these circles, cutting 
off the greater circumferences ACB and DFE, and the 
lesser (circumferences) AGB and DHE (respectively). I 
say that the greater circumference AC'B is equal to the 
greater circumference DFE, and the lesser circumfer- 


STOIXEION y’. 


ia Z 
H 3) 


EA vw yoo ta xévtepa THv xbxdAwy ta K, A, xa 
ereCeby0woav at AK, KB, AA, AE. 

Kati énet toot xbxdror eloty, tom clot xal ot Ex tay 
xévtowy dbo $4 at AK, KB dvol toic AA, AE tou cictv 
xa Baoig n AB Bao ti AE ion ywovia doa A Und AKB 
yovia tH Uno AAE ion éotiv. at d€ tom ywviow ent towy 
Tepupepeiaiy BeBrxaow, OtTaAv Ted Tol xEvTEOIC Bow’ ton 
&ea 1 AHB repupéoeia tH} AOE. eott be xa dAoc O ABL 
xbdurog OAw 16 AEZ xdxAw tooc xat Aon? &pa A APB 
meoupépeta Aoinf tH AZE neoupepeta ton eottv. 

‘Ev dea toic tooig xdxAo1g ot foo evVetou tou me- 
erpepsiacg d&popotiot thy uev YeiCova ty} UctTow thy dé 
EAATTOVa TH EAATtOM Smee Eder SetEar. 


x“. 


‘Ey toig tooic xbxdoIg Ta loac Tepipepetuc toot evdetar 
Umotetvouow. 


Hi. © 
*Eotwoay toot xvxAot ot ABT, AEZ, xol év abtoic tom 
Teeipépeta dnetAypdwouy at BHT, EOZ, xal exeCevyIwoav 
at BY, EZ evvetou A¢yo, ott ton cotly y BI tH EZ. 
Einpvw yuo ta xévtea Tév xOxAwy, xol Eotw ta K, 
A, xol éxeCedvyDwoayv ai BK, KT, EA, AZ. 
Kat exel ton cotly 7 BHT nepupeoera tH} HOZ neoupeoeta, 
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ence AGB to (the lesser) DHE. 


C F 
G H 


For let the centers of the circles, K and L, have been 
found [Prop. 3.1], and let AK, KB, DL, and LE have 
been joined. 

And since (ABC and DEF) are equal circles, their 
radii are also equal [Def. 3.1]. So the two (straight- 
lines) Ak, KB are equal to the two (straight-lines) DL, 
LE (respectively). And the base AB (is) equal to the 
base DE. Thus, angle AK B is equal to angle DLE 
[Prop. 1.8]. And equal angles stand upon equal circum- 
ferences, when they are at the centers [Prop. 3.26]. Thus, 
circumference AGB (is) equal to DHE. And the whole 
circle ABC is also equal to the whole circle DEF’. Thus, 
the remaining circumference AC'B is also equal to the 
remaining circumference DF'E. 

Thus, in equal circles, equal straight-lines cut off 
equal circumferences, the greater (circumference being 
equal) to the greater, and the lesser to the lesser. (Which 
is) the very thing it was required to show. 


Proposition 29 


In equal circles, equal straight-lines subtend equal cir- 
cumferences. 


A D 
L 

B Cc E F 
G H 


Let ABC and DEF be equal circles, and within them 
let the equal circumferences BGC and EHF have been 
cut off. And let the straight-lines BC and EF have been 


joined. I say that BC is equal to EF. 


For let the centers of the circles have been found 
[Prop. 3.1], and let them be (at) K and L. And let BK, 
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ton cotl xal ywvia n Ord BKT th Ondo EAZ. xol Enet toon 
cio ot ABL, AEZ xbdxAo1, too ciot xal al Ex té&v xEvTOWV" 
dvo of at BK, KT dvuot totic EA, AZ tom eiotv: xol ywviac 
toug mepleyovuow’ Bédoic doa 7 BI Baoet th EZ ton eotiv: 

"Ey tea tot tooig xvxAol¢ Tac louc Tepipepetac too 
evvetoa brotetvovow: Onee Eder Seigaun. 


Xr’. 


Try dovdciony repipépetay Stya teyetv. 


A Tr B 


"Eotw 7 Sodeion nepupéoeta 7 AAB: det 54 thy AAB 
Teerpeoeiayv Siva tTeuelv. 

‘EneCevydw 7 AB, xol tetuhodw diya xat&e 16 TD, xait 
ano tod T onuetou tH AB cbvVeia mpd¢ dedac HyIw 7H TA, 
nal eneTevyOwoav at AA, AB. 

Kat éxel ton gotlv n AD tH TB, xowh de 7 TA, d00 
oy at AD, TA bvoi totic BY, TA tom ciotv: xol ywvia 4 
bono ATA ywvig tH Und BLA ion: de0h vue Exatéea’ Bdouc 
goa n AA Béoet tH AB ton Eotiv. at 5é fom evdeta touc 
Teeipepetac cparpodot tiv uev UetCova TH UelCow thy dé 
EAATTOVA TH EAGTIOW xdU EoTIv Exatépa tTév AA, AB ae- 
CLpEpELOv EAdTIWY HuLxUxAlou: ton doa n AA repipépeta TH 
AB repupepeta. 

‘H dea Sodeion nepipéosia Stya tétunta xata TO A 
Onelov’ Onep Edet ToLoau. 


a’. 


‘Ev x0xAW 7 UEV EV TO HULKUXALW Yaviaa GED EoTLY, 1 OE 
év T6 vetTow tufatt EhdttIwy dedijc, 7 SE Ev 1 EAdTIOML 
TUAatt UelCav Oodijc xol Ext A Ev tod ueiCovoc TUHWaATOG 
yovia ucttwv totiv de0fic, H SE to EAd&ttIOvOg TUAUATOS 
yovia chdttwv oedfic. 
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KC, EL, and LF have been joined. 

And since the circumference BGC is equal to the cir- 
cumference EHF’, the angle BKC is also equal to (an- 
gle) ELF [Prop. 3.27]. And since the circles ABC and 
DEF are equal, their radii are also equal [Def. 3.1]. So 
the two (straight-lines) Bk, KC are equal to the two 
(straight-lines) EL, LF (respectively). And they contain 
equal angles. Thus, the base BC is equal to the base EF 
[Prop. 1.4]. 

Thus, in equal circles, equal straight-lines subtend 
equal circumferences. (Which is) the very thing it was 
required to show. 


Proposition 30 


To cut a given circumference in half. 


D 


A C B 


Let ADB be the given circumference. So it is required 
to cut circumference ADB in half. 

Let AB have been joined, and let it have been cut in 
half at (point) C [Prop. 1.10]. And let CD have been 
drawn from point C, at right-angles to AB [Prop. 1.11]. 
And let AD, and DB have been joined. 

And since AC is equal to CB, and CD (is) com- 
mon, the two (straight-lines) AC, CD are equal to the 
two (straight-lines) BC, CD (respectively). And angle 
ACD (is) equal to angle BCD. For (they are) each right- 
angles. Thus, the base AD is equal to the base DB 
[Prop. 1.4]. And equal straight-lines cut off equal circum- 
ferences, the greater (circumference being equal) to the 
greater, and the lesser to the lesser [Prop. 1.28]. And the 
circumferences AD and DB are each less than a semi- 
circle. Thus, circumference AD (is) equal to circumfer- 
ence DB. 

Thus, the given circumference has been cut in half at 
point D. (Which is) the very thing it was required to do. 


Proposition 31 


In a circle, the angle in a semi-circle is a right-angle, 
and that in a greater segment (is) less than a right-angle, 
and that in a lesser segment (is) greater than a right- 
angle. And, further, the angle of a segment greater (than 
a semi-circle) is greater than a right-angle, and the an- 


STOIXEION y’. 


B 


"Eotw xbxdoc 6 ABTA, dtdueteoc 5€ adtOb Eotw H BI, 
xévtpov 6€ tO E, xal éeneCebySwoav at BA, AT, AA, AT: 
Aéywo, Ott H uev ev 76 BAT qurxuxrio yovia y Ord BAT 
op0y Eo, 7 Se ev 16 ABT yeiTow tod UuxvxAtou TUAWaTe 
yovia 7 ond ABT ehdttwv eotiv dodijc, H OE ev 16 AAT 
éhdttov tov nuxuxAtou tuyuwati ywvia 7 Ord AAT usiCav 
éotly opviic. 

‘EneCevy0w 7 AE, xal dijydo A BA ent 16 Z. 

Kat énel ton cotiv A BE ti EA, ton éotl xal yovia 
ono ABE tf Und BAE. ndaw, énel ton cotiv 7 TE ti EA, 
fon ott xat 7 Und ATE ti tno PAE: 6An dea n Und BAL 
dvol toic bnd ABT, ATB ton eottv. Eotl be xal n Und ZAL 
extog tod ABI tevywvou Suol toc On6 ABT’, ATB ywovlac 
fon ton doa xal A bn BAT ywvia tH bn0 ZAT: ded} dea 
exatéoa y Goa ev 6 BAT nurxvxdrtw ywvia A Ord BAT 
oedy Eotw. 

Kat énet tot ABI tetywvou d00 ywvion ot tnd ABT, 
BAL 800 dpdév Eddttoves ciow, dpdH SE H UNO BAT, 
ehdttwv doa oevijc Eotty H UNO ABT ywvia xat Eotw ev 
t@ ABIL uetTow tod jurxvxAtov tuyuatt. 

Kot énel ev xdxAw tetedmAcupdy cott to ABTA, tév dé 
EV TOlc KXUXAOIC TeTPATAELEWY ol amMEvavtiov Ywviat Suvdly 
OpVdiic tom ciaty [ai dea bnd ABT, AAT yoovian dualy deVaiic 
fous etotv], xat cotw n Und ABT edttwv dedijc Aownt, doa 
n bro AAT yoovia uciZwv dedijc Eotw: nat Eott ev 16 AAT 
EAdttove ToD AULxuxAtov TUALATL. 

Aéyo, Ott xol 7 Uev Tob UeiCovog TUAYATOS Yuvia 7 TE- 
pleyouevy U6 [te] tio ABT nepipeostac xa thc AT cbVetauc 
uciCwv Eotly dedijc, 7 SE TOD EAdTIOVOS TUAATOS Ywvia H 
mepteyouevn Ord [te] tic AAT] nepupeostac xal tc AT 
evdelag EAATIOV EoTly OPVIc. “al CotW AvTOVEV Gavepdy. 
émel yuo H Und tév BA, AT evddetéiv dedH cotw, H koa 
ono tic ABI repipeoetuc ual tic AL cvVetuc nepreyouevn 
uci@wv éotlv dodiic. méAw, Exel 7 Ond THv AT, AZ evderdsv 
6edy Eotw, N koa Und tio TA edvVetauc xat tH¢ AAT] rep 
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gle of a segment less (than a semi-circle) is less than a 
right-angle. 
F 


B 


Let ABCD be a circle, and let BC be its diameter, and 
E its center. And let BA, AC, AD, and DC have been 
joined. I say that the angle BAC in the semi-circle BAC 
is a right-angle, and the angle ABC in the segment ABC, 
(which is) greater than a semi-circle, is less than a right- 
angle, and the angle ADC in the segment ADC, (which 
is) less than a semi-circle, is greater than a right-angle. 

Let AF have been joined, and let BA have been 
drawn through to F’. 

And since BE is equal to EA, angle ABE is also 
equal to BAE [Prop. 1.5]. Again, since CE is equal to 
EA, ACE is also equal to CAE [Prop. 1.5]. Thus, the 
whole (angle) BAC is equal to the two (angles) ABC 
and ACB. And FAC, (which is) external to triangle 
ABC, is also equal to the two angles ABC and ACB 
[Prop. 1.32]. Thus, angle BAC (is) also equal to FAC. 
Thus, (they are) each right-angles. [Def. 1.10]. Thus, the 
angle BAC in the semi-circle BAC is a right-angle. 

And since the two angles ABC and BAC of trian- 
gle ABC are less than two right-angles [Prop. 1.17], and 
BAC is aright-angle, angle ABC is thus less than a right- 
angle. And it is in segment ABC, (which is) greater than 
a semi-circle. 

And since ABCD is a quadrilateral within a circle, 
and for quadrilaterals within circles the (sum of the) op- 
posite angles is equal to two right-angles [Prop. 3.22] 
[angles ABC and ADC are thus equal to two right- 
angles], and (angle) ABC is less than a right-angle. The 
remaining angle ADC is thus greater than a right-angle. 
And it is in segment ADC, (which is) less than a semi- 
circle. 

I also say that the angle of the greater segment, 
(namely) that contained by the circumference ABC and 
the straight-line AC, is greater than a right-angle. And 
the angle of the lesser segment, (namely) that contained 
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Epetucg TEpleyOUEVY EAATTV Eotly dedijc. 

"Ev xUxAW Goa 7 UEV EV TO NULXUXALWD Yavia GoD EoTty, 
n O€ Ev TH yeiTow tUhate EAdttIwv dodic, AH SE Ev TO 
ehattov [tuyatt] ueiCov doedic: xal Em H WEv tod WelCovoc 
tunatoc [ywvia] yetCav [Eotty] dec, HSE tod EAdtTTOVOS 
tuhatoc [ywovia] cdAdttwv debfic: Stee Eder SeiZau. 


Noe 

‘Edy xdxdrovu egpadntyntat tic evveta, aM SE Tic Kef¢ Elc 

TOV xUXAOV Siayd¥} tic euVela TéeUvoUcA TOV xbxAOV, Ac 

TOlet Yoviag Meds TH Epantouevy, toa Eoovta toiig Ev totic 
EVAAAGE TOD xbxAOV TUAAOL Yeoviauc. 


A 


E F 
B 


Koxiov yae tod ABLA égpantéodw tic evdeia 7 EZ 
xata tO B onuetov, xal ano tol B onuctou dinydw tic 
evveta cic tov ABTA xvxdov téuvovoa avtov 7 BA. Eva, 
Ott Ae Motel Ywviac H BA yeta tic EZ epantoyevyc, touc 
Eoovtal Tdiig Ev TOig EvaAAKE TuUYaAot To xdxAOU Yeoviac, 
TOUTEOTLY, OTL A UEv UNO ZBA ywvia ton coti tH Ev 1 BAA 
TUNYATL OUVIOTAEVY Ywvia, 7 sé bnO EBA yeovia ton Eotl 
th ev 16 ATB thats ouvotayevy yovia. 

"Hydw yao &nd tot B tH EZ moedc dpdac Hy BA, xol 
ciAnove ent tic BA repupepetag tuyov onuetov to I, xauk 
ereCevdy0woav ot AA, AT, TB. 

Kot exe x0xdov tod ABLA éqantetat tic e0Veta 7 EZ 
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by the circumference AD[C] and the straight-line AC, is 
less than a right-angle. And this is immediately apparent. 
For since the (angle contained by) the two straight-lines 
BA and AC is a right-angle, the (angle) contained by 
the circumference ABC and the straight-line AC is thus 
greater than a right-angle. Again, since the (angle con- 
tained by) the straight-lines AC and AF is a right-angle, 
the (angle) contained by the circumference AD[C] and 
the straight-line CA is thus less than a right-angle. 

Thus, in a circle, the angle in a semi-circle is a right- 
angle, and that in a greater segment (is) less than a 
right-angle, and that in a lesser [segment] (is) greater 
than a right-angle. And, further, the [angle] of a seg- 
ment greater (than a semi-circle) [is] greater than a right- 
angle, and the [angle] of a segment less (than a semi- 
circle) is less than a right-angle. (Which is) the very thing 
it was required to show. 


Proposition 32 


If some straight-line touches a circle, and some 
(other) straight-line is drawn across, from the point of 
contact into the circle, cutting the circle (in two), then 
those angles the (straight-line) makes with the tangent 
will be equal to the angles in the alternate segments of 
the circle. 


A 


E F 
B 


For let some straight-line EF touch the circle ABCD 
at the point B, and let some (other) straight-line BD 
have been drawn from point B into the circle ABCD, 
cutting it (in two). I say that the angles BD makes with 
the tangent EF’ will be equal to the angles in the alter- 
nate segments of the circle. That is to say, that angle 
FBD is equal to the angle constructed in segment BAD, 
and angle EBD is equal to the angle constructed in seg- 
ment DCB. 

For let BA have been drawn from B, at right-angles 
to EF [Prop. 1.11]. And let the point C have been taken 
at random on the circumference BD. And let AD, DC, 
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xata TO B, xal ano tic apis Hutu tH epantouevy med¢ 
opvac A BA, ent tic BA &pa 16 xévtpov Eoti tol ABLA 
xbdurov. 1 BA dea diduetdc Eott TOW ABTA xbxAou- A dow 
ond AAB yoovia év nutxvxAlw odoa ded Eotw. Aotmal Koa 
at bro BAA, ABA we dedF tom elotv. goth 5& xol n UNO 
ABZ 6e07; h bea Und ABZ ion Eotk tolig UNO BAA, ABA. 
nowy aonerodo 7H Und ABA: doin dow H Utd ABZ yoovia 
ton eotl tH Ev TH EvOAAGE TUHUATL To xvVxAOU yovla TH 
uno BAA. xai énel ev xdxhw tetpdmAcupdy Eott to ABTA, 
at anevavtiov avtot ywvlat dvolv opvdic too elotv. elol dé 
xa at bd ABZ, ABE dvolv dedaic tou ai dpa bnd ABZ, 
ABE tdiic bn0 BAA, BIA tow ciotv, Gv n Und BAA tf O70 
ABZ edetydy ton: Aon} Goa A UTd ABE t7j Ev 16 EvarhAaE 
Tov xUxdov Tunatt T ALB t7 Ono ATB yoovia cotiy ton. 
‘Ey doa xdxAov egantytat tic evVEta, amd OE THe AoFc 
cig TOV XUXAOV Stay OF tic cbVEtAa TEUVOVEA TOV XUXAOV, OC 
TOlet Yorviac Teds TH EM~antouevy, tou Ecovtar talc Ev toic 
EVAAAGE TOU xOXAOL TURAL Yovlauc’ Sree Eder Seton. 


, 


ry’. 
"Er tic SoVelone evvdetac vedo tufjua xdxAou Sey duE- 
voy yoviay tony tH Soveton ywvia evduyeduUUE. 


oe 


A A 


20 


‘ov 7 So0deton aiea n AB, n dé estas yovia 
evudvyeauuos n Teds 16) T° Set SH Ent thc SoVvetone evVetac 
tic AB yedpou tua xbxAou deyduevoy yuviay tony TH 
ted¢ 16 1. 

‘H Of med¢ 16H T [ywvia] Atow d€cid cotw AH dedy 7] 
auBAcia Eotw Mpdtepov O€eia, xa wo Ent Tic TEATHS “Oe 
TayeapPic ouveotatw Ted¢ tH AB cvVeta xai 1 A onuetw 
Th med¢ 16 T ywvig ton 7 bnd BAA: d€eta dow goth xal H 
und BAA. Fy9o tH AA red¢ pda A AE, xol tetujodw 
7 AB dtya xat& 16 Z, xol HyIw and tot Z onuetov tH AB 
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and C’B have been joined. 

And since some straight-line EF touches the circle 
ABCD at point B, and BA has been drawn from the 
point of contact, at right-angles to the tangent, the center 
of circle ABCD is thus on BA [Prop. 3.19]. Thus, BA 
is a diameter of circle ABCD. Thus, angle ADB, being 
in a semi-circle, is a right-angle [Prop. 3.31]. Thus, the 
remaining angles (of triangle ADB) BAD and ABD are 
equal to one right-angle [Prop. 1.32]. And ABF is alsoa 
right-angle. Thus, ABF is equal to BAD and ABD. Let 
ABD have been subtracted from both. Thus, the remain- 
ing angle DBF is equal to the angle BAD in the alternate 
segment of the circle. And since ABCD is a quadrilateral 
in a circle, (the sum of) its opposite angles is equal to 
two right-angles [Prop. 3.22]. And DBF and DBE is 
also equal to two right-angles [Prop. 1.13]. Thus, DBF 
and DBE is equal to BAD and BCD, of which BAD 
was shown (to be) equal to DBF. Thus, the remaining 
(angle) DBE is equal to the angle DCB in the alternate 
segment DCB of the circle. 

Thus, if some straight-line touches a circle, and some 
(other) straight-line is drawn across, from the point of 
contact into the circle, cutting the circle (in two), then 
those angles the (straight-line) makes with the tangent 
will be equal to the angles in the alternate segments of 
the circle. (Which is) the very thing it was required to 
show. 


Proposition 33 


To draw a segment of a circle, accepting an angle 
equal to a given rectilinear angle, on a given straight-line. 


— i a 


A A 


D 


E B E 

Let AB be the given straight-line, and C the given 
rectilinear angle. So it is required to draw a segment 
of a circle, accepting an angle equal to C, on the given 
straight-line AB. 

So the [angle] C is surely either acute, a right-angle, 
or obtuse. First of all, let it be acute. And, as in the first 
diagram (from the left), let (angle) BAD, equal to angle 
C, have been constructed on the straight-line AB, at the 
point A (on it) [Prop. 1.23]. Thus, BAD is also acute. Let 
AE have been drawn, at right-angles to DA [Prop. 1.11]. 
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Ted OpVac 7 ZH, xal eneCedydw n HB. 

Kat énet fon €otly 7 AZ th ZB, now? de H ZH, S00 oh 
at AZ, ZH dvo tdic BZ, ZH tom ciotv: xal ywvia A bn 
AZH [yevig] ti ond BZH ion Bdouc dow A AH Bdoer th 
BH ton éottv. 0 dou xévtoew uev 16) H dtaothyats dé 65 
HA xvxro¢ ypaupduevoc Ear xal die tod B. veyed rail 
éow O ABE, xal exeTeby Su 7H EB. enet obv an’ dxeuc tic 
AE dtoyéteov and tod A tf AE moed¢ doddc cotw 7 AA, 
n AA dea eganteta tod ABE xbxAou Enel odv xbxA0U 
tol ABE égdntetat tic e0Veia 7 AA, xal and Tic Kate TO 
A defi cic tov ABE xbxAov StAxtat tic cOVeta 7 AB, H 
goa Und AAB ywvia fon corti tH Ev TG EvaAAGE TO xOxAOU 
TuAaTt yovia tH Und AEB. ad’ H Und AAB t¥j red¢ 165 TP 
cow ton: xal A Med¢ 16) TP &pa yovia ton Eotl tH Und AEB. 

"Ext tic Sovetonce dea ev0eiac ti¢ AB tua xdxAou 
yéyeanta to AEB deyduevoyv ywviay thy Und AEB ‘ony 
th Soveton tH med¢ THT. 

AdA& OF GED} Eotw H TEd¢ 16H [> xal SEov ndéAw Eotw 
ént tic AB yeddbou tufja xvxA0v Seyduevov ywviav tony TH 
ned T6 T 600% [ywvig]. ovveotéte [ndtv] tH med 165 T 
op0f Yovia ton H Und BAA, wc Eyer Ent tic SeutEoag KATO 
yeupic, xal tetujodw 7 AB diya xatk 0 Z, xal xEvtow 165 
Z, Siwotyatt dé OnoTEpEwW THv ZA, ZB, xdxroc yeyeagdw 
o AEB. 

‘Eganteta goa nf AA evdeta tod ABE xdxAou bie tO 
opdiy civan thy Ted¢ TH A ywviav. xal ton Eotiv nH Un 
BAA yovia th ev 7 AEB tufyatt ded yao xal aot ev 
NULxUxAlw oBoa. HAAG xal H LTO BAA tH nedc 16 I ion 
éotlv. xal 4 év 16 AEB doa ton Eotl tH mpd¢ 1H T. 

Téypanto doa néAtw ent tii¢ AB tufjua xbxAov 16 AEB 
deyduEvov Yoviay tony tH meo¢ T6H5 T. 

AAA& 8H H Ted 164 T GyBAcia Eote “al ovveotdatw 
aut} ton med¢ tH AB cv0eta xol 16 A onuetw 7 Und BAA, 
ac Eyet Eml tic teltnc xataypaciic, xal tH AA ned dpbac 
HyVw 7 AB, xal tetuhodw nédw 7 AB diya xat& 16 Z, xa 
tf, AB nod¢ dp0adc HyIw n ZH, xal exeCevydw 7 HB. 

Kot éxel nédw ton eotiv n AZ t7j ZB, xat xowny n ZH, 
dvo of at AZ, ZH S00 toiic BZ, ZH tom ciotv: xal yovia H 
vnod AZH ywvia t¥ bn0 BZH ton: Baorg toa 7 AH Baer 
th BH ton cotiv: 0 doa xévtow yev 16) H dtaothyats SE Té5 
HA xbxdo¢ yeapduevoc Het xal did tod B. eopyéodw we 0 
AEB. xat nel tH AE Stauetew an’ &xpac mpd¢ GEVd EoTW 
7 AA, 7 AA dou epanteta tod AEB xdxdovu. “ol ano tic 
xata To A eras Sixt A AB 7 doa Und BAA ywvia 
fon Eotl tH Ev TG EvadAAGE tod xvUxAov TUnUaTL 76 AOB 
ouvotauevy ywvia. Gr’ 7 Ond BAA ywvia tH med¢ 165 TP 
fon cotiv. xol 4 ev 16 AOB doa tuhyats yovia ton Eotl tH 
med¢ 16) T. 

"Em tic dou Sovdetong evVetuc tic AB yéeyountm tyAUH 
xbxdrov TO AOB deyduevov yoviay tony tf medc 16 I: Sree 
ESEl TOL. 
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And let AB have been cut in half at F [Prop. 1.10]. And 
let FG have been drawn from point F’, at right-angles to 
AB [Prop. 1.11]. And let GB have been joined. 

And since AF is equal to FB, and FG (is) common, 
the two (straight-lines) AF, FG are equal to the two 
(straight-lines) BF’, FG (respectively). And angle AFG 
(is) equal to [angle] BF'G. Thus, the base AG is equal to 
the base BG [Prop. 1.4]. Thus, the circle drawn with 
center G, and radius GA, will also go through B (as 
well as A). Let it have been drawn, and let it be (de- 
noted) ABE. And let EB have been joined. Therefore, 
since AD is at the extremity of diameter AF, (namely, 
point) A, at right-angles to AF, the (straight-line) AD 
thus touches the circle ABE [Prop. 3.16 corr.]. There- 
fore, since some straight-line AD touches the circle ABE, 
and some (other) straight-line AB has been drawn across 
from the point of contact A into circle ABE, angle DAB 
is thus equal to the angle AFB in the alternate segment 
of the circle [Prop. 3.32]. But, DAB is equal to C. Thus, 
angle C is also equal to AEB. 

Thus, a segment AFB of a circle, accepting the angle 
AEB (which is) equal to the given (angle) C, has been 
drawn on the given straight-line AB. 

And so let C be a right-angle. And let it again be 
necessary to draw a segment of a circle on AB, accepting 
an angle equal to the right-[angle] C. Let the (angle) 
BAD [again] have been constructed, equal to the right- 
angle C [Prop. 1.23], as in the second diagram (from the 
left). And let AB have been cut in half at F [Prop. 1.10]. 
And let the circle AEB have been drawn with center F’, 
and radius either F’'A or F'B. 

Thus, the straight-line AD touches the circle ABE, on 
account of the angle at A being a right-angle [Prop. 3.16 
corr.]. And angle BAD is equal to the angle in segment 
AEB. For (the latter angle), being in a semi-circle, is also 
a right-angle [Prop. 3.31]. But, BAD is also equal to C. 
Thus, the (angle) in (segment) AFB is also equal to C. 

Thus, a segment AFB of a circle, accepting an angle 
equal to C,, has again been drawn on AB. 

And so let (angle) C' be obtuse. And let (angle) BAD, 
equal to (C), have been constructed on the straight-line 
AB, at the point A (on it) [Prop. 1.23], as in the third 
diagram (from the left). And let AE have been drawn, at 
right-angles to AD [Prop. 1.11]. And let AB have again 
been cut in half at F [Prop. 1.10]. And let FG have been 
drawn, at right-angles to AB [Prop. 1.10]. And let GB 
have been joined. 

And again, since AF is equal to FB, and FG (is) 
common, the two (straight-lines) AF’, FG are equal to 
the two (straight-lines) BF, FG (respectively). And an- 
gle AFG (is) equal to angle BF'G. Thus, the base AG is 
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dO’. 


Ano tod do0Eévto¢ xbxAOU TUAW dpedelv Seyduevov 
yoviay tony tH Soveton ywvia evduyeduue. 


Z 


A 


= A 

"Hot 0 dovdeic xbxko¢g 6 ABI, F be SodEiow yaovia 
ev0vypauuoc A Ted 6 A’ det SY ano tod ABI xbxAov 
TUfUa apedrciv Seyduevov ywviav tony TH Soveton yovia 
eVOLYPAUUG TH Ted 16) A. 

"Hyd tod ABI épantoyévn 7 EZ xat& 16 B onuetovy, 
xal ovveotatw Ted¢ TH ZB cvveta xal 16 Med¢ HTH ONUElo 
6 B ti ned¢ 16 A ywvig ton 7 bnO ZBI. 

‘Exel odv xvxA0v tod ABIL epantetat tic eudeta A EZ, 
xo UNO Tic Kata TO B Enapfic SuAxtou 7 BI, H Uno ZBI dow 
yovia ton cot tH Ev TH BAT évodAdE tunuatt ounotayevy 
yovig. GAM n UNO ZBI th Ted¢ 16 A Eotw torn xol H Ev 
t@ BAT doa tuhuatt ton cot th mpd¢ 165 A [yeovigl. 

Ano tod dovEvtos Gow xdxAOU tod ABT tufua apyento 
to BAT deyduevov yewviay tony TY Soveton ywvig ev0vyedu- 
Uw TH Med 16) A> Ore Eder rorfjou. 
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equal to the base BG [Prop. 1.4]. Thus, a circle of center 
G, and radius GA, being drawn, will also go through B 
(as well as A). Let it go like AFB (in the third diagram 
from the left). And since AD is at right-angles to the di- 
ameter AF, at its extremity, AD thus touches circle AEB 
[Prop. 3.16 corr.]. And AB has been drawn across (the 
circle) from the point of contact A. Thus, angle BAD is 
equal to the angle constructed in the alternate segment 
AHB of the circle [Prop. 3.32]. But, angle BAD is equal 
to C. Thus, the angle in segment AH B is also equal to 
C. 

Thus, a segment AH B of a circle, accepting an angle 
equal to C’", has been drawn on the given straight-line AB. 
(Which is) the very thing it was required to do. 


Proposition 34 


To cut off a segment, accepting an angle equal to a 
given rectilinear angle, from a given circle. 


F C 


D 


E A 

Let ABC be the given circle, and D the given rectilin- 
ear angle. So it is required to cut off a segment, accepting 
an angle equal to the given rectilinear angle D, from the 
given circle ABC. 

Let EF have been drawn touching ABC at point B.' 
And let (angle) FBC, equal to angle D, have been con- 
structed on the straight-line F/B, at the point B on it 
[Prop. 1.23]. 

Therefore, since some straight-line EF’ touches the 
circle ABC, and BC has been drawn across (the circle) 
from the point of contact B, angle FBC is thus equal 
to the angle constructed in the alternate segment BAC 
[Prop. 1.32]. But, FBC is equal to D. Thus, the (angle) 
in the segment BAC is also equal to [angle] D. 

Thus, the segment BAC, accepting an angle equal to 
the given rectilinear angle D, has been cut off from the 
given circle ABC. (Which is) the very thing it was re- 
quired to do. 


+ Presumably, by finding the center of ABC [Prop. 3.1], drawing a straight-line between the center and point B, and then drawing EF through 


103 


STOIXEION y’. 


point B, at right-angles to the aforementioned straight-line [Prop. 1.11]. 


Ke’. 


‘Edy ev x0xAw S00 cvdeta TEUvwow GAAAAAC, TO LUMO 
TOV Thi¢ Uldic TUNUATWV TeoleyduUEvov OPVOYavoV icov EoTl 
TG) UNO TOY Tic ETEPUC TUNUATWV TECLeyoUEV CEDOYwVIW. 


A 


"Ev yuo xvxrkw 1 ABTA d0o cd0eia ai AT, BA 
TEUVETWORY GAANAac KaTa TO E onuciov’ AEyw, StL TO LTO 
tév AE, ET nepieyduevov depdoywwov toov éotl 16 Und 
tév AE, EB repieyouévas dp0oywvin. 

Et vev ody ot AT, BA dé tod xévtpou Elolv Hote 16 E 
xévtpov eivat to) ABLA xvdxdou, paveody, 6tt towv ovodiy 
tév AK, EP, AE, EB xal 16 tn0 tév AE, ET nepieyduevov 
dpVoyawoy toov Eotl Té UNO THv AE, EB repieyouéves 
opvoywvie. 

My géotwoav oh at AT, AB Std tod xévteov, xa 
ciAnpdw tO xévteov tol ABTA, xai gotw 16 Z, xal ano 
tot Z ent tac AD, AB edVetac xaVetor HyIwoauy ai ZH, 
ZO, ual exeTevy0wouy at ZB, ZI, ZE. 

Kat eet codet& tic 61a to xévteou n HZ cvdetav two 
Ur) Sia to} xévtpov thy AT nod devac téuver, xal diya 
autyy téuver’ ton doa n AH th HIT. exet ody cdvdeia n AP 
TETUN TOL Eic UEV lox xaTa tO H, cic bE Kviow xaT& TO H, TO 
géea Und tév AE, ED nepieyduevov dpdoyawoyv yet& tod 
dno tic EH tetowyavou toov Eotl té5 &nd tic HT: [xowov] 
teooxetovw TO &nd tic HZ: tO dea bro tHv AE, EP yet& 
TOv ano tv HE, HZ toov coti totic ano tév TH, HZ. ward 
toig uev ano tév EH, HZ toov cotl tO and tij¢ ZE, tolc 
dé ano tv TH, HZ toov eotl to ano tic ZI* tO doa Uno 
tév AE, ED yet& tod and tic ZE foov éotl 16 ano tic 
ZV. ton 5¢ n ZTE tH ZB: 16 dea Ono tév AE, ET peta tod 
and tic EZ toov coti 16 ano tic ZB. Sie ta HUTA SH xotl 
tO Uno Tév AE, EB uet& tod and tic ZE toov Eotl 16 ano 
tic ZB. edetyOn SE xal to bnd téHv AE, EP yet& tot ano 
tic ZE toov 16 and tic ZB 16 dou Ond téHv AE, ET eta 
tov ano ti\¢ ZE toov got 16 dnd tHv AE, EB yet& tod 
and tic ZE. xowdy apfejove to ano tic ZE* Aowov oa 
tO Uno Tey AE, ED nepieyduevov dpdoyauovy toov gott té8 
bno tév AE, EB nepueyouéva dpdoywvie. 

‘Eay doa Ev xOXA® evVeta SO TéEUvWow GAAHALC, TO 
UNO TOY TH¢ Ulds TUNUATWV TepleydUevov CoVoyawov toov 
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Proposition 35 


If two straight-lines in a circle cut one another then 
the rectangle contained by the pieces of one is equal to 
the rectangle contained by the pieces of the other. 


A 
7 
C 


For let the two straight-lines AC and BD, in the circle 
ABCD, cut one another at point F. I say that the rect- 
angle contained by AF and EC is equal to the rectangle 
contained by DE and EB. 

In fact, if AC and BD are through the center (as in 
the first diagram from the left), so that E is the center of 
circle ABCD, then (it is) clear that, AE, EC, DE, and 
EB being equal, the rectangle contained by AE and EC 
is also equal to the rectangle contained by DE and EB. 

So let AC and DB not be though the center (as in 
the second diagram from the left), and let the center of 
ABCD have been found [Prop. 3.1], and let it be (at) F. 
And let FG and FH have been drawn from F’, perpen- 
dicular to the straight-lines AC and DB (respectively) 
[Prop. 1.12]. And let FB, FC, and FE have been joined. 

And since some straight-line, GF’, through the center, 
cuts at right-angles some (other) straight-line, AC’, not 
through the center, then it also cuts it in half [Prop. 3.3]. 
Thus, AG (is) equal to GC. Therefore, since the straight- 
line AC is cut equally at G, and unequally at EF, the 
rectangle contained by AF and EC plus the square on 
EG is thus equal to the (square) on GC [Prop. 2.5]. Let 
the (square) on GF have been added [to both]. Thus, 
the (rectangle contained) by AE and EC plus the (sum 
of the squares) on GE and GF is equal to the (sum of 
the squares) on CG and GF’. But, the (square) on FE 
is equal to the (sum of the squares) on EG and GF 
[Prop. 1.47], and the (square) on FC is equal to the (sum 
of the squares) on CG and GF [Prop. 1.47]. Thus, the 
(rectangle contained) by AF and EC plus the (square) 
on FE is equal to the (square) on FC. And FC Cis) 
equal to FB. Thus, the (rectangle contained) by AE 
and EC plus the (square) on FF is equal to the (square) 
on FB. So, for the same (reasons), the (rectangle con- 
tained) by DE and EB plus the (square) on F'F is equal 
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EOTl T6) UNO THY Tic ETEPAC TUNUATWY TEELeyoUEVW OEVO- 
yovio oreo eet SetEaun. 


Av. 


‘Eay xbdxdov Angdy tt onyusiov extdc, xal an” wavtod 
TES TOV KUXAOV TECOTinTWot SbO evDEtOL, Kal HUEY KUTHY 
TEV) TOV KUXAOY, 1 SE EGANTHTAL, Eat TO UNO CANS TH¢ 
Te“vovone xal Tic ExtO¢ dmoAaUBavouevnc UeTAgd tod te 
Onetou xal Tic xUETIc Neeipeoeiac toov 16) UNO TH¢ E~a- 
MTOMEVIS TETOMY OVE. 


A 


A 

Koxiov yee tot ABL cidhpdw tt onuciov Exto¢ 10 A, 
xal and tot A ned¢ tov ABT xbxAov neoomntétwoay dv0 
evdeta ai AT[A], AB’ xat A wev ATA teuvétw tov ABT 
xvxrov, 1 6 BA Egantéodw: AEyw, 6tL TO UNO TeV AA, 
AT nregieyéuevov dedoyavov toov Eotl 16 and tic AB 
TETONY WOVE. 

“H &ea [A]PA Atot da tod xevteou Eotlv 7 ov. Zotw 
TedtTEPOY S14 to xévtoeoU, xal Eotw TO Z xévtpov tod ABT 
xdxAov, xal EneCevyVw H ZB dedt doa gotly H Und ZBA. 
nal enet evdeta 7 AD dStya tétuntoa xat&e to Z, nedoxerta 
dé aot A TA, 16 dou bn6 tev AA, AT yeta tod and tic 
ZV ioov Eotl 16 and tic ZA. ton de H ZT tH ZB 16 doa 
ono tév AA, AT yeta tod and ti\¢ ZB tooy Eotl 16 and 
the ZA. 16 8 and tic ZA tou Eotl Ta and tév ZB, BA: 
tO doa Ond téHv AA, AT yet tod and tic ZB toov éotl 
toic and tév ZB, BA. xowdv apnefodw 6 and tic ZB- 
hoinov doa TO Und tév AA, AT toov gotl 16 and tH\¢ AB 
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to the (square) on FB. And the (rectangle contained) 
by AE and EC plus the (square) on F'E was also shown 
(to be) equal to the (square) on F'B. Thus, the (rect- 
angle contained) by AEF and EC plus the (square) on 
FE is equal to the (rectangle contained) by DE and EB 
plus the (square) on F'E. Let the (square) on FE have 
been taken from both. Thus, the remaining rectangle con- 
tained by AF and EC is equal to the rectangle contained 
by DE and EB. 

Thus, if two straight-lines in a circle cut one another 
then the rectangle contained by the pieces of one is equal 
to the rectangle contained by the pieces of the other. 
(Which is) the very thing it was required to show. 


Proposition 36 


If some point is taken outside a circle, and two 
straight-lines radiate from it towards the circle, and (one) 
of them cuts the circle, and the (other) touches (it), then 
the (rectangle contained) by the whole (straight-line) 
cutting (the circle), and the (part of it) cut off outside 
(the circle), between the point and the convex circumfer- 
ence, will be equal to the square on the tangent (line). 

A 


w 


D 

For let some point D have been taken outside circle 
ABC, and let two straight-lines, DC[A] and DB, radi- 
ate from D towards circle ABC. And let DCA cut circle 
ABC, and let BD touch (it). I say that the rectangle 
contained by AD and DC is equal to the square on DB. 

[D]CA is surely either through the center, or not. Let 
it first of all be through the center, and let F' be the cen- 
ter of circle ABC, and let FB have been joined. Thus, 
(angle) F BD is a right-angle [Prop. 3.18]. And since 
straight-line AC is cut in half at F, let CD have been 
added to it. Thus, the (rectangle contained) by AD and 
DC plus the (square) on F'C is equal to the (square) on 
FD [Prop. 2.6]. And FC (is) equal to FB. Thus, the 
(rectangle contained) by AD and DC plus the (square) 
on F'B is equal to the (square) on F'D. And the (square) 
on F'D is equal to the (sum of the squares) on FB and 
BD [Prop. 1.47]. Thus, the (rectangle contained) by AD 
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EMUNTOUEVNS. 

AAG 6 WH ATA uh Eotw Sid tot xévtpou to} ABT 
xbxrov, xa ciAnpdw tO xévteov tO EK, xal dnd tod E ext 
thy AD x&detoc HyIw 7 EZ, xol ExneCevyIwoay at EB, ET, 
EA: de07 dea cotlv A OO EBA. xal Exel e0Vetd tic bie tot 
xévtpou 7 EZ evdetay twa uh dia tod xévtpou thy AT med¢ 
opvdc téuvet, xal Stya adtHY tTéuver A AZ dou tH ZE cotw 
fon. xal enet coVeta n AD tétunto dtya xate TO Z onusioy, 
Tedoxetta 5é adTH A TA, to doa Und téHv AA, AT yeta tot 
ano tic ZL toov Eotl 16 dnd tic ZA. xowdv toeooxeiodw 
tO &nO tij¢ ZE- 16 dow nd tHv AA, AT uet& tHv and tiv 
TZ, ZE ioov éoti totic and tév ZA, ZE. toic 5& and téSv 
TZ, ZE toov éotl 16 &nd tic ED: 600} yuo [Eotw] A vn 
EZD [ywvia]: toic 5¢ and tév AZ, ZE toov éoti 16 and tH\c 
EA: 16 dpa tnd tév AA, AT uet& tod and tic ED toov 
éotl 16) and tic EA. ion dé A EL th EB: 10 dpa On tov 
AA, AT uet& tod &nod tii¢ EB foov Eotl 16 dnd tic EA. 
TG) be dnd tic EA tou goti 14 dnd THv EB, BA: 600} yao 
n bn0 EBA ywvia 16 dou tnd tév AA, AT uet& tod ano 
tic EB tooy éotl toic and tv EB, BA. xowov agrnefodw 
TO ano ti\¢ EB: Aoindv doa TO Und tHVv AA, AT ioov Eotl 
TH dnd tic AB. 

‘Eay doa x0xAov Anpvdf tt onyustov Extdc, xa dn’ wdTOD 
TES TOV KUXAOV TECOTinTWo bbo cvDEtaL, al HUEY KUTOY 
TEV] TOV KUXAOY, 1 OE EGANTHTAL, EoTAL TO UNO GANS THs 
Te“vovonc xal Tic ExtOo dnoAaUBavouevyc UETAgd tod te 
Onuetou xal Tic xUETY\c NeeIpeoeing loov 16) UNO Tic Epa- 
TIOVEvYS TetTePAYOVU OSTEO Eder SetEa. 


dO’. 

‘Eay xvxdou Anpdf tt onustov extdc, and dé tO 
onysiou Ted¢ Tov xbxhov Teocotintwor Sbo eudetau, xaul 
N MEV adTHY TéEUvN TOV xvxAOoV, 7 Se ToooTinth, f SE TO 
ono [thc] GAN tic tewvovonc xal Tio ExtO¢ droAAUBa- 
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and DC plus the (square) on F'B is equal to the (sum 
of the squares) on FB and BD. Let the (square) on 
FB have been subtracted from both. Thus, the remain- 
ing (rectangle contained) by AD and DC is equal to the 
(square) on the tangent DB. 

And so let DCA not be through the center of cir- 
cle ABC, and let the center E have been found, and 
let EF have been drawn from £, perpendicular to AC 
[Prop. 1.12]. And let EB, EC, and ED have been joined. 
(Angle) EBD (is) thus a right-angle [Prop. 3.18]. And 
since some straight-line, EF, through the center, cuts 
some (other) straight-line, AC, not through the center, 
at right-angles, it also cuts it in half [Prop. 3.3]. Thus, 
AF is equal to FC. And since the straight-line AC is cut 
in half at point F’, let CD have been added to it. Thus, the 
(rectangle contained) by AD and DC plus the (square) 
on FC is equal to the (square) on F'D [Prop. 2.6]. Let 
the (square) on F'E have been added to both. Thus, the 
(rectangle contained) by AD and DC plus the (sum of 
the squares) on CF and FE is equal to the (sum of the 
squares) on FD and FE. But the (square) on EC is equal 
to the (sum of the squares) on C'F and F'E. For [angle] 
EFC [is] a right-angle [Prop. 1.47]. And the (square) 
on ED is equal to the (sum of the squares) on DF and 
FE [Prop. 1.47]. Thus, the (rectangle contained) by AD 
and DC plus the (square) on EC is equal to the (square) 
on ED. And EC (is) equal to EB. Thus, the (rectan- 
gle contained) by AD and DC plus the (square) on EB 
is equal to the (square) on ED. And the (sum of the 
squares) on EB and BD is equal to the (square) on ED. 
For EBD (is) a right-angle [Prop. 1.47]. Thus, the (rect- 
angle contained) by AD and DC plus the (square) on 
EB is equal to the (sum of the squares) on FB and BD. 
Let the (square) on FB have been subtracted from both. 
Thus, the remaining (rectangle contained) by AD and 
DC is equal to the (square) on BD. 

Thus, if some point is taken outside a circle, and two 
straight-lines radiate from it towards the circle, and (one) 
of them cuts the circle, and (the other) touches (it), then 
the (rectangle contained) by the whole (straight-line) 
cutting (the circle), and the (part of it) cut off outside 
(the circle), between the point and the convex circumfer- 
ence, will be equal to the square on the tangent (line). 
(Which is) the very thing it was required to show. 


Proposition 37 


If some point is taken outside a circle, and two 
straight-lines radiate from the point towards the circle, 
and one of them cuts the circle, and the (other) meets 
(it), and the (rectangle contained) by the whole (straight- 
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vouevng Weta€y tod te onuctou xa tic xUPETHC TepLpeosiac 
toov 16) &nO TYi¢ TeooTINTObON<, H Mecotintovoa Epaetan 
toU xbxAov. 


A 


B ‘N 


Koxiov yee tot ABT cidhpdw tt onuctov Exto¢ 10 A, 
xa and tol A ned¢ tov ABT xbxAov neoomintétwoay Sv0 
evvetoa ot ATA, AB, xot y uev ATA teuvéte tov xbxAov, H 
dé AB npoonntétw, Eotw 6€ TO Un6 tHv AA, AT ‘oov 165 
ano tic AB. Aéywo, 611 H AB Eganteta tod ABI xvxdov. 

"Hyd yoo to} ABI égantouevyn yn AE, nat ciAnpdw to 
xévtpov tod ABT xbxAov, xal Eotw 10 Z, xal EeneTeVyDwouv 
at ZE, ZB, ZA. n dea bn ZEA opdy Eotw. xal Exel A AE 
epanteta tod ABI xvxdou, téuver dé n ATA, 16 doa UnO 
tév AA, AT ioov éott 16 and tic AE. fy 5€ xal tO Und 
tév AA, AT toov 16 and tic AB: 16 dow and ti\c AE 
toov éotl 16) and tic AB: ton dpa n AE 17 AB. eortl 5 
xa 1 ZE t7 ZB ton: S00 df of AE, EZ d00 totic AB, BZ 
toa elotv: xa Béorg avtév xown A ZA yovia dea 7 LTO 
AEZ ywvig ti 0nd ABZ éotw ton. dpdy 5 A UNO AEZ- 
oe07 dpa xal n Und ABZ. xat eotw AH ZB exBardouevy 
didETteoc F SE TH Stavetew tov xUxAOV Ted dEDaC aN’ 
dxpac &youevy eyanteta tod xdxAou' n AB dow epanteta 
tod ABP xbvxrov. duoiws 51 Setydfoeta, xdv TO xEvTEOV 
emt tic AD tuyyayy. 

‘Ey dou xbxhov Anodf tt onusiov éxtdc, ano be Tod 
onysiou Ted¢ Tov xUXAOYV TeCOTintwot SVoO evVEtou, xal 7 
UEV AUTOY TEUV TOV KUXAOV, 7 SE TECOTITTY, HSE TO LTO 
ONG Tic Teuvobons xal Tij¢ ExTO¢ dMOAMUBavouevNs WETAEY 
to te onuciou xal thc “vets mepupepstuc toov té3 ano 
Tic TooommtOvONG., 1 Meconintovoa Epapeta tot xbxAov" 
oree Eder Sete. 
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line) cutting (the circle), and the (part of it) cut off out- 
side (the circle), between the point and the convex cir- 
cumference, is equal to the (square) on the (straight-line) 
meeting (the circle), then the (straight-line) meeting (the 
circle) will touch the circle. 


D 
E 


B A 


For let some point D have been taken outside circle 
ABC, and let two straight-lines, DC'A and DB, radiate 
from D towards circle ABC, and let DCA cut the circle, 
and let DB meet (the circle). And let the (rectangle con- 
tained) by AD and DC be equal to the (square) on DB. 
I say that DB touches circle ABC. 

For let DE have been drawn touching ABC [Prop. 
3.17], and let the center of the circle ABC have been 
found, and let it be (at) F. And let FE, FB, and FD 
have been joined. (Angle) FED is thus a right-angle 
[Prop. 3.18]. And since DE touches circle ABC, and 
DCA cuts (it), the (rectangle contained) by AD and DC 
is thus equal to the (square) on DE [Prop. 3.36]. And the 
(rectangle contained) by AD and DC was also equal to 
the (square) on DB. Thus, the (square) on DE is equal 
to the (square) on DB. Thus, DE (is) equal to DB. And 
FE is also equal to F'B. So the two (straight-lines) DE, 
EF are equal to the two (straight-lines) DB, BF (re- 
spectively). And their base, F'D, is common. Thus, angle 
DEF is equal to angle DBF [Prop. 1.8]. And DEF (is) 
a right-angle. Thus, DBF (is) also a right-angle. And 
FB produced is a diameter, And a (straight-line) drawn 
at right-angles to a diameter of a circle, at its extremity, 
touches the circle [Prop. 3.16 corr.]. Thus, DB touches 
circle ABC. Similarly, (the same thing) can be shown, 
even if the center happens to be on AC. 

Thus, if some point is taken outside a circle, and two 
straight-lines radiate from the point towards the circle, 
and one of them cuts the circle, and the (other) meets 
(it), and the (rectangle contained) by the whole (straight- 
line) cutting (the circle), and the (part of it) cut off out- 
side (the circle), between the point and the convex cir- 
cumference, is equal to the (square) on the (straight-line) 
meeting (the circle), then the (straight-line) meeting (the 
circle) will touch the circle. (Which is) the very thing it 
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was required to show. 
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Construction of Rectilinear Figures In and 
Around Circles 


109 


STOIXEION 6’. 


“Opo.. 


a’. Lyfua eodvyeauoy cic oyfua cod0yoauoy ey you~ 
cova ACYETaAL, STAY ExdOTYH THY TO Ey ypApoUsVOU GYALAT- 
0g YOwudy Exhotn¢ TAcupiic TOU, El¢ 6 EyYEdpETaL, ANtHTAL. 

B’. Dyfua sé ouoiws nepl oyfua neoryedcoVaun AEyetat, 
OAV EXLOTH TAcvEd tov MEELypapoUEevVoU ExdoTHS Yuvlac 
tov, Teel 6 neplyedpetou, Ant} TOU. 

vy’. Uyfua evdvyeauuoy cic xbxdov evyyedgeovar Aéyeta, 
OTav ExdoTH Ywvla tod eyyeapousevou AntTHTH Tico TOD 
xbxdov TepLpepetac. 

o. Lyfua Se cvdvyeauyov mepl xvxAov mepryedpe- 
oda Agyeto, Otav Exhotn MAcved tod meerypapoutvou 
EMANTHTA Thc To xOxAOV TEeLEEEtac. 

e’. Kbxdoc dé cic oy fua ouoiwc eyyedpeoda Agyetau, 
otav 7 To xdxAOU TEELpepELA ExdoTHS TACUEtc TOU, cic O 
EY YOUPETAL, UNTNHTOL. 

¢. KOxdog 0€ reel oyun neotypapeoVaun Agyeta, OTOL 
N Tov xvxAoU TEeeLpepela Excotnc Ywvlac Tob, meel O Te- 
CLYEMPETOL, ANT TOL. 

C’. Evveia cic xbxdov evapudTeodm A€yetau, OTaV TH 
TEOUTA WUTH¢ ETL Thc Teepeostac 7 To xUxAOVv. 


, 


OQ. 


Eic tov So0Evta xUxAov TH Sodeton cdVeia UH UiTow 
ovon tic ToD xOxAOU SiayeTEOU tony EvVEtav Evapudon. 


A 


ob 


"Eotw 6 dodelc x0xA0¢ 0 ABL, 7 5é SoVEion codeta Ur 
uci@av tic tol xbxAoU Staueteou 7 A. det 5H cic tov ABP 
xdxrov tH A evdeig tony edVeiav Evaoudou. 

"Hyde tot ABT xdxAou Sidueteoc¢ A BY. ci uev odv ton 
éotlv BI t¥ A, yeyovoc ay ety 10 EmitayVEev Eviouootat 
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Definitions 

1. A rectilinear figure is said to be inscribed in 
a(nother) rectilinear figure when the respective angles 
of the inscribed figure touch the respective sides of the 
(figure) in which it is inscribed. 

2. And, similarly, a (rectilinear) figure is said to be cir- 
cumscribed about a(nother rectilinear) figure when the 
respective sides of the circumscribed (figure) touch the 
respective angles of the (figure) about which it is circum- 
scribed. 

3. A rectilinear figure is said to be inscribed in a cir- 
cle when each angle of the inscribed (figure) touches the 
circumference of the circle. 

4. And a rectilinear figure is said to be circumscribed 
about a circle when each side of the circumscribed (fig- 
ure) touches the circumference of the circle. 

5. And, similarly, a circle is said to be inscribed in a 
(rectilinear) figure when the circumference of the circle 
touches each side of the (figure) in which it is inscribed. 

6. And a circle is said to be circumscribed about a 
rectilinear (figure) when the circumference of the circle 
touches each angle of the (figure) about which it is cir- 
cumscribed. 

7. A straight-line is said to be inserted into a circle 
when its extemities are on the circumference of the circle. 


Proposition 1 


To insert a straight-line equal to a given straight-line 
into a circle, (the latter straight-line) not being greater 
than the diameter of the circle. 


= D2 


Let ABC be the given circle, and D the given straight- 
line (which is) not greater than the diameter of the cir- 
cle. So it is required to insert a straight-line, equal to the 
straight-line D, into the circle ABC. 

Let a diameter BC of circle ABC have been drawn.' 
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yuo cic tov ABT xvxdov th A edvVeig ton 7 BY. et 5€ yeitav 
got 9 BI tic A, xeiodw tH A ion A TE, xal xévtow 
16 T dtaothyat 6é 165 TE xbxdoc yeypapdw 0 EAZ, xa 
ereCevyw A TA. 

‘Enel obv to I’ onusiov xévtpov got tod EAZ xbxAou, 
ton cotiv WTA tH TE. DAG tH A 4 TE éotw ton: xal 7 A 
goa tH TA eotw ion. 

Eic doa tov SodEevta xdxAov tov ABT tj Sodeton cdVetg 
tf A ton evieuootm 7 DA: bree eet norijou. 
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Therefore, if BC is equal to D then that (which) was 
prescribed has taken place. For the (straight-line) BC, 
equal to the straight-line D, has been inserted into the 
circle ABC. And if BC is greater than D then let CE be 
made equal to D [Prop. 1.3], and let the circle HAF have 
been drawn with center C and radius CE. And let C'A 
have been joined. 

Therefore, since the point C’ is the center of circle 
EAF, CA is equal to CE. But, CE is equal to D. Thus, 
D is also equal to CA. 

Thus, C'A, equal to the given straight-line D, has been 
inserted into the given circle ABC. (Which is) the very 
thing it was required to do. 


+ Presumably, by finding the center of the circle [Prop. 3.1], and then drawing a line through it. 


B’ 
Hic tov dovévta x0xAov 16) SoVEVTL TOLYOVE LOOYOVLOV 
totywvov eyyedda. 


B E 
Z. 
T 
H 
A 
A 
3) 


"How 6 doveic xbxdo¢ 6 ABI, 10 dé S00Ev ToLtywvov 
tO AEZ: det 57 cic tov ABI xdxAov 16 AEZ teryovw 
tooyavov tetywvov eyyeddat. 

"Hyd tod ABIL xvxdov egantouevy 7 HO xata 16 A, 
xa ovveotate Teds TH AO evveix xal 16 TEd¢ AvTH oNUEl 
t@ A ty tnd AEZ yoovig ton A Ono OAT, nedc dé tH AH 
cvVeta xal T6 MEd ATH ONUElw 16 A tH bnd AZE [yevig| 
torn n Uno HAB, xot exeCevydw n BI. 

‘Enel odv xbxAov tod ABI epantetat tig evVeta n AO, 
nal dnd THic Kata TO A Exapiic cic TOV KUXAOV BuFjxtoL eVVEta 
7 AT, 7 dea Und OAT ton Eotl tH Ev TH EvOAARE TOD xOXAOU 
Tunatt yovig tH Und ABT. GA’ A dnd OAT tH bnd AEZ 
gov ton xol 7 Und ABT doa ywvia t¥ Ond AEZ éotw 
ton. die Ta adTa SH xal H UNO ATB th bnd AZE eotw 
fon xal Aoinh doa H UNO BAT Aoinf{ tH ONO EAZ ot ton 
[icoyavov doa cotl to ABT tetywvov 16 AEZ tetyove, 
nal eyyeypanta cic tov ABT xvxAoy]. 

Bic tov doévta doa xbxrhov 16) SoVEvTL TELyYove 
looyaviov tetywvoy eyyeyeantat STE Edel Tolfion. 


Proposition 2 


To inscribe a triangle, equiangular with a given trian- 
gle, in a given circle. 


B E 
F 
C 
. D 
A 
H 


Let ABC be the given circle, and DEF the given tri- 
angle. So it is required to inscribe a triangle, equiangular 
with triangle DEF, in circle ABC. 

Let GH have been drawn touching circle ABC at A.' 
And let (angle) HAC, equal to angle DEF, have been 
constructed on the straight-line AH at the point A on it, 
and (angle) GAB, equal to [angle] DFE, on the straight- 
line AG at the point A on it [Prop. 1.23]. And let BC 
have been joined. 

Therefore, since some straight-line AH touches the 
circle ABC, and the straight-line AC has been drawn 
across (the circle) from the point of contact A, (angle) 
HAC is thus equal to the angle ABC in the alternate 
segment of the circle [Prop. 3.32]. But, HAC is equal to 
DEF. Thus, angle ABC is also equal to DEF’. So, for the 
same (reasons), ACB is also equal to DF'E. Thus, the re- 
maining (angle) BAC is equal to the remaining (angle) 
EDF [Prop. 1.32]. [Thus, triangle ABC is equiangu- 
lar with triangle DEF, and has been inscribed in circle 
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t See the footnote to Prop. 3.34. 
ys 
[legit tov dodEvta xxAov 16) SOVEVTL TOLYOV lOOYOVLOV 
totywvov teptyedat. 


7 A 


yy, B 


E 


H 


A T N 


"How 6 doveic xbxdoc 6 ABI, 10 dé d00Ev Tolywvov 
to AEZ: det 54 rept tov ABP xdxAov 165 AEZ teryove 
tooyavoy tetywvoyv meeryedan. 

‘ExBeBAhoVw 7H EZ ey’ Exdtepa ta ugon xatae ta H, O 
onueia, xal ciAjpdw tod ABI xdxdou xévtpov 10 K, xal 
dAXYV, @¢ Etvyxev, cbVeia 7 KB, xal ovveotatw med¢ TH 
KB evdeta xat 16 med¢ wT onuetw té K tH} uev Ond AEH 
yovig ton H bnd BKA, t7 5é Und AZO ion 7 O26 BKT, xo 
dia tv A, B,D onuctov hyJwoav epantouevar tob ABP 
xdxrov ot AAM, MBN, NIA. 

Kat énel éydantovta toh ABP xvxAou at AM, MN, NA 
uate ta A, B,D onueta, ano 6é tod K xévtpou ent ta A, B, 
T onucia eneTevyuevan ciolv ai KA, KB, KT, dpdal dou cioiv 
at med¢ toic A, B, TP onuetoig ywviow. xol excl to} AMBK 
TETOUTAEUEOL wl TEQOAES YWVlaL TETOAOW CEVOic om ciaty, 
érevdyjrtep “al cic 5V0 Tolywva Siavoeitar TO AMBK, xat ciow 
opval at bnd KAM, KBM ywvlon, Aoimal doa at bnO AKB, 
AMB buolv dpddiic tou ciotv. ciol dé xal at bnd AEH, 
AEZ bdvolv deddiic fom ai doa Und AKB, AMB toiic bx 
AEH, AEZ iow ciotv, Sv 7 Und AKB t7 bnd AEH éotw 
fon Aownh) Goa H UNO AMB dotny tH Und AEZ éotw ion. 
Ouotws SH Setydfoeta, Sti xal N UNO ANB tf bnd AZE 
cotw ton xol Aoiny dow 7 LTO MAN [Aon] tH UnO EAZ 
gow ton. iooywvoyv tea éotl tT AMN totywvov 16 AEZ 
Tolyove xal nepryéyeurnta nept tov ABT xbxAov. 

Ilegt tov do00Evta doa xdxAov 16 SovevTL TELYOva 
looy@viov tetywvoy meplyéypuntau Sree Edel Tovfoau. 
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ABC]. 

Thus, a triangle, equiangular with the given triangle, 
has been inscribed in the given circle. (Which is) the very 
thing it was required to do. 


Proposition 3 


To circumscribe a triangle, equiangular with a given 
triangle, about a given circle. 


G 

L C N 

Let ABC be the given circle, and DEF the given tri- 
angle. So it is required to circumscribe a triangle, equian- 
gular with triangle DEF’, about circle ABC. 

Let EF have been produced in each direction to 
points G and H. And let the center K of circle ABC 
have been found [Prop. 3.1]. And let the straight-line 
KB have been drawn, at random, across (ABC). And 
let (angle) Bk A, equal to angle DEG, have been con- 
structed on the straight-line KB at the point K on it, 
and (angle) BAC, equal to DF'H [Prop. 1.23]. And let 
the (straight-lines) LAM, MBN, and NCL have been 
drawn through the points A, B, and C (respectively), 
touching the circle ABC.! 

And since LM, MN, and NL touch circle ABC at 
points A, B, and C (respectively), and KA, KB, and 
KC are joined from the center K to points A, B, and 
C (respectively), the angles at points A, B, and C are 
thus right-angles [Prop. 3.18]. And since the (sum of the) 
four angles of quadrilateral AM BK is equal to four right- 
angles, inasmuch as AM BK (can) also (be) divided into 
two triangles [Prop. 1.32], and angles KAM and KBM 
are (both) right-angles, the (sum of the) remaining (an- 
gles), AK B and AMB, is thus equal to two right-angles. 
And DEG and DEF is also equal to two right-angles 
[Prop. 1.13]. Thus, AK B and AMB is equal to DEG 
and DEF, of which AK B is equal to DEG. Thus, the re- 
mainder AM B is equal to the remainder DEF. So, sim- 
ilarly, it can be shown that LNB is also equal to DFE. 
Thus, the remaining (angle) MLN is also equal to the 
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+ See the footnote to Prop. 3.34. 
0’ 


Eic 16 d00Ev totywvov xUxhov Eyyecbat. 


wN 
WAaEN 


Z. 


"Eo 16 d00Ev tetywvov tO ABI’ det 5H cic 16 ABP 
totywvov xOxhov eyyp&bau. 

Tetufodwouy ai bn6 ABT, ATB ywvion dtya toiic BA, 
TA evvetac, xal ovupBarAetwouv dAAnAac “ate tO A 
onysiov, xal AyJwouv and tod A éenl tac AB, BY, TA 
ceudetac xaetor ot AE, AZ, AH. 

Kat éxel fon cotlv y Und ABA ywvia tH tnd TBA, 
gotl be xal d6eNH A UNO BEA 600% tH Ond BZA ton, dv0 
of tetywve Eott te EBA, ZBA tac B00 Ywviag tlic SvOl 
yoviog loac Eyovta xa Ulorv TAcVEdY Le TACUES loNY TY 
UmotEetvoucay UNO Ulav TOV lowy yowdy xoWhy aHUToY THY 
BA: xol ta¢ Aoindc doa TAEVEKS Toiic AoLTAic MACUPAIC tous 
éCovow: ton éea 7 AE ti AZ. Sid ta adTH 5H wal H AH 
th, AZ gow ton. at toeic doa evdetan ai AE, AZ, AH 
toa dha eiotv: 6 dow xévtpés 165 A xal StaotHuatt evi 
tOv E, Z, H xdxrocg yeapduevoc HEet xat Sie Tov Aoindsv 
onystwy xal eocbetau tv AB, BY, TA cevveriv a 16 
oedauc elvou tac Med¢ toic E, Z, H onuctorg ywviac. el yuo 
TEMEl AUT&C, EOTAL N TH StavsetTEw TOU xbxAoU Ted CEVaC 


an’ dxeac eyouEVN Evto¢ Tintovoa Tod xUxAOU’ 6rEE &TO- 
Tov edety0r ovx dpa O xEvtoew TH A Staotiyatt dé Evi Tov 
E, Z, H ypapouevoc x0xdoc test tac AB, BY, TA evdetac: 
EQabetar doa wvté&v, xal Eota O xUXAOG EYYEYEAUUEVOC eic 
to ABT totywvov. eyyeyedqo0u ac o ZHE. 

Eic doa to SovEev tetywvov 16 ABT xbxdroc EyyEyountaL 
0 EZH: oneo eet rothou. 
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[remaining] (angle) EDF [Prop. 1.32]. Thus, triangle 
LMN is equiangular with triangle DEF’. And it has been 
drawn around circle ABC. 

Thus, a triangle, equiangular with the given triangle, 
has been circumscribed about the given circle. (Which is) 
the very thing it was required to do. 


Proposition 4 


To inscribe a circle in a given triangle. 


A 
Ke G 
B E C 

Let ABC be the given triangle. So it is required to 
inscribe a circle in triangle ABC. 

Let the angles ABC and ACB have been cut in half by 
the straight-lines BD and CD (respectively) [Prop. 1.9], 
and let them meet one another at point D, and let DE, 
DF, and DG have been drawn from point D, perpendic- 
ular to the straight-lines AB, BC, and CA (respectively) 
[Prop. 1.12]. 

And since angle ABD is equal to CBD, and the right- 
angle BED is also equal to the right-angle BF. D, EBD 
and F'BD are thus two triangles having two angles equal 
to two angles, and one side equal to one side—the (one) 
subtending one of the equal angles (which is) common to 
the (triangles)—-(namely), BD. Thus, they will also have 
the remaining sides equal to the (corresponding) remain- 
ing sides [Prop. 1.26]. Thus, DE (is) equal to DF. So, 
for the same (reasons), DG is also equal to DF. Thus, 
the three straight-lines DE, DF, and DG are equal to 
one another. Thus, the circle drawn with center D, and 
radius one of E, F, or G,' will also go through the re- 
maining points, and will touch the straight-lines AB, BC, 
and CA, on account of the angles at E, F', and G being 
right-angles. For if it cuts (one of) them then it will be 
a (straight-line) drawn at right-angles to a diameter of 
the circle, from its extremity, falling inside the circle. The 


very thing was shown (to be) absurd [Prop. 3.16]. Thus, 
the circle drawn with center D, and radius one of EF, F, 
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+ Here, and in the following propositions, it is understood that the radius 


, 


€. 


Ilegi t6 SovEV Tetywvov xbxAov TeeLyecupau. 


A A 
LA LE 
<—y oe 

"Hot 16 dovév tetywvov to ABI’ bet dé neel 16 SoVEV 
totywvov t0 ABI xdxdov nepryedpau. 


Tetufodwoouy ai AB, AD ev0eta diya xatk ta A, E 
onueta, xa and téiv A, E onueiwv toic AB, AT ned¢ op0ac 
HYVooayv at AZ, EZ: ovyncootvta 54 Ftor Evto¢ tov ABT 
Tolyovou f ent tic BI cvVetuc 7 Exto¢ ti¢ BY. 

NUUMITETWOAY TOOTEPOY EvTOs KATH TO Z, xal EneCeby)- 
woav ai ZB, ZT, ZA. xat énel ion Eotilv nH AA tH AB, xow?h 
dé xal MEd¢ GEV H AZ, Beorg doa 7 AZ Bdoer tH ZB eotw 
fon. Ouotuc Or Set€ouev, dtr xal A UZ tH AZ éotw ton: 
Bote xal 7 ZB 7 ZP eotw ton: at teeic doa at ZA, ZB, ZL 
foo GAAnAac cictv. O doa xévtow 16 Z diaothyatt dé evi 
tév A, B, T xdxdo¢ youpduevoc HEer xal Sie Tov Aoindsv 
onuctwv, xal Zotu TeplryeypauUevos O xOXAOS Teel TO ABT 
totywvov. meptyeyeu~dw wc 6 ABL. 

AAG 5H at AZ, EZ ovuunintétwoay ent tij¢ BL evVetac 
uate TO Z, wo Eyer Enl thc Sevtépac xatayeapic, nal 
éneCevy0w 1 AZ. Ouolwe dr deiEouev, dt1 tO Z onuetov 
xévtpov eotl tov mepi tO ABI tetywvov neprypapouevou 
XOXAODV. 

AAG OH at AZ, EZ ovuunintétwouv exto¢ tod ABT 
Toly@vou xate TO Z ndAw, wc yet Eml thc teltn¢ xaTa- 
yeupic, xat eneCevydwoav oat AZ, BZ, TZ. xot emet ndtv 
ton cot n AA tH AB, xow? dé xal ted¢ deVaC HAZ, Bdorc 
goa n AZ Bdoet tH BZ eotw ton. Ouotuc dh SelFouev, Ott 
xa A UZ th AZ cotw tor Gote xat 7 BZ tH ZF eotw ton: 
6 dou [néAW] xévtow 6 Z Staothwati sé evi tév ZA, ZB, 
ZI xbxAro¢ yeupduevoc Heer xol Sid THV AoMHY oNLEloy, 
xal Eota Meoryeyepauevoc tegl tO ABT tetywvov. 

Ilegt to dsodev dea totywvov xbxdoc TEplyéyeuntou’ 
Omee Edel TOLon. 
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or G, does not cut the straight-lines AB, BC, and CA. 
Thus, it will touch them and will be the circle inscribed 
in triangle ABC. Let it have been (so) inscribed, like 
FGE (in the figure). 

Thus, the circle EF‘G has been inscribed in the given 
triangle ABC. (Which is) the very thing it was required 
to do. 


is actually one of DE, DF, or DG. 


Proposition 5 


To circumscribe a circle about a given triangle. 


A A 
/)\ I B 
LY ea 
Let ABC be the given triangle. So it is required to 


ers 
circumscribe a circle about the given triangle ABC. 

Let the straight-lines AB and AC have been cut in 
half at points D and F (respectively) [Prop. 1.10]. And 
let DF and EF have been drawn from points D and F, 
at right-angles to AB and AC (respectively) [Prop. 1.11]. 
So (DF and EF) will surely either meet inside triangle 
ABC, on the straight-line BC, or beyond BC. 

Let them, first of all, meet inside (triangle ABC) at 
(point) F, and let FB, FC, and FA have been joined. 
And since AD is equal to DB, and DF is common and 
at right-angles, the base AF is thus equal to the base FB 
[Prop. 1.4]. So, similarly, we can show that CF is also 
equal to AF’. So that F'B is also equal to FC. Thus, the 
three (straight-lines) F'A, FB, and FC are equal to one 
another. Thus, the circle drawn with center F’, and radius 
one of A, B, or C, will also go through the remaining 
points. And the circle will have been circumscribed about 
triangle ABC. Let it have been (so) circumscribed, like 
ABC (in the first diagram from the left). 

And so, let DF and EF meet on the straight-line 
BC at (point) F, like in the second diagram (from the 
left). And let AF have been joined. So, similarly, we can 
show that point F is the center of the circle circumscribed 
about triangle ABC. 

And so, let DF and EF meet outside triangle ABC, 
again at (point) F’, like in the third diagram (from the 
left). And let AF, BF, and CF have been joined. And, 
again, since AD is equal to DB, and DF is common and 
at right-angles, the base AF is thus equal to the base BF 
[Prop. 1.4]. So, similarly, we can show that CF is also 
equal to AF’. So that BF is also equal to FC. Thus, 


B 
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, 


me. 


Eic tov Sovdevta xbxdov Tetepkywvoy eyyecpat. 


T 

"How 7 sovelc x0xAocg O ABTA: Set 57 cic tov ABTA 
xbdxhov tete&ywvoy eyyedpa. 

"Hydwoav tod ABTA x0xA0ovu d00 didueteot TEd¢ CEVaC 
wAVAag at AT, BA, xol exeCedy0wouy ai AB, BI, TA, 
AA. 

Kat énet ton €otly 7 BE t7 EA: xévtpov yap 10 E: xown 
dé xal Ted¢ dEDa H EA, Bdotc Kou 7 AB Bdoet tH AA ton 
gottv. Sid Te HUTA OH wal Exatéoa téHv BI, TA exatéeg 
tév AB, AA ion éottv: iodrAcvupov tea gott to ABLA 
TetodmAcueov. Agyw SF, OTL xal OPVOYavov. Emel Yao H 
BA cvdeia Sidueted¢ Eos tod ABTA xbdxrov, NutxdxALov 
&ea Eotl tO BAA: dpdh toa n UNO BAA yowovia. Sid TH 
avte dh xl Exdoty Tv Und ABT, BLA, TAA de0y éotw: 
opvoyauov goa Eotl tO ABTA tetednAeupov. edetyOn sé 
xall (OOTACUPOV: TeTEdYWVOV doa cotiv. xal eyyEyountat cic 
tov ABTA xvxdov. 

Eic doa tov dodévta xOxAOV TeTEdywvoy EYYEYEUATTAL 
to ABTA: 6nep det notion. 
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[again] the circle drawn with center F’, and radius one 
of FA, FB, and FC, will also go through the remaining 
points. And it will have been circumscribed about trian- 
gle ABC. 

Thus, a circle has been circumscribed about the given 
triangle. (Which is) the very thing it was required to do. 


Proposition 6 


To inscribe a square in a given circle. 


A 


C 


Let ABCD be the given circle. So it is required to 
inscribe a square in circle ABCD. 

Let two diameters of circle ABCD, AC and BD, have 
been drawn at right-angles to one another.‘ And let AB, 
BC, CD, and DA have been joined. 

And since BE is equal to ED, for F (is) the center 
(of the circle), and EA is common and at right-angles, 
the base AB is thus equal to the base AD [Prop. 1.4]. 
So, for the same (reasons), each of BC and CD is equal 
to each of AB and AD. Thus, the quadrilateral ABCD 
is equilateral. So I say that (it is) also right-angled. For 
since the straight-line BD is a diameter of circle ABCD, 
BAD is thus a semi-circle. Thus, angle BAD (is) a right- 
angle [Prop. 3.31]. So, for the same (reasons), (angles) 
ABC, BCD, and CDA are also each right-angles. Thus, 
the quadrilateral ABCD is right-angled. And it was also 
shown (to be) equilateral. Thus, it is a square [Def. 1.22]. 
And it has been inscribed in circle ABCD. 

Thus, the square ABC'D has been inscribed in the 
given circle. (Which is) the very thing it was required 
to do. 


+ Presumably, by finding the center of the circle [Prop. 3.1], drawing a line through it, and then drawing a second line through it, at right-angles 


to the first [Prop. 1.11]. 


Cs 


Ilegi tov SoVEvta xdxAOV TeTEdywvov TEeLyed&pan. 


Proposition 7 


To circumscribe a square about a given circle. 
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"How 6 doveic xbxdkoc O ABTA: Sei 57) regi tov ABTA 
xbxdov TeTE&ywvoy TepLlyedat. 
Z. 


H pa 


© rT K 


"Hydwoav tod ABTA x0xAovu d00 didueteot TEd¢ GEDaC 
cArAHAac a AD, BA, xot iid tv A, B,D, A onuciov hydw- 
oav Eg~arntoyevat toU ABTA xvxdovu at ZH, HO, OK, KZ. 

‘Exel odv eganteta 7 ZH tod ABTA xvxrov, &nd 5é 
tol E xévteou én thy xata tO A enaphy enéTevxtam H 
EA, ai doa med¢ 16 A ywvion dodat ciow. Sid Tae adTH 
or) wal at med¢ toic B, T, A onuetoic yewvion dedat ciow. 
xal erel ody Eotw n UNO AEB ywvia, Eotl 5 ddA xal H 
ono EBH, napcrAndoc toa cotiv 7 HO tH AL. Sid ta wdTH 
oy xat n AL tH ZK Eott napdArnroc. Bote xal A HO ti 
ZK got rapddAndoc. OUoluc St SetEouev, StL xol Exatéoa 
tév HZ, OK tH BEA éott napddAnroc. TaMAANnAdyeaua 
goa cott te HK, HI, AK, ZB, BK: ion doa eotlv H ev 
HZ ti OK, 7 5¢ HO tH ZK. xol enet fon Eotlv H AL tH 
BA, GAA wot WH vev AD exatépg tv HO, ZK, A sé BA 
exatéeg tv HZ, OK éEotw ton [xal exatéea doa tv HO, 
ZK exatéeg tv HZ, OK eotw ton], todnAcvpov doa cotl tO 
ZHOK tetednAcvupov. Aéyw SH, Ott xal OpVoYOvov. Enel 
yuo TapaANrAdYeaUdY Eott TO HBEA, xat Eotw dedh 
bono AEB, de9h doa xal 7 Und AHB. duotwc 51 SetEouev, 
OTL xal at MEd Toic O, K, Z ywvion doVat ciow. dedoyaviov 
doa €otl 10 ZHOK. cdetyn 5é xal lodmAEvEov’ teto&ywvov 
doa éotiv. xol neoryéyeantu meet tov ABTA xdxAov. 


Ilegt tov doVEvta dpa xOXAOV TETEcYWVOV TEPLYEYPUTTAL 


Onee Edel TOLon. 


+ See the footnote to the previous proposition. 
See the footnote to Prop. 3.34. 
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Let ABCD be the given circle. So it is required to 
circumscribe a square about circle ABCD. 


G A F 


H C K 

Let two diameters of circle ABCD, AC and BD, have 
been drawn at right-angles to one another.' And let FG, 
GH, HK, and KF have been drawn through points A, 
B, C, and D (respectively), touching circle ABC'D.* 

Therefore, since F'G touches circle ABCD, and EA 
has been joined from the center F to the point of contact 
A, the angles at A are thus right-angles [Prop. 3.18]. So, 
for the same (reasons), the angles at points B, C, and 
D are also right-angles. And since angle AEB is a right- 
angle, and E BG is also a right-angle, GH is thus parallel 
to AC [Prop. 1.29]. So, for the same (reasons), AC is 
also parallel to FK. So that GH is also parallel to FK 
[Prop. 1.30]. So, similarly, we can show that GF and 
HK are each parallel to BED. Thus, GK, GC, AK, FB, 
and BK are (all) parallelograms. Thus, GF is equal to 
HK, and GH to FK [Prop. 1.34]. And since AC is equal 
to BD, but AC (is) also (equal) to each of GH and F'K, 
and BD is equal to each of GF and HK [Prop. 1.34] 
[and each of GH and F'K is thus equal to each of GF 
and HK], the quadrilateral FGHK is thus equilateral. 
So I say that (it is) also right-angled. For since GBEA 
is a parallelogram, and AFB is a right-angle, AGB is 
thus also a right-angle [Prop. 1.34]. So, similarly, we can 
show that the angles at H, K, and F are also right-angles. 
Thus, FGHK is right-angled. And it was also shown (to 
be) equilateral. Thus, it is a square [Def. 1.22]. And it 
has been circumscribed about circle ABCD. 

Thus, a square has been circumscribed about the 
given circle. (Which is) the very thing it was required 
to do. 
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ue 
Eic 16 d00Ev tetedywvoyv xUxrov eyyedpa. 
"Hot 10 Sovev tetedywvov 10 ABTA. Set dH Eic 10 
ABTIA tetecywvov xbxrov eyyeddau. 


A EB 


K 


B © T 


Tetufjodw exatéoa tv AA, AB Sdtya xata ta E, Z 
onysia, xal did wev tod E onotéog tHv AB, TA napdrAnroc 
HYV O EO, dd SE tod Z onotéeg tHv AA, BI rapdrArnroc 
HxVwW A ZK napaAnrdyeayyov doa eotiv Exaotov tédv 
AK, KB, AO, OA, AH, HT, BH, HA, xol of dnevavtiov 
autésy mAcveal Snrovéti toa [eiotv]. xol Enel ton Eotly 
AA ti AB, xat got thc uev AA futoea 7 AK, tic 6é AB 
nuloeia 7 AZ, ton dow xal A AE tH AZ: Gote xol al dne- 
vavtiov’ ion doa xol 7 ZH tj HE. ouotwc 57 Seiouev, St 
xal exatéoa téiv HO, HK exatéex tv ZH, HE cot ton: 
at técoupes Gow ot HE, HZ, HO, HK tom a&ddnhauc [etoty]. 
0 tea xEvTOw EV 16) H diaothuatt o€ evi Tv E, Z, O, K 
xvuhog Yeupouevos eet xal Sid TéHv AoNGV oNEtwv’ xa 
epabeta tv AB, BL, TA, AA evVetév dia TO deVde civan 
ta Ted¢ totic E, Z, O, K ywviac: et yuo teuet 0 xOxAO¢ Tae 
AB, BI, TA, AA, f tH Stavetew tot xbxAov Ted¢ deVac¢ 
an’ d&xpac HyOUEVY EvtdO¢ TeoEita Tob xbxAOU: OnEe &tTOTOV 
edely0n. 0bx doa oO xévtew TO) H dStaothyats dé Evi tév E, 
Z, O, K xdxdo¢ yeupduevoc tevet tac AB, BY, TA, AA 
evdetac. Epcpeta doa autéiyv xa Eotu Eyyeyeaywevoc cic 
to ABTA tetekywvov. 

Eic wea tO So0Ev Tetekywvov xdxAo¢ EYYEYEATTAL’ 
Onee Eder ToLHoau. 


0. 


Ilegt 16 SodEv tetedywvov xbxdov TEeLypcpat. 
"How 16 do0Ev tetedywvov 10 ABTA: det 57) regi tO 
ABTA tetecywvov xbxdov mepryecpa. 
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Proposition 8 


To inscribe a circle in a given square. 
Let the given square be ABCD. So it is required to 
inscribe a circle in square ABCD. 


A E D 


B H C 

Let AD and AB each have been cut in half at points F 
and F (respectively) [Prop. 1.10]. And let EH have been 
drawn through F, parallel to either of AB or CD, and let 
FK have been drawn through F,, parallel to either of AD 
or BC [Prop. 1.31]. Thus, AK, KB, AH, HD, AG, GC, 
BG, and GD are each parallelograms, and their opposite 
sides [are] manifestly equal [Prop. 1.34]. And since AD 
is equal to AB, and AEF is half of AD, and AF half of 
AB, AE (is) thus also equal to AF’. So that the opposite 
(sides are) also (equal). Thus, F'G (is) also equal to GE. 
So, similarly, we can also show that each of GH and GK 
is equal to each of F'G and GE. Thus, the four (straight- 
lines) GE, GF, GH, and GK [are] equal to one another. 
Thus, the circle drawn with center G, and radius one of 
E, F, H, or K, will also go through the remaining points. 
And it will touch the straight-lines AB, BC, CD, and 
DA, on account of the angles at FE, F, H, and K being 
right-angles. For if the circle cuts AB, BC, CD, or DA, 
then a (straight-line) drawn at right-angles to a diameter 
of the circle, from its extremity, will fall inside the circle. 
The very thing was shown (to be) absurd [Prop. 3.16]. 
Thus, the circle drawn with center G, and radius one of 
E, F, H, or K, does not cut the straight-lines AB, BC, 
CD, or DA. Thus, it will touch them, and will have been 
inscribed in the square ABCD. 

Thus, a circle has been inscribed in the given square. 
(Which is) the very thing it was required to do. 


Proposition 9 


To circumscribe a circle about a given square. 
Let ABCD be the given square. So it is required to 
circumscribe a circle about square ABCD. 
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‘Enevyveion yuo at AL, BA teuvétwoav aAAnAac 
nate tO E. 
A 


rT 

Kot éxet ton cotiv n AA tf AB, xown dé 7 AT, S00 
oy ot AA, ALT Svol toc BA, AT tom elotv: xal Bdorc H 
AT Baoet tH BI ton ywvia doa 7 Und AAT yoovig tH bn 
BAT ion eottv: n &pa Und AAB yoovia diya tétunto nO 
tic AL. ovoturc 57 SeiGouev, Ott xal Exdoty Tv Ono ABY, 
BIA, TAA Sdtya tétunta bn6 tév AD, AB cdVetév. xa 
énel ton gotly 7 UNO AAB yovia tf bnod ABI, xat cot 
tic wev Und AAB fFuloewa 7 UNO EAB, tic 6€ Und ABP 
nuloeia 7 Und EBA, xal 7 bn0 EAB dpa tH Und EBA éotw 
fon ote xal tAcved 7 EA ti EB eotw ton. Ouoiws oh 
delEouev, Sti xal Exatéoa tv EA, EB [evdetéiv] exatéog 
tév ED, EA ton éotiv. at téooapec dou at EA, EB, ET, 
EA too dAAnAats ciotv. 6 doa xévtoew 16 E xal Siaotyatt 
evi tv A, B, TP, A xdxdroc yeupduevoc HEer xat Sid tév 
Aoin@y onyetav xol Eota mepryeyeauuevoc nept to ABTA 
Tetedywvoy. neptyeyeupdw ac o ABTA. 

Ilept 16 do0ev dou tetedywvov xbxdoc Teplyeyeurntal 
Onee E5el TOLou. 


V. 

‘Toooxehts telywvov ovothouodva Eyov exatéeayv Tédv 
TEDS TH Baoe yowdy SimAaolova Tic AOU. 

‘Exxeiodw tic cv0eta n AB, xl teturodw xatk tO 
I onusiov, ote tO Uno tHv AB, BI repieyduevov 
opVoyavov foov ceiver t6 and tic TA tetpayave xa 
xévtow 16 A xal Siaotyuatt 74 AB xbdxdocg yeyedotw 
0 BAE, xal évnoudodw eic tov BAE xbxaAov tA AT evdety 
Ut UeiCow ovoY Tic tToU BAE xvxA0vu diayéteou ton evdeta 
n BA: xot ExeCevydwoauv at AA, AT, xol reopryeypdqdw 
nept to ATA toetywvov xdxAoc 6 ATA. 
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AC and BD being joined, let them cut one another at 
E. 


A 


C 

And since DA is equal to AB, and AC (is) common, 
the two (straight-lines) DA, AC are thus equal to the two 
(straight-lines) BA, AC. And the base DC (is) equal to 
the base BC’. Thus, angle DAC is equal to angle BAC 
[Prop. 1.8]. Thus, the angle DAB has been cut in half 
by AC. So, similarly, we can show that ABC, BCD, and 
CDA have each been cut in half by the straight-lines AC 
and DB. And since angle DAB is equal to ABC, and 
EAB is half of DAB, and EBA half of ABC, EAB is 
thus also equal to EBA. So that side FA is also equal 
to EB [Prop. 1.6]. So, similarly, we can show that each 
of the [straight-lines] EA and FB are also equal to each 
of EC and ED. Thus, the four (straight-lines) L.A, EB, 
EC, and ED are equal to one another. Thus, the circle 
drawn with center £, and radius one of A, B, C, or D, 
will also go through the remaining points, and will have 
been circumscribed about the square ABCD. Let it have 
been (so) circumscribed, like ABCD (in the figure). 

Thus, a circle has been circumscribed about the given 
square. (Which is) the very thing it was required to do. 


Proposition 10 


To construct an isosceles triangle having each of the 
angles at the base double the remaining (angle). 

Let some straight-line AB be taken, and let it have 
been cut at point C so that the rectangle contained by 
AB and BC is equal to the square on CA [Prop. 2.11]. 
And let the circle BDE have been drawn with center A, 
and radius AB. And let the straight-line BD, equal to 
the straight-line AC, being not greater than the diame- 
ter of circle BDE, have been inserted into circle BDE 
[Prop. 4.1]. And let AD and DC have been joined. And 
let the circle ACD have been circumscribed about trian- 
gle ACD [Prop. 4.5]. 
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Kat éxel 16 tnd tév AB, BI ioov ott tH and thc 
AT, ton dé 7 AT tH BA, to &ea tnd téHv AB, BI ioov 
éotl 1 ano tic BA. xat Exel xbxA0v tod ATA efdnntat t 
onustiov exto¢ 10 B, xal and tod B ned¢ tov ATA xdxrov 
TECOTENTOXacL SvO cvVeia ai BA, BA, xal A Yev adtédv 
téuvel, 7 O€ Teoontntel, xal Cot, TO UNO THv AB, BI ioov 
16 and tic BA, 7 BA dea E~anteta to} ATA xbxd0ov. énel 
ody Epanteta ev 7 BA, and Sé tic xata TO A Exapyic 
oifxta A AT, A doa Und BAT yowd ton eotl tH ev to 
EVAAAGE TOU xbXAOU TUAYATL ywvig TH LTO AAT. enet ody 
fon éotlv H Und BAT tf bnd AAT, xow?h reooxetodw H 
ono TAA: GAN dea H UNO BAA ‘ton got Sv0i toig bnd TAA, 
AAT. AG totic bnd TAA, AAT ton Eotiv H Extd¢ H UNO 
BIA: xai 7 bnO BAA dou ton Eotl tH Und BLA. GAG H 
bond BAA t¥ Und TBA éotw ion, exet xol mAcved A AA 
tf, AB cow ion Gote xai A Und ABA tH Ono BLA éotw 
fon. at teeic dow at bndO BAA, ABA, BLA too dAAnAcUC 
ciotv. xol énel ton cotiv n UNO ABIL yovia tH xo BIA, 
fon Eotl xal mAcved 7 BA racved tH AT. GAA H BA tH 
TA bndxetta torn xal 7 TA dpa tH TA eotw fon Hote xa 
yovia 7 bndO TAA yovig tH bnd AAT eotw ton: at dou 
ono TAA, AAT tig Und AAT cio SitAaolouc. Yon Se H 
ono BLA tog bn0 TAA, AAT: xol 4 On6 BLA Gow tic bnO 
TAA éott diag. ton dé 7 UNO BLA Exatéog tév Und BAA, 
ABA: xal Exatéoa doa THv Und BAA, ABA tific bn0 AAB 
EOTL OLTAF}. 

Toooxehtc dpa totywvov ovvéotata tO ABA éyov 
exatéoay té&v med¢ tH, AB Boost ywwdy ditAdotova tic 
hoiniic: Onee Eder Tovijoau. 


tol’. 


Eic tov d00Evta xbxAov TevTdywvoy lodnAcUPEOY TE xatl 
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And since the (rectangle contained) by AB and BC 
is equal to the (square) on AC, and AC’ (is) equal to 
BD, the (rectangle contained) by AB and BC is thus 
equal to the (square) on BD. And since some point B 
has been taken outside of circle AC'D, and two straight- 
lines BA and BD have radiated from B towards the cir- 
cle ACD, and (one) of them cuts (the circle), and (the 
other) meets (the circle), and the (rectangle contained) 
by AB and BC is equal to the (square) on BD, BD thus 
touches circle ACD [Prop. 3.37]. Therefore, since BD 
touches (the circle), and DC has been drawn across (the 
circle) from the point of contact D, the angle BDC is 
thus equal to the angle DAC in the alternate segment of 
the circle [Prop. 3.32]. Therefore, since BDC is equal 
to DAC, let CDA have been added to both. Thus, the 
whole of BDA is equal to the two (angles) CDA and 
DAC. But, the external (angle) BCD is equal to CDA 
and DAC [Prop. 1.32]. Thus, BDA is also equal to 
BCD. But, BDA is equal to CBD, since the side AD is 
also equal to AB [Prop. 1.5]. So that DBA is also equal 
to BCD. Thus, the three (angles) BDA, DBA, and BCD 
are equal to one another. And since angle DBC is equal 
to BCD, side BD is also equal to side DC [Prop. 1.6]. 
But, BD was assumed (to be) equal to CA. Thus, C'A 
is also equal to CD. So that angle CDA is also equal to 
angle DAC [Prop. 1.5]. Thus, CDA and DAC is double 
DAC. But BCD (is) equal to CDA and DAC. Thus, 
BCD is also double CAD. And BCD (is) equal to to 
each of BDA and DBA. Thus, BDA and DBA are each 
double DAB. 

Thus, the isosceles triangle ABD has been con- 
structed having each of the angles at the base BD double 
the remaining (angle). (Which is) the very thing it was 
required to do. 


Proposition 11 


To inscribe an equilateral and equiangular pentagon 
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STOIXEION 6’. 


looyavoy éyyeddar. 


rT A H (2) 

"Eotw 0 dodelc xbxhocg O ABLAE: det di cic tov 
ABLTAE xvxrov nevtdéywvoy ioédncupdéyv te xal icoyaviov 
ev ypapau. 

‘Exxeiow tetywvov ioooxedkec tO ZHO SdinAactova 
éyov exatépay tov Ted¢ toic H, O ywvidsy tic Med té Z, 
xa eyyeyedgve cic tov ABLTAE x0xAov 16 ZHO teryave 
iooyavoy tetywvov TO ALTA, ote tH ev Med¢ TH Z yovia 
tony civar thy Und TAA, exatéoay dé tév med¢ toic H, O 
tonv exatéea tév Und APA, TAA: xat exatéea &ea tév 
ono ATA, TAA tii¢ bnd TAA éott Sindh. tetufodw 57 
exatéoa tov bro ATA, TAA diya tnd Exatépac tév TE, 
AB evddetéyv, xal exeTevyIwouv ot AB, BP, AE, EA. 

‘Enel odv Exatépa tév Und ATA, TAA ywwdsv ot 
TAdotwy cot tic Und TAA, xal tetunuevon ciol diya Uno 
tOv TE, AB ev0etév, at névte dow ywovin at Und AAT, 
ATE, EPA, TAB, BAA ‘too aAAfAatc etotv. ai dé fou 
yovio emt lowy meoupeoeiv BeBhxacw: al mévte doa me- 
ewpéociat at AB, BT, PA, AE, EA tom aaAhdauc eiotv. tn 
dé Tac tou TeeLpepeiag too eudEtoa UNoTEivovOW’ al MévTE 
doa evdeta at AB, BY, TA, AE, EA too cAAnAatc city: 
iodrmAcupov dea éotl T6 ABLAE mevtéywvov. AEyw 57H, 
ou xal looywwov. Enel yoo 1 AB nepipépera tH AE ne- 
eupepsia Eotly ton, xown Toooxeiodw A BLA: 6An doa 7 
ABTA nepipéora An tH EATB repupepeig eotlv ton. xa 
BeBnxev ent uev tij¢ ABTA repipepsiug ywvia A UNO AEA, 
emt b€ thc EATB repupepstuc yewvia 7 bnO BAE: xat 7 bn 
BAE dea ywovia tH Und AEA got ion. die Ta adTH 5H 
nal Excdoty tv Und ABT, BPA, TAE yowdsy exatéeg tov 
vmod BAE, AEA éotw ton: tooyauov éea gott to ABPTAE 
Tevtaywvov. edety0n 5€ xal iodmAEvEOy. 

Eic dea tov dodevta xUXAOV TEevT&yWwvoy lodTAEUEOYV TE 
xal lOOYMVIOV EYYEYEANTAL’ GEE Edel ToLHoau. 


1B". 
Ilepit tov d00€vta xvUxAov Tevtdywvoy todmAEUEdy TE 
xal looyavioy Tepryedcupau. 
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in a given circle. 


A 


C D G H 


Let ABCDE be the given circle. So it is required to 
inscribed an equilateral and equiangular pentagon in cir- 
cle ABCDE. 

Let the the isosceles triangle FGH be set up hav- 
ing each of the angles at G and H double the (angle) 
at F [Prop. 4.10]. And let triangle ACD, equiangular 
to FGH, have been inscribed in circle ABCDE, such 
that CAD is equal to the angle at F’, and the (angles) 
at G and H (are) equal to ACD and CDA, respectively 
[Prop. 4.2]. Thus, ACD and CDA are each double 
CAD. So let ACD and CDA have been cut in half by 
the straight-lines CE and DB, respectively [Prop. 1.9]. 
And let AB, BC, DE and EA have been joined. 

Therefore, since angles ACD and CDA are each dou- 
ble CAD, and are cut in half by the straight-lines CE and 
DB, the five angles DAC, ACE, ECD, CDB, and BDA 
are thus equal to one another. And equal angles stand 
upon equal circumferences [Prop. 3.26]. Thus, the five 
circumferences AB, BC, CD, DE, and EA are equal to 
one another [Prop. 3.29]. Thus, the pentagon ABCDE 
is equilateral. So I say that (it is) also equiangular. For 
since the circumference AB is equal to the circumfer- 
ence DE, let BCD have been added to both. Thus, the 
whole circumference ABCD is equal to the whole cir- 
cumference EDCB. And the angle AED stands upon 
circumference ABCD, and angle BAE upon circumfer- 
ence EDCB. Thus, angle BAE is also equal to AED 
[Prop. 3.27]. So, for the same (reasons), each of the an- 
gles ABC, BCD, and CDE is also equal to each of BAE 
and AED. Thus, pentagon ABC DE is equiangular. And 
it was also shown (to be) equilateral. 

Thus, an equilateral and equiangular pentagon has 
been inscribed in the given circle. (Which is) the very 
thing it was required to do. 


Proposition 12 


To circumscribe an equilateral and equiangular pen- 
tagon about a given circle. 
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STOIXEION 06’. 


K rT A 


"Eow 6 dovelc xdxrkog 6 ABLAE: det dé nepl tov 
ABLAE xvxirov nevtéywvoy iodédmAcupdéyv te xal icoyaviov 
Teprypcpau. 

Nevoyovw tot ey yeyeoUUevou Tevtayavou TOY yYowdsy 
onycia te A, B, T, A, EB, Hote foug civ tac AB, BI, 
TA, AE, EA mepipepeiacg? xol Sid tHv A, B, PT, A, E 
HyVwouv tod xdxAov egantduevar at HO, OK, KA, AM, 
MH, xol ciAjodw tob ABPAE xdxAou xévteov tO Z, xatl 
ereCeby0woav at ZB, ZK, ZV, ZA, ZA. 

Kot éxet 7 uev KA cddeia epanteta tos ABPAE xat& 
to T, and 6€ tot Z xévteou ext thy xata tO TD enapry 
enéCevautan yn ZT, 7 ZV dou xdetd¢ Eotw Ent thy KA: dedh 
doa Eotlv Exatéoea tov med T6 TD yowddyv. Sid TH wUTE d7 
xal at med¢ totic B, A onuetoig yovicn do0at elow. nol Enel 
oe cot 7H UNO ZVK ywvia, 0 dou and tic ZK toov cotl 
totic and tév ZP, PK. dia ta MOTH OY Kal Toic ano Hv ZB, 
BK toov cotl 16 ano thc ZK: Hote ta ano tHv ZT, TK 
toc ano tév ZB, BK cot tow, v 10 and tic ZT 16 ano 
thc ZB cot toov: Aoimov doa 16 and tic TK 16 ano tic 
BK éotw toov. ton dea 7 BK tH PK. xot enet ton cotiv 
n ZB th ZV, xo xown 7 ZK, 600 Sh at BZ, ZK bvoi toiic 
TZ, ZK tou ctotv: xal Bdouc n BK Béoes tH TK [ott] ton: 
yovia tea A uev Und BZK [ywvig] tH ond KZP eotw ton: 
7 Sé Uno BKZ tf bn6 ZKT° SitAH Gow H uev UNO BZT tic 
vn6 KZ, n 6€ O20 BKT th¢ Und ZKT. bid Ta HOTA BY aL 
n wev 0nd ZA tic Und TZA éot SinAH, H OE Und AAT 
tic Und ZALT. xat Exel ton Eotiv y BI nepupéoera tH TA, 
fon cot xal ywvia y Ond BZT tH Und TZA. xat gotw H 
uev Uno BZT tic Und KZI Sindh, H 5E Und AZT tic bn 
AZY- ion dea xat A UNO KZ tH Ono AZT eoti Sé xal A 
ono ZEK yovia t¥ bn6 ZDA ion. S00 dh) totywve Eott TH 
ZKT, ZAT tac d00 yeviag toiig SvOl yeviaic toug Eyovta 
xol ulov TAEVEdY Wl TACLES tony xownhy avutéy thy ZI: 
ual, Tac otra Hoa TACUEaC Tolic AOLMOlic MAELO Tous EEE 
xal THY AoiTHY Ywvlay TY AoTH ywovia: ton dow n uev KT 
edveta tH DA, 9 dé Un0 ZKT yovia th Ono ZAL. xa Enel ion 
éotlv n KT t7 DA, dita doa H KA thc KT. St& te adTH 5H 
deryOyoeta xal n OK tic BK SinAf. xot cotw 7 BK tH KT 
ton xal 7 OK dpa tH KA Eotw ton. duoluc OF SetyShoeta 
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K C Li 

Let ABCDE be the given circle. So it is required 
to circumscribe an equilateral and equiangular pentagon 
about circle ABCDE. 

Let A, B, C, D, and E have been conceived as the an- 
gular points of a pentagon having been inscribed (in cir- 
cle ABCDE) [Prop. 3.11], such that the circumferences 
AB, BC, CD, DE, and EA are equal. And let GH, HK, 
KL, LM, and MG have been drawn through (points) A, 
B, C, D, and E (respectively), touching the circle.’ And 
let the center F of the circle ABCDE have been found 
[Prop. 3.1]. And let FB, FK, FC, FL, and FD have 
been joined. 

And since the straight-line A L touches (circle) ABCDE 
at C, and FC has been joined from the center F’ to the 
point of contact C, FC is thus perpendicular to KL 
[Prop. 3.18]. Thus, each of the angles at C is a right- 
angle. So, for the same (reasons), the angles at B and 
D are also right-angles. And since angle FC'K is a right- 
angle, the (square) on F’'K is thus equal to the (sum of 
the squares) on F'C and C’K [Prop. 1.47]. So, for the 
same (reasons), the (square) on F'K is also equal to the 
(sum of the squares) on F'B and BK. So that the (sum 
of the squares) on F'C and CK is equal to the (sum of 
the squares) on F'B and BK, of which the (square) on 
FC is equal to the (square) on F'B. Thus, the remain- 
ing (square) on C'K is equal to the remaining (square) 
on BK. Thus, BK (is) equal to CK. And since F'B is 
equal to FC, and F'K (is) common, the two (straight- 
lines) BF, F'K are equal to the two (straight-lines) CF, 
FK. And the base BK [is] equal to the base CK. Thus, 
angle BFK is equal to [angle] KFC [Prop. 1.8]. And 
BKF (is equal) to FKC [Prop. 1.8]. Thus, BFC (is) 
double KFC, and BKC (is double) FKC. So, for the 
same (reasons), CFD is also double CF'L, and DLC (is 
also double) F LC. And since circumference BC is equal 
to CD, angle BFC is also equal to CF'D [Prop. 3.27]. 
And BFC is double KFC, and DFC (is double) LFC. 
Thus, K FC is also equal to LF'C. And angle FC K is also 
equal to FCL. So, FKC and FLC are two triangles hav- 
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STOIXEION 6’. 


nal exdotyn Tv OH, HM, MA exatéeg tév OK, KA ion: 
iodrmAcupov doa Eotl TO HOKAM revtdywvov. Ey 54, 
OTL Xal looyMMoy. Enel yuo ton Eotiv H Ond ZKT yovia tH 
ono ZAT, nol edetyOn tic uev Und ZKT Sindy H UnO OKA, 
tic be Und ZAT Sindh H ODO KAM, xol H Und OKA doa 
tf, Und0 KAM Eotw ion. Ouotuc 57 SetyOjoeta xal Excdotn 
tév bnd KOH, OHM, HMA exatépg tév bnd OKA, KAM 
fon ai névte doa ywvion ai bnd HOK, OKA, KAM, AMH, 
MHO ‘om aAAhAatg Elotv. looywwov dou eotl tT HOKAM 
TEvtdywvov. edety0n OE “ol lodrAEUVEOY, Kal TEpLYeYEUNTHL 
neot tov ABLTAE xvvxdov. 

[IIeet tov SodEvtA kpa xdxAOV TEevT&ywVoV icdrAEUPdV 
te xa ilooyavioy neolyeyeuntat]’ Stee Eder Norijou. 


+ See the footnote to Prop. 3.34. 


, 


LY’. 
Ei¢ 16 d00€v nevtdywvov, 6 cot lodnAcvEdV TE xatl 
looyavoy, xbxrov eyyeddan. 


Tr K A 


"Kote 10 dovev nevtdywvov lodTAEupdy TE xal looyavi- 
ov to ABLAE: det 57 cic To ABPAE revteéywvov xbxhov 
ey veda. 

Tetujotw yoo exatéea tév Und BPA, TAE ywwdiyv 
diya bn Exatéoug tv TZ, AZ evdevv: xoal and tod Z 
onystou, x00’ 6 cuuBdAAOVOW GAAVAaus at [Z, AZ evdetu, 
éreCeby0woav ai ZB, ZA, ZE cvdeia. xal enel ton cotiv 
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ing two angles equal to two angles, and one side equal 
to one side, (namely) their common (side) FC. Thus, 
they will also have the remaining sides equal to the (cor- 
responding) remaining sides, and the remaining angle to 
the remaining angle [Prop. 1.26]. Thus, the straight-line 
KC (is) equal to CL, and the angle FKC to FLC. And 
since KC is equal to CL, KL (is) thus double KC. So, 
for the same (reasons), it can be shown that HK (is) also 
double Bk. And BK is equal to KC. Thus, HK is also 
equal to KL. So, similarly, each of HG, GM, and ML 
can also be shown (to be) equal to each of HK and KL. 
Thus, pentagon GHKLM is equilateral. So I say that 
(it is) also equiangular. For since angle F' KC is equal to 
F LC, and HK L was shown (to be) double FAC, and 
KLM double FLC, HKL is thus also equal to KLM. 
So, similarly, each of KHG, HGM, and GML can also 
be shown (to be) equal to each of HAL and KLM. Thus, 
the five angles GHK, HKL, KLM, LMG, and MGH 
are equal to one another. Thus, the pentagon GHK LM 
is equiangular. And it was also shown (to be) equilateral, 
and has been circumscribed about circle ABCDE. 

(Thus, an equilateral and equiangular pentagon has 
been circumscribed about the given circle]. (Which is) 
the very thing it was required to do. 


Proposition 13 


To inscribe a circle in a given pentagon, which is equi- 
lateral and equiangular. 


C K D 


Let ABCDE be the given equilateral and equiangular 
pentagon. So it is required to inscribe a circle in pentagon 
ABCDE. 

For let angles BCD and CDE have each been cut 
in half by each of the straight-lines CF and DF (re- 
spectively) [Prop. 1.9]. And from the point F’, at which 
the straight-lines CF’ and DF meet one another, let the 
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n BI tH TA, xowy Se 7 TZ, S00 Sh at BY, PZ dvol toiic 
AT, TZ tom ciotv: xal ywvia A bnd BIZ ywvia ty bn 
AYZ [éoty] ton Bdouc Kou WH BZ Bédoer t7 AZ Eotw ion, 
xa 16 BV'Z tetywvov 16 ATZ tevyova cotw tooy, xat at 
Roiral ywviou tolic Aotmaiig yervioug too Eoovtat, LY ac at 
loo. mAcueal Unotetvouow: ton dea 7 UTO TBZ ywvia ty; 
ono TAZ. xat enel SinAF Eotw 7H UnO TAE tic bnd TAZ, 
fon 5¢ 4 Uev UNO TAE tH bn ABT, 7 6é Und TAZ tH bn 
IBZ, xot 7 Und TBA dea tic tnd PBZ éot Sindi ion 
goa 7 UNO ABZ ywvia tH Ondo ZBI: H doa Und ABT yovia 
dtya TétTUNTH UNO Tic BZ evbetac. OUolws S1 SeryDhoeta, 
ou xal Exatéopa tév Und BAE, AEA diya tétunto bn 
exatéouc tév ZA, ZE cvdeiv. Aydwouv 54 and tod Z 
onyctov ent tac AB, BI, TA, AE, EA evddetac xddetor 
at ZH, ZO, ZK, ZA, ZM. xot enet fon Eotly n Und OFZ 
yovla th Und KTZ, gotl 5& xat ded H Und ZOT [de0F]] 
th bn0 ZKT ton, dbo dh tetywve cot ta ZOT, ZKT tac 
d00 Ywviag Svol ywviaic tou¢g Eyovta xa Ulav TAEVEdY LLG 
TAcuee tony xownhy avtéy thy ZT vnotetvovoay UnO Ulav 
TOY flowy yawdsy’ xal Tac AoITaS dow MACVEUC Tolic AoLMaiic 
TAeupdic toac E€er ton doa n ZO xdVetoc th ZK xadétw. 
ouotws SH Setydroeta, Ot. xal Excdotyn tHv ZA, ZM, ZH 
exatéea tav ZO, ZK ton cottv: at névte dou evdeton ot ZH, 
ZO, ZK, ZA, ZM ‘oo dAAHAatc elotv. 6 dea xévtew 16 Z 
Staotruati sé evi tév H, O, K, A, M xdxAo0¢ yeapduevoc 
Heer xa Sid tv Aoindv onuctwv xal epabeta tv AB, BI, 
TA, AE, EA cddeav die 10 deda¢ eivan tue Med¢ toic H, 
0, K, A, M onustoig yoviag. et yap obx Epabetar autéy, 
GAA TEUEl ADTAC, CUUBHOETH THY TH Siaetew tod x0xAOU 
TES CEDUC aN &xeug KYOUEVHY Evtoc Tintetw Tob xdxAOVU: 
Onee &tonoy cdetyOn. Ox Goa O xEvTEW TE Z SiaotHWatt dé 
evi tv H, 0, K, A, M onuctwv ypapduevoc x0xdoc teyet 
tac AB, BP, TA, AE, EA cbvdetac: epcbetoar doa adtéiv. 
yeyedp0u aco o HOKAM. 

Bic doa to S00Ev Tevtdywvov, 6 EoTW lodmAEUEdV TE 
xal looyaviov, xbxAog EYYEYEANTAL’ OEE Edel ToLHoau. 


, 
10". 
Ilegt 16 dodev Tevtéywvoy, 6 Cot iodmAEUEOY TE Kall 


looyavov, x0xAOv TepLypdcban. 
"Kote to dovev mevteywvoy, 6 Cott lodmAEUEOY TE xall 
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straight-lines FB, FA, and FE have been joined. And 
since BC is equal to CD, and CF (is) common, the two 
(straight-lines) BC’, CF are equal to the two (straight- 
lines) DC, CF. And angle BCF [is] equal to angle 
DCF. Thus, the base BF is equal to the base DF’, and 
triangle BC'F is equal to triangle DCF, and the remain- 
ing angles will be equal to the (corresponding) remain- 
ing angles which the equal sides subtend [Prop. 1.4]. 
Thus, angle CBF (is) equal to CDF. And since CDE 
is double CDF, and CDE (is) equal to ABC, and CDF 
to CBF, CBA is thus also double CBF. Thus, angle 
ABF is equal to FBC. Thus, angle ABC has been cut 
in half by the straight-line BF. So, similarly, it can be 
shown that BAE and AED have been cut in half by the 
straight-lines F'A and FE, respectively. So let FG, FH, 
FK, FL, and F'M have been drawn from point F’, per- 
pendicular to the straight-lines AB, BC, CD, DE, and 
EA (respectively) [Prop. 1.12]. And since angle HCF 
is equal to KC'F, and the right-angle FHC is also equal 
to the [right-angle] FAC, FHC and F'KC are two tri- 
angles having two angles equal to two angles, and one 
side equal to one side, (namely) their common (side) FC, 
subtending one of the equal angles. Thus, they will also 
have the remaining sides equal to the (corresponding) 
remaining sides [Prop. 1.26]. Thus, the perpendicular 
FH (is) equal to the perpendicular F'k. So, similarly, it 
can be shown that FL, FM, and FG are each equal to 
each of FH and F'K. Thus, the five straight-lines F'G, 
FH, FK, FL, and FM are equal to one another. Thus, 
the circle drawn with center F’, and radius one of G, H, 
K, L, or M, will also go through the remaining points, 
and will touch the straight-lines AB, BC, CD, DE, and 
EA, on account of the angles at points G, H, K, L, and 
M being right-angles. For if it does not touch them, but 
cuts them, it follows that a (straight-line) drawn at right- 
angles to the diameter of the circle, from its extremity, 
falls inside the circle. The very thing was shown (to be) 
absurd [Prop. 3.16]. Thus, the circle drawn with center 
F, and radius one of G, H, K, L, or M, does not cut 
the straight-lines AB, BC, CD, DE, or EA. Thus, it will 
touch them. Let it have been drawn, like GHKLM (in 
the figure). 

Thus, a circle has been inscribed in the given pen- 
tagon which is equilateral and equiangular. (Which is) 
the very thing it was required to do. 


Proposition 14 


To circumscribe a circle about a given pentagon which 
is equilateral and equiangular. 
Let ABCDE be the given pentagon which is equilat- 
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STOIXEION 86’. 


iooyauoyv, To ABLAE: det of nept t6 ABLTAE revtéywvov 
xbxrov Teeryecpat. 
A 


Tr pa 


Tetujodw dr exatéea tév tnd BPA, PAE yowdiv 
dtya tnd Exatéeac tv TZ, AZ, xoal dnd tot Z onuctov, 
nad’ 6 ovpBdAdrovow at evdeta, ext ta B, A, E onucia 
ereCedy0woav evdeta ai ZB, ZA, ZE. ouotwe 54 16 med 
tovtov SetyDhoeta, Sti xal Exdotn Tv Und TBA, BAE, 
AEA ywwddy dtya tétunta 0nd Exdoty¢ tv ZB, ZA, ZE 
evvev. xal enel fon cotly H O10 BLA ywvia tH Und TARE, 
xat gout tic uev UNO BLA hyutoera 7 Und ZITA, tic 6 UNO 
TAE jyutoeve 7 bnd TAZ, xol 7 bd ZTA Goa tH Und ZAT 
éotw ton ote xal tAcved 7 ZI rAcved& tH ZA Eotw ton. 
ouotws SY SetyOhoetu, Ott xal Excdotyn tv ZB, ZA, ZE 
exatéog tHv ZT, ZA éot ton: al névte doa evVetor al 
ZA, ZB, ZV, ZA, ZE tom dddnAac ciotv. 6 koa xévtEw 
6 Z nal Siaothuats evi tv ZA, ZB, ZPD, ZA, ZE xvxroc 
yeupduevoc Vet xa Sie Tv Aoindy oNetwv xa Eotou MEe- 
eLYEYEaUUEevoc. Teptyeyedqdu xal €otw 6 ABLAE. 

Tlegt dou 16 S0VEV Tevtdywvov, 6 EaTW lodTAEUEdY TE 
xal looyaviov, xOxAOS TepLyeyepurta’ OnE Ebel TOlfjon. 


le’. 

Eig tov d00€vta x0xAov E€&ywvov todTAEUEOV TE xa 
looyavoy éyyedar. 

"Eow 6 d00elc xbxdkocg 6 ABLAEZ: det 54 cic tov 
ABTAEZ xbdxrov e€&ywvov iodmAcuedv te xal icoyaviov 
ey yecpau. 

"Hyd tot ABLAEZ xvxrov didueteoc 7 AA, xo 
ciAnpda TO xEvteov tov xvUxAov tO H, xol xévtew Yev 
tT A diacthuatt bé 14 AH xbxdo¢ yeyeapdw o EHTO, 
xal eniCevyVeion at EH, CH SijyIwouy ent ta B, Z onueta, 
xal eneTevy0woav ai AB, BL, PA, AE, EZ, ZA: eyo, tt 
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eral and equiangular. So it is required to circumscribe a 
circle about the pentagon ABCDE. 


A 


C D 


So let angles BCD and CDE have been cut in half by 
the (straight-lines) CF and DF, respectively [Prop. 1.9]. 
And let the straight-lines FB, FA, and FE have been 
joined from point F’, at which the straight-lines meet, 
to the points B, A, and EF (respectively). So, similarly, 
to the (proposition) before this (one), it can be shown 
that angles CBA, BAE, and AED have also been cut 
in half by the straight-lines FB, FA, and FE, respec- 
tively. And since angle BCD is equal to CDE, and FCD 
is half of BCD, and CDF half of CDE, FCD is thus 
also equal to FDC. So that side FC is also equal to side 
FD [Prop. 1.6]. So, similarly, it can be shown that FB, 
FA, and FE are also each equal to each of FC and FD. 
Thus, the five straight-lines FA, FB, FC, FD, and FE 
are equal to one another. Thus, the circle drawn with 
center F’', and radius one of FA, FB, FC, FD, or FE, 
will also go through the remaining points, and will have 
been circumscribed. Let it have been (so) circumscribed, 
and let it be ABCDE. 

Thus, a circle has been circumscribed about the given 
pentagon, which is equilateral and equiangular. (Which 
is) the very thing it was required to do. 


Proposition 15 


To inscribe an equilateral and equiangular hexagon in 
a given circle. 

Let ABCDEF be the given circle. So it is required to 
inscribe an equilateral and equiangular hexagon in circle 
ABCDEF. 

Let the diameter AD of circle ABCDEF have been 
drawn,’ and let the center G of the circle have been 
found [Prop. 3.1]. And let the circle EGCH have been 
drawn, with center D, and radius DG. And EG and CG 
being joined, let them have been drawn across (the cir- 
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16 ABTAEZ é&dywvov iodrAcupdv té Eott Kal looywwov. 


‘Enel yoo tO H onusiov xévtpov eotl tot ABPAEZ 
xbxAov, ton éotlv nH HE ti HA. nédw, enet to A onuciov 
xévtpov éott tov HO xdxAov, ton cotiv 7A AE tf AH. 
OAK’ 1 HE ti HA edetydn ton xal n HE doa tH EA ion 
éotlv' todtAcupov tea Eotl TO EHA tetywvov: xal al teeic 
goa avutod ywview at Und EHA, HAE, AEH fom ddAnAcuc 
cloly, Emetdrjmee THY loooKEAdY ToLyYOvay al MEOS TY Ba&oet 
yovio tou aAAnAauc ciotv’ xat ciow al toeic to terywvou 
yovia Suolv dpdoiic fom 7 dopa Und EHA ywvia teitoyv éotl 
d00 dEVHv. dyotws SF SeiyDhoetau xol n Und AHT toitov 
S00 opddédy. xal Exel ATH cvdeta ext thy EB otadecion tac 
enecfic ywviacg tac Und EHT, PHB duo dpvdiic tous noret, 
xal Aoiny) Koa A UNO THB tettov cotl S00 deddv: al doa 
ono EHA, AHL, THB yoovin fom acs ciotv: dote xa 
at XATa KOPLEHY adTo¢ at UNO BHA, AHZ, ZHE toa cioiv 
[tolic Und EHA, AHT’, THB]. ai €€ dow yovion at bnd EHA, 
AHI, THB, BHA, AHZ, ZHE too Arthas ciotv. at sé 
fou yori ent fowy mepipeperaiv BeBhxaow’ al EF doa me- 
eupéperat at AB, BY, TA, AE, EZ, ZA too wArdac ciotv. 
vno be Tae loacg mepLpepstuc at loom evdeiar UnotelvovoWw: 
at € dow evudetan tom cAANAaIc eiotv: lodmAcUeOV Kou EoTl 
to ABTAEZ éf&ywvov. hEyw 54, Sti ual iooywwov. Enel 
yoo ton éotiv n ZA mepipepera t7) EA repupeoeia, xowh 
teooxetodw 7 ABTA nepipépeia dAn dow 7 ZABIA ody 
tf, EATBA éotw ion: xol BéBnxev ext yéev thc ZABIA 
nepipepetag 7 UNO ZEA yovia, ent dé thc EATBA rept 
geeetac 7 UNO AZE yovia: ton doa fh Und AZE ywvia tH 
uno AEZ. ovotac d7 Setydroetat, StL xal at Aoumal yoorvion 
tov ABPAEZ éFayavou xat& uiav foo etolv exatéey tiv 
ond AZE, ZEA youdv: icoymvoy doa gott t6 ABTAEZ 
eCaywvov. edely0y SE xal lodtAcUEOV xal EYYeyeaTTaAL cic 
tov ABLAEZ xvdxov. 

Eic &pa tov Sovevta xbxdov E€&ywvoV iodmAEUEdOV TE 
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cle) to points B and F (respectively). And let AB, BC, 
CD, DE, EF, and FA have been joined. I say that the 
hexagon ABC'DEF is equilateral and equiangular. 

H 


For since point G is the center of circle ABCDEF, 
GE is equal to GD. Again, since point D is the cen- 
ter of circle GCH, DE is equal to DG. But, GE was 
shown (to be) equal to GD. Thus, GE is also equal to 
ED. Thus, triangle EGD is equilateral. Thus, its three 
angles EGD, GDE, and DEG are also equal to one an- 
other, inasmuch as the angles at the base of isosceles tri- 
angles are equal to one another [Prop. 1.5]. And the 
three angles of the triangle are equal to two right-angles 
[Prop. 1.32]. Thus, angle EG'D is one third of two right- 
angles. So, similarly, DGC can also be shown (to be) 
one third of two right-angles. And since the straight-line 
CG, standing on EB, makes adjacent angles EGC and 
CGB equal to two right-angles [Prop. 1.13], the remain- 
ing angle CGB is thus also one third of two right-angles. 
Thus, angles EGD, DGC, and CGB are equal to one an- 
other. And hence the (angles) opposite to them BGA, 
AGF, and FGE are also equal [to EGD, DGC, and 
CGB (respectively)] [Prop. 1.15]. Thus, the six angles 
EGD, DGC, CGB, BGA, AGF, and FGE are equal 
to one another. And equal angles stand on equal cir- 
cumferences [Prop. 3.26]. Thus, the six circumferences 
AB, BC, CD, DE, EF, and F'A are equal to one an- 
other. And equal circumferences are subtended by equal 
straight-lines [Prop. 3.29]. Thus, the six straight-lines 
(AB, BC, CD, DE, EF, and FA) are equal to one 
another. Thus, hexagon ABCDEF is equilateral. So, 
I say that (it is) also equiangular. For since circumfer- 
ence FA is equal to circumference ED, let circumference 
ABCD have been added to both. Thus, the whole of 
F ABCD is equal to the whole of EDCBA. And angle 
FED stands on circumference F ABCD, and angle AF E 
on circumference EDCBA. Thus, angle AF'E is equal 
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STOIXEION 6’. 


xal lOOYMVIOV EYYEYEANTAL’ OEE Edel TOLHoau. 


TId6etou. 

"Ex d7 to0toU wavepdy, Ott Tov ECayavou TAEvEd ton 
Eotl Tf Ex Tov xévteou tov xvxAov. 

‘Quotws b€ totic ext tot nevtayavou Edy bid THY xATE 
TOV KXOXAOV BLALOEGEWV EPATTOUEVAS TOU XUXAOV AY AY WHEY, 
Teerypaprjoeta meet tov xbxAov E€&ywvov todmAcuedv 
Te “al looyavov axorkobYmc toi¢ Ext to nevtayavou 
clonuevolc. xa Ett Sie TEV OUOlwy Toic Ext To NevtAyavoU 
elonuevoic cic TO Sov E~kyYWVOV xUXAOV EyYe&oUEY TE 
nal teptyeaouev’ Smee Edel Totyjoa. 


t See the footnote to Prop. 4.6. 
# 
iv. 


Kic tov d00Evta xOXAOV TEVTEXALDEXLY WVOV LOOTAEUEOV 
te xal looyavoy eyyecbau. 


A 


"How 0 doveic xbxAo¢g O ABTA: Set 57 cic tov ABTA 
xOXAOV TEvTExadexdywvov lodTAEUEOV TE Xa iooyavioV 
eyypapau. 

‘Eyyeyedqve cic tov ABTA x0xAov tetyavou yév ioo- 
TAEbeOU TOU cic MUTOV EYYEaPoUgvoU TAcUEd H AT’, Tev- 
taywvou sé iconAcveou fH AB’ otwv dea éotiv o ABLA 
xvurog flowy tufatwv Sexanévte, tolovtwv A ev ABI 
Tepipépeta toitov ovoa tov x0xAov Eota névte, 7 sé AB 
TEOLPEPELA TEUTOV OVGA TOU xUXAOU EoTaL TOLéV? AoLTH ed 
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to DEF [Prop. 3.27]. Similarly, it can also be shown 
that the remaining angles of hexagon ABCDEF are in- 
dividually equal to each of the angles AFF and FED. 
Thus, hexagon ABC DEF is equiangular. And it was also 
shown (to be) equilateral. And it has been inscribed in 
circle ABCDE. 

Thus, an equilateral and equiangular hexagon has 
been inscribed in the given circle. (Which is) the very 
thing it was required to do. 


Corollary 


So, from this, (it is) manifest that a side of the 
hexagon is equal to the radius of the circle. 

And similarly to a pentagon, if we draw tangents 
to the circle through the (sixfold) divisions of the (cir- 
cumference of the) circle, an equilateral and equiangu- 
lar hexagon can be circumscribed about the circle, analo- 
gously to the aforementioned pentagon. And, further, by 
(means) similar to the aforementioned pentagon, we can 
inscribe and circumscribe a circle in (and about) a given 
hexagon. (Which is) the very thing it was required to do. 


Proposition 16 


To inscribe an equilateral and equiangular fifteen- 
sided figure in a given circle. 


A 


Let ABCD be the given circle. So it is required to in- 
scribe an equilateral and equiangular fifteen-sided figure 
in circle ABCD. 

Let the side AC of an equilateral triangle inscribed 
in (the circle) [Prop. 4.2], and (the side) AB of an (in- 
scribed) equilateral pentagon [Prop. 4.11], have been in- 
scribed in circle ABCD. Thus, just as the circle ABCD 
is (made up) of fifteen equal pieces, the circumference 
ABC, being a third of the circle, will be (made up) of five 
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n BI tév fowv S00. tetufodw A BI dtya xat& tO E- 
exatéoa doa tv BE, ED repupeperésv mevtexcaudéexatdv cott 
tot ABTA xvxdov. 

"Ey dou em@evEavtec tac BE, ED toug wbtolic xat&e tO 
ouvexec evdelac Evapudowuev cic tov ABLA[E] xdxdov, 
EOTAL Cig UTOV EY YEYPAUNEVOV TEVTEXMBEXHY WVOV IOOTAEU- 
edv te xal looywviov’ OnEe Edel TOLfou. 

‘Ouoltwc S& Toic ext tol mevtaywvou eav Sia Tédv 
KATH TOV KUXAOV SlolesoEwWY EMaMToUevac tod xbxAOU 
ayayYMUEY, TEeolyepupryoeta mel TOV xbxAOV TEVTEXALL- 
dexdywvov todrmAevedv te xal icoymwov. ett dé Sie 
TOV OUOlwWy tTol¢ Ext TOU Tevtaywvou Sel€ewv xal cic TO 
dovev Tevtexadexckywvoyv xUxrov Eyyp&pouey te xal mMe- 
eryecpouev’ Omee Edet Totfjoa. 
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such (pieces), and the circumference AB, being a fifth of 
the circle, will be (made up) of three. Thus, the remain- 
der BC (will be made up) of two equal (pieces). Let (cir- 
cumference) BC have been cut in half at F [Prop. 3.30]. 
Thus, each of the circumferences BE and EC is one fif- 
teenth of the circle ABCDE. 

Thus, if, joining BE and EC, we continuously in- 
sert straight-lines equal to them into circle ABCD|E] 
[Prop. 4.1], then an equilateral and equiangular fifteen- 
sided figure will have been inserted into (the circle). 
(Which is) the very thing it was required to do. 

And similarly to the pentagon, if we draw tangents to 
the circle through the (fifteenfold) divisions of the (cir- 
cumference of the) circle, we can circumscribe an equilat- 
eral and equiangular fifteen-sided figure about the circle. 
And, further, through similar proofs to the pentagon, we 
can also inscribe and circumscribe a circle in (and about) 
a given fifteen-sided figure. (Which is) the very thing it 
was required to do. 
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Proportion 


+The theory of proportion set out in this book is generally attributed to Eudoxus of Cnidus. The novel feature of this theory is its ability to deal 
with irrational magnitudes, which had hitherto been a major stumbling block for Greek mathematicians. Throughout the footnotes in this book, 
a, B, y, etc., denote general (possibly irrational) magnitudes, whereas m, n, I, etc., denote positive integers. 
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STOIXEION ¢€’. 


“Oeo.. 


a’. Mépo¢ totl yéyedoc ueveVoug TO EAanooov tod 
ueiZovoc, OtTav xaTavEtef| TO UeiCov. 

B’. To\vanAcovov 5€ tO UeiTov tot Ehdttovoc, Stay xa- 
TONETET| Ta UTO TOU EAdTTOVOS. 

y’. Aédyoo éotl dbo yeyedGv OuoyevOv n nate TH 
ALXOTHTA MOA CYXEOLC. 

0. Adyov éyew med¢ HAANAG UEeyeDy A€yeTaL, & SVvaTaL 
TOMAaTAdoLACOUEVa GAATAWY UTEPEYELV. 

e. “Ev 16) aute Adyw ueyedn Agyetar elvar meéitov 
Ted¢ Sebtep0v xol Teitov mMeOc TétTUETOV, STAY Ta TOD 
TE@TOV xat Toitov lodxig NoAAaTAcOLA THY TOD SeUTEPOU 
xal TETUETOL lodxic TOAAaTAaciwY xad’ OTOLOVOUY TOAAG- 
TAAXSIAGUOV EXATEEOV EXATEEOU 7 CNA UTECE YN Ff Ga tow 7 
H Gua cdrcing Anovevta xatcrrnra. 

¢. Ta 5€ TOV avTOV Eyovta AdYOV UEyEdN avddroYoOV 
xarstov. 

C. “Otay 8& tév todxic ToAAaTAGotwy TO YEV TOD 
TEWTOV ToAAaTAc&oLov Unepéyy Tov tod deuTée0U TOA- 
hartdactov, TO b€ Tov teitov noAAamAdoLov UN UTEpeyN 
tob tod tetdeTOU TOAAATAKOLOL, TOTE TO TEGSTOV TEOC TO 
dedtepov UctTova Adyov Exel A€yetat, Armee TO toitov MEd¢ 
TO TETUOTOV. 

1. Avadoyta 5& Ev tetolv deoic cAaytoty Eotiv. 

0’. “Otay Se tota ueyedn avédoyov 4, TO TedtOv TeOG 
TO Teitov SimAaotova Advov Eyew Aveta Ee TEdC TO 
de0TEPOV. 

V. “Otay 6& Técoopa yeyedn avddoyoyv fh, TO TEéTOV 
TEOS TO TETAPTOY TELMAKOLova AdYOV Eye AgyeTo mee 
TMeO¢ TO SebtEpOY, xal del ECF¢ OUOlwc, > A A avadroyla 
UncoYy). 

va’. “Oudroya usyedn Agyeto Tx UEv HyoUUEVa Tolc 
NYOLMEVOIc TA SE ENOUEVA TOl¢ ENOUEVOLC. 

1B’. “EvokAad Adyos Eotl Affbic Tob HyouLEevou Ted TO 
NYovuEvoy xal Tot ENOUEVOL Ted TO EMOUEVOVY. 

wy’. Avénakwy Adyoo Eotl Affic to Enouevou we 
NYOLLEVOL Ted TO NYOVUEVOY WC EMOUEVOY. 

1’. LOvVeotg Adyou Eotl Afjthig ToD HyouEevov eta TOD 
EMOUEVOL WC EVOS TEOS AUTO TO ETOUEVOY. 

te’. Atateeoug AGyou Eotl Afjthic tYjc Unepoy is, f Unepeyer 
TO NyobUEvoy To EnoUEeVOL, TEdG AUTO TO EMdUEVOY. 

is’. Avaotpogy Adyou Eotl Afhic Tov Hyouyevou Ted¢ 
Thy Umepoyyy, f UmEpsyet TO NyobUEvov Tob Emouevov. 

\Z’. Av toov Adyog Eotl TAELOVWY SvIwY UEyeDOv xa 
WMAwv avtoic lowv tO TAFVoc aobvdv0 AanUBavouevwv xoll 
EV TG KUTE ADYW, OTAV F Wd EV Toc TEWTOIC UEVeVEOL TO 
TEGTOV MEO TO Eoyatov, OUT Ev Toi SeUTEPOIS UEVEVEOL 
TO TEdItTOV Teds TO EoyatOV’ H GAAwc: Afhic TV dxowv 
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Definitions 

1. A magnitude is a part of a(nother) magnitude, the 
lesser of the greater, when it measures the greater.' 

2. And the greater (magnitude is) a multiple of the 
lesser when it is measured by the lesser. 

3. A ratio is a certain type of condition with respect to 
size of two magnitudes of the same kind.* 

4. (Those) magnitudes are said to have a ratio with re- 
spect to one another which, being multiplied, are capable 
of exceeding one another.’ 

5. Magnitudes are said to be in the same ratio, the first 
to the second, and the third to the fourth, when equal 
multiples of the first and the third either both exceed, are 
both equal to, or are both less than, equal multiples of the 
second and the fourth, respectively, being taken in corre- 
sponding order, according to any kind of multiplication 
whatever.1 

6. And let magnitudes having the same ratio be called 
proportional.* 

7. And when for equal multiples (as in Def. 5), the 
multiple of the first (magnitude) exceeds the multiple of 
the second, and the multiple of the third (magnitude) 
does not exceed the multiple of the fourth, then the first 
(magnitude) is said to have a greater ratio to the second 
than the third (magnitude has) to the fourth. 

8. And a proportion in three terms is the smallest 
(possible).* 

9. And when three magnitudes are proportional, the 
first is said to have to the third the squared!! ratio of that 
(it has) to the second.t? 

10. And when four magnitudes are (continuously) 
proportional, the first is said to have to the fourth the 
cubed?! ratio of that (it has) to the second.®$ And so on, 
similarly, in successive order, whatever the (continuous) 
proportion might be. 

11. These magnitudes are said to be corresponding 
(magnitudes): the leading to the leading (of two ratios), 
and the following to the following. 

12. An alternate ratio is a taking of the (ratio of the) 
leading (magnitude) to the leading (of two equal ratios), 
and (setting it equal to) the (ratio of the) following (mag- 
nitude) to the following.14 

13. An inverse ratio is a taking of the (ratio of the) fol- 
lowing (magnitude) as the leading and the leading (mag- 
nitude) as the following.** 

14. A composition of a ratio is a taking of the (ratio of 
the) leading plus the following (magnitudes), as one, to 
the following (magnitude) by itself.** 
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nad’ one€alpeow THVv UEowv. 

wy. Tetapayuevyn 6€ avadoyia €otty, Stay ToléSv 6vTwv 
usyevd@y xal GAAwy avtoic towv TO TAHVOo yivyto a¢ YEV 
ev toic TEWTOIs UeyeVEoW NYOUUEVOY TEdc EMOUEVOY, OUTWC 
év toic SeuTEpolc UEYEVEoW TYOUUEVOV Ted ENMOUEVOY, WC 
d€ EV Tolc TETOIC UEYEVEOW ENGUEVOV TEOC GAAO TL, OUTWC 
Ev Tolc SeUTEPOIC GAAO TL MEOS NyobUEVoOY. 


t In other words, a is said to be a part of 3 if 8 = ma. 
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15. A separation of a ratio is a taking of the (ratio 
of the) excess by which the leading (magnitude) exceeds 
the following to the following (magnitude) by itself. 

16. A conversion of a ratio is a taking of the (ratio 
of the) leading (magnitude) to the excess by which the 
leading (magnitude) exceeds the following.''* 

17. There being several magnitudes, and other (mag- 
nitudes) of equal number to them, (which are) also in the 
same ratio taken two by two, a ratio via equality (or ex 
aequali) occurs when as the first is to the last in the first 
(set of) magnitudes, so the first (is) to the last in the sec- 
ond (set of) magnitudes. Or alternately, (it is) a taking of 
the (ratio of the) outer (magnitudes) by the removal of 
the inner (magnitudes) .*## 

18. There being three magnitudes, and other (magni- 
tudes) of equal number to them, a perturbed proportion 
occurs when as the leading is to the following in the first 
(set of) magnitudes, so the leading (is) to the following 
in the second (set of) magnitudes, and as the following 
(is) to some other (i.e., the remaining magnitude) in the 
first (set of) magnitudes, so some other (is) to the leading 
in the second (set of) magnitudes.*85 


t In modern notation, the ratio of two magnitudes, a and {, is denoted a: (3. 


8 In other words, a has a ratio with respect to 3 if ma > Gand nf > a, for some m and n. 


4 In other words, a : 3 :: y : 6 if and only if ma > nG whenever my > nd, and ma = nf whenever my = n6, and ma <n whenever 


my <6, for all m and n. This definition is the kernel of Eudoxus’ theory of proportion, and is valid even if a, (3, etc., are irrational. 


* Thus if a and @ have the same ratio as y and 6 then they are proportional. In modern notation, a : 3 :: 7: 6. 


§ In modern notation, a proportion in three terms—a, 6, and y—is written: a: 3 :: GB: 7. 


ll Literally, “double”. 

+t In other words, ifa: @::8:ythena:y::a2: 8. 

tt Literally, “triple”. 

88 In other words, ifa:@::8:y:7:6thena:5:a%: 6%. 


I In other words, if a : 3 :: y : 6 then the alternate ratio corresponds to a: 7 :: 6: 6. 


** Tn other words, if a : G then the inverse ratio corresponds to 3: a. 


$8 In other words, if a : 6 then the composed ratio corresponds to a + 3: 6. 


Ill In other words, if a : 3 then the separated ratio corresponds to a — 3: (. 


ttt In other words, if a : G then the converted ratio corresponds to a : a — G. 


ttt In other words, if a, 3, y are the first set of magnitudes, and 6,¢,¢ the second set, anda: G: y :: 6: €: ¢, then the ratio via equality (or ex 


aequali) corresponds toa: 7 ::6:¢. 


888 In other words, if a, 3, are the first set of magnitudes, and 6, «,¢ the second set, and a: 9 :: 6: «as wellas @ : y :: C : 6, then the proportion 


is said to be perturbed. 


% 

Os 
‘Ey 7 Onooaobvy Ueyedn OTocwvoby UEyeddSy flowy TO 
TAR V0¢ Exaotov ExhotoV ladxic TOAAATACCLOV, OGATAKOLOV 
éotw ev tv ueveddyv Evdc, TooavtanAdovm Eota xal TH 


Proposition 1' 


If there are any number of magnitudes whatsoever 
(which are) equal multiples, respectively, of some (other) 
magnitudes, of equal number (to them), then as many 
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TAVITA TOV TAVTWV. 


A H 


BO. 


E Z 


"Eotw onooaoty ueyé0y ta AB, TA oroowvoty ue- 
yeddv tv E, Z towv tO nAf oc Exaotov Extotou todxic 
mohAanAdoiov: AEyH, StL OoaTAdaLdy Eott TO AB tot E, 
tTooautanAdaia gota xal ta AB, TA tév E, Z. 

‘Enel yuo todxic Eotl noAAaTAdoLov TO AB tot E xal 
to TA tod Z, dou dow éotiv év 16 AB ucyéedn toa 16 E, 
tooadta xal év 165 TA toa 165 Z. Sinerodw 16 ev AB cic ta 
16 E yeye0n toa te AH, HB, 16 d€ TA cic 14 16 Z tou ta 
TO, OA: Eota 54 toov 16 TAAVOs tev AH, HB 1H nAHVer 
tHv TO, OA. xol Enei toov goti 16 uev AH 16 E, 16 6é TO 
1 Z, ioov dea to AH 16 E, xal te AH, PO toic E, Z. Sid 
TR ATA BY toov Eotl tO HB 165 E, xal te HB, OA toic E, 
Z: 600 toa éotiv ev 16 AB tou 16 E, tooatta xal év toic 
AB, TA toa toicg E, Z: doundckovov doa Eoti t6 AB tot E, 
tooautanAdoia gota xal ta AB, TA tév E, Z. 

‘Eav doa fF Onocawoty Ueyédn Onocwvoty yevedov 
fowy TO TAT Goc Exaotov Exdotou todxic ToAAaTAdOLOVY, 
oounrhdoldy cot Ev Thv YeyeDOv Evdc, TooMUTATAcOLE 
Zotar Kal TA NévTA THY Td&vtIw STE Eder SetEau. 
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times as one of the (first) magnitudes is (divisible) by 
one (of the second), so many times will all (of the first 
magnitudes) also (be divisible) by all (of the second). 


A G BC H D 


-Kt———1 -Er——— 

Let there be any number of magnitudes whatsoever, 
AB, CD, (which are) equal multiples, respectively, of 
some (other) magnitudes, EF, F, of equal number (to 
them). I say that as many times as AB is (divisible) by EF, 
so many times will AB, CD also be (divisible) by F, F. 

For since AB, C'D are equal multiples of FE, F’, thus 
as many magnitudes as (there) are in AB equal to EF, so 
many (are there) also in CD equal to F. Let AB have 
been divided into magnitudes AG, GB, equal to EF, and 
CD into (magnitudes) CH, HD, equal to F. So, the 
number of (divisions) AG, G'B will be equal to the num- 
ber of (divisions) CH, HD. And since AG is equal to EF, 
and CH to F, AG (is) thus equal to F, and AG, CH to E, 
F, So, for the same (reasons), G'B is equal to FE, and GB, 
HD to E, F. Thus, as many (magnitudes) as (there) are 
in AB equal to FE, so many (are there) also in AB, CD 
equal to E, F. Thus, as many times as AB is (divisible) 
by E, so many times will AB, C’D also be (divisible) by 
E, F. 

Thus, if there are any number of magnitudes what- 
soever (which are) equal multiples, respectively, of some 
(other) magnitudes, of equal number (to them), then as 
many times as one of the (first) magnitudes is (divisi- 
ble) by one (of the second), so many times will all (of the 
first magnitudes) also (be divisible) by all (of the second). 
(Which is) the very thing it was required to show. 


t In modern notation, this proposition reads ma +m@+---=m(a+6+---). 


Br. 

‘Edy medstov Seutépou lodutc 7} MOAAATAcOLov xa Tottov 
Tetdetou, 7 OE xal MéUTTOV SeUTEPOU lodulc MOAAATAGOLOV 
xoal EXTOV TeTkeTOV, xal ouvTeVEeV TEdTOV xal MéUTTOV 
devuTeeOU loduic Eotar ToAAaTAdCLoV xal teitov xal ExTov 
TETHOTOV. 

Ilpétov yue to AB deutéeou tod T todxic Eotw moA- 
LantAcovov xal tettov 16 AE teté&etov tod Z, gotw dé xa 
méurntov tO BH deutéeou tod I toduig mokAamAdovov xotl 
éxtov TO EO tetéetov tod Z Aéyw, Ott xal ouvtedev 
Te@tov xal néuntov to AH deutéeou tod T todmuic Eotau 
ToAAaTAcoLov xa tettov xal Extov 76 AO tet&etov tot Z. 


Proposition 21 


If a first (magnitude) and a third are equal multiples 
of a second and a fourth (respectively), and a fifth (mag- 
nitude) and a sixth (are) also equal multiples of the sec- 
ond and fourth (respectively), then the first (magnitude) 
and the fifth, being added together, and the third and the 
sixth, (being added together), will also be equal multiples 
of the second (magnitude) and the fourth (respectively). 

For let a first (magnitude) AB and a third DE be 
equal multiples of a second C and a fourth F (respec- 
tively). And let a fifth (magnitude) BG and a sixth EH 
also be (other) equal multiples of the second C and the 
fourth F' (respectively). I say that the first (magnitude) 
and the fifth, being added together, (to give) AG, and the 
third (magnitude) and the sixth, (being added together, 
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7, ———a 

‘Enel yuo ioduic Eotl noAAaTAcOLOV TO AB tod T xal tO 
AE tod Z, doa toa éotiv év 16 AB toa 16 T, tooatta xa 
év 16) AE toa 16 Z. dik TH MOTH S17) Kal Goa Eotly Ev 165 BH 
tou 165) TD, tooatta xal ev 16) EO tou 16) Z 600 dou Eotl Ev 
Aw 16 AH iow 16 T, tooatta xal ev dAw 165 AO ton 165 Z: 
doanAdcovoy tea Eott to AH tot TP, tooavtanAdcovov ota 
nal t6 AO tod Z. xa ouvtedéev Koa TeditoOv Kal NEUMTOV TO 
AH devutépou tod IT todxicg goto moAAamAcowov xal tottov 
nal Extov T6 AO tetdoetov tod Z. 

‘Edy dpa Tedstov Seutépou todxic 7) NOAAUTAdOLOV Kol 
toitov tethetou, f sé xal méuntov SeutéeoU todxic TMOA- 
hamAd&owov xal Extov tetéetov, xol ovvteVEev TedStov xall 
MEUTNTOV SEVTEEOY lodxlc EGTAL TOAAATAGOLOV xal TeITOV xall 
Extov tetuetoOU’ Onep Eder Seigau. 


t In modern notation, this propostion reads ma + na=(m+n)a. 


v 

‘Ey Tedstoy beuteeoU lodxic fF MOAAaTAcOLOV xal TetTOV 
tetéptou, Angpdf Se toduic nodAaTAc&oLa to Te TeatoU 
xa tettou, xal dv’ toou T&v Angdevtwy Exdtepov Exatépou 
todxic EotaH TOAAATAdOLOV TO UEV to SeUTEEOU TO bE TOU 
TETHOTOU. 

Ilpéstov yao tO A deutép0u tod B ioduc Eotw TOA- 
atAgovoyv xal toitov tO T tetéptov tod A, xol cidAjodu 
tOv A, DT todxie rodrarAdow te EZ, HO: AEyan, Stu todxie 
éotl ToAAaTAdolov TO EZ to} B xal t6 HO tod A. 

‘Enel yao todmicg Eotl moAAaTAcoLov TO EZ tot A xol 
to HO tod TL, 600 dea Eotlv ev 16 EZ tou 16 A, tooatta 
xa év 16 HO toa 165 DP. StnofjoVw 16 uév EZ cic ta 165 A 
uevedy toa ta EK, KZ, 16 5¢ HO cic ta 165 TP tow ta HA, 
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to give) DH, will also be equal multiples of the second 
(magnitude) C and the fourth F (respectively). 


A B G 


-—+—_+—_+—_+— 
Gr 


D E 


F FH 

For since AB and DE are equal multiples of C and F 
(respectively), thus as many (magnitudes) as (there) are 
in AB equal to C, so many (are there) also in DE equal to 
F, And so, for the same (reasons), as many (magnitudes) 
as (there) are in BG equal to C, so many (are there) 
also in EH equal to F’. Thus, as many (magnitudes) as 
(there) are in the whole of AG equal to C, so many (are 
there) also in the whole of DH equal to F’. Thus, as many 
times as AG is (divisible) by C, so many times will DH 
also be divisible by F’. Thus, the first (magnitude) and 
the fifth, being added together, (to give) AG, and the 
third (magnitude) and the sixth, (being added together, 
to give) DH, will also be equal multiples of the second 
(magnitude) C and the fourth F (respectively). 

Thus, if a first (magnitude) and a third are equal mul- 
tiples of a second and a fourth (respectively), and a fifth 
(magnitude) and a sixth (are) also equal multiples of the 
second and fourth (respectively), then the first (magni- 
tude) and the fifth, being added together, and the third 
and sixth, (being added together), will also be equal mul- 
tiples of the second (magnitude) and the fourth (respec- 
tively). (Which is) the very thing it was required to show. 


Proposition 3' 


If a first (magnitude) and a third are equal multiples 
of a second and a fourth (respectively), and equal multi- 
ples are taken of the first and the third, then, via equality, 
the (magnitudes) taken will also be equal multiples of the 
second (magnitude) and the fourth, respectively. 

For let a first (magnitude) A and a third C be equal 
multiples of a second B and a fourth D (respectively), 
and let the equal multiples EF and GH have been taken 
of A and C (respectively). I say that EF and GH are 
equal multiples of B and D (respectively). 

For since EF and GH are equal multiples of A and 
C (respectively), thus as many (magnitudes) as (there) 
are in EF equal to A, so many (are there) also in GH 
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AO: Zota 54 toov 16 TAHVOc tv EK, KZ 16 Aj Ver tHv 
HA, AO. xa énel taduic Eotl noAAarAdcotoy TO A tod B xal 
to T tod A, toov 5€ 10 vev EK 16 A, 16 d¢ HA HT, 
todxic doa Eotl noAAaTAcotoyv T6 EK tot B xai t6 HA tod 
A. die Te WUT OF loduig EoTL MOAAATAGOLOV TO KZ tot B 
nal to AO tot A. éxel obv neéitov tO EK deutépou tot B 
loduig Eotl NoAAaTAdoLov xal te{tov TO HA tetéetou tot 
A, got 5€ xal néuntov 10 KZ deutéeou tod B iodm«uc¢ noA- 
LanAcovoyv xal Extov To AO tetd&otov tod A, xal ovvtedév 
doa Tedstov xal méunToV TO EZ Seutéeou tov B ioc&uic cotl 
ToA\AaTAcoLov xal teitov xal Extov t6 HO tetdéetou tot A. 


H © 


‘Edy doa meditov beutépou todxic f moAAaTAcoLOV 
xal teitov tetuetou, And S€ tol Towtov xal tettou 
lodxic ToAAaTAdcota, xa dt toou tév Anovevtwy exdtepov 
EXATECOV lodxIc EOTAL TOAAUTAGOLOV TO UEY TOU SeuTéeOU 
TO dé ToD tetdoTOU’ SnEE Edel Seta. 


t In modern notation, this proposition reads m(n a) = (mn) a. 
0 


‘Edy meditov med¢ Sebtepov TOV aUTOV Ex AdYOV xall 
Toettov Ted¢ TETAETOV, Kal TA loduIc MOAAUTAKOLA TOD TE 
TE@TOV Xa TELTOU TED TH lodxIc MOAAATAGOLA TOU SeUTEPOU 
xal TeTUETOU xa’ OTOLOVOUY TOAAATAUCLAGLOYV TOV AVTOV 
&€et Adyov Anpvevta xatc&rArAnra. 

Iloéstov yuo 10 A med¢ SeUtegov 16 B tov avtov EyéTw 
Oyov xa tettov 16 T npd¢ tétaotov 10 A, xal ciAjpdw 
tOv yev A, T toduic nodkAanAcoww ta E, Z, tv 5¢ B, A 
wra, & EtUXEV, loduic ToAAaTAdoLA Ta H, O AEyw, OTL 
gotly W¢ TO E npdc 10 H, ottw¢ 16 Z ned¢ T6 O. 
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equal to C. Let EF have been divided into magnitudes 
EK, KF equal to A, and GH into (magnitudes) GL, LH 
equal to C. So, the number of (magnitudes) EK, KF 
will be equal to the number of (magnitudes) GL, LH. 
And since A and C are equal multiples of B and D (re- 
spectively), and EK (is) equal to A, and GL to C, EK 
and GL are thus equal multiples of B and D (respec- 
tively). So, for the same (reasons), K F and LH are equal 
multiples of B and D (respectively). Therefore, since the 
first (magnitude) EK and the third GL are equal mul- 
tiples of the second B and the fourth D (respectively), 
and the fifth (magnitude) K F and the sixth LH are also 
equal multiples of the second B and the fourth D (re- 
spectively), then the first (magnitude) and fifth, being 
added together, (to give) EF, and the third (magnitude) 
and sixth, (being added together, to give) GH, are thus 
also equal multiples of the second (magnitude) B and the 
fourth D (respectively) [Prop. 5.2]. 


Al 


Br—— 


E K F 


C H—+—_+— 
DRM 


G ot 4H 
Thus, if a first (magnitude) and a third are equal mul- 
tiples of a second and a fourth (respectively), and equal 
multiples are taken of the first and the third, then, via 
equality, the (magnitudes) taken will also be equal mul- 
tiples of the second (magnitude) and the fourth, respec- 
tively. (Which is) the very thing it was required to show. 


Proposition 47 


If a first (magnitude) has the same ratio to a second 
that a third (has) to a fourth then equal multiples of the 
first (magnitude) and the third will also have the same 
ratio to equal multiples of the second and the fourth, be- 
ing taken in corresponding order, according to any kind 
of multiplication whatsoever. 

For let a first (magnitude) A have the same ratio to 
a second B that a third C (has) to a fourth D. And let 
equal multiples E and F' have been taken of A and C 
(respectively), and other random equal multiples G and 
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Zranepoiezenr 
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EiUnpvw yao tév yev E, Z tod nodkAatAcouw ta K, 
A, té&v 6é H, © Gra, & Etvyev, todvaucg ToAAaTAdoLe ta M, 
N. 

[Kol] Enel toduic Eotl ToAAaTAcoLoV TO EV E tod A, tO 
dé Z toO TT, xol etAnntou tév EH, Z toduic noAAanAcow ta K, 
A, todag dpa Eotl NOAAUTAcOLOV TO K tot A xa to A tod 
DT. 81h Ta HOTA BH loduug EoTL MOAAATAcOLOV TO M tod B xa 
to N tod A. xal enet Eotw wo TO A Ted¢ TO B, ottw¢ 16 TP 
med¢ TO A, xal efAnnto tév yev A, TP todxic moAAatAc&ore 
ta K, A, té&v 5 B, A Gra, & Etvxev, lodxic MoAAATAGOLE 
ta M,N, et dow Umepéyer to K tod M, brepéyer xat to A 
tov N, xal et toov, toov, xal et Ehattov, EAattov. xat Eott 
ta yev K, A tév E, Z toduic noddanAdcora, ta 5¢ M, N tésv 
H, O dhAw, & EtLYEV, lodixic TOAAUTAcOLA’ Eat hoa w¢ TO 
E med¢ 10 H, ota to Z ned¢ tO O. 

"Edy doa Teétov Ted SeUTEPOV TOV AUTOV ExN AdVOV 
xal Teitov Med¢ TETAETOV, Xa TA lodxIg TOAAUTAKOLA TOD TE 
TEWTOV xal TEttTOU MEO TH lodxIc MOAAATA COLA TOU SeUTEEOU 
xal TetuetOU Tov adTOV EEL ADYOV xad’ OTOLOVODY TOAAG- 
TAQOLUOLOYV AnpVEvta xaToAANAA OnEp Eder SeiZa. 
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H of B and D (respectively). I say that as F) (is) to G, so 
F (is) to H. 


raga als lc Ms i ge Ro Re > >= 


For let equal multiples K and L have been taken of FE 
and F (respectively), and other random equal multiples 
M and N of G and H (respectively). 

[And] since & and F are equal multiples of A and 
C (respectively), and the equal multiples kK and L have 
been taken of F and F (respectively), kK and L are thus 
equal multiples of A and C (respectively) [Prop. 5.3]. So, 
for the same (reasons), M and N are equal multiples of 
B and D (respectively). And since as A is to B, so C (is) 
to D, and the equal multiples kK and L have been taken 
of A and C (respectively), and the other random equal 
multiples M and N of B and D (respectively), then if k 
exceeds M then L also exceeds N, and if (K is) equal (to 
M then L is also) equal (to N), and if (K is) less (than M 
then L is also) less (than NV) [Def. 5.5]. And K and L are 
equal multiples of EF and F (respectively), and M and N 
other random equal multiples of G and H (respectively). 
Thus, as Ff (is) to G, so F' (is) to H [Def. 5.5]. 

Thus, if a first (magnitude) has the same ratio to a 
second that a third (has) to a fourth then equal multi- 
ples of the first (magnitude) and the third will also have 
the same ratio to equal multiples of the second and the 
fourth, being taken in corresponding order, according to 
any kind of multiplication whatsoever. (Which is) the 
very thing it was required to show. 


t In modern notation, this proposition reads that ifa: 3 ::y: 6 thenma:nG::my:n6, forall mand n. 
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‘Ey yeyedoc usyetouc iodxuic 7 MoAAaTAcoloy, OnEe 
aparpevev aparpeVevtoc, xal TO AoLMOV To AoITOD todxic 
EOTAL TOAAATAGOLOV, OOUTAGOLOYV EOTL TO OAOV TOD GAOL. 


A 


HT ZA 
ee 


Méyedoc yuo 16 AB ueyéVouc tot TA iad Eotw TOA- 
atAcovoy, Step apurpedev 16 AE apaoedévtoc tod TZ: 
AEvYw, Ott xal AotOV tO EB Aotrod tod ZA todxuic ~otor 
TOAAATAKGLOV, OoaTAdotdv Eotwv dAoOv TO AB dAovu tov TA. 

‘Oourhdéovov yéo gott to AE tod TZ, tooautanAcovov 
yeyovetw xal to EB tot TH. 

Kal énel ioduic Eotl noAkarAdotov 10 AE tot [TZ xat tO 
EB tot HI, toduic dea Eotl NoAAaTAcOLov T6 AE tot [TZ 
xal tO AB tod HZ. xeito dé todxic ToAAaTAdoLov tO AE 
tot [TZ xai to AB tod TA. toduic dou Eotl MoAAATAcKOLOY TO 
AB exatépou tv HZ, TA: ioov dea 16 HZ 16 TA. xowov 
agpnerove to TZ: Aowndv doa t6 HT Aone 165 ZA ioov 
cotiv. xol enel loduic Eotl noAAanAdoLtoy tO AE tot) TZ 
xal t6 EB tot HI, toov dé t6 HE 165 AZ, isda toa éott 
nmodkdanAdotoy tO AE tot TZ xot to EB tod ZA. taodnic 5é 
vroxetta ToAAaTAdoLoy tO AE toti [Z xai t6 AB tod TA: 
todxic doa Eotl noAAaTAc&ovov TO EB tot ZA xal 16 AB 
tot TA. xa Aowndov dpa tO EB Aoinod tod ZA ioduc Eotat 
TOAAATAKGLOV, OoaTAdatdv got ddov TO AB dAovu tov TA. 

‘Edy doa ueyedoc ueyédouc ioduic 7 TohAaTAcOLOoV, 
Oree apapedev apopedevtoc, xal TO AoINOV Tot AoiTOD 
lodxig EoTat TOAAATAGOLOV, COaUTAdOLOV EOTL Xa TO GAOV 
tov bdou: Sree eer Sete. 


t In modern notation, this proposition reads ma — m3 = m(a— 8). 


z. 

‘Ey 600 ueyedy 600 UsyeVGy lodxic 7 MOAAATAdOLE, 
xa KPaoeVEvTA Tia THY AdTHY lodutc F TOAAATAcOLA, oll 
TH OITA TOig wVTOI¢ Ato tou Eotly 7 toduic aUTEHY ToA- 
AaTACOLE. 

Abo yap veyéedn ta AB, TA d00 ucyedév tHv E, Z 
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Proposition 5? 


If a magnitude is the same multiple of a magnitude 
that a (part) taken away (is) of a (part) taken away (re- 
spectively) then the remainder will also be the same mul- 
tiple of the remainder as that which the whole (is) of the 
whole (respectively). 


A E B 


$w?W_-+-——1\_1 +1" +—]_11—1_ +H 
Gc FD 


For let the magnitude AB be the same multiple of the 
magnitude CD that the (part) taken away AEF (is) of the 
(part) taken away CF (respectively). I say that the re- 
mainder FB will also be the same multiple of the remain- 
der F'D as that which the whole AB (is) of the whole CD 
(respectively). 

For as many times as AF is (divisible) by CF’, so many 
times let EB also have been made (divisible) by CG. 

And since AF and EB are equal multiples of CF and 
GC (respectively), AF and AB are thus equal multiples 
of CF and GF (respectively) [Prop. 5.1]. And AF and 
AB are assumed (to be) equal multiples of CF and CD 
(respectively). Thus, AB is an equal multiple of each 
of GF and CD. Thus, GF (is) equal to CD. Let CF 
have been subtracted from both. Thus, the remainder 
GC is equal to the remainder FD. And since AE and 
EB are equal multiples of CF and GC (respectively), 
and GC (is) equal to DF, AE and EB are thus equal 
multiples of CF and FD (respectively). And AEF and 
AB are assumed (to be) equal multiples of CF and CD 
(respectively). Thus, £B and AB are equal multiples of 
FD and CD (respectively). Thus, the remainder FB will 
also be the same multiple of the remainder F'D as that 
which the whole AB (is) of the whole CD (respectively). 

Thus, if a magnitude is the same multiple of a magni- 
tude that a (part) taken away (is) of a (part) taken away 
(respectively) then the remainder will also be the same 
multiple of the remainder as that which the whole (is) of 
the whole (respectively). (Which is) the very thing it was 
required to show. 


Proposition 6° 


If two magnitudes are equal multiples of two (other) 
magnitudes, and some (parts) taken away (from the for- 
mer magnitudes) are equal multiples of the latter (mag- 
nitudes, respectively), then the remainders are also either 
equal to the latter (magnitudes), or (are) equal multiples 
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lodxic Zotw ToAAaTAcoa, xa KparpedEvta ta AH, TO tév 
avtaéy tv E, Z toduic Eotw nodArkandcoum AEYW, Ott xotl 
hoina ta HB, OA toic E, Z Htor tou Eotly H toduic adtév 
TOAAATA COLE. 


A 


Z,t— 

"Kot yuo medtepov TO HB 163 E toov: AEyw, Stu xl 
tO OA 16 Z toov Eotiy. 

Ketodw yuo 6 Z toov to TK. enel ioduic Eotl ToA- 
AatAcgovoy tO AH tod E xai to PO tod Z, ioov 5¢ 16 wev HB 
16 E, 16 6é KT 16 Z, toduic dpa Eotl ToAAaTAcoLov TO AB 
tov E xat 10 KO tod Z. todaic be UnOxELTH TOAAATAKOLOV 
to AB tod E xa 10 PA tot Z: todac dpa Eotl NMOAAATAcOLOV 
to KO tot Z xai 16 TA tod Z. énel ov Exdtepov Tv KO, 
TA tod Z iodug Eotl noAAaTtAcoov, foov éou Eotl T6 KO 
16 TA. xowov apnehodw 16 TO: Aoimdv goa 16 KT downés 
16) OA ioov Eotty. DAd 16 Z 16 KT Eotw toov: xai to 
OA da 16 Z toov Eottv. dote ci 16 HB té E toov éotty, 
xal t0 OA toov gota 6 Z. 

‘Ouoiws 57 SetEouev, Sti, xv ToAAaTAdcoLoyv 7 tO HB 
tov E, tocoautanAdotov gota xal tO OA tod Z. 

‘Eav doa 600 yevedn S00 Ueyeddéyv iodxic A ToA- 
arrdora, xal apoarpedevta tid Té&v aUTeV lod 7 TOA- 
arrdora, xal Ta AOIMA Tot¢ aUTOIC Htot low Eotly H lodnic 
avTeY ToAAaTAcoLm Step Eder SetEa. 


+ In modern notation, this proposition reads ma — na = (m 


Cc: 
Td tow Ted TO AVTO TOV MUTOV Exel ADYOY xal TO HUTO 
TEOS TE tow. 
"How tou yeyéedn ta A, B, WAo bE Ti, 6 Etvyev, 
ueyedoc 10 I AEyo, Sti Exdtepov tv A, B mod¢ 160 TP 
Tov avTOv Exel Adyov, xal 10 T mpd¢ Exdtepoy téHv A, B. 


—n)a. 
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of them (respectively). 

For let two magnitudes AB and CD be equal multi- 
ples of two magnitudes EF and F (respectively). And let 
the (parts) taken away (from the former) AG and C'H be 
equal multiples of E and F (respectively). I say that the 
remainders GB and HD are also either equal to E and F 
(respectively), or (are) equal multiples of them. 


A G B 


Fr— 

For let GB be, first of all, equal to FE. I say that HD is 
also equal to F. 

For let CK be made equal to F’. Since AG and CH 
are equal multiples of F and F (respectively), and GB 
(is) equal to EF, and KC'to F, AB and KH are thus equal 
multiples of £ and F (respectively) [Prop. 5.2]. And AB 
and C’D are assumed (to be) equal multiples of E and F 
(respectively). Thus, kK H and CD are equal multiples of 
F and F (respectively). Therefore, K H and CD are each 
equal multiples of F'. Thus, KH is equal to CD. Let CH 
have be taken away from both. Thus, the remainder KC 
is equal to the remainder HD. But, F' is equal to KC. 
Thus, HD is also equal to F’. Hence, if GB is equal to E 
then HD will also be equal to F. 

So, similarly, we can show that even if GB is a multi- 
ple of FE then HD will also be the same multiple of F’. 

Thus, if two magnitudes are equal multiples of two 
(other) magnitudes, and some (parts) taken away (from 
the former magnitudes) are equal multiples of the latter 
(magnitudes, respectively), then the remainders are also 
either equal to the latter (magnitudes), or (are) equal 
multiples of them (respectively). (Which is) the very 
thing it was required to show. 


Proposition 7 


Equal (magnitudes) have the same ratio to the same 
(magnitude), and the latter (magnitude has the same ra- 
tio) to the equal (magnitudes). 

Let A and B be equal magnitudes, and C some other 
random magnitude. I say that A and B each have the 
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1 7, 


ElAve yuo tv uev A, B toduic noAAatAcore ta A, 
hE, tod dé TI GAAo, 6 Etuyev, MoAAUTAGOLOY TO Z. 

Enel obv todxic ot) moAAaTAcoLov TO A tod A xal tO 
E tot B, toov 52 16 A 16 B, toov doa xa T6 A 16 E. GAO 
d€, 6 Etvyey, TO Z. Et dou Unepéyer to A tod Z, bnepeyer 
xat tO E tod Z, xat et toov, toov, xal et Ehattov, EAattov. 
xat cot. ta Uev A, E téiv A, B ioduicg nodAanAdoia, TO Sé 
Z tov T dAdo, 6 Etvyev, NoAAaTAcOLOV’ EoTIV Koa Wo TO A 
med¢ TOT, ottw¢ tO B npd¢ TOT. 

Aéyo [dh], Ott xat tO T npd¢ Exdtepov tév A, B tov 
avtov éyel AdYoy. 

Tév yuo avtiv xataoxevacdevtwy duolwc SetEouey, 


Pa. (Oe oe 


ott toov goti tO A 16) E GAAo Be 11 10 Z: ct Kou Unepeyer 
to Z tov A, vnepeyet xal tod E, xal ei toov, toov, xal et 
éAattov, €Aattov. xai cot, TO uev Z tol T rohAatAcovovy, 
ta 6€ A, E tév A, B Gda, & Etvxev, loduic MoOAAaTAcOLE 
éotw goa wo TOT npd¢ tO A, ottwWe TO T ned¢ tO B. 

Td ton dou TEdG TO AUTO TOV ALTOYV EyEL AdYOV xal TO 
avtO TEdS TE tow. 


TIde1cye. 
"Ex 67 tobtou pavepdy, OTL cay YeyeDN TIva d&veAOYOV 
f, ual dveradw dvidoyov gota. Smee Eder Seta. 


+ The Greek text has “E”, which is obviously a mistake. 


t In modern notation, this corollary reads that ifa: @:: y: 6 then G:a:: 


, 
y x 

Tév aviowy usyeDGyv tO UeiTov Ted¢ TO avTO LEtTova 
Oyo Exel Aree TO Ehattov. xal TO MUVTO TEdG TO EAUTTOV 
uetCova Adyov Eye HnEe Ted TO UEiCov. 

"How &vioa ueyedn ta AB, TP, xat Eotw usiZov 10 AB, 
dO Be, O Etvyev, TO Av EY, StL TO AB ned¢ TO A 
usiCova Adyoy Eyet Hneo tO TL npd¢ tO A, xat t6 A med¢ 
to T ustova Adyov Eyer nee mpd¢ tO AB. 
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same ratio to C, and (that) C’ (has the same ratio) to 
each of A and B. 


A Di ! 
B Ei ! 


Cr— Fi 


For let the equal multiples D and EF have been taken 
of A and B (respectively), and the other random multiple 
F of C. 

Therefore, since D and EF are equal multiples of A 
and B (respectively), and A (is) equal to B, D (is) thus 
also equal to E. And F (is) different, at random. Thus, if 
D exceeds F then F also exceeds F’, and if (D is) equal 
(to F then EF is also) equal (to F), and if (D is) less 
(than F then F is also) less (than fF’). And D and E are 
equal multiples of A and B (respectively), and F another 
random multiple of C. Thus, as A (is) to C, so B (is) to 
C [Def. 5.5]. 

[So] I say that C7 also has the same ratio to each of A 
and B. 

For, similarly, we can show, by the same construction, 
that D is equal to E. And F (has) some other (value). 
Thus, if F' exceeds D then it also exceeds FE, and if (F is) 
equal (to D then it is also) equal (to £), and if (F is) less 
(than D then it is also) less (than £). And F is a multiple 
of C, and D and E other random equal multiples of A 
and B. Thus, as C (is) to A, so C (is) to B [Def. 5.5]. 

Thus, equal (magnitudes) have the same ratio to the 
same (magnitude), and the latter (magnitude has the 
same ratio) to the equal (magnitudes). 


Corollary? 


So (it is) clear, from this, that if some magnitudes are 
proportional then they will also be proportional inversely. 
(Which is) the very thing it was required to show. 


6:74. 


Proposition 8 


For unequal magnitudes, the greater (magnitude) has 
a greater ratio than the lesser to the same (magnitude). 
And the latter (magnitude) has a greater ratio to the 
lesser (magnitude) than to the greater. 

Let AB and C be unequal magnitudes, and let AB be 
the greater (of the two), and D another random magni- 
tude. I say that AB has a greater ratio to D than C (has) 
to D, and (that) D has a greater ratio to C than (it has) 
to AB. 
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AE B A E B 
——+——_4 -————_+—_ 
Cc +—— Cr 


‘Emel yoo ueiCov Eott to AB 100 T, xeiodw 16 T toov 
tO BE: 10 84 €Aacoov tév AE, EB nod\dandaovaCéuevov 
gota mote tov A ysiZov. ~otw medtepov TO AE ~i\attov 
tov EB, xal meroArarAaoido0w tO AE, xal gotw adtot 
toAAanAdovov tO ZH ueifov dv tot A, xal ooanAdovdyv Eott 
to ZH tot AE, tooavtanAdowoyv yeyovetw xal To uev HO 
tot EB 10 dé K tot TL: xal cikjedw tod A dimAcotov ev 
to A, teitAc&otov dé TO M, xa Eig Evi TAeiov, wo Gv TO 
AauBavouevoy TOAAATAcOLOV Uev yevytat ToD A, mewtw¢ dé 
ueiGov tov K. ciAigdw, xal Eotw tO N tetpanAcovoy ev 
tot A, nepwtw¢ 5€ ueiZov tod K. 

‘Enel obv T0 K tot N rowmtw¢ eotiv Ehattov, tO K toa 
tov M ox cotw EAattov. xal Enel iodxic EoTL TOAAATAGOLOV 
to ZH tod AE xai t6 HO tod EB, toduc doa Eotl tod- 
AanAdotov tO ZH tov AE xai to ZO tot AB. ioduc 5€ 
ott ToAAaTAdowoy TO ZH to} AE xal to K tod T° todnic 
dou Eotl TOAAaTAcoLov T6 ZO tot AB xat to K tod LT. ta 
ZO, K doa tév AB, T ioduc oti noAAamAdovm. TéALy, Tel 
todxig Eotl TOAAaTAcoLov TO HO tot EB xat 10 K tod T, 
loov 6¢ 10 EB 165 T, toov tow xal 16 HO 16) K. 16 d€ K 
tod M obx eotw grattov 006’ dea TO HO to} M gdattov 
gov. ueiCov 6¢ to ZH tod A: ddov dea tO ZO ovvay- 
potéewy tév A, M ueiZov Eotw. dAAd ouvoypdtepa ta A, 
M 16 N éotw toa, exedsjree to M tod A toinAcoudy éotw, 
ovvaupotepa 6é ta M, A tod A éott tetepanAdova, ott 5€ 
xal tO N tot A tetpankdowov ouvaupdtepa dou ta M, A 
ta) N tow éotiv. GAG TO ZO tév M, A ysi@dv Eotw: 10 
ZO dea tot N uneogyer to 6 K tot N ovy vrepéyer. xatt 
éott ta uev ZO, K tév AB, T toduic nodAanAcov, 10 dé N 
tot A dAdo, 6 Etuyxev, ToAAaTAdOLOV’ TO AB &pa Ted¢ TO 
A uciFova Advyov éyet Hinep To T mpd¢ 16 A. 

Aéyw dh, 61 “al to A ted tO T yetfova Adyov Eyer 
Wneo to A npd¢ tO AB. 

Tv yuo avtiv xataoxevacdevtwy duotwc SelEouey, 
ott 10 uev N tod K vnepéyen, 16 5¢ N tod ZO ovy brepéyer. 
xat Eott TO Uev N tot A rodAandcovov, ta dé ZO, K tév 
AB, T GAda, & Etvx ev, loduig ToAAaTAcOLA TO A &pa TEd¢ 
to T ustZova Adyov Eye Anco TO A nedc¢ tO AB. 

AAG 5H TO AE tod EB ysiZov Eotw. tO 5% EAattov 
to EB nohdarAaoraCouevoyv Eoto note to A uciGov. ne- 


t N? t t t 1 
For since AB is greater than C, let BE be made equal 
to C. So, the lesser of AE and EB, being multiplied, will 
sometimes be greater than D [Def. 5.4]. First of all, let 
AE be less than FB, and let AE have been multiplied, 
and let FG be a multiple of it which (is) greater than 
D. And as many times as FG is (divisible) by AE, so 
many times let GH also have become (divisible) by EB, 
and kK by C. And let the double multiple L of D have 
been taken, and the triple multiple 1/7, and several more, 
(each increasing) in order by one, until the (multiple) 
taken becomes the first multiple of D (which is) greater 
than K. Let it have been taken, and let it also be the 
quadruple multiple N of D—the first (multiple) greater 
than Kk. 

Therefore, since K is less than N first, kK is thus not 
less than 7. And since FG and GH are equal multi- 
ples of AE and EB (respectively), FG and F'H are thus 
equal multiples of AE and AB (respectively) [Prop. 5.1]. 
And FG and K are equal multiples of AF and C (te- 
spectively). Thus, FH and K are equal multiples of AB 
and C (respectively). Thus, FH, K are equal multiples 
of AB, C. Again, since GH and K are equal multiples 
of EB and C, and FB (is) equal to C, GH (is) thus also 
equal to kK. And K is not less than M. Thus, GH not less 
than M either. And FG (is) greater than D. Thus, the 
whole of F'A is greater than D and M (added) together. 
But, D and M (added) together is equal to NV, inasmuch 
as M is three times D, and M and D (added) together is 
four times D, and N is also four times D. Thus, M and D 
(added) together is equal to N. But, F'H is greater than 
M and D. Thus, F'H exceeds N. And K does not exceed 
N. And FH, K are equal multiples of AB, C, and N 
another random multiple of D. Thus, AB has a greater 
ratio to D than C (has) to D [Def. 5.7]. 

So, I say that D also has a greater ratio to C than D 
(has) to AB. 

For, similarly, by the same construction, we can show 
that N exceeds K, and N does not exceed FH. And 
N is a multiple of D, and FH, K other random equal 
multiples of AB, C (respectively). Thus, D has a greater 
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ToAkatAdcZoVw, xal Eotw TO HO nohAamAdcovov wev tod 
EB, uciZov dé tod A: xal doundcordv ott 16 HO tot EB, 
TooMUTaTAcovoy yeyovetw xai tO uév ZH tot AE, to 6¢ K 
tod I’. ouotuc 57 SeiGouev, ott ta ZO, K tév AB, I todnic 
Eotl TokAarAcowm’ xa ciAjpdw OUotuac TO N noAAanAcoLov 
uev tod A, roatu¢ 6& usiCov to} ZH: dote néAw 10 ZH 
tot M otx gotw gEdacoov. ueiCov dé T0 HO tot A: dhov 
&ea t6 ZO tév A, M, tovutéot tot N, brepéyer. 16 de K 
tov N ovy vnepéyet, Eneidrjneo xal to ZH ueiZov dv tot 
HO, toutéot tod K, tod N ovy vnepéyer. xal woabtwe 
nxataxorouvovdvtec Ttoic Endven Tepatvousy Thy dnddetEw. 

Tév goa d&viowy Yeyeddv TO usiZov med¢ TO ATO 
uetCova Avo Eyet meg TO EAaTTOV’ Kal TO AUTO TEdS TO 
éhattov yetCova AGYOv Exel NEO MEd TO UEITov’ SrEE Eder 
Setcou. 


yY’ 
Ta med¢ TO AUTO TOV ALTOV EyovTa AOYVOV tow GAANAOIC 
gotlv’ Kal TEOG A TO AUTO TOV AUTOV Exel AdYoOY, Exeiva tow 
cotly. 


A 


Bre 


i 

"Eyétw yuo Exctepov tév A, B nodc 16 TI tov avtov 
AOYov' AEYO, Sti toov Eotl tO A tH B. 

Et yuo uh, obx dv exdtepov tév A, B med¢ 16 I tov 
avtov elye Advov’ Exet Se toov dou Eoti 10 A 165 B. 

"Eyétw 54) méAw 10 T npd¢ Exdtepov tév A, B tov avtov 
AdYov' AE, Sti toov Eotl tO A tH B. 

Et yao uh, obx & 16 I npd¢ Exdtepov téHv A, B tov 
avtov elye Adyov: Exet 5 toov dou Eoti tO A 16 B. 

Ta dou TeEOG TO AVTO TOV aVTOV EyOVTAa AdyOV tou 
GAAHAOIc Eotiv: Kal MEDS & TO AVTO TOV AUTOV Exel AdYoY, 
éxeiva toa éotiv: éneo Eder Seita. 


, 


t. 


Té&v med¢ TO adTO AdYOV ExdvTWY TO UElTova AdYOV 
éyov exeivo ueiCdv Eotw: Med¢ O SE TO ATO UEtTova AdYOV 
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ratio to C than D (has) to AB [Def. 5.5]. 

And so let AF be greater than EB. So, the lesser, 
EB, being multiplied, will sometimes be greater than D. 
Let it have been multiplied, and let GH be a multiple of 
EB (which is) greater than D. And as many times as 
GH is (divisible) by EB, so many times let F'G also have 
become (divisible) by AE, and K by C. So, similarly 
(to the above), we can show that FH and K are equal 
multiples of AB and C (respectively). And, similarly (to 
the above), let the multiple N of D, (which is) the first 
(multiple) greater than FG, have been taken. So, FG 
is again not less than M. And GH (is) greater than D. 
Thus, the whole of F'H exceeds D and M, that is to say 
N. And K does not exceed N, inasmuch as F'G, which 
(is) greater than GH—that is to say, K—also does not 
exceed N. And, following the above (arguments), we 
(can) complete the proof in the same manner. 

Thus, for unequal magnitudes, the greater (magni- 
tude) has a greater ratio than the lesser to the same (mag- 
nitude). And the latter (magnitude) has a greater ratio to 
the lesser (magnitude) than to the greater. (Which is) the 
very thing it was required to show. 


Proposition 9 


(Magnitudes) having the same ratio to the same 
(magnitude) are equal to one another. And those (mag- 
nitudes) to which the same (magnitude) has the same 
ratio are equal. 


At’ 


Ci 

For let A and B each have the same ratio to C. I say 
that A is equal to B. 

For if not, A and B would not each have the same 
ratio to C [Prop. 5.8]. But they do. Thus, A is equal to 
B. 

So, again, let C' have the same ratio to each of A and 
B. say that A is equal to B. 

For if not, C would not have the same ratio to each of 
A and B [Prop. 5.8]. But it does. Thus, A is equal to B. 

Thus, (magnitudes) having the same ratio to the same 
(magnitude) are equal to one another. And those (magni- 
tudes) to which the same (magnitude) has the same ratio 
are equal. (Which is) the very thing it was required to 
show. 


B «4 


Proposition 10 


For (magnitudes) having a ratio to the same (mag- 
nitude), that (magnitude which) has the greater ratio is 
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éyel, exeivo EAATTOV EoTW. 


Al 


Bere 


i ibe 

"Eyétw yue to A medc¢ 10 T ueiCova Aéyov Aree tO B 
med¢ TO T° Aéyoo, 6tt usiZov got: TO A tod B. 

Et yao wn, Atot toov éoti 16 A 16 B ¥ Edaooov. toov 
uev odv obx Eotl TO A té B> Exdtepov yue av tév A, B 
Teds TO I’ tov avtov etye ADYOV. Ovx Eye dé° Ox doa toov 
éotl 10 A 16) B. 006 uy EAaoody got: TO A tov B16 A 
vue av med¢ TO I’ Eedkooova Adyov Elyev Armee TO B ned¢ TO 
I. ovx Eyer b€° bx &pa EAnoodv Eott TO A tov B. edetydn 
dé OSE toov’ UEiTov &pa Eoti TO A tod B. 

"Eyétw Of) néAw 10 T med¢ 16 B ueiZova Adyov free tO 
T ned¢ 16 Ar Evo, Sti EAnoodv Eott TO B tov A. 

Et yao wh, Ato toov Eotlv fH UeiTov. toov yev odv obx% 
éott T0 B té A 10 T yde ay med¢ Exdtepov tév A, B tov 
avutov tye Adyov. obx Eye 5é° 00x &pa toov Eotl T6 A 
1) B. o¥d uny YEiTdv Eott T6 B tot A: 16 T yao dv ned¢ 
to B éAkooova Adyov elyev Hrep MeEdc TO A. ovx Eyer dé 
ovx dou ysiZdv ott tO B tod A. edetyDn 5€, S6tt OVdE toov: 
édattov goa gotl tO B tot A. 

Tév doa mpd¢ TO ADTO ADYOV EydvVIWY TO UEtTova ADYOV 
éyov UeiCdv Eott’ xal Ted¢ 6 TO ATO UEiTova Adyov Exel, 
éxeivo Ehattdov Eott’ Oneo Eder deiga. 


, 


ta. 


Ol 16 HITE ADYH Ol ADTOL xal GAAAAOLS Elolv ot adTOT. 


Ate [ -—— -- 
Hr ll ——— kK e+ 
A 1 Mi N 


"Hotwouy yee ¢ Yev TO A med¢ TO B, ovtw¢ 10 T ned¢ 
to A, we 6€ 10 T med¢ 16 A, otwo 16 E npd¢ 16 Z AEyOo, 
bu Eotly > TO A Ted¢ TO B, ottwo TO E ned¢ tO Z. 

Et Aote yoo tév A, T, E iodac nokAanAdcovw ta H, O, 
K, tév dé B, A, Z dA, & Etvyxev, ioduug ToAAATAdOLA TH 
A, M,N. 

Kat énet gotw wc 16 A npdc 10 B, ottwe 16 T med¢ 16 
A, xol cinnta tv uév A, T iodac no\AamrAcovw ta H, O, 
tév b¢ B, A Aa, & EtUyeEV, iodmig MOAAaTAcGOLA TH A, M, 
et dou Unepéyet TO H tot A, Unepéyet xa tO O tod M, xal et 
toov Eotty, toov, xol ci EAAetret, EAActmEL. TéALW, Exel Cot 
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(the) greater. And that (magnitude) to which the latter 
(magnitude) has a greater ratio is (the) lesser. 


A’ B t+ 


Gi 

For let A have a greater ratio to C than B (has) to C. 
I say that A is greater than B. 

For if not, A is surely either equal to or less than B. 
In fact, A is not equal to B. For (then) A and B would 
each have the same ratio to C [Prop. 5.7]. But they do 
not. Thus, A is not equal to B. Neither, indeed, is A less 
than B. For (then) A would have a lesser ratio to C than 
B (has) to C [Prop. 5.8]. But it does not. Thus, A is not 
less than B. And it was shown not (to be) equal either. 
Thus, A is greater than B. 

So, again, let C have a greater ratio to B than C (has) 
to A. I say that B is less than A. 

For if not, (it is) surely either equal or greater. In fact, 
B is not equal to A. For (then) C would have the same 
ratio to each of A and B [Prop. 5.7]. But it does not. 
Thus, A is not equal to B. Neither, indeed, is B greater 
than A. For (then) C would have a lesser ratio to B than 
(it has) to A [Prop. 5.8]. But it does not. Thus, B is not 
greater than A. And it was shown that (it is) not equal 
(to A) either. Thus, B is less than A. 

Thus, for (magnitudes) having a ratio to the same 
(magnitude), that (magnitude which) has the greater 
ratio is (the) greater. And that (magnitude) to which 
the latter (magnitude) has a greater ratio is (the) lesser. 
(Which is) the very thing it was required to show. 


Proposition 11' 


(Ratios which are) the same with the same ratio are 
also the same with one another. 


At Cnr— | ee! 

Br DR Fe 

Gi + 1 Hi ; { Kt 

Lt + + 1 Mt + + 1+ Ne + + { 


For let it be that as A (is) to B, so C (is) to D, and as 
C (is) to D, so E (is) to F’. I say that as A is to B, so E 
(is) to F. 

For let the equal multiples G, H, Kk have been taken 
of A, C, E (respectively), and the other random equal 
multiples L, M, N of B, D, F (respectively). 

And since as A is to B, so C (is) to D, and the equal 
multiples G and H have been taken of A and C (respec- 
tively), and the other random equal multiples L and M 
of B and D (respectively), thus if G exceeds L then H 
also exceeds M, and if (G is) equal (to L then H is also) 
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> 10 T npd¢ 16 A, ottwe 16 E npd¢ 10 Z, wal efAnntou 
tov TD, E todamic noAdarddoww te O, K, tev 6€ A, Z GAA, 
& EtTLXEY, lodxlc TohAaTAcoLa Ta M, N, et doa trepéyet tO 
© tod M, vnepéyer xal to K tod N, xotl et toov, taov, xa et 
éhAatov, Ehattov. GAA ei UMEpetye TO O tod M, Uneostye 
xal to H tod A, xatl et tcov, toov, xal et EXattov, EAattov: 
ote xal et mepgye: to H tod A, brepeyer xa to K tot 
N, xal ci toov, toov, xol et EAattov, EAattov. “al EoTL TH 
uev H, K tév A, E toduic noddanAdcora, ta 6¢ A, N tv B, 
Z dha, & Etvyev, toduig MoAAaTAdOLA Eotw goa a TO A 
Ted¢ TO B, ovtw¢ tO E med¢ 10 Z. 

Ol doa Té AdTES AO OF ADTOL xa GAAAAOLC Elolv ot 
avtot one Eder SetEau. 


+ In modern notation, this proposition reads that ifa: @::y: dandy: 


, 
iD. 
‘Edy f Onocaoby uevédn avddoyov, Eota ao Ev THv 
NYOLUEVOV Ted EV Té&V EMOUEVWV, OVTWC UnavtTa TH 
NYOVUEVA TESS AMAVTA TH EMOUEVE. 


ELEMENTS BOOK 5 


equal (to M), and if (G is) less (than L then H is also) 
less (than M) [Def. 5.5]. Again, since as C is to D, so 
E (is) to F, and the equal multiples H and K have been 
taken of C and E (respectively), and the other random 
equal multiples M/ and N of D and F (respectively), thus 
if H exceeds M then K also exceeds N, and if (# is) 
equal (to M then K is also) equal (to N), and if (H is) 
less (than M then K is also) less (than NV) [Def. 5.5]. But 
(we saw that) if H was exceeding M then G was also ex- 
ceeding L, and if (H was) equal (to WM then G was also) 
equal (to L), and if (H was) less (than M then G was 
also) less (than L). And, hence, if G exceeds L then K 
also exceeds N, and if (G is) equal (to L then K is also) 
equal (to N), and if (G is) less (than L then K is also) 
less (than NV). And G and K are equal multiples of A 
and F (respectively), and Z and N other random equal 
multiples of B and F (respectively). Thus, as A is to B, 
so E (is) to F [Def. 5.5]. 

Thus, (ratios which are) the same with the same ratio 
are also the same with one another. (Which is) the very 
thing it was required to show. 


6:e¢€:Cthena:6::6:¢. 


Proposition 121 


If there are any number of magnitudes whatsoever 
(which are) proportional then as one of the leading (mag- 
nitudes is) to one of the following, so will all of the lead- 
ing (magnitudes) be to all of the following. 


A-— [T+—— Er— A iC Ee} 
Be— Ae Z Br— =Dr—_ Fr + 

H ! A ! G ! L ! 
© / M / oH / M ! 
K-—— Ne——— K-——— \ 


"Eotwouv onooaoty ueyedn avddoyoy ta A, B, T, A, 
E, Z, @¢ t6 A ned¢ TO B, oUtwe¢ 10 TP npd¢ 16 A, xal 16 E 
med¢ to Z Ey, Sti Eotly Wo TO A Ted TO B, OUTS TH 
A, T, E nod t& B, A, Z. 

Ej vw yuo tév yev A, T, E iodoacg noAAanAdcove té H, 
0, K, tév 6é B, A, Z Ada, & Etvyev, loduic ToAAaTAcOLEL 
ta A, M,N. 

Kat énet gotw wc 16 A npd¢ 10 B, ottwe 16 T med¢ 16 
A, xa 16 E npd¢ 16 Z, xal etna tev yev A, DT, E todutc 
Tod\AanAdoww te H, O, K tév be B, A, Z GAda, & EtvyxEV, 
todxic moAAatAcova ta A, M,N, ct dea brepéyet to H tot A, 
Unepéyet xal TO O tod M, xai tO K tod N, xa et toov, toov, 
xal el EAattov, EAattov. Wote xal et Unepéyet TO H tov A, 


Let there be any number of magnitudes whatsoever, 
A, B, C, D, E, F, (which are) proportional, (so that) as 
A (is) to B, so C (is) to D, and FE to F. I say that as A is 
to B, so A, C, E (are) to B, D, F. 

For let the equal multiples G, H, Kk have been taken 
of A, C, E (respectively), and the other random equal 
multiples L, M, N of B, D, F (respectively). 

And since as A is to B, so C (is) to D, and E to F’, and 
the equal multiples G, H, K have been taken of A, C, E 
(respectively), and the other random equal multiples L, 
M, N of B, D, F (respectively), thus if G exceeds L then 
H also exceeds M, and Kk (exceeds) N, and if (G is) 
equal (to L then H is also) equal (to M, and K to N), 
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Unepeyet xal te H, O, K tév A, M, N, xol et toov, toa, xa 
el EhATTOV, EAaTTova. xal Eott TO UEV H xal te H, O, K 
tot A xai tév A, T, E iodvag noddanAdoua, enedimep edv 
f onocaoby ueyédn Onoowvody UeyeVOv lowy tO TAT Voc 
EXXOTOV EXCLOTOV lodxlg TOAAATAGOLOV, OOATAGOLOY EOTLV 
Ev Tov YEyeVOv Evdc, TooautTanAdora Eaton “ol Ta M&VTO 
TOV Té&vtIov. Side TH KUTH SH eal TO A xal te A, M, N tod 
B xat tv B, A, Z toduic Eotl noAAaTAdoLM Eotiv doa w¢ 
tO A ted¢ T0 B, ottwe ta A, T, E npd¢ ta B, A, Z. 

‘Edy dpa 4 Onocaoby UEyedn avdoyoy, Eota G¢ ev 
TOV NYOLUEVWYV Ted EV TOV ENOUEVOY, OUTWS AMAVTA TH 
nyovueva Med¢ Gravta tk ENdYEva’ SEO Eder SetEan. 


+ In modern notation, this proposition reads that if a: a! :: 3: 6’ ::y: 7 etc. thena: a’ :: 


, 
Ly’. 

‘Eady reditov med¢ Sebtepov TOV aUTOV ExN AdYOV xall 
toitov med¢ tétaptov, teitov dé nTpd¢ TétTaptov yElTova 
Ovov ExN N MEUNTOV TEd¢ ExToOY, Kal TEdStTovV TEd¢ SebTEPOV 
uetCova Adyov eer Hj MEUMTOV Ted¢ Extov. 

At 
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and if (G is) less (than L then H is also) less (than M, 
and Kk than N) [Def. 5.5]. And, hence, if G exceeds L 
then G, H, K also exceed L, M, N, and if (G is) equal 
(to L then G, H, K are also) equal (to L, M, N) and 
if (G is) less (than L then G, H, K are also) less (than 
L, M, N). And G and G, H, K are equal multiples of 
A and A, C, E (respectively), inasmuch as if there are 
any number of magnitudes whatsoever (which are) equal 
multiples, respectively, of some (other) magnitudes, of 
equal number (to them), then as many times as one of the 
(first) magnitudes is (divisible) by one (of the second), 
so many times will all (of the first magnitudes) also (be 
divisible) by all (of the second) [Prop. 5.1]. So, for the 
same (reasons), L and L, M, N are also equal multiples 
of B and B, D, F (respectively). Thus, as A is to B, so 
A, C, E (are) to B, D, F (respectively). 

Thus, if there are any number of magnitudes whatso- 
ever (which are) proportional then as one of the leading 
(magnitudes is) to one of the following, so will all of the 
leading (magnitudes) be to all of the following. (Which 
is) the very thing it was required to show. 


(at Btyt-)i(l tA ty 4°). 


Proposition 13 


If a first (magnitude) has the same ratio to a second 
that a third (has) to a fourth, and the third (magnitude) 
has a greater ratio to the fourth than a fifth (has) to a 
sixth, then the first (magnitude) will also have a greater 
ratio to the second than the fifth (has) to the sixth. 

Ate 


Cr —- er 


Bro At 7, \+$— Be Dr— FH 
M! t 1 Ht + 1 @! Mi + 1 Gt + 1 Ht 
Ne Ki : : 1 At N+ Ki | | 1 Lt 


Iloéstov yuo 10 A med¢ SeUtegov TO B tov avtov EyéTw 
Adyov xal tettov 160 [ npd¢ tétaptov tO A, tettov dé 16 T 
med¢ tétaptov TO A ueiCova Adyov ExEt H MéEuTTOV TO E 
mMed¢ Extov TO Z. AEYw, Ott Kal TEdStov 10 A TEd¢ SebtEPOV 
tO B ueifova Adyoy eet Hmep néuntov tO E med¢ Extov tO 
Z. 

‘Enel yuo got twe tv uev T, E todmig moAAarAdcouag, 
tov 6¢ A, Z Ada, & EtLyeEV, ioduicg ToAAaTAcOLA, Kal TO LEV 
tot T no\danddovov tot tot A noddanAaotou Unepéyet, 
tO S€ tol E nohAarAdotov tod tot Z noAAanAaotou ovy 
bmepéyet, ciAnpdw, xol Eotw tév yev I’, E toxic nod- 
harAcovw ta H, O, té&v be A, Z GAka, & Etvyxev, lodmic 
ToAatAco ta K, A, dote tO yev H tod K brepéeyew, 10 
dé O tod A yy Umepeyew xal OoanAdowov YEev Eott TO H 
tov [', tooautanAdc&owoy gotw xal to M tot A, ooandAc&otov 
dé tO K tod A, tooautanAdotoyv Eotw xal tO N tot B. 


For let a first (magnitude) A have the same ratio to a 
second B that a third C (has) to a fourth D, and let the 
third (magnitude) C have a greater ratio to the fourth 
D than a fifth # (has) to a sixth F. I say that the first 
(magnitude) A will also have a greater ratio to the second 
B than the fifth F (has) to the sixth F. 

For since there are some equal multiples of C’ and 
E, and other random equal multiples of D and F, (for 
which) the multiple of C exceeds the (multiple) of D, 
and the multiple of E does not exceed the multiple of F 
[Def. 5.7], let them have been taken. And let G and H be 
equal multiples of C' and FE (respectively), and K and L 
other random equal multiples of D and F (respectively), 
such that G exceeds K, but H does not exceed L. And as 
many times as G is (divisible) by C’, so many times let M7 
be (divisible) by A. And as many times as K (is divisible) 
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Kat énet got ¢ TO A ted¢ TO B, ovtwe 16 T ned¢ 
tO A, xal etdnnto tév uev A, TP iodaucg nodAdkanAdcow t& 
M, H, tév 6¢ B, A GAAa, & EtLyeEV, loduic TOAAUTAGOLEA TH 
N, K, et dou Unepéyer to M tod N, brepeyer xol to H tod 
K, xal et toov, toov, xal el EAattov, EAAatov. UnEpéyel dé 
tO H tod K: brepéyer doa xal tO M tot N. 10 6€ © tod 
A ovy brepéyer xat govt ta UEv M, O tév A, E toduic 
TohAatAdovn, Te 5E N, A tHv B, Z GAda, & Etvyev, todutc 
TohAatAcdoin TO dea A med¢ TO B uetCova Adyov Eye nee 
tO E npd¢ 10 Z. 

‘Edy doa Teétov MEd SeUTEPOV TOV AUTOV yn AdYOV 
xal teitov med¢ Tétaptov, teitov dé MEd¢ TETHOTOV UE{Tova 
oyoy Exn H NEUMTOV Tedc ExTOV, Xa TEdSTOV TEdc SeVTEPOV 
uciCova Adyoy é€et f Méuntov med¢ Extov’ Sree Eder SeiZa. 


+ In modern notation, this proposition reads that if a : 3 :: y : 6 and y 
10. 

‘Ey reditov med¢ Sebtepov TOV aUTOV Ex AdYoV xall 

toitov med¢ Tétaptov, tO dé TEdTOV Tov teitou UEiTov 7H, 


nal TO SeUTEpOV TOU Tet&eTOU UEiTov ~otaL, xav toov, toov, 
xQV EAATTOV, EAQTTOY. 


A 


Br 


At— 

Iloéstov yao 16 A medc¢ Sevtepov tO B avtdov eyétw 
dyov xal teitov to T npd¢ tétaetov 16 A, UeiTov be Eotw 
to A tod T° déyw, Sti xal TO B tod A uei@ov Eotw. 

‘Enel yuo to A tod T yei@ov Eotw, &AdO SE, 6 EtvLYEV, 
[ueévyedoc] tO B, tO A &ea nmpd¢ tO B yetTova Adyov Eyer 
yneo to T npd¢ tO B. we dé 16 A med¢ TO B, obtTWE TO 
T npd¢ 16 A xai To T hoa med¢ tO A yeiTova Adyov Eyer 
yneo tO T npd¢ tO B. med¢ 6 OE TH adTO YEiTova Adyov 
éyet, exeivo Ehaoody Eotw: Ehacoov dpa TO A tod B: Hote 
usi@ov gout 0 B tot A. 

‘Quotes 7 SetZouev, Sti xdv toov 7) 10 A 16 IT, toov 
éota xal TO B 1 A, xd&v ZXaooov #10 A tod T, EAacoov 
éotat xal tO B tod A. 

"Edy doa Teétov MEd SeUTEPOV TOV AUTOV ExN AdYOV 
xal teitov Teds TéEtTUETOV, TO bE TEdITOV TOD TeitoU UEiZov Ff, 
xal to SeUtEegov tot teth&oetou UEiTov Eota, xv toov, toov, 
xav Ehattov, Ehattov’ Ore Eder SetEan. 
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by D, so many times let N be (divisible) by B. 

And since as A is to B, so C (is) to D, and the equal 
multiples 7 and G have been taken of A and C (respec- 
tively), and the other random equal multiples N and kK 
of B and D (respectively), thus if M exceeds N then G 
exceeds K, and if (M is) equal (to N then G is also) 
equal (to kK), and if (M is) less (than N then G is also) 
less (than K) [Def. 5.5]. And G exceeds kK. Thus, 
also exceeds N. And H does not exceeds L. And M and 
HT are equal multiples of A and EF (respectively), and N 
and L other random equal multiples of B and F (respec- 
tively). Thus, A has a greater ratio to B than E (has) to 
F [Def. 5.7]. 

Thus, if a first (magnitude) has the same ratio to a 
second that a third (has) to a fourth, and a third (magni- 
tude) has a greater ratio to a fourth than a fifth (has) 
to a sixth, then the first (magnitude) will also have a 
greater ratio to the second than the fifth (has) to the 
sixth. (Which is) the very thing it was required to show. 


:6 >e:Cthena:8>e:¢. 


Proposition 14' 


If a first (magnitude) has the same ratio to a second 
that a third (has) to a fourth, and the first (magnitude) 
is greater than the third, then the second will also be 
greater than the fourth. And if (the first magnitude is) 
equal (to the third then the second will also be) equal (to 
the fourth). And if (the first magnitude is) less (than the 
third then the second will also be) less (than the fourth). 

A HK - C I—————_ 


B t———4 Dte— 

For let a first (magnitude) A have the same ratio to a 
second B that a third C (has) to a fourth D. And let A be 
greater than C. I say that B is also greater than D. 

For since A is greater than C, and B (is) another ran- 
dom [magnitude], A thus has a greater ratio to B than C 
(has) to B [Prop. 5.8]. And as A (is) to B, so C (is) to 
D. Thus, C also has a greater ratio to D than C (has) to 
B. And that (magnitude) to which the same (magnitude) 
has a greater ratio is the lesser [Prop. 5.10]. Thus, D (is) 
less than B. Hence, B is greater than D. 

So, similarly, we can show that even if A is equal to C 
then B will also be equal to D, and even if A is less than 
C then B will also be less than D. 

Thus, if a first (magnitude) has the same ratio to a 
second that a third (has) to a fourth, and the first (mag- 
nitude) is greater than the third, then the second will also 
be greater than the fourth. And if (the first magnitude is) 
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equal (to the third then the second will also be) equal (to 
the fourth). And if (the first magnitude is) less (than the 
third then the second will also be) less (than the fourth). 
(Which is) the very thing it was required to show. 


+ In modern notation, this proposition reads that if a: 3 :: y: 6 thena = yas 3 = 6. 


, 


l€. 


Ta een toic WoadTWS TOAAAUTAKOLOIG TOV AUTOV EyEL 
AOyov Angvevta KaTHAANAG. 


A H © B 


4 
A K A E 
+++ 


"How yup toduic noAAaTtAcovov tO AB tod T xat to AE 
tot Z AEyw, Ott Eotly We TO TI npd¢ 16 Z, otwo tO AB 
medc¢ tO AE. 

‘Enel yao toduic Eotl noAAaTAcotov T6 AB tod T xol 
to AE tod Z, doa tea gotly év 16 AB ueyedy toa té5 
T, tooatta xa ev 16) AE toa 16 Z. Sinehodw 16 yev AB 
cic ta 16) T tow ta AH, HO, OB, tO dé AE cic t& 1H Z 
toa ta AK, KA, AE: ota 67 foov 16 nAoc tév AH, 
HO, OB 16 rane tv AK, KA, AE. xol énet fou coti ta 
AH, HO, OB adhoc, Eott 5 xal te AK, KA, AE toa 
dAANAOIc, Eotty dou Wo TO AH mpd¢ 16 AK, ottwe 16 HO 
med¢ T0 KA, xal t6 OB med¢ 16 AE. ota doa xal we Ev 
TOY NYOLUEVWY Ted Ev TOV ENOUEVOY, OUTWS AMAVTA TH 
NYOVUEVA TEOSG Sravta Tk ENdUEVa’ Eottv koa wc TO AH 
med¢ T0 AK, ottw¢ T6 AB med¢ 16 AE. tooy b€ 16 wev AH 
16 TD, 16 8 AK 16 Z: Zotw doa we 16 T npd¢ 16 Z obtw<¢ 
to AB med¢ 10 AE. 

Ta doa uéen Tolc WoaVTWS NOAAUTAMCLOIG TOV MUTOV 
éyet AOyov Anpdevta xatdAAnrn Sree eer detEau. 


7+— 


+ In modern notation, this proposition reads that a: 8 :: ma: m8. 


IT. 

"Ey téooupa yeyedn avdAoyov Fi, Kal EvaAAGE avdoyov 
EOTOL. 

"How téoouog yeyedy avedoyov ta A, B, T, A, ae 16 
A ted¢ 10 B, obtw¢ TO LT med¢ 10 Av Even, STL Ka EVAAAGE 
[avér0voy] gota, &¢ T0 A ned¢ 16 T, otwe tO B ned¢ TO 
A. 

ElApvw yuo tév yev A, B toduic noAAanAdoLa te E, 
Z, tv 66 T, A dAa, & Etvyev, loduic TOAAUTAcOLA TH H, 


oO. 


Proposition 151 


Parts have the same ratio as similar multiples, taken 
in corresponding order. 
ae & 


DK L E&E 
-—+——_+— Fr 


For let AB and DE be equal multiples of C and F 
(respectively). I say that as C' is to F', so AB (is) to DE. 

For since AB and DE are equal multiples of C and 
F (respectively), thus as many magnitudes as there are 
in AB equal to C, so many (are there) also in DE equal 
to F. Let AB have been divided into (magnitudes) AG, 
GH, HB, equal to C, and DE into (magnitudes) DK, 
KL, LE, equal to F. So, the number of (magnitudes) 
AG, GH, HB will equal the number of (magnitudes) 
DK, KL, LE. And since AG, GH, HB are equal to one 
another, and Dk, KL, LE are also equal to one another, 
thus as AG is to DK, so GH (is) to KL, and HB to LE 
[Prop. 5.7]. And, thus (for proportional magnitudes), as 
one of the leading (magnitudes) will be to one of the fol- 
lowing, so all of the leading (magnitudes will be) to all of 
the following [Prop. 5.12]. Thus, as AG is to Dk, so AB 
(is) to DE. And AG is equal to C, and DK to F. Thus, 
as Cis to F, so AB (is) to DE. 

Thus, parts have the same ratio as similar multiples, 
taken in corresponding order. (Which is) the very thing 
it was required to show. 


Proposition 16’ 


If four magnitudes are proportional then they will also 
be proportional alternately. 

Let A, B, C and D be four proportional magnitudes, 
(such that) as A (is) to B, so C (is) to D. I say that they 
will also be [proportional] alternately, (so that) as A (is) 
to C, so B (is) to D. 

For let the equal multiples & and F' have been taken 
of A and B (respectively), and the other random equal 
multiples G and H of C and D (respectively). 
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1 


/—_+— 


I+ 


Kat énel tocxic ¢otl nod\AatAcovov TO E tot A xol tO Z 
tov B, ta 5€ Yee toic WoabtTwS ToAAaTAMCtOLC TOV AUTOV 
éyet Adyov, ~otw &pa Wo TO A Ted¢ TO B, OUtws TO E ned¢ 
tO Z. wo 6€ TO A Ted¢ TO B, ottwe 16 T mepd¢ tO A’ xa we 
goa tO TP npd¢ 10 A, ottw¢ 16 E npd¢ tO Z. ndAw, Enel Te 
H, O tv T, A todnig cott noAAaTAcoa, Eotty doa ac 16 TP 
med¢ 10 A, odtwo TO H mpd¢ TO O. We dE 16 T red¢ 16 A, 
[obtac] TO E npd¢ tO Z xal wo Kou TO E ned¢ 10 Z, ovtw 
tO H ned¢ 10 O. Edy be técouou UEeveDN avadoyov Fi, TO OE 
Teditov tod teitov UEiCov f, xal TO SeUtEpov tod TetdeTOU 
usiGov Zota, xv toov, toov, x&v ZAattov, EAattov. et koa 
bneoéyet to E tot H, umepéyer xal to Z tod ©, xa ci toov, 
loov, xal et Ehattov, gAattov. xat cott te uev E, Z tév 
A, B todmic nodranddoww, te 56 H, O tv T, A Aa, & 
EtvxXEY, lodxic ToAAaTAcoLA Eotw dpa Wc TO A Ted TOT, 
otw> TO B med¢ tO A. 

"Edy doa téoouoa Ueyedn avdAoyov fh, xol EvahAce 
d&véroyov gota nee Eder SetEan. 


t In modern notation, this proposition reads that if a: 8::y:dthena: 


IC. 
‘Edy ovyxetueva ueyedn avadoyoy F, xal SraupeVevta 
aveOYOv EOTAL. 


A E B Tr ZA 
H © K S 
AM N O 


"How ouyxetueva yeyedn avdAoyov ta AB, BE, TA, 
AZ, wo 16 AB ned¢ 16 BE, ottwo 16 TA med¢ 16 AZ: 
EY, Ott “ol StapedVEvta dvérhoyov Eota, wc TO AE med¢ 
tO EB, ottw¢ 10 PZ ned t6 AZ. 

Etjpdw yoo tv yev AE, EB, TZ, ZA todxuic nod- 
AanAdowa te HO, OK, AM, MN, tév dé EB, ZA Gra, & 
étuyxeY, loduic MoAAaTAcoLa Ta KE, NIT. 

Kal enel todxic Eatl noAAanAd&owov tO HO tot AE xa 
tO OK tod EB, toduic dpa Eotl MoAAaTAdoLov TO HO tod 


1 Cr— 
Br— Di 

E 1 G 
F H+-— 


And since F and F are equal multiples of A and B 
(respectively), and parts have the same ratio as similar 
multiples [Prop. 5.15], thus as A is to B, so E (is) to F. 
But as A (is) to B, so C (is) to D. And, thus, as C (is) 
to D, so FE (is) to F [Prop. 5.11]. Again, since G and H 
are equal multiples of C and D (respectively), thus as C 
is to D, so G (is) to H [Prop. 5.15]. But as C (is) to D, 
[so] FE (is) to F. And, thus, as F (is) to F’, so G (is) to 
A [Prop. 5.11]. And if four magnitudes are proportional, 
and the first is greater than the third then the second will 
also be greater than the fourth, and if (the first is) equal 
(to the third then the second will also be) equal (to the 
fourth), and if (the first is) less (than the third then the 
second will also be) less (than the fourth) [Prop. 5.14]. 
Thus, if E exceeds G then F also exceeds H, and if (F is) 
equal (to G then F is also) equal (to H), and if (EF is) less 
(than G then F is also) less (than H). And EF and F are 
equal multiples of A and B (respectively), and G and H 
other random equal multiples of C and D (respectively). 
Thus, as A is to C, so B (is) to D [Def. 5.5]. 

Thus, if four magnitudes are proportional then they 
will also be proportional alternately. (Which is) the very 
thing it was required to show. 


yu Bs 6. 


Proposition 17? 


If composed magnitudes are proportional then they 
will also be proportional (when) separarted. 


A EB C F D 
-———__+—4 /——_+—1 
G HK O 
L M N P 


Let AB, BE, CD, and DF be composed magnitudes 
(which are) proportional, (so that) as AB (is) to BE, so 
CD (is) to DF. I say that they will also be proportional 
(when) separated, (so that) as AF (is) to EB, so CF (is) 
to DF. 

For let the equal multiples GH, Hk, LM, and MN 
have been taken of AE, EB, C'F, and FD (respectively), 
and the other random equal multiples KO and NP of 
EB and FD (respectively). 
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AE xal to HK tot AB. toduic 5€ ott TOAAaTAdoLov TO HO 
tot AE xat to AM tot TZ: todxuic dea Eotl NOAAaTAcOLOV 
to HK tod AB xai t0 AM tod TZ. rédw, eel iodnicg éotl 
Tod\AatAcotov to AM tod TZ xai to MN tot ZA, iodnc dea 
éotl roAAarAdotov tO AM tot TZ xol to AN tot TA. todxtc 
dé Fy ToAAanAdcotov tO AM tot TZ xal to HK tot AB- 
todxic Koa gotl TOAAaTAcoLov T6 HK tod AB xai t6 AN tod 
TA. ta HK, AN dou tév AB, TA iodnug goth TOAAaTAcOLE. 
TOAL, ETtEl todixic EotL TOAAaTAactov tO OK tot EB xal to 
MN tod ZA, gott 6€ xal TO KE tot EB todnic rod AatAdotov 
xa t6 NII tot ZA, xal ovvtedév t6 OE tod EB toduc oti 
ToAAanAdcotoyv xal tO MII tod ZA. nol eet Eotw wo TO AB 
med¢ tO BE, ottw¢ 16 TA npd¢ 16 AZ, uot etAnntm tiv 
yev AB, TA iodmuc nodkAanAcorw ta HK, AN, tév 6é EB, 
ZA toduic nodAaTAcow ta OF, MII, et doa Unepéyet 10 
HK tod OF, brepéyer xal to AN tod MII, xa ei toov, toov, 
xal el €Aattov, EAattov. Unepeyétw 6 TO HK tod OF, 
xal xowod apaoedévtoc to} OK vnepsyer dou xal to HO 
tot KE. ada ei Uneoetye To HK tot OF bregetye xol 16 
AN tot MIT trepéyet dou xal t6 AN tot MII, xat xowod 
&papseDEvtog tov MN bnepéyet xal t6 AM tod NII Gote 
et Unepéyet to HO tov KE, trepéyet xal to AM tod NIL. 
Ouotucg 5) SeiEouev, Sti xdv foov fH tO HO 16 KE, ioov 
éotat xal tO AM 7165 NII, x&v GAattov, éAattov. xal Eott te 
uev HO, AM tév AE, PZ toduic no\AamAdcovw, tk 5¢ KE, 
NII tév EB, ZA dA, & EtvY EV, iodxtc TOAAATA KOLA’ EoTL 
goa Wo TO AE med¢ 16 EB, ottw¢ 16 [TZ npd¢ 16 ZA. 

‘Eav doa ovyxeiveva uevedn avédoyov 7, xa Stou- 
ceVevta dvéhoyov Eota Oreo det SetEa. 
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And since GH and HK are equal multiples of AE and 
EB (respectively), GH and GK are thus equal multiples 
of AE and AB (respectively) [Prop. 5.1]. But GH and 
LM are equal multiples of AE and CF (respectively). 
Thus, Gk and LM are equal multiples of AB and CF 
(respectively). Again, since LM and MN are equal mul- 
tiples of CF and FD (respectively), LM and LN are thus 
equal multiples of CF and CD (respectively) [Prop. 5.1]. 
And LM and GK were equal multiples of CF and AB 
(respectively). Thus, Gk and LN are equal multiples 
of AB and CD (respectively). Thus, Gk, LN are equal 
multiples of AB, CD. Again, since HK and MN are 
equal multiples of EB and FD (respectively), and KO 
and NP are also equal multiples of EB and F'D (respec- 
tively), then, added together, HO and WP are also equal 
multiples of EB and F'D (respectively) [Prop. 5.2]. And 
since as AB (is) to BE, so CD (is) to DF, and the equal 
multiples Gk, LN have been taken of AB, CD, and the 
equal multiples HO, MP of EB, F'D, thus if GK exceeds 
HO then LN also exceeds M P, and if (G‘K is) equal (to 
HO then LN is also) equal (to MP), and if (GK is) less 
(than HO then LN is also) less (than MP) [Def. 5.5]. 
So let GK exceed HO, and thus, HK being taken away 
from both, GH exceeds KO. But (we saw that) if Gk 
was exceeding HO then LN was also exceeding MP. 
Thus, LN also exceeds MP, and, MN being taken away 
from both, LM also exceeds NP. Hence, if GH exceeds 
KO then LM also exceeds NP. So, similarly, we can 
show that even if GH is equal to KO then LM will also 
be equal to NP, and even if (GH is) less (than KO then 
LM will also be) less (than NP). And GH, LM are equal 
multiples of AE, CF, and KO, NP other random equal 
multiples of EB, FD. Thus, as AEF is to EB, so CF (is) 
to FD [Def. 5.5]. 

Thus, if composed magnitudes are proportional then 
they will also be proportional (when) separarted. (Which 
is) the very thing it was required to show. 


+ In modern notation, this proposition reads that ifa+6:6::y+6:éthena:6::7:6. 


# 
iy] . 
‘Edy Sinenueva ueyéedn avddoyoy fh, xoal ouvteVevta 
avohOYOV EOTAL. 


fal E B 


A 


if ZH 


"Eotw dSinenueva ucyé0n avadoyoy ta AE, EB, PZ, ZA, 
@>¢ 10 AE npd¢ 16 EB, ottw¢o 16 TZ npd¢ 16 ZA: héyao, 
ou xal ouvteVEvta avéroyov Eotat, ¢ T6 AB toed¢ 16 BE, 


Proposition 18* 


If separated magnitudes are proportional then they 
will also be proportional (when) composed. 


A E B 


C FG oD 


Let AE, EB, CF, and FD be separated magnitudes 
(which are) proportional, (so that) as AF (is) to EB, so 
CF (is) to FD. I say that they will also be proportional 
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otws To TA npd¢ to ZA. 

Et yee un eotlv ac T6 AB med¢ 16 BE, ote 16 TA 
med¢ 10 AZ, Eota wo to AB ned¢ 16 BE, ottw¢ tO TA 
Htoi Med¢ EAaoody ti to} AZ 7 med UEiZov. 

"Eo w Tedtegov Ted¢ EAaoooy tO AH. xa enet Eotw we 
to AB npdc 16 BE, ottwc 16 TA med¢ 16 AH, ovyxeiueva 
ueyevn avddoyov cot’ Bote xal SiapeVEvta davedovov 
gota. Zotw doa Wo TO AE ned¢ 16 EB, otw¢ 160 [TH med¢ 
tO HA. brdxeita dé xal @¢ TO AE ned¢ tO EB, otvtw¢ 10 
TZ npd¢ 10 ZA. xa wo dou t6 [TH med¢ 16 HA, ot}tw¢ 10 
TZ ned¢ 10 ZA. yeiTov 5 16 Teéstov 16 TH tov teitov tod 
TZ: usiCov dea xal TO dedtepov 10 HA tov teté&etov tod 
ZA. GAA& xa EXattov’ Stee Eotly KUvatov’ obx% koa Eotiv 
@>¢ T6 AB med¢ 160 BE, ottwe 16 TA med¢ EXacoov tod 
ZA. Ouotwc 57 SeiZouev, ti OVSE TOC UEITov’ MEd AUTO 
doa. 

‘Eay dow Sujenueva yevyedn avedoyoy Fh, xal ouvtedEvta 
a&véroyoy gota Smee Eder SetEan. 
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(when) composed, (so that) as AB (is) to BE, so CD (is) 
to FD. 

For if (it is) not (the case that) as AB is to BE, so 
CD (is) to F'D, then it will surely be (the case that) as 
AB (is) to BE, so CD is either to some (magnitude) less 
than DF, or (some magnitude) greater (than DF).! 

Let it, first of all, be to (some magnitude) less (than 
DF), (namely) DG. And since composed magnitudes 
are proportional, (so that) as AB is to BE, so CD (is) to 
DG, they will thus also be proportional (when) separated 
[Prop. 5.17]. Thus, as AF is to EB, so CG (is) to GD. 
But it was also assumed that as AF (is) to EB, so CF 
(is) to FD. Thus, (it is) also (the case that) as CG (is) 
to GD, so CF (is) to FD [Prop. 5.11]. And the first 
(magnitude) CG (is) greater than the third CF. Thus, 
the second (magnitude) GD (is) also greater than the 
fourth FD [Prop. 5.14]. But (it is) also less. The very 
thing is impossible. Thus, (it is) not (the case that) as AB 
is to BE, so CD (is) to less than F'D. Similarly, we can 
show that neither (is it the case) to greater (than FD). 
Thus, (it is the case) to the same (as F'D). 

Thus, if separated magnitudes are proportional then 
they will also be proportional (when) composed. (Which 
is) the very thing it was required to show. 


+ In modern notation, this proposition reads that ifa: 8::y:dthena+@:8:y+6:6. 


t Here, Euclid assumes, without proof, that a fourth magnitude proportional to three given magnitudes can always be found. 


Wy’, 
‘Edy fj ¢ OAOV TEd¢ GAOY, OUTWS KpaloedEV TED aApau- 
eedév, xal TO AoIMOV MEd TO AOLMOV EoTH M¢ OAOV TEdC 


OAov. 


AE B 


r Z A 


"How yue @¢ ddov 10 AB med¢ Shkov 10 TA, ottwe 
apapedév 10 AE nodc dgerpedev 16 TZ Aéyw, Ott xa 
Aoindv 10 EB ned¢ Aotndv 16 ZA Eota wc ddAov 10 AB 
med¢ OAov 10 TA. 

‘Enel ydo Eotw wc 10 AB nod 16 TA, ottw¢ 16 AE 
med¢ TO TZ, nal EvaodrAdE Wo 10 BA axpd¢ 10 AE, odtw< 
to ALD ned¢ 10 TZ. xol Enel ovyxeiueva ueyedn avddoyov 
cot, xa SialoeVEvta aveédAoyov gota, @¢ TO BE med¢ TO 
EA, ottw< 16 AZ npd¢ 16 PZ: nal Evarrd€, ¢ T6 BE red¢ 
16 AZ, ottw¢ 16 EA npd¢ 16 ZT. wc 5E TO AE ned¢ 16 TZ, 
obtw> bndxetta dAov TO AB ted¢ Shov TO TA. xal Aownov 
&ea tO EB red¢ Aoindv 16 ZA ~ota We Sdov tO AB med¢ 
6dov tO TA. 

‘Edy dea fc CAov TEd¢ OhoV, OUTWC aKpaloedEV TEdC 


Proposition 19% 


If as the whole is to the whole so the (part) taken 
away is to the (part) taken away then the remainder to 
the remainder will also be as the whole (is) to the whole. 


A E B 


C F D 


For let the whole AB be to the whole CD as the (part) 
taken away AF (is) to the (part) taken away CF’. I say 
that the remainder LB to the remainder F'D will also be 
as the whole AB (is) to the whole CD. 

For since as AB is to CD, so AE (is) to CF, (it is) 
also (the case), alternately, (that) as BA (is) to AE, so 
DC (is) to CF [Prop. 5.16]. And since composed magni- 
tudes are proportional then they will also be proportional 
(when) separated, (so that) as BE (is) to HA, so DF (is) 
to CF [Prop. 5.17]. Also, alternately, as BE (is) to DF, 
so EA (is) to FC [Prop. 5.16]. And it was assumed that 
as AEF (is) to CF’, so the whole AB (is) to the whole CD. 
And, thus, as the remainder FB (is) to the remainder 
FD, so the whole AB will be to the whole CD. 
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apapedev, xal TO AoIMOV TEOG TO AOITOV EoTH wc OAOV 
Ted¢ Odov [Onep Eder Seizau). 

[Kal enel edety0n @¢ 16 AB npdc¢ 160 TA, ottw¢ 16 EB 
med¢ TO ZA, xal EvadrAde wo To AB med¢ TO BE ottwe 10 
TA nedc¢ 16 ZA, ovyxeiveva dou usyé0n dvedoydv Eottv’ 
edetyOn SE Wc TO BA mpd¢ 160 AE, ottwo t6 AT ted¢ 10 
TZ xat cotw &vaoteepavtt). 


TIde1oue. 
‘Ex OY ToUtTOU (avepdv, OTL Exv oVyxEiusva USyEeTy 


avdAOYOY 7, Kal avaoteépavt dvéhoyov Eota Smee Eder 


deicau. 
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Thus, if as the whole is to the whole so the (part) 
taken away is to the (part) taken away then the remain- 
der to the remainder will also be as the whole (is) to 
the whole. [(Which is) the very thing it was required to 
show. ] 

[And since it was shown (that) as AB (is) to CD, so 
EB (is) to F'D, (it is) also (the case), alternately, (that) 
as AB (is) to BE, so CD (is) to FD. Thus, composed 
magnitudes are proportional. And it was shown (that) 
as BA (is) to AF, so DC (is) to CF’. And (the latter) is 
converted (from the former).] 


Corollary? 


So (it is) clear, from this, that if composed magni- 
tudes are proportional then they will also be proportional 
(when) converted. (Which is) the very thing it was re- 
quired to show. 


t In modern notation, this proposition reads that ifa: 3::y:dthena:B::a—y7: 6-6. 


t In modern notation, this corollary reads that ifa: @::y:dthena:a—B:y:y—6. 


, 
x. 

‘Edy F tola yeyedn xa GAAa avtoic tox to TAP Voc, 
ovvdve AauBavoueva xa Ev TE KTH Adyw, 5t’ toou OE TO 
Teétov tot teitov uciCov 7, xal TO tTétaptov tov ExtoU 
usiCov gota, xav toov, toov, xav EAattov, EAattov. 


A i A 
5S Er— 
Sa | 


"How teta ueyedn ta A, B,D, xol dAAa adtoic tow TO 
TARVos ta A, E, Z, obvdv0 AnuBavoueva ev 16) wvTéS ASO, 
> Uev tO A ned¢ TO B, otwe T6 A mpd¢ TO E, wc 5E 16 B 
med¢ 10 T, ottwe 10 E npd¢ 10 Z, bv toou be usiZov Eotw 
to A tot I* Aéya, 611 xal tO A tod Z ueifov Eota, xdv 
toov, toov, xav EXattov, EAatTOV. 

‘Enel yuo uei@ov cot tO A tod T, &AAo Sé 1 10 B, tO Se 
usiCov med¢ TO AUTO UEtTova Advov Eyet Hmee TO EAattov, 
tO A doa Ted¢ TO B uctTova Adyov Eye Hmee tO [ npd¢ tO 
B. GAN’ ac uev 10 A npd¢ TO B [obtw<] to A ted¢ tO E, wo 
dé to T npd¢ 10 B, avanadw ottw¢ tO Z med¢ TO Ev xal to 
A doa med¢ 16 E uetCova Adyov Eyet Hnep tO Z med¢ tO E. 
TOV O€ MEd TO AUTO AdYoOV EXdYTWV TO UEtTova ADYOV EXOV 
usi@ov ot. ysiCov doa 10 A tot Z. duotwc 5} SetEouev, 
du xv toov #10 A tH T, toov gota xol 16 A 1H Z, xdv 


Proposition 20t 


If there are three magnitudes, and others of equal 
number to them, (being) also in the same ratio taken two 
by two, and (if), via equality, the first is greater than the 
third then the fourth will also be greater than the sixth. 
And if (the first is) equal (to the third then the fourth 
will also be) equal (to the sixth). And if (the first is) less 
(than the third then the fourth will also be) less (than the 
sixth). 


A i. DiS 
Bi SS Ei $< 
Cr F t———— 


Let A, B, and C be three magnitudes, and D, E, F 
other (magnitudes) of equal number to them, (being) in 
the same ratio taken two by two, (so that) as A (is) to B, 
so D (is) to #, and as B (is) to C, so FE (is) to F’. And let 
A be greater than C, via equality. I say that D will also 
be greater than F’. And if (A is) equal (to C then D will 
also be) equal (to F’). And if (A is) less (than C' then D 
will also be) less (than F). 

For since A is greater than C’, and B some other (mag- 
nitude), and the greater (magnitude) has a greater ratio 
than the lesser to the same (magnitude) [Prop. 5.8], A 
thus has a greater ratio to B than C (has) to B. But as A 
(is) to B, [so] D (is) to E. And, inversely, as C' (is) to B, 
so F (is) to £ [Prop. 5.7 corr.]. Thus, D also has a greater 
ratio to £ than F (has) to & [Prop. 5.13]. And for (mag- 
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‘Edy doa 7 tela ueyedn xal dAAa avTOIc tow TO TAHVOc, 
ovvdv0 AquBavdueva xal Ev TE ATE ADYW, Bi toov SE TO 
meétov tot teitov uciCov 7, “ol TO tTétaptov tov ExtoU 
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nitudes) having a ratio to the same (magnitude), that 
having the greater ratio is greater [Prop. 5.10]. Thus, 
D (is) greater than F’. Similarly, we can show that even if 
A is equal to C' then D will also be equal to F’, and even 
if (A is) less (than C then D will also be) less (than fF’). 

Thus, if there are three magnitudes, and others of 
equal number to them, (being) also in the same ratio 
taken two by two, and (if), via equality, the first is greater 
than the third, then the fourth will also be greater than 
the sixth. And if (the first is) equal (to the third then the 
fourth will also be) equal (to the sixth). And (if the first 
is) less (than the third then the fourth will also be) less 
(than the sixth). (Which is) the very thing it was required 
to show. 


+ In modern notation, this proposition reads that ifa: 8 ::6:eand@:7::e:¢thena = yas 6 = ¢. 


xa’. 

‘Edy f tola yeyedn xol GAa avtoic tox TO TAT VOC 
ovvdv0 AayBavoueva xol Ev 16) HUG AOYO, Ff SE TETH 
eayuevyn auTdy y avadroyta, 61 toov b& TO TedTOV TOD 
toitov ueifov H, xal TO tétTaeTOV Tov Extou UEiTov EotuH, 
xav tooy, toov, xav EAaTTOV, EAATTOV. 


A ] A 
Br— E 
[+ LL. SS 


"How tela ueyedyn ta A, B, TD xat Gada avtoic tow 16 
TARVOg ta A, E, Z, obvdv0 AquBavoueva xal Ev 16 wvTES 
LOY, EOTW FE TETLONYLEVY HUTOY 7 avaAoyla, @¢ EV TO 
A te6¢ 10 B, ottwe 16 E med¢ 10 Z, wo 5€ 10 B npd¢ TOT, 
odtws T6 A med¢ 10 E, bv toou be to A tot T yeiZov gota 
Ey, Ott xal T6 A tod Z usiTov Eota, xdv toov, toov, xdv 
EAATTOV, EAATTOV. 

‘Enel yuo weiCév cott tO A tot T, &AAo 5é 11 10 B, tO 
A da mpd¢ TO B ueifova Adyov Eyer Hace T6 T ned¢ tO B. 
GAM’ Qo yev TO A Ted¢ TO B, o'twe TO E ted¢ 16 Z, we 
dé 10 [ nod¢ tO B, avarnadw ottwe 16 E nmed¢ tO A. xa 
tO E doa med¢ 16 Z ueiZova Adyov yet Hmee tO E npd¢ 10 
A. npd¢ 6 SE TO aOTO UEiTova Adyov Exel, Exeivo EAaoodyv 
got’ Ehaooov &pa gotl 16 Z tov A: uciCov doa éoti TO A 
tot Z. ovoiws 57 SetEouev, Sti xdv toov 7) 16 A 1H T, toov 
gota xal tO A 163 Z, “av Edattov, EAattov. 

"Edy doa 4 tela ueyedn xal dAAa avTOIC low TO TAT VO, 
ovvdvoe AauBavoueva xal ev TG) HUT AOYO, FOE TETH 
PAXYUEVY HUTOY 1H avaroyta, di’ toou Sé TO TEdSTOV Tob TettoU 
usiCov fh, xal TO TEtTAPTOV Tot Extov UEiTov Eota, xav toov, 


Proposition 211 


If there are three magnitudes, and others of equal 
number to them, (being) also in the same ratio taken two 
by two, and (if) their proportion (is) perturbed, and (if), 
via equality, the first is greater than the third then the 
fourth will also be greater than the sixth. And if (the first 
is) equal (to the third then the fourth will also be) equal 
(to the sixth). And if (the first is) less (than the third then 
the fourth will also be) less (than the sixth). 


A D 
Bt——— E 
cr——_ i 4 


Let A, B, and C be three magnitudes, and D, E, F 
other (magnitudes) of equal number to them, (being) in 
the same ratio taken two by two. And let their proportion 
be perturbed, (so that) as A (is) to B, so E (is) to F’, and 
as B (is) to C, so D (is) to E. And let A be greater than 
C, via equality. I say that D will also be greater than F’. 
And if (A is) equal (to C then D will also be) equal (to 
F). And if (A is) less (than C then D will also be) less 
(than F). 

For since A is greater than C’, and B some other (mag- 
nitude), A thus has a greater ratio to B than C (has) to 
B [Prop. 5.8]. But as A (is) to B, so EF (is) to F. And, 
inversely, as C' (is) to B, so E (is) to D [Prop. 5.7 corr.]. 
Thus, F also has a greater ratio to F than EF (has) to D 
[Prop. 5.13]. And that (magnitude) to which the same 
(magnitude) has a greater ratio is (the) lesser (magni- 
tude) [Prop. 5.10]. Thus, F' is less than D. Thus, D is 
greater than F’. Similarly, we can show that even if A is 
equal to C' then D will also be equal to F’, and even if (A 
is) less (than C then D will also be) less (than F’). 
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Thus, if there are three magnitudes, and others of 
equal number to them, (being) also in the same ratio 
taken two by two, and (if) their proportion (is) per- 
turbed, and (if), via equality, the first is greater than the 
third then the fourth will also be greater than the sixth. 
And if (the first is) equal (to the third then the fourth 
will also be) equal (to the sixth). And if (the first is) less 
(than the third then the fourth will also be) less (than the 
sixth). (Which is) the very thing it was required to show. 


+ In modern notation, this proposition reads that ifa: @::¢: Cand 8: 7::6:ethena = yas 0 = G 


, 
xB". 
‘Eqy ff Onocaoby yeyedn xal GAAa avTOIs tow TO TAT VO, 
ovvdv0 AapBavoueva xol Ev TE MUTE Ade, Kol SL toou Ev 
TG) KUTE ADH EoTAL. 


Proposition 221 


If there are any number of magnitudes whatsoever, 
and (some) other (magnitudes) of equal number to them, 
(which are) also in the same ratio taken two by two, then 
they will also be in the same ratio via equality. 


A BH T -—_ At Bt Cr—_ 
At Er— 7,+-— Dr— Er«— FR“ 
Ht + i Kt + t 1 Mt Gi t 1 Kt t + 1 Mt 

© A N H L N 


"Hot Onooaoby veyed ta A, B, TP xat GAa ato tow 
tO TAHVOos ta A, E, Z, obvdv0 AnuBavdyeva ev Té wUTES 
AOYwW, @> WEV TO A TEd¢ TO B, OVW TO A Tpd¢ TO E, we 
dé 10 B nrpd¢ 10 T, obtwo TO E med¢ 16 Z Ey, OT xa 
dt toov Ev TH avTH ADH EoTAL. 

ElApvew yuo tv uev A, A toduic nodAAamAcovw te H, 
O, té&v be B, E dA, & EtUxEV, lodxic ToAAaTAdoLA TH K, 
A, xa Ett tv DT, Z GAAa, & Etvyxev, lodxig MoAAaTAcOLa TH 
M,N. 

Kat énet €otw wo 10 A mpdc 16 B, otw¢ 10 A mpd¢ TO 
E, nal etAnnta tv uev A, A todxic noAAanAdow ta H, O, 
tév 6¢ B, E dda, & Etvyxev, toduic ToAAaTAcoLa Ta K, A, 
gow toa Wc TO H npd¢ 16 K, ote 10 O med¢ TO A. dia 
TH KUTA BY “al Wo TO K med¢ TO M, ote TO A TEd¢ TO 
N. énet obdv toia uevyéedn cotl ta H, K, M, xal dAAX adtoic 
fou 10 TAAVoc ta O, A, N, obvdv0 AauBavdueva xal Ev Té5 
avdté Ady, St toovu doa, et brepéyet TO H tod M, brepéyer 
xal tO © tod N, nal et toov, toov, xal el EAattov, EAaTttov. 
nat Eott ta Nev H, O tév A, A todaic nodAamAcova, TH SE 
M,N tv T, Z GAAw, & EtLYXEV, lodxlc MOAAATAGOLA. EOTLV 
goa wc TO A Ted¢ TOT, o}tWe TO A Ted¢ 16 Z. 

‘Edy doa f Onocaoby UeyedN nal GhAa wvTOIg tow TO 
TAR V0, obvdv0 AauUBavduEva Ev TG AUTE ADV, Kal dt” toou 
Ev T6 MUTE AdyH Zotar’ Ste Eder SeiEar. 


Let there be any number of magnitudes whatsoever, 
A, B, C, and (some) other (magnitudes), D, E, F, of 
equal number to them, (which are) in the same ratio 
taken two by two, (so that) as A (is) to B, so D (is) to 
E, and as B (is) to C, so E (is) to F’.. I say that they will 
also be in the same ratio via equality. (That is, as A is to 
C,so D is to F.) 

For let the equal multiples G and H have been taken 
of A and D (respectively), and the other random equal 
multiples K and L of B and FE (respectively), and the 
yet other random equal multiples WW and N of C and F 
(respectively). 

And since as A is to B, so D (is) to E, and the equal 
multiples G and H have been taken of A and D (respec- 
tively), and the other random equal multiples K and L 
of B and E (respectively), thus as G is to K, so H (is) to 
L [Prop. 5.4]. And, so, for the same (reasons), as K (is) 
to M, so L (is) to N. Therefore, since G, K, and M are 
three magnitudes, and H, L, and N other (magnitudes) 
of equal number to them, (which are) also in the same 
ratio taken two by two, thus, via equality, if G exceeds 
then H also exceeds N, and if (Gis) equal (to M then H 
is also) equal (to N), and if (G is) less (than M then H is 
also) less (than N) [Prop. 5.20]. And G and H are equal 
multiples of A and D (respectively), and M and N other 
random equal multiples of C and F (respectively). Thus, 
as A is to C, so D (is) to F [Def. 5.5]. 

Thus, if there are any number of magnitudes what- 
soever, and (some) other (magnitudes) of equal number 
to them, (which are) also in the same ratio taken two by 
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two, then they will also be in the same ratio via equality. 
(Which is) the very thing it was required to show. 


+ In modern notation, this proposition reads that ifa: @::¢:¢and@:y::¢:nandy:6::7:0thena:6::€:0. 


ny’. 
‘Edy f tola yeyedn xol GAa avtoic tox TO TAT Voc 
ovvdv0 AnuBavouEeva Ev TE) ATE AdYw, F SE TeTACNYULEVH 
avTéY A d&vaAoyta, xal 1° toou Ev TG) ADE Ady EoTaL. 


At Bro [ «+ 
Ate - + 7-4 

H QO: A 
JK + M: N 


"How toeia ueyedy ta A, B, TD xat Gada avtoic tow 16 
TARVOs obvov0 AauBavdueva ev Té ATE Adyw Ta A, E, Z, 
Eotw SE TETAUEMYUEVN AVTOV 7H dvadroyla, @¢ UEv TO A TEd¢ 
10 B, obtw¢ 16 E med¢ 10 Z, wo Se 10 B ned¢ TOT, OdTWE 
to A med¢ 10 Er AEyw, 6tt Eotiv Wo TO A TEd¢ 16 T, OTC 
to A mpd¢ 10 Z. 

Et jo vw Hv yev A, B, A todxic noAAanAdcovw te H, 0, 
K, tv 6¢ T, E, Z dhAa, & Etvyev, ioduic MoAAaTAcOLA TH 
A, M,N. 

Kol enet todiaic Eotl noAAatAdoww ta H, © tév A, B, té& 
d€ LEN TOlc WoAUTWS TOAAUTAAOLOLC TOV AUTOV Exel AdYOY, 
got doa W¢ TO A ted¢ TO B, otw> TO H Ted¢ TO O. Hie 
TH HUTA BY xa O¢ TO E ned¢ 10 Z, OUtTWS TO M Ted TO N: 
nat Eottv Wo TO A Ted¢ TO B, oUtws 10 E med¢ 10 Z xal we 
dea to H med¢ 16 O, ovtw¢ TO M med¢ TO N. xol Exet Eotw 
a> 10 B med¢ 10 T, ottwo 16 A med¢ 16 E, xal EvahAae 
@>¢ To B med¢ 16 A, obtw¢o TO TP med¢ 16 E. xal enet te 
0, K tév B, A todmuig goth noAAaTAgoLa, TK OE UEEY, TOIC 
lodig MoAAaTAMotOLc TOV AUTOV EXEL ADYOY, EOTW Goa wW¢ 
tO B npd¢ 16 A, ottwo 16 O Ted¢ TO K. GAA’ Wo TO B ned¢ 
to A, ottw¢ 16 T npd¢ 16 Ev xal wo dou 16 O med¢ 16 K, 
otw> 10 T med¢ tO E. nda, enet ta A, M tév T, E todutc 
Eott ToAAaTAdOLA, EotW doa wc TOT ned¢ 10 E, ovtwe tO 
A npd¢ 16 M. GAN’ Wo 10 T ned¢ 16 E, ottw¢ TO O Ted¢ 
tO K: xal wc dou 10 O Ted¢ 16 K, OTE TO A TEd¢ 16 M, 
nal EVHAAGE WS TO O med¢ tO A, TO K Ted¢ 16 M. EdetydDn 
dé xal wc TO H med¢ 16 O, otTwo TO M medc 10 N. Enel 
obdv tela ueyedn Eotl ta H, O, A, xal &AAa adTOIg tow TO 
TAR V0¢ ta K, M, N obviv0 KauBavoueva ev 16 HUT ADYOD, 
xat COTY AVTEY TeTUPAYUEVH H avaroyia, db tcoU doa, Et 
onepeyet to H tov A, bnepéyer xat 16 K tod N, xal ci toov, 
toov, xal et EAattov, Zhattov. xat cour ta wev H, K tésv A, 
A toduig nodAarAco, te bE A, N tv TP, Z. Eotw doa wo 
tO A med¢ 160 T, ottw¢ tO A ned¢ 16 Z. 

‘Edy doa f tela weyé0n xal GAa adtoic tox TO TAHVOS 
ovvdv0 AguBavoueva Ev TG ATE AdYW, FH bE TeTAPAYUEVH 


Proposition 23' 


If there are three magnitudes, and others of equal 
number to them, (being) in the same ratio taken two by 
two, and (if) their proportion is perturbed, then they will 
also be in the same ratio via equality. 


At— Bro Cr— 
Dre - +t Fr 

G! + + 1 HI L — 
Ke M: 1 N: 


Let A, B, and C be three magnitudes, and D, E and F 
other (magnitudes) of equal number to them, (being) in 
the same ratio taken two by two. And let their proportion 
be perturbed, (so that) as A (is) to B, so EF (is) to F', and 
as B (is) to C, so D (is) to E. I say that as A is to C, so 
D (is) to F. 

Let the equal multiples G, H, and K have been taken 
of A, B, and D (respectively), and the other random 
equal multiples L, M, and N of C, E, and F (respec- 
tively). 

And since G and H are equal multiples of A and B 
(respectively), and parts have the same ratio as similar 
multiples [Prop. 5.15], thus as A (is) to B, so G (is) to 
H. And, so, for the same (reasons), as F (is) to Ff’, so M 
(is) to NV. And as A is to B, so FE (is) to F. And, thus, as 
G (is) to H, so M (is) to N [Prop. 5.11]. And since as B 
is to C, so D (is) to EF, also, alternately, as B (is) to D, so 
C (is) to E [Prop. 5.16]. And since H and K are equal 
multiples of B and D (respectively), and parts have the 
same ratio as similar multiples [Prop. 5.15], thus as B is 
to D, so H (is) to K. But, as B (is) to D, so C (is) to 
E. And, thus, as H (is) to K, so C (is) to & [Prop. 5.11]. 
Again, since L and M are equal multiples of C and F (re- 
spectively), thus as C is to E, so L (is) to M [Prop. 5.15]. 
But, as C (is) to L, so H (is) to K. And, thus, as H (is) 
to K,so L (is) to M [Prop. 5.11]. Also, alternately, as H 
(is) to L, so K (is) to M [Prop. 5.16]. And it was also 
shown (that) as G (is) to H, so M (is) to N. Therefore, 
since G, H, and L are three magnitudes, and kK, M, and 
N other (magnitudes) of equal number to them, (being) 
in the same ratio taken two by two, and their proportion 
is perturbed, thus, via equality, if G exceeds L then K 
also exceeds N, and if (G is) equal (to Z then K is also) 
equal (to N), and if (G is) less (than L then K is also) 
less (than N) [Prop. 5.21]. And G and K are equal mul- 
tiples of A and D (respectively), and L and N of C and 
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F (respectively). Thus, as A (is) to C, so D (is) to F 
[Def. 5.5]. 

Thus, if there are three magnitudes, and others of 
equal number to them, (being) in the same ratio taken 
two by two, and (if) their proportion is perturbed, then 
they will also be in the same ratio via equality. (Which is) 
the very thing it was required to show. 


* In modern notation, this proposition reads that ifa: @::¢: Cand 8:y7::6:ethena:7::6:¢. 


xo’. 


"Edy Teditov me0¢ Sebtepov TOV aUTOV Ex AdYoV xall 
tottov medc TétupToOV, Ex SE xol MéuMTOV TEdC SevTEPOV 
TOV QUTOV AdYOV xal ExTOV MEO TETUETOV, xal OUVTEdEYV 
TeGtov “al TEUMTOV TEdG BeUTEPOY TOV AUTOV Fer AdYOV 
xal tottov xal Extov MEO¢ TETAUETOV. 


; 1) 


Ne OS 


Iloéstov yao t6 AB medc Beveepoy 10 T tov adtOv EyeTW 
Oyov xal tettov t6 AE npd¢ tétaptov tO Z, eyétw SE xa 
méuntov to BH rpdc¢ bevtepov to I’ tov avtov Adyov xa 
éxtov To EO nedc tétaetoyv tO Z AEyw, OTL xa ouvTEdEev 
Tedtov xal néuntov 160 AH npdc Sevtep0v 16 T tov adtOv 
é€et Adyov, xal toeitov xal Extov TO AO nedc¢ TétTAETOV TO 
Z. 

‘Enel yde cot wc 16 BH med¢ TOT, obtwo TO EO med¢ 
tO Z, avanadw doa ac to [ neo¢ 16 BH, ottw¢ 16 Z med¢ 
tO EO. énel obv Eotw wo 10 AB med¢ 16 T, otttw¢ TO AE 
med¢ tO Z, wo 5€ to I ned¢ 16 BH, ov¥tw¢ 16 Z ned¢ tO 
EO, dv’ toou doa gotiv We T6 AB med¢ 10 BH, ottw¢ 16 AE 
Ted TO KO. xo eet Sinonueva ueyedy avedoydy Eotw, xatl 
ouvtevevta dvédoyoy ~ota Zotw Koa Wc tO AH ted¢ 10 
HB, ottwe 16 AO npd¢ 16 OE. got dé xal Wc tO BH med¢ 
to T, ottw¢ 10 EO mpd¢ 16 Z: BV toou &pa Eotly Hc 16 AH 
med¢ TOT, ottw¢ 16 AO pd 10 Z. 

"Edy doa Teétov Ted SeUTEPOV TOV AUTOV ExT AdVOV 
xal tettov meds Tétaptoy, xy be xal MEUTTOV Ted SeVTEPOV 
TOV QUTOV AdYOV xal ExTOV MEO TéTUETOV, xal OUVTEVEYV 
Teditov “al TEUMTOV Ted SeUTEPOV TOV AUTOV FEL AdYOV 
xal tettov xal Extov Med¢ TétTaoTOV’ STEO Eder SelEau. 


Proposition 24+ 


If a first (magnitude) has to a second the same ratio 
that third (has) to a fourth, and a fifth (magnitude) also 
has to the second the same ratio that a sixth (has) to the 
fourth, then the first (magnitude) and the fifth, added 
together, will also have the same ratio to the second that 
the third (magnitude) and sixth (added together, have) 
to the fourth. 


Ae FG 


Ci 


FOR 

For let a first (magnitude) AB have the same ratio to 
a second C that a third DE (has) to a fourth fF’. And let 
a fifth (magnitude) BG also have the same ratio to the 
second C that a sixth F'H (has) to the fourth F. I say 
that the first (magnitude) and the fifth, added together, 
AG, will also have the same ratio to the second C that the 
third (magnitude) and the sixth, (added together), DH, 
(has) to the fourth F’. 

For since as BG is to C, so EH (is) to F’, thus, in- 
versely, as C (is) to BG, so F (is) to HA [Prop. 5.7 corr.]. 
Therefore, since as AB is to C, so DE (is) to F, and as C 
(is) to BG, so F (is) to EH, thus, via equality, as AB is to 
BG, so DE (is) to EH [Prop. 5.22]. And since separated 
magnitudes are proportional then they will also be pro- 
portional (when) composed [Prop. 5.18]. Thus, as AG is 
to GB, so DH (is) to HE. And, also, as BG is to C, so 
EH (is) to F. Thus, via equality, as AG is to C, so DH 
(is) to F' [Prop. 5.22]. 

Thus, if a first (magnitude) has to a second the same 
ratio that a third (has) to a fourth, and a fifth (magni- 
tude) also has to the second the same ratio that a sixth 
(has) to the fourth, then the first (magnitude) and the 
fifth, added together, will also have the same ratio to the 
second that the third (magnitude) and the sixth (added 
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together, have) to the fourth. (Which is) the very thing it 
was required to show. 


+ In modern notation, this proposition reads that ifa:8::y:dande:6::¢€:dthena+e:8::y+¢:6. 


, 


XE. 


"Eay téoouoa ueyedn &vddoyoy fh, TO Ueytotov [avtéSy] 
nal TO Ehdytotov Svo Tév hoindy stove Eotw. 


H 
A 'B 


EB 


© 
rT 


7.$-—————————4 


A 


"How téooupa ueyedn avedoyov ta AB, TA, E, Z, we 
tO AB med¢ 16 TA, owe 16 E npd¢ 10 Z, Eotw 5é UEYLOTOV 
uev avtev To AB, éddytotov b5€ tO Z A€yuo, 6tt te AB, Z 
tov TA, E yeifoveé eotw. 

Ketodw yuo 16 vév E toov 16 AH, 165 6é Z toov 16 TO. 

‘Enel [otv] cotty &¢ tO AB nodc¢ tO TA, odtw¢ 10 E 
med¢ tO Z, ioov dé TO vev E 16 AH, 10 dé Z 16 TO, gotw 
dea Wo TO AB npd¢ 10 TA, ottw¢ 16 AH mpd¢ 16 TO. 
nal enet Eotty wc dAov 10 AB med¢ dAov 16 TA, ottwe 
apapsdEev T6 AH nodc dpapedev 16 TO, xal Aoimdv dea 
to HB me6¢ Aoitdv 10 OA Eata we dAOv tO AB med¢ Ghov 
to TA. ueiCov 6¢ t6 AB tod TA: ueiTov dow xat to HB tod 
OA. xai net toov Eoti 16 uéev AH 16 E, to 5¢ TO 6 Z, 
ta dow AH, Z tou eoti toic TO, E. xot [Enel] ev [avicorc 
toa teooted fi, ta Sha &viod EoTI, Exv oa] tv HB, OA 
d&viowyv évtwv xal uetCovoc tot HB 16 yév HB xpooted sj 
ta AH, Z, 16 d€ OA xopooted# ta TO, E, ouvéeyeta t& 
AB, Z veiCova tév TA, E. 

‘Edy doa técoupa Ueyedn avaAoyoy fj, TO UsyloTOV 
avToY xal TO EAQYLOTOV SUO TéY AoITeSY UEtTova EoTIV. STEP 
Zdet Seizau. 


Proposition 251 


If four magnitudes are proportional then the (sum of 
the) largest and the smallest [of them] is greater than the 
(sum of the) remaining two (magnitudes). 


A 'B 
E 


C | 'D 


F BH 

Let AB, CD, E, and F be four proportional magni- 
tudes, (such that) as AB (is) to CD, so FE (is) to F. And 
let AB be the greatest of them, and F the least. I say that 
AB and F is greater than CD and E. 

For let AG be made equal to E, and CH equal to F. 

[In fact,] since as AB is to CD, so E (is) to F, and 
E (is) equal to AG, and F to CH, thus as AB is to CD, 
so AG (is) to CH. And since the whole AB is to the 
whole C'D as the (part) taken away AG (is) to the (part) 
taken away CH, thus the remainder GB will also be to 
the remainder H D as the whole AB (is) to the whole CD 
[Prop. 5.19]. And AB (is) greater than CD. Thus, GB 
(is) also greater than HD. And since AG is equal to EF, 
and CH to F, thus AG and F is equal to CH and E. 
And [since] if [equal (magnitudes) are added to unequal 
(magnitudes) then the wholes are unequal, thus if] AG 
and F are added to GB, and CH and FE to HD—GB 
and HD being unequal, and GB greater—it is inferred 
that AB and F (is) greater than C'D and E. 

Thus, if four magnitudes are proportional then the 
(sum of the) largest and the smallest of them is greater 
than the (sum of the) remaining two (magnitudes). 
(Which is) the very thing it was required to show. 


+ In modern notation, this proposition reads that if a : @ :: y : 6, and a is the greatest and 6 the least, thena +6 > 6+ 74. 
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Similar Figures 


STOIXEION ¢”. 


“Oeo.. 

a. “Quota oyfyata cvdbypaud cot, doa Tue TE 
yoviacg toug Eyer xaTe ulav xa Tac Mel Thc loag Ywvlac 
TAEUVEUS aVOAOYOV. 

B’. “Axpov xol ueoov Adyoy edUeta TetUAoOVM Acyeta, 
Otav 7 @¢ A CAN TEOC TO UEiTov TUAUA, OUTwW TO UEITov 
TEOS TO EhATTOY. 

vy’. "Yhog Eotl névtog oyfatos H 4nd tic KopUYi|s Ert 
thy Baow xadetoc aHyouevy. 

a’ 

Ta totywva xol Ta TAPOAANADYPAUUA TH LTO TO AUTO 

bog S6vta MEd¢ GAANAG EoTW > al B&oetc. 


A Z. 


© H B TF A K A 


"How tetywva yev Te ABT, ATA, rapordAnrdyeauua 
dé ta ED, CZ bn6 16 adt6 Whos 16 AT: Ey, Sti EotTl we 
n BI Béorg ned¢ thy TA Béouc, ottwo TO ABI tetywvov 
med¢ T6 ATA tetywvoy, xat To ET napadAnrAdypauov Ted¢ 
10 DZ naparAnrdyeauuov. 

"ExBeBAnovw yuo n BA eq’ Exdteoa ta UgON Ext Ta O, A 
onucia, xal xelodwoay tH uev BT Bdoet tom [Somdnnotoby] 
at BH, HO, tH 5¢ TA Béoet tom domdynrzotoby ai AK, KA, 
nal eneTevydwoav at AH, AO, AK, AA. 

Kat exet tom etoly at PB, BH, HO aadrAac, tow coth xa 
tz AOH, AHB, ABI totywva dAhAotc. Coundactwyv toa 
cot 7 OL Baorc tic BE Bdoewc, toowvtanrkdovdy cott 
nai to AOL tetywvoyv tot ABT terymvovu. sie ta adTe 
df) OoanAaciwy éotiv n AT Béorg tic TA Bdoews, tooav- 
tanrAcovdv éott xal t6 AAT tetywvov tot ATA terymvou- 
nal ei ton cotiv n OF Béorg tH TA Béoet, toov ott xal 10 
AOT tetywvoyv tw ATA teryave, xal et Unepéyet 7 OL Baorc 
tic TA Béoewc, Unepéyer xot to AOL tetywvov tod ATA 
TOLYOVOU, Kal El EAdoowy, Ehacoov. tTecodewv br) 6vTwv 
ucyev@v dbo yév Béoewy tév BI, TA, 500 dé toryovey 
tév ABIL, ATA eiinnta todxic nodAamtAcoww tic yev BP 
Baoews xal tod ABT totyavou H te OF Bdog xa t6 AOL 
totywvovy, tic 6 TA Bé&oews xat to} AAT teryovou da, 
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Definitions 

1. Similar rectilinear figures are those (which) have 
(their) angles separately equal and the (corresponding) 
sides about the equal angles proportional. 

2. A straight-line is said to have been cut in extreme 
and mean ratio when as the whole is to the greater seg- 
ment so the greater (segment is) to the lesser. 

3. The height of any figure is the (straight-line) drawn 
from the vertex perpendicular to the base. 


Proposition 1* 


Triangles and parallelograms which are of the same 
height are to one another as their bases. 


EA F 


H G B C D K L 

Let ABC and ACD be triangles, and EC and CF par- 
allelograms, of the same height AC’. I say that as base BC 
is to base C'D, so triangle ABC (is) to triangle AC'D, and 
parallelogram EC to parallelogram CF. 

For let the (straight-line) BD have been produced in 
each direction to points H and L, and let [any number] 
(of straight-lines) BG and GH be made equal to base 
BC, and any number (of straight-lines) Dk and KL 
equal to base CD. And let AG, AH, AK, and AL have 
been joined. 

And since CB, BG, and GH are equal to one another, 
triangles AHG, AGB, and ABC are also equal to one 
another [Prop. 1.38]. Thus, as many times as base HC 
is (divisible by) base BC, so many times is triangle AHC 
also (divisible) by triangle ABC. So, for the same (rea- 
sons), aS many times as base LC is (divisible) by base 
CD, so many times is triangle ALC also (divisible) by 
triangle ACD. And if base HC is equal to base CL then 
triangle AHC is also equal to triangle AC'L [Prop. 1.38]. 
And if base HC exceeds base CL then triangle AHC 
also exceeds triangle ACL.‘ And if (HC is) less (than 
CL then AAC is also) less (than ACL). So, their being 
four magnitudes, two bases, BC and CD, and two trian- 
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& EtvxeEV, todmic ToAAaTAcoLa H te AT Beouc xal tO AAT 
totywvov: xal Sédevxtat, StL, et Unepeyet Nn OL Bore t¥j¢ TA 
Bdoewc, brepéyet xal 6 AOT tetywvov tod AAT toetyavou, 
xat et ton, toov, xol el ELacowy, Ehacoov’ Eotlw doa we 7 
BI Béoug nod¢ thy TA Baow, ottw¢ T0 ABT tetywvov med¢ 
to ATA totywvov. 

Kat énet tod yev ABT totyovou ditAcodv éott TO EL 
TaparhAnAdyeauoyv, tov 5é ALA toetyevou SimAcoLdv EotL 
tO ZI naparAnrAoypauov, Ta SE LEON TOI WoAdTwWS TOA- 
atAaotoig Tov aVTOV Exet ADYOV, Eotw doa wc TO ABT 
totywvov med¢ tO ATA totywvoyv, ottw¢ TO ED rapad- 
AndAOyeauov medc TO ZT napadrAnAdyeayuov. Emel ovv 
edetyOn, wo yev WH BP Bdouc npd¢ thy TA, ottwo 16 ABP 
totywvov med¢ 10 ATA telywvov, ac 6é t0 ABIL totywvov 
medc t0 ATA tolywvoy, obtw¢ 10 ED napaddnkdyeauuov 
Teds TO TZ napadrrAnrdyeauuoy, xal ac doa ny BI Bdorg ned¢ 
thy TA Béouw, ottw¢ 16 ED napadkAnddéypauuov med¢ T6 ZPD 
TOUOUAANAOY POULOV. 

Toa doa telywva xol Ta MAPMAANAGYEALUA TH LTO TO 
auto bog Gvta TEd> WAANAG EoTW we at Bdoetc’ Smee Eder 
Seteou. 
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gles, ABC and ACD, equal multiples have been taken of 
base BC and triangle ABC—(namely), base HC and tri- 
angle A4HC—and other random equal multiples of base 
CD and triangle ADC—(namely), base LC and triangle 
ALC. And it has been shown that if base HC exceeds 
base CL then triangle AHC also exceeds triangle ALC, 
and if (HC is) equal (to CL then AHC is also) equal (to 
ALC), and if (HC is) less (than CL then AHC is also) 
less (than ALC). Thus, as base BC is to base CD, so 
triangle ABC (is) to triangle ACD [Def. 5.5]. And since 
parallelogram EC is double triangle ABC, and parallelo- 
gram FC is double triangle ACD [Prop. 1.34], and parts 
have the same ratio as similar multiples [Prop. 5.15], thus 
as triangle ABC is to triangle ACD, so parallelogram EC 
(is) to parallelogram FC. In fact, since it was shown that 
as base BC (is) to CD, so triangle ABC (is) to triangle 
ACD, and as triangle ABC (is) to triangle ACD, so par- 
allelogram EC (is) to parallelogram CF’, thus, also, as 
base BC (is) to base CD, so parallelogram EC (is) to 
parallelogram F'C [Prop. 5.11]. 

Thus, triangles and parallelograms which are of the 
same height are to one another as their bases. (Which is) 
the very thing it was required to show. 


+ As is easily demonstrated, this proposition holds even when the triangles, or parallelograms, do not share a common side, and/or are not 


right-angled. 


t This is a straight-forward generalization of Prop. 1.38. 


cg 
"Edy Tely@vou Tapa Ulav Tov TAEVEOY aYDF Tic cbVETa, 
avéAoyoy teust Tac Tob TeLlywvou TAcvVEdc: Kal Edy at TOD 
TOLY@VOU TAELEA avVaAOYOV TUNVHOW, NETL Tue TOMaS ET- 
Cevyvuuevy evveia map& thy Aoimhy ~ota tov terywvou 
TAgUedy. 


A 


B T 


Teryavou yao told ABT napdAAndoc wa tev TAcUpESY 
tf BL qyIw HA AE: Aéyoo, Sti ECotlv Wo 7 BA Ted¢ thy AA, 
obtw> 7 TE med¢ thy EA. 


Proposition 2 


If some straight-line is drawn parallel to one of the 
sides of a triangle then it will cut the (other) sides of the 
triangle proportionally. And if (two of) the sides of a tri- 
angle are cut proportionally then the straight-line joining 
the cutting (points) will be parallel to the remaining side 
of the triangle. 


A 


B C 
For let DE have been drawn parallel to one of the 
sides BC of triangle ABC. I say that as BD is to DA, so 
CE (is) to FA. 
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‘EneCevydwouv yuo at BE, TA. 

*“Ioov doa éotl to BAE tetywvov 16) TAE teryave 
éml YuO Tio MUTIc Bkoews Eott tic AE xat ev tole avtatic 
TapahAhAoic toiic AE, BI’ &do 5€ 11 10 AAE tolywvov. t& 
d€ lou MEd TO AUTO TOV AUTOV Exel AOYOV’ EOTW Gea G¢ TO 
BAE toetywvov med¢ t6 AAE [totywvov], obtwc to TAE 
totywvov med¢ TO AAE teltywvov. add’ ao yev TO BAE 
totywvov med¢ TO AAE, ottw>o A BA med¢ thy AA: br0 
yee TO adtO Bhog 6vta thy &nod tod E ent thy AB x&Vetov 
aYOUEVHY TEOS GAANAG claw acd at Bdoelc. Sia TA AUTH BY 
a> to TAE tetywvov ned¢ 10 AAE, ottw> y TE ted¢ thy 
EA: xal wo doa h BA npdc thy AA, ottwo A TE 1ed¢ thy 
EA. 

AAG SA at toU ABT toerymvou mAcvedt ai AB, AT 
avéhoyoy tetufodwoayv, ¢ Hh BA nod¢ thy AA, odtw>¢ 
n TE xpoc thy EA, xat eneCebydu n AE: eyo, OT 
TapdhANAds cot H AE tj BI. 

Tév yuo autéy xataoxevacvevtwy, Emel Cot WC 7 
BA xpdc thy AA, ottwo A TE moedc thy EA, aA’ we 
uev 1 BA xpdc thy AA, ottwo 16 BAE tetywvov med¢ 
to AAE tolywvoyv, ac b¢ 7 TE ned¢ thy EA, ottw¢ 10 
TAE tetywvov medc 10 AAE toelywvoyv, xal ac boa TO 
BAE tetywvov mpd¢ 16 AAE tetywvov, ottw¢ to TAE 
totywvov medc 10 AAE tetywvov. exdtepov éea tév BAE, 
TAE tetyovwyv medc 10 AAE tov adtov éyet Adyov. toov 
dou gotl TO BAE tetywvov 165 TAE toetyave xat ciow ext 
THic avtiic Baoews tic AE. ta 5é fou totywva xol Exh tic 
adtijc Baoews Svta xal Ev toiic adtol¢c MaoArAANAOIC Coty. 
TapdhAnrog Kou cotlv 7 AE tH BY. 

"Edy Goa TeLyYOvoU Taek Ulav Tv TAELEdY aYDF TIC 
evvela, avaAoyoy teuet tac tod Tolywvou TAELEdc’ Kall Edy 
at tod Tetyavou TAEvLEAal avéAovov TUNnVGow, A El Tac 
ToNac emiTevyvuuevn evveta Tape tv Aotnyy Eota tO 
Toery@vou TAEvedv’ Onep Edet SetEan. 


, 
Y’. 

"Edy Tetyovou nH yavia Stya tundf, n Se tTEUvovGE trv 
yoviay codeta téeuvy xol thy Baow, Te tic Baoews TUnLaTa 
Tov aUTOV EEL AdYOV Tolic AotTaiic TOU tTeLyYwvoU TAEUEAIiC: 
nal cay Ta TH¢ BPaoews TUAUATA TOV AUTOV Ey ADYOV Toll 
Aoindic tod torywvou TAgvEdic, NANO Tio KOEUETS Ext TH 
TounY emCevyvuyevy cvveta dtya teyet Thy tov toLrya@vou 
yoviay. 

"Eotw tetywvov to ABI, xol tetufjodw A bnd BAT 
yovia diya tnd thc AA ev¥etuc: Aéyew, dui Eotly Wo 7 BA 
med¢ thy TA, ottwo A BA med¢ thy AT. 

"Hydw yoo di& tod [ tH AA napdédAAndoc 7 TE, xol 
dtayVeion A BA ovumintétw adti xat& TO E. 
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For let BE and CD have been joined. 

Thus, triangle BDE is equal to triangle CDE. For 
they are on the same base DE and between the same 
parallels DE and BC [Prop. 1.38]. And ADE is some 
other triangle. And equal (magnitudes) have the same ra- 
tio to the same (magnitude) [Prop. 5.7]. Thus, as triangle 
BDE isto [triangle] ADE, so triangle CDE (is) to trian- 
gle ADE. But, as triangle BDE (is) to triangle ADE, so 
(is) BD to DA. For, having the same height—(namely), 
the (straight-line) drawn from £ perpendicular to AB— 
they are to one another as their bases [Prop. 6.1]. So, for 
the same (reasons), as triangle CDE (is) to ADE, so CE 
(is) to HA. And, thus, as BD (is) to DA, so CE (is) to 
EA [Prop. 5.11]. 

And so, let the sides AB and AC of triangle ABC 
have been cut proportionally (such that) as BD (is) to 
DA, so CE (is) to EA. And let DE have been joined. I 
say that DE is parallel to BC. 

For, by the same construction, since as BD is to DA, 
so CE (is) to EA, but as BD (is) to DA, so triangle BDE 
(is) to triangle ADE, and as CE (is) to EA, so triangle 
CDE (is) to triangle ADE [Prop. 6.1], thus, also, as tri- 
angle BDE (is) to triangle ADE, so triangle CDE (is) 
to triangle ADE [Prop. 5.11]. Thus, triangles BDE and 
CDE each have the same ratio to ADE. Thus, triangle 
BDE is equal to triangle CDE [Prop. 5.9]. And they are 
on the same base DE. And equal triangles, which are 
also on the same base, are also between the same paral- 
lels [Prop. 1.39]. Thus, DE is parallel to BC. 

Thus, if some straight-line is drawn parallel to one of 
the sides of a triangle, then it will cut the (other) sides 
of the triangle proportionally. And if (two of) the sides 
of a triangle are cut proportionally, then the straight-line 
joining the cutting (points) will be parallel to the remain- 
ing side of the triangle. (Which is) the very thing it was 
required to show. 


Proposition 3 


If an angle of a triangle is cut in half, and the straight- 
line cutting the angle also cuts the base, then the seg- 
ments of the base will have the same ratio as the remain- 
ing sides of the triangle. And if the segments of the base 
have the same ratio as the remaining sides of the trian- 
gle, then the straight-line joining the vertex to the cutting 
(point) will cut the angle of the triangle in half. 

Let ABC be a triangle. And let the angle BAC have 
been cut in half by the straight-line AD. I say that as BD 
is to CD, so BA (is) to AC. 

For let CE have been drawn through (point) C par- 
allel to DA. And, BA being drawn through, let it meet 
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B 


B A T 


Kat émel cic napaddnrouc tac AA, ED cvdeia événeoev 
n AT, 4 dea Ond ATE yoovia fon coti tH bnd TAA. Gad’ 
n Uno TAA th bnd BAA bxdxetta ton xal 7 Und BAA 
&ea tH Und ADE éotw ton. médw, Enel cic mapadkAnAouc 
tac AA, ED cbdeia evéneoev n BAE,  Ext0¢ yovia A UTO 
BAA ton éotl tH Evtoc TH ONO AED. cdety Dn dé xat n nO 
ATE tf b26 BAA ion: xa 7 Und ATE tow yaovia t¥ bn0 
AET éow ton ote xal mAcved AE rAcue& tH AD cotw 
lon. xal eel toryavou told BLE napa uiav tév mAcueéSy 
thy ET fut 7 AA, a&vidoyov épa Eotly ac WH BA med¢ thy 
AT, ottw<¢ 7 BA ned¢ thy AE. torn be H AE tH AT: Gc dom 
n BA red¢ thy AT, od}tw¢ H BA med¢ thy AL. 

AAA OF Eotw Oc WH BA red¢ thy AT, obtww¢ WH BA Ted¢ 
thy AD, xat eneCedyOw n AA? Agyeo, Stu Stya TéEtTUNTAL 7 
ond BAT yevia ond thc AA cdVetuc. 

Tév yap avtév xataoxevaodevtuy, Enel Eotw O¢ AH BA 
med tHY AT, ottw¢ H BA med¢ thy AT, AG xal Oo HBA 
medc thy AT, otitwe Eotiv A BA med¢ thy AE: terymvou 
yoo tot BE ropd uiov thy ED fxto A AA: xal we doa H 
BA npdc thy AT, ottw¢ n BA med¢ thy AE. ton dou n AP 
tf, AE’ Gote xal ywvia n bnd AET t7j Ono ATE éotw ion. 
GAN H Yev UNO AET tH Extd¢ tH Und BAA [Eotw] ion, 
dé OnO ATE tH evade tH Und TAA Eo ion: xal A bn 
BAA dea tH bnd TAA éotw ion. 4 &pa Und BAT yoovia 
dlya TéETUNTH UNO tH}¢ AA cdVetac. 

‘Edy doa Teryavou A ywvia Stya TuNnYH, 7 OE TEUvoVEA 
THY yoviay codeia Téuvy “al THY Bdow, Ta Thc Pdoewe 
TUATA TOV avTOV fet AdYOY Tolic AotTaiic tod TeLrywvou 
TAeuedic: xol Ev TA Thc Pkoewo TUAYATA TOV aAvTOV EyN 
Ovov Tdic Aotmaiig tol terymvou TAEuUEOlic, N AMO TH¢ xO- 
evLEric El thy tory exiCevywuEevy cvdeta Siya téUvet TH 
Tov Telyavou ywviav: oneo Eder Seta. 
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(CE) at (point) E.i 


B D C 


And since the straight-line AC falls across the parallel 
(straight-lines) AD and EC, angle ACE is thus equal to 
CAD [Prop. 1.29]. But, (angle) CAD is assumed (to 
be) equal to BAD. Thus, (angle) BAD is also equal to 
ACE. Again, since the straight-line BAE falls across the 
parallel (straight-lines) AD and EC, the external angle 
BAD is equal to the internal (angle) AEC [Prop. 1.29]. 
And (angle) ACE was also shown (to be) equal to BAD. 
Thus, angle ACE is also equal to AEC. And, hence, side 
AE is equal to side AC [Prop. 1.6]. And since AD has 
been drawn parallel to one of the sides EC of triangle 
BCE, thus, proportionally, as BD is to DC, so BA (is) 
to AF [Prop. 6.2]. And AE (is) equal to AC. Thus, as 
BD (is) to DC, so BA (is) to AC. 

And so, let BD be to DC, as BA (is) to AC. And let 
AD have been joined. I say that angle BAC has been cut 
in half by the straight-line AD. 

For, by the same construction, since as BD is to DC, 
so BA (is) to AC, then also as BD (is) to DC, so BA is 
to AE. For AD has been drawn parallel to one (of the 
sides) EC of triangle BCE [Prop. 6.2]. Thus, also, as 
BA (is) to AC, so BA (is) to AEF [Prop. 5.11]. Thus, AC 
(is) equal to AF [Prop. 5.9]. And, hence, angle AEC 
is equal to ACE [Prop. 1.5]. But, AEC [is] equal to the 
external (angle) BAD, and ACE is equal to the alternate 
(angle) CAD [Prop. 1.29]. Thus, (angle) BAD is also 
equal to CAD. Thus, angle BAC has been cut in half by 
the straight-line AD. 

Thus, if an angle of a triangle is cut in half, and the 
straight-line cutting the angle also cuts the base, then the 
segments of the base will have the same ratio as the re- 
maining sides of the triangle. And if the segments of the 
base have the same ratio as the remaining sides of the 
triangle, then the straight-line joining the vertex to the 
cutting (point) will cut the angle of the triangle in half. 
(Which is) the very thing it was required to show. 


+ The fact that the two straight-lines meet follows because the sum of AC'E and C'AE is less than two right-angles, as can easily be demonstrated. 
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See Post. 5. 
0 
TOY looYHVlOY TELYOVOYV aVdAOYOY Elol al TAELEAL atl 


Teel tac loug ywviag xal OUOAOYOL al LTO Tac toag Ywvlac 
Umotetvovon. 


B T E 


"How tooyova totywva tz ABT, ATE tony éyovta thy 
yev Und ABT ywviav t7 bnd ATE, thy 6é xd BAT t7j br 
TAE xai étt thy Ono ATVB t7 nd PEA: AEyoo, St tv ABT, 
ATE tetyavwy d&védoyov elow at mAeupal al eel tae toa 
yoviacg xal OUdAOYoL at UNO Tae toug Ywvlacg UNoTEtvovCML. 

Ketodw yao en’ ev¥etac n BY th TE. xol exel ot v0 
ABI, ATB ywvia ds0o de0Gv edcdttovec ciow, ton dé 
n vnd ATB ty Ondo AEP, at dow Ond ABL, AET dvo 
opvayv Eddttovées ciow: al BA, EA doa éxBarAduevat OUU- 
nmeoobvta. ExBeBAHoIwoayv xal ovUTINTETWOAY KATH TO Z. 

Kat énel ton eotly n bnd0 ATE ywvia t¥ tnd ABT, 
TapdhANAds Eotw H BZ tH TA. nédw, Eenet ton Eotiv A UO 
ATB tf 016 AET, rapddAdnrdc cotw 7 AL tH ZE. raoaa- 
Anroyeauov dea ott to ZATA: ton doa n uev ZA t¥H AT, 
n Se AL tH ZA. xol Exel teryovou tod ZBE nape ulav thy 
ZE feta ny AD, €otw &ea wo n BA ned¢ Thy AZ, ovtw< F 
BI ned¢ thy VE. ton be W AZ tH TA: wc Goa H BA ned¢ TH 
TA, ottw¢ A BP ned¢ thy TE, xol Evarkrad Oo A AB med¢ 
thy BI, ottw¢ 7 AT ned¢ thy TE. nédw, éret napddAnrdc 
gow 7 TA th BZ, gotw doa wc 7 BI ned¢ thy TE, obtw¢ 
n ZA npdc thy AE. ton dé H ZA tH AT: Wo doa A BI ned¢ 
thy TE, otto y AD npd¢ thy AE, uot EvorrdE eo W BI 
medc¢ thy TA, obtw>o 7 TE med thy EA. éxel odv edetydn 
a> vev 7 AB medc¢ thy BI, ottwo 7 AT ned¢ thy TE, we 
dé 7 BI npd¢ thy TA, ottw¢ y TE ned¢ thy EA, &v’ toou 
goa Wo N BA nedc thy AT, ottwo WTA med¢ thy AE. 

TOv doa looYWVlOV TOLYOVOV aVaAOY OY Elow ol TAcUeaLl 
at Teel tac toac Ywvla¢g xal OUSAOYOL al ONO Tac toad Ywvlac 
Unotetvovom’ Sep Eder SetEau. 


ELEMENTS BOOK 6 


Proposition 4 


In equiangular triangles the sides about the equal an- 
gles are proportional, and those (sides) subtending equal 
angles correspond. 


F 


B @) E 

Let ABC and DCE be equiangular triangles, having 
angle ABC equal to DCE, and (angle) BAC to CDE, 
and, further, (angle) ACB to CED. | say that in trian- 
gles ABC and DCE the sides about the equal angles are 
proportional, and those (sides) subtending equal angles 
correspond. 

Let BC be placed straight-on to CE. And since 
angles ABC and ACB are less than two right-angles 
[Prop 1.17], and ACB (is) equal to DEC, thus ABC 
and DEC are less than two right-angles. Thus, B.A and 
ED, being produced, will meet [C.N. 5]. Let them have 
been produced, and let them meet at (point) F’. 

And since angle DCE is equal to ABC, BF is parallel 
to CD [Prop. 1.28]. Again, since (angle) ACB is equal to 
DEC, AC is parallel to FE [Prop. 1.28]. Thus, FACD 
is a parallelogram. Thus, F'A is equal to DC, and AC to 
FD [Prop. 1.34]. And since AC has been drawn parallel 
to one (of the sides) FE of triangle FBE, thus as BA 
is to AF, so BC (is) to CE [Prop. 6.2]. And AF (is) 
equal to CD. Thus, as BA (is) to CD, so BC (is) to CE, 
and, alternately, as AB (is) to BC, so DC (is) to CE 
[Prop. 5.16]. Again, since CD is parallel to BF, thus as 
BC (is) to CE, so F'D (is) to DE [Prop. 6.2]. And F'D 
(is) equal to AC. Thus, as BC is to CE, so AC (is) to 
DE, and, alternately, as BC (is) to CA, so CE (is) to 
ED [Prop. 6.2]. Therefore, since it was shown that as 
AB (is) to BC, so DC (is) to CE, and as BC (is) to CA, 
so CE (is) to ED, thus, via equality, as BA (is) to AC, so 
CD (is) to DE [Prop. 5.22]. 

Thus, in equiangular triangles the sides about the 
equal angles are proportional, and those (sides) subtend- 
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, 
€. 
‘Edy 600 tetywva tae TAcVEds avédoyoy Eyn, looyavia 
ota Ta tolywva ual touc Ee. tac ywviac, by” Ac al 
OuOAOYOL TAcVEal UnOTElvoUOW. 


A A 
E Z. 
T H 


B 


"How d0o tetywva té ABT, AEZ tac mAcupas aveAOYOV 
éyovta, @¢ uev thy AB medc¢ thy BI, odtw¢ thy AE med¢ 
thy EZ, wc dé thy BI ned¢ thy TA, ottwo thy EZ ned¢ 
thy ZA, nal Ett ac THY BA npd¢ thy ALD, ottw>o thy EA 
med¢ thy AZ. dEyw, 6tt iooywvdy Eott TO ABT tolywvov 
tT AEZ teryave xal toug E€ovor tac ywviac, VY’ Ae ait 
OudAOYOL TAEVEal UnoTelvovoW, Thy Uév UNO ABT tf bn 
AEZ, tiv dé bn BLA t7 Ord EZA xai Ett thy Und BAT 
tf bn EAZ. 

Duveotata yuo med¢ tH EZ evVeta xal toic ned¢ wty; 
onuetotc toic E, Z ti ev Und ABT ywvig ton 7 Und ZEH, 
tf dé Und ATB ion A ONO EZH: downy dow H med 165 A 
Aon, TH Medc¢ 6) H Eotw ton. 

*Tooyavoy doa géott t6 ABT tetywvoy 16 EHZ [teryav- 
w]. t&v dea ABT, EHZ toryoven avedoydy ciow al tAcvedt 
at Teel Tac toac Ywvlacg xal OUSAOYOL al ONO Tac toad Ywvlac 
bnotetvouom got goa wo } AB noedc thy BI, [odtwe] 
1 HE npdc thy EZ. gd’ wc H AB mpd¢ thy BI, ottwe 
bndxetta 7 AE ned¢ thy EZ: ac dou 7 AE med¢ thy EZ, 
odtw> A HE npd¢ thy EZ. exatéea toa tév AE, HE ned¢ 
thy EZ tov avtov éyet Adyov’ ton doa éotiv 7 AE ti HE. 
Ste TH HUTA OF ual n AZ tH HZ eotw ton. Enel odv ton Eotiv 
n AE ti EH, xow?n dé h EZ, 500 64 ai AE, EZ duo toiic HE, 
EZ tou ciotv: xal Boots A AZ Bdoet tf ZH [Eotw] ton ywvia 
goa A UNO AEZ ywvig tH nd HEZ ot ion, xal 16 AEZ 
totywvoy 16) HEZ teryova toov, xal at Aoimal ywviou totic 
Roirdic yavlaig toa, by’ a¢ at too MAcvVeal UmoTetvovoW;. 
ton dou Eotl xal A Uev Und AZE ywvia tf bro HZE, 7 dé 
ono EAZ tf tnd EHZ. xol enel 4 yev Und ZEA ti bro 
HEZ éow ton, ad’ 7 Und HEZ tH tno ABL, xat 7 bn 
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ing equal angles correspond. (Which is) the very thing it 
was required to show. 


Proposition 5 


If two triangles have proportional sides then the trian- 
gles will be equiangular, and will have the angles which 
corresponding sides subtend equal. 


A D 


C G 
B 

Let ABC and DEF be two triangles having propor- 
tional sides, (so that) as AB (is) to BC, so DE (is) to 
EF, and as BC (is) to CA, so EF (is) to FD, and, fur- 
ther, as BA (is) to AC, so ED (is) to DF. I say that 
triangle ABC is equiangular to triangle DEF, and (that 
the triangles) will have the angles which corresponding 
sides subtend equal. (That is), (angle) ABC (equal) to 
DEF, BCA to EFD, and, further, BAC to EDF. 

For let (angle) FEG, equal to angle ABC, and (an- 
gle) EFG, equal to ACB, have been constructed on the 
straight-line EF at the points & and F on it (respectively) 
[Prop. 1.23]. Thus, the remaining (angle) at A is equal 
to the remaining (angle) at G [Prop. 1.32]. 

Thus, triangle ABC is equiangular to [triangle] EGF. 
Thus, for triangles ABC and EGF, the sides about the 
equal angles are proportional, and (those) sides subtend- 
ing equal angles correspond [Prop. 6.4]. Thus, as AB 
is to BC, [so] GE (is) to EF. But, as AB (is) to BC, 
so, it was assumed, (is) DE to EF’. Thus, as DE (is) to 
EF, so GE (is) to EF [Prop. 5.11]. Thus, DE and GE 
each have the same ratio to EF’. Thus, DE is equal to 
GE [Prop. 5.9]. So, for the same (reasons), DF is also 
equal to GF. Therefore, since DE is equal to EG, and 
EF (is) common, the two (sides) DE, EF are equal to 
the two (sides) GE, EF (respectively). And base DF 
[is] equal to base FG. Thus, angle DEF is equal to 
angle GEF [Prop. 1.8], and triangle DEF (is) equal 
to triangle GEF’,, and the remaining angles (are) equal 
to the remaining angles which the equal sides subtend 
[Prop. 1.4]. Thus, angle DFE is also equal to GFE, and 
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ABD doa ywvia tH O16 AEZ cotw ion. Sid Ta HOT BY xl 
n Uno ATB tf tnd AZE éotw ion, nal Ett H Teds T6H A TH 
med¢ 16) A: iooywwov goa Eotl to ABT tetywvov 16 AEZ 
TOLYOVO). 

‘Edy dpa S00 Telywva Tac MAcueEdc avéAoyov ExN, 
looyava Eota Ta tetywva xal toa eer tac ywviac, ve’ 
de at OUdAOYot TAEUEAl bnoTElvovoW: Sree Eder SetEau. 


7. 

‘Edy 600 tetyava Ulav ywviay we yavig tony gyn, meol 
d€ Tac loug Ywvlacg Tac TAEUEGC aVéAOYOY, LooyYaWA EOTH 
Ta Tolywva nal foacg E€er tac ywviac, Vy’ Ae al OudAOYoL 
TAcupal Umotetvouov. 

A 


A 


B T 


"How vo tetywva ta ABT, AEZ uiav yoviay thy bn 
BAT mé yovia tH Und EAZ tony éyovta, meet 5€ tae tou 
yoviag tae TAeUeuC dvédoYOY, Wo THY BA tedc thy AT, 
obtw> Thy EA npd¢ thy AZ: héyw, 6tt icoyawdy Eott TO 
ABI tetywvov 16 AEZ toryaove xal tony eer thy bn ABP 
yoviay tH bnd AEZ, thy 6€ nd ATB tH Und AZE. 

Muveotatw yuo meds th AZ cdVeia xal totic ned¢ auvty; 
onuetoic toic A, Z onotéow yév tHv Und BAT, EAZ ion 
n Uno ZAH, ti Se nd ATB ton 7H Und AZH- dont Gow H 
Teds T6) B ywvia Aowny; tH med 16 H ton Eotiv. 

Tooymvuov doa gott to ABIL toelywvov 16 AHZ 
TELYOVH. dvddoyov doa Eotlv Wo H BA npd¢ thy AT, otw< 
n HA redc¢ thy AZ. broxertat 5€ xal ag 7 BA ted¢ thy AT, 
odtw> WY EA ned¢ thy AZ: xal wo doa H EA ned thy AZ, 
odtw> 7 HA med¢ thy AZ. ton doa 7 EA tH AH: xot xowh 
n AZ: dbo dF ot EA, AZ dvok toiic HA, AZ touc eiotv: xa 
yovla i bn6 EAZ yovia ti ond HAZ [éotw] ton Béotc 
goa 1 EZ Bdoet tH HZ éotw ton, xat t6 AEZ tetywvov 165 
HAZ teryove toov eotiv, xol at Aowmal ywvion tolic Aowmatic 
ywviaic toug Eoovta, VY’ Ac toug TAEVEAl UTOTEtvoUOL. ton 
d&oa Eotiv H ev UNO AZH ti tno AZE, n be trod AHZ 
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(angle) EDF to EGF. And since (angle) FED is equal 
to GEF, and (angle) GEF to ABC, angle ABC is thus 
also equal to DEF. So, for the same (reasons), (angle) 
ACB is also equal to DF E, and, further, the (angle) at A 
to the (angle) at D. Thus, triangle ABC is equiangular 
to triangle DEF. 

Thus, if two triangles have proportional sides then the 
triangles will be equiangular, and will have the angles 
which corresponding sides subtend equal. (Which is) the 
very thing it was required to show. 


Proposition 6 


If two triangles have one angle equal to one angle, 
and the sides about the equal angles proportional, then 
the triangles will be equiangular, and will have the angles 
which corresponding sides subtend equal. 


A D 


B C 


Let ABC and DEF be two triangles having one angle, 
BAC, equal to one angle, EDF (respectively), and the 
sides about the equal angles proportional, (so that) as BA 
(is) to AC, so ED (is) to DF. I say that triangle ABC is 
equiangular to triangle DEF, and will have angle ABC 
equal to DEF, and (angle) AC'B to DFE. 

For let (angle) FDG, equal to each of BAC and 
EDF, and (angle) DFG, equal to ACB, have been con- 
structed on the straight-line AF at the points D and F on 
it (respectively) [Prop. 1.23]. Thus, the remaining angle 
at B is equal to the remaining angle at G [Prop. 1.32]. 

Thus, triangle ABC is equiangular to triangle DGF. 
Thus, proportionally, as BA (is) to AC, so GD (is) to 
DF [Prop. 6.4]. And it was also assumed that as BA 
is) to AC, so ED (is) to DF. And, thus, as ED (is) 
to DF, so GD (is) to DF [Prop. 5.11]. Thus, ED (is) 
equal to DG [Prop. 5.9]. And DF (is) common. So, the 
two (sides) ED, DF are equal to the two (sides) GD, 
DF (respectively). And angle EDF [is] equal to angle 
GDF. Thus, base EF is equal to base GF, and triangle 
DEF is equal to triangle GDF, and the remaining angles 
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th bn0 AEZ. aA’ H Und AZH tf Und ALB Eoww ‘ton: xal 
n vnd ATVB doa th Und AZE éotw ton. Ondxerta dé xa 
n uno BAL tf tnd EAZ ton: xol Aon, doa H TEd¢ 164 B 
AoLny} TH Ted¢ 16 E ton Eottv’ icooyowov dea éott to ABT 
totywvov 16) AEZ tetyovw. 

‘Edy doa S00 Totywva ulav ywvlav Ue yovia tony éxn, 
Teel 5 tac tou ywviag Tag TMACUEaC aVdAOYOY, looyYaVIA 
gota Ta tolywva ual touc e€er tac ywviac, by” Ac al 
OUdOAOYOL TAEUEal broTElvovoW: Sree Eder SeiEau. 


Ce 
‘Edy 600 Tetywva wlaov yoviav ple ywovia tony éyn, 
Teel S& GAac yuwviac tac TAcvEUC avédAOYVOV, TéHV bE 
oindy Exatéoav Ga Htor chAcooova 7} UH EAcooova oevijc, 
tooyava gota Ta tetywva nal toug fer tac ywviac, meel 
dc avaroyov elow at TACVEat. 


A 


H Z 


T 

"Eotw 500 tetywva te ABIL, AEZ ulav ywoviav we 
yovia tony éyovta thy Und BAT ti bro EAZ, epi dé 
drag ywviag tac Und ABT, AEZ tac tAcupac avdiAoyov, 
a> thy AB modc¢ tiv BI, ottwo thy AE npd¢ thy EZ, 
TOY bE AON THv med¢ toic T, Z nedtepov Exatéeav 
gua eAcooova dedijic: AEYW, StL iooyawdy gott TO ABT 
totywvov 16) AEZ tervyoven, xal ton Cota Hy Und ABT yovia 
th bn0 AEZ, xo Kony SnAovott H TEd¢ 16 T Downy TY} TES 
1 Z ton. 

Et yao &uodc Eotw H OnO ABT ywvia tH bnd AEZ, 
ula adta&v uetCwv gotiv. gotw yelTwv 7 UNO ABD. xal ov- 
veotdtw med¢ TH AB evdeig xol 16 npdc MUTH onuetw Té8 
B t7 bnd AEZ yovia ton H Und ABH. 

Kat énet ton cotiv h uev A yovia tH A, 4 6é bd ABH 
tf Und AEZ, doin dow 7 Und AHB downy tH Ord AZE 
gov ton. tooyawov goa éotl t6 ABH tetywvov 16) AEZ 
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will be equal to the remaining angles which the equal 
sides subtend [Prop. 1.4]. Thus, (angle) DFG is equal 
to DFE, and (angle) DGF to DEF. But, (angle) DFG 
is equal to ACB. Thus, (angle) ACB is also equal to 
DFE. And (angle) BAC was also assumed (to be) equal 
to EDF. Thus, the remaining (angle) at B is equal to the 
remaining (angle) at F [Prop. 1.32]. Thus, triangle ABC 
is equiangular to triangle DEF. 

Thus, if two triangles have one angle equal to one 
angle, and the sides about the equal angles proportional, 
then the triangles will be equiangular, and will have the 
angles which corresponding sides subtend equal. (Which 
is) the very thing it was required to show. 


Proposition 7 


If two triangles have one angle equal to one angle, 
and the sides about other angles proportional, and the 
remaining angles either both less than, or both not less 
than, right-angles, then the triangles will be equiangular, 
and will have the angles about which the sides are pro- 
portional equal. 


A 


G F 


Cc 

Let ABC and DEF be two triangles having one an- 
gle, BAC, equal to one angle, EDF (respectively), and 
the sides about (some) other angles, ABC and DEF (re- 
spectively), proportional, (so that) as AB (is) to BC, so 
DE (is) to EF, and the remaining (angles) at C and F, 
first of all, both less than right-angles. I say that triangle 
ABC is equiangular to triangle DEF, and (that) angle 
ABC will be equal to DEF, and (that) the remaining 
(angle) at C (will be) manifestly equal to the remaining 
(angle) at F. 

For if angle ABC is not equal to (angle) DEF then 
one of them is greater. Let ABC be greater. And let (an- 
gle) ABG, equal to (angle) DEF, have been constructed 
on the straight-line AB at the point B on it [Prop. 1.23]. 

And since angle A is equal to (angle) D, and (angle) 
ABG to DEF, the remaining (angle) AGB is thus equal 
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TELYOVvVH. Eottv doa wo N AB ned¢ thy BH, ottwo A AE 
Teds Thy EZ. doc b€ H AE red¢ thy EZ, [obtw<] Undxertu h 
AB mec thy BI: 7 AB dpa Ted¢ Exatépay tév BL, BH tov 
avtov éyet Advov’ ton doa 7 BI tH BH. ote xat ywvia 7 
med¢ T65 TP yovia th ond BHT cot ton. ehdttwv dé dedfic 
DmOxelta N Meds TH Ts EAdTIWY dou Eotly EVdc xal UNO 
BHI: Gote 7 egethic wvtH yovia 7 bnd AHB uci@wv cotiv 
oediic. ual edetyOn ton obo TH MEd¢ TES Z* Kal H TEdS TH Z 
dou YeiCwv Eotly dodijc. Undxettat SE EAdoowY GED fc’ STEP 
éotly &totov. ovx koa &viod¢ Eotw H UNO ABL ywvia tH 
ond AEZ: ion dpa. Eott bE xal A Med TéH A ton TH Teds Té 
A: xal own Goa n TEd¢ 165 T Aownf{ tH MEd 165 Z ton Eotiv. 
iooyavov goa gott tO ABT tetywvov 16 AEZ teryove. 

AAAG OF TéAW UrOxetoDw Exatéoa TV Ted¢ Toic I, Z uy 
EALGOWY OPV c AEyw TdALy, OTL xal OVTUG EOTIV loDYMVLIOV 
to ABT totywvov 165 AEZ tetyove. 

Tév yuo avtiv xataoxevacdevtwv duotwc SelEouey, 
ott ton cotly H BI tH BH: Bote xal ywovia n med¢ 65 I tH; 
vno BHT ton cotiv. obx eAdttwv d€ oedfic A mpd¢ 165 T° 
ox EAdTTOV doa oeVFic Ode n UNO BHT. teryavou sy tod 
BHI ot S00 yavion dv0 dpddy ox Elow EddTIOvEec’ STEP 
éotly ad0vatov. ovx doa méAw a&viod¢ Eottv H UNO ABT 
yovia tH tnd AEZ: ton dow. got SE nal A Med¢ t6 A TH 
medc¢ 16) A tor: Aoinh &ea H Teds T65 T Aownf tH MeEd¢ 1H Z 
fon Eottv. tooywvoyv doa gott to ABT tetywvov 16) AEZ 
TOLYOVO. 

‘Ey dea S00 Tetywva Ulov yaviey wd ywvia tony eyn, 
TEEL OE HAAac Ywvlac Tac TAEUES AVéAOYOV, THY bE AOITOY 
EXATEPAY GUA EAdTIOVa ¥) UA EAdTTOVa CEDT\c, looyava 
Eotat ta totywva ual loa EEet tae Ywviac, Teel dc avdéhoyov 
clow at mAcupat Onep Eder Seigau. 


, 
Y fy 

‘Edy ev opdoyoviw Teryavea and ti\¢ OPDHs Ywvlac Ext 
THY B&ow xaVetoc aydh, Ta NEdS TH xaVETH Tetywva SYOLd 
EOTL TES TE CAG Kal GAANAOLC. 

"Eo tetywvov dpvoyamwov t6 ABI dedyy ~yov thy 
ono BAT yoviay, xoal HyVw dnd tod A ext thy BY xdVetoc 
n AA: héya, bt GuoLdv Eotw Exdtepov THv ABA, AAT 


ELEMENTS BOOK 6 


to the remaining (angle) DFE [Prop. 1.32]. Thus, trian- 
gle ABG is equiangular to triangle DEF’. Thus, as AB is 
to BG, so DE (is) to EF [Prop. 6.4]. And as DE (is) to 
EF, [so] it was assumed (is) AB to BC. Thus, AB has 
the same ratio to each of BC and BG [Prop. 5.11]. Thus, 
BC (is) equal to BG [Prop. 5.9]. And, hence, the angle 
at C is equal to angle BGC [Prop. 1.5]. And the angle 
at C was assumed (to be) less than a right-angle. Thus, 
(angle) BGC is also less than a right-angle. Hence, the 
adjacent angle to it, AGB, is greater than a right-angle 
[Prop. 1.13]. And (AGB) was shown to be equal to the 
(angle) at F’. Thus, the (angle) at F' is also greater than a 
right-angle. But it was assumed (to be) less than a right- 
angle. The very thing is absurd. Thus, angle ABC is not 
unequal to (angle) DEF. Thus, (it is) equal. And the 
(angle) at A is also equal to the (angle) at D. And thus 
the remaining (angle) at C is equal to the remaining (an- 
gle) at F [Prop. 1.32]. Thus, triangle ABC is equiangular 
to triangle DEF. 

But, again, let each of the (angles) at C and F' be 
assumed (to be) not less than a right-angle. I say, again, 
that triangle ABC is equiangular to triangle DEF in this 
case also. 

For, with the same construction, we can similarly 
show that BC is equal to BG. Hence, also, the angle 
at C is equal to (angle) BGC. And the (angle) at C (is) 
not less than a right-angle. Thus, BGC (is) not less than 
a right-angle either. So, in triangle BGC the (sum of) 
two angles is not less than two right-angles. The very 
thing is impossible [Prop. 1.17]. Thus, again, angle ABC 
is not unequal to DEF. Thus, (it is) equal. And the (an- 
gle) at A is also equal to the (angle) at D. Thus, the 
remaining (angle) at C’ is equal to the remaining (angle) 
at F [Prop. 1.32]. Thus, triangle ABC is equiangular to 
triangle DEF. 

Thus, if two triangles have one angle equal to one 
angle, and the sides about other angles proportional, and 
the remaining angles both less than, or both not less than, 
right-angles, then the triangles will be equiangular, and 
will have the angles about which the sides (are) propor- 
tional equal. (Which is) the very thing it was required to 
show. 


Proposition 8 


If, in a right-angled triangle, a (straight-line) is drawn 
from the right-angle perpendicular to the base then the 
triangles around the perpendicular are similar to the 
whole (triangle), and to one another. 

Let ABC be a right-angled triangle having the angle 
BAC a right-angle, and let AD have been drawn from 
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Toryoveyv Odw 16) ABT xat Ett HAKAotc. 


A 


B A T 


‘Enel yoo ton éotlv y Und BAT ty trod AAB- dody 
yuo Exatéoa xal xow? tHv SVO TeLyYOvov tod te ABT xai 
tot ABA 7 npd¢ 16 B, Aowmh Goa H UNO ATB downs tH 
vbmo BAA éow ton: tooymwov doa éotl to ABT telywvov 
16) ABA totyove. gotw toa aco A BI brotetvovoa thy 
oediyv tod ABT toryevou med¢ thy BA brotetvovoay thy 
opdiv tol ABA tetyovou, odtw¢ att? A AB brotetvovoa 
thy Ted¢ 16 T ywviav tod ABI tetymvou nepd¢ thy BA 
bnotetvouoay thy tony thy Und BAA tod ABA tetyevou, 
xa étt AW AL npd¢ thy AA brotetvovoay thy med¢ 16 B 
yoviay xownhy tév S00 ToLtyovwv. TO ABT doa tetywvov 
tT ABA tetyava iooymuéy Té Eott ual Tac TEEl Tuc tou 
yovlac TAcupaS avéhoyoy Exel. SuoLov sua [Eott] To ABT 
totywvov 16) ABA tetyove. oot 57 Setfouev, StL xaul 
6 AAT totyove duotdyv Eott TO ABT tetywvov: Exctepov 
goa tev ABA, AAT [toryoveoy] Suordy Eotw 6Aw té ABL. 

Aéyw 5%, 6tt Kal GAAAAoIg Eotiv duota Ta ABA, AAT 
totywva. 

‘Enel yao ded} AH Und BAA ood tH Und AAT Eotw 
fon, GAG UnY xal A UNO BAA tH ned¢ 16 TP edetydn ton, 
xa Aoith doa h Ted¢ t6 B Aownf tH bnO AAT Eotw ‘ton: 
tooyavov doa éotl t6 ABA tetywvov 16 AAT teryove. 
got goa wo 7H BA tot ABA toetyevou Unotetvovog thy 
ond BAA zpd¢ thy AA tot AAT teryovou brotetvovoay 
thy Ted 6 T tony tH Und BAA, ottw¢ adth 7 AA tod 
ABA tetymvou brotetvouoe thy med¢ 16 B ywviav med¢ 
thy AL brotetvovoay thy brd6 AAT tod AAT teryovou 
tony tH Teds 16) B, xal Ett Nn BA ned¢ thy AT Unotetvovom 
tag dp0dc: dyotov doa gotl tO ABA toetywvov 16 AAT 
TOLYOVO. 

‘Edy doa Ev CpVoyoviw TELYOVH UNO Tic OEDTc Ywovlac 
emt THY B&ow xaVetoc aydh, Ta MEd TH xaBEtw tetywva 
Suord Cott TE te SAW xal GAAMAOIS [SEO Eder SetEau]. 
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A, perpendicular to BC [Prop. 1.12]. I say that triangles 
ABD and ADC are each similar to the whole (triangle) 
ABC and, further, to one another. 


A 


B D C 


For since (angle) BAC is equal to ADB—for each 
(are) right-angles—and the (angle) at B (is) common 
to the two triangles ABC’ and ABD, the remaining (an- 
gle) ACB is thus equal to the remaining (angle) BAD 
[Prop. 1.32]. Thus, triangle ABC is equiangular to tri- 
angle ABD. Thus, as BC, subtending the right-angle in 
triangle ABC, is to BA, subtending the right-angle in tri- 
angle ABD, so the same AB, subtending the angle at C 
in triangle ABC, (is) to BD, subtending the equal (an- 
gle) BAD in triangle ABD, and, further, (so is) AC’ to 
AD, (both) subtending the angle at B common to the 
two triangles [Prop. 6.4]. Thus, triangle ABC is equian- 
gular to triangle ABD, and has the sides about the equal 
angles proportional. Thus, triangle ABC [is] similar to 
triangle ABD [Def. 6.1]. So, similarly, we can show that 
triangle ABC is also similar to triangle ADC. Thus, [tri- 
angles] ABD and ADC are each similar to the whole 
(triangle) ABC. 

So I say that triangles ABD and ADC are also similar 
to one another. 

For since the right-angle BDA is equal to the right- 
angle ADC, and, indeed, (angle) BAD was also shown 
(to be) equal to the (angle) at C, thus the remaining (an- 
gle) at B is also equal to the remaining (angle) DAC 
[Prop. 1.32]. Thus, triangle ABD is equiangular to trian- 
gle ADC. Thus, as BD, subtending (angle) BAD in tri- 
angle ABD, is to DA, subtending the (angle) at C in tri- 
angle ADC, (which is) equal to (angle) BAD, so (is) the 
same AD, subtending the angle at PB in triangle ABD, to 
DC, subtending (angle) DAC in triangle ADC, (which 
is) equal to the (angle) at B, and, further, (so is) BA to 
AC, (each) subtending right-angles [Prop. 6.4]. Thus, 
triangle ABD is similar to triangle ADC [Def. 6.1]. 

Thus, if, in a right-angled triangle, a (straight-line) 
is drawn from the right-angle perpendicular to the base 
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TIdetouc. 

‘Ex df tobt0v avepoy, OTL Edy Ev OPTOYHVI ToLYOva 
ano tic OPVHc yoveuc Ext thy Bdoic xdVetoc aydh, 7 
aydeton TOV Tic Bhoews TUNUdTwY UgoN avVdAOYOY EOTIV’ 
bree Eder SetEa. 


t In other words, the perpendicular is the geometric mean of the pieces. 


ve 


Tic soveione evdetac to NepooTAyVEv UEPOS aHAperciv. 


v 


A ZL B 


"How n Soveion evdeta 1 AB- Set dH t¥i¢ AB 10 Te0- 
otayDev Ugeoc apEAety. 

‘Enitetayo 5% 16 tettov. [xal] SuAOye tic dnd to A 
evveta n AD ywviav nepiéyouoa ueté tiig AB tuyotoay: xa 
ciAnodw tuyov onetov éxl tic AP to A, xat xeiodwouv 
th AA tou ai AE, ED. xol exneCevydw 7 BI, xol Siu tot A 
Taped Andro avTH AyD n AZ. 

‘Enel ov tory@vou tod ABT nape ulav tév mAcupéiv 
thy BL feta n ZA, avedoyov dow gotiv ac ATA med¢ thy 
AA, odtw>o A BZ npd¢ thy ZA. Sindy Oe H TA tic AA: 
SiTAF Goa xal n BZ tic ZA: toinAy Goa BA t¥\¢ AZ. 

Tic dow Sovetong evVetuc tic AB 16 emtaydev teitov 
uéeoc apnonta to AZ: dre eer norfjou. 


, 


U. 


Try dodcioay cudeiav atuntoyv tH SoVeton tetunLevy 
OUOotwc TEUEly. 
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then the triangles around the perpendicular are similar 
to the whole (triangle), and to one another. [(Which is) 
the very thing it was required to show.] 


Corollary 


So (it is) clear, from this, that if, in a right-angled tri- 
angle, a (straight-line) is drawn from the right-angle per- 
pendicular to the base then the (straight-line so) drawn 
is in mean proportion to the pieces of the base.* (Which 
is) the very thing it was required to show. 


Proposition 9 


To cut off a prescribed part from a given straight-line. 


A F B 


Let AB be the given straight-line. So it is required to 
cut off a prescribed part from AB. 

So let a third (part) have been prescribed. [And] let 
some straight-line AC have been drawn from (point) A, 
encompassing a random angle with AB. And let a ran- 
dom point D have been taken on AC. And let DE and 
EC be made equal to AD [Prop. 1.3]. And let BC have 
been joined. And let DF have been drawn through D 
parallel to it [Prop. 1.31]. 

Therefore, since FD has been drawn parallel to one 
of the sides, BC, of triangle ABC, then, proportionally, 
as CD is to DA, so BF (is) to FA [Prop. 6.2]. And CD 
(is) double DA. Thus, BF (is) also double FA. Thus, 
BA (is) triple AF. 

Thus, the prescribed third part, AF’, has been cut off 
from the given straight-line, 4B. (Which is) the very 
thing it was required to do. 


Proposition 10 


To cut a given uncut straight-line similarly to a given 
cut (straight-line). 
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K 


Z. fa 


"Eotw 1 uev Soveion cudeta &tuntoc 7 AB, 7 Sé te- 
tunuevy y AD xate ta A, E onusia, xal xelodwouv ote 
yoviay tuyotoay mepliéyew, xal eneCeby0w AB, xol did 
tOv A, E ti BI napddAanror HyIwouy at AZ, EH, did sé 
tot A tf AB rapddAnroc AyD 7 AOK. 

TlaparAnroypauov dea cotiv exdtepov tév ZO, OB: 
ton doa n uev AO tH ZH, n Se OK tH HB. xa exet toryovou 
tot AKT nap& piav tv mAcupév thy KT evveta Fata H 
OE, avaédoyov dpa Eotlv a 7 TE npd¢ thy EA, ottwc F 
KO xpdc thy OA. ton dé H UEv KO tH BH, 7 5e OA tH 
HZ. éotw doa ¢ WH TE red¢ thy EA, otttw¢ Wy BH mpd¢ thy 
HZ. nédw, énel toryovou tod AHE rape lav tév mAcupdiy 
thy HE txt 7 ZA, avidoyov toa Eotly ac H EA med¢ thy 
AA, ottw> 7 HZ ned¢ thy ZA. edetydn Se xal ac 7 TE 
med¢ Thy EA, ottwe 7 BH ned¢ thy HZ: Eotw doa we Yev 
1 TE nedc¢ thy EA, ottw>¢ A BH ned¢ thy HZ, we 5 H EA 
med¢ thy AA, ottwe 1 HZ nedc thy ZA. 

“"H doa dodeion evVeia &tuntoc 7 AB tH Soveton codeta 
tetunuevy th AD duoiwe tétunta Smee Eder Torfjoau: 


to’. 

Abo dsovdeioév evdeiav teitny avéhoyov Teoceupelv. 

"Eotwoav ai dovetiom [600 cvdetu] ai BA, AT xol 
xelodwouv ywviay mepléyovou tuyotouy. det 57 tv BA, 
AT teitny avédoyov meoceupetv. exBeBAnoVwouy yuo eri 
ta A, E onueta, xoat xeiodw tH AT ton 7 BA, nal eneTebyda 
n BY, xal Sie tod A rapdAAnrog wdt¥ HyIw 7 AE. 

‘Enel odv tetymvou tol AAE rapa& uiav tév mAcupéiv 
thy AE fxta 7 BI, avadoyév Eotw wo 7 AB ned¢ thy 
BA, ottw¢ 7 AD nodc¢ thy TE. ton 5¢ 7 BA tH AD. Eotw 
goa wo Nn AB nodc thy AT, ottwo A AD med¢ thy TE. 
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C 


eid 


Let AB be the given uncut straight-line, and AC a 
(straight-line) cut at points D and EF, and let (AC) be 
laid down so as to encompass a random angle (with AB). 
And let CB have been joined. And let DF and EG have 
been drawn through (points) D and F (respectively), 
parallel to BC, and let DH K have been drawn through 
(point) D, parallel to AB [Prop. 1.31]. 

Thus, FH and HB are each parallelograms. Thus, 
DH (is) equal to FG, and HK to GB [Prop. 1.34]. And 
since the straight-line H £ has been drawn parallel to one 
of the sides, KC, of triangle DKC, thus, proportionally, 
as CE is to ED, so KH (is) to HD [Prop. 6.2]. And 
KH (is) equal to BG, and HD to GF. Thus, as CE is 
to ED, so BG (is) to GF. Again, since FD has been 
drawn parallel to one of the sides, GE, of triangle AGE, 
thus, proportionally, as ED is to DA, so GF (is) to FA 
[Prop. 6.2]. And it was also shown that as CE (is) to 
ED, so BG (is) to GF. Thus, as C'E is to ED, so BG (is) 
to GF, and as ED (is) to DA, so GF (is) to FA. 

Thus, the given uncut straight-line, AB, has been cut 
similarly to the given cut straight-line, AC’. (Which is) 
the very thing it was required to do. 


Proposition 11 


To find a third (straight-line) proportional to two 
given straight-lines. 

Let BA and AC be the [two] given [straight-lines], 
and let them be laid down encompassing a random angle. 
So it is required to find a third (straight-line) proportional 
to BA and AC. For let (BA and AC) have been produced 
to points D and F (respectively), and let BD be made 
equal to AC [Prop. 1.3]. And let BC have been joined. 
And let DE have been drawn through (point) D parallel 
to it [Prop. 1.31]. 

Therefore, since BC has been drawn parallel to one 
of the sides DE of triangle ADE, proportionally, as AB is 
to BD, so AC (is) to CE [Prop. 6.2]. And BD (is) equal 
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E 


Abo dpa So0Veodiv edVeLav tHv AB, AT toity dvédoyov 
avtoic Toooebenta i TK once ede notfjoa. 


iD, 
Toidv doveioGv cvdeisv tetéetny avédoyov Toeo- 
OEUPELV. 


A 
Bre 
T 


A o) Z, 


"Eotwouy at So0eton tecic ce00eia at A, B, TD: Set 54 
tHv A, B, T tetedtyy avédoyov moooeupeiv. 

"Exxciodwoay dvo evveta ot AE, AZ ywviav neeréyouc- 
a [tuyodoay] thy Und EAZ: xa xetodw tH uev A ton H AH, 
tf 5¢ B ton A HE, uot Eu tH T ton HAO: nol emZevydetone 
thc HO napddAnhroc avth HyIw did tod E 7H EZ. 

‘Enel odv tetymvou tot AEZ nap& yiav thy EZ feta 7 
HO, éotw doa wc A AH ned¢ thy HE, ottw>o 7 AO med¢ 
thy OZ. ton dé H wev AH t7 A, 7 SE HE tH B, 4 Se AO tH 
T: gotw doa wo h A ned¢ thy B, ottw¢ HT med¢ thy OZ. 

Teidiv doa Sovcodiv cbVeisv tv A, B, [ tetéety 
avérhoyoy Teoceventat 1 OZ neo eer Totfou. 
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to AC. Thus, as AB is to AC, so AC (is) to CE. 
A 


E 
Thus, a third (straight-line), CE, has been found 
(which is) proportional to the two given straight-lines, 
AB and AC. (Which is) the very thing it was required to 
do. 


Proposition 12 


To find a fourth (straight-line) proportional to three 
given straight-lines. 


A 
Brte— 
C | E 
G 
D H F 


Let A, B, and C be the three given straight-lines. So 
it is required to find a fourth (straight-line) proportional 
to A, B, and C. 

Let the two straight-lines DE and DF be set out en- 
compassing the [random] angle EDF. And let DG be 
made equal to A, and GE to B, and, further, DH to C 
[Prop. 1.3]. And GH being joined, let EF have been 
drawn through (point) £ parallel to it [Prop. 1.31]. 

Therefore, since GH has been drawn parallel to one 
of the sides EF of triangle DEF, thus as DG is to GE, 
so DH (is) to HF [Prop. 6.2]. And DG (is) equal to A, 
and GE to B, and DH to C. Thus, as A is to B, so C (is) 
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ae 


Abo doVecHy eb0ev UEonY avdovov TeocEUPENV. 


A 


A B rT 


"Eotwwouy ai So0etoa d0o0 evVeta at AB, BI: det 5H téHv 
AB, BI péony avédoyov meooeupEiv. 

Ketodwouv én’ evdetac, xal yeyedpde ent tic AL 
nurxoxdiov T0 AAT, xal HyIw and tod B onueiou tH AL 
evveta Ted¢ OeVas H BA, ual ExeCedyDwoav ai AA, AT. 

‘Emel év quumuxri@ ywvia gotiv n Und AAT, dedn Eotw. 
xal énel Ev dotoywviw teryove 16 AAT and tij¢ ded Fc 
yovlac ent thy Ba&ow x&Vetoc Auta 7 AB, 7 AB doa téHv 
Tic Bdoews tunudtwv tv AB, BI yéon avedoydv cot. 

Abo dea do0eody evderdv tév AB, BI yéon avedoyov 
teoceventa n AB: dénep eet notion. 


+ In other words, to find the geometric mean of two given straight-lines. 


10’. 

Tédv towy te xot looywviwy TaApaAANAOYEGUUWY dvTl- 
TenovOaow at TAcueal at meel tac loug ywviac: xal Ov ico- 
YOVUWY TUCXAANAOYECUUOY avTitEeTOvOaoW ot TAELEAL ctl 
Teel Tac tou Ywviac, tow cotly exeiva. 

"How toa te xal tooyovwa maparkAnroypauua ta AB, 
BI toug Eyovta tac Med 16 B ywviac, xal xelodwouv En’ 
evvetac ai AB, BE én’ edvVetuc doa ciot xal ot ZB, BH. 
éEyo, tt THv AB, BI dvunendvOaow ai mAcveal ai mel 
tas toug ywviac, toutéotiv, tt gotiv ac n AB med¢ thy 
BE, odtw¢ 7 HB ned¢ thy BZ. 
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to HF. 

Thus, a fourth (straight-line), HF, has been found 
(which is) proportional to the three given straight-lines, 
A, B, and C.. (Which is) the very thing it was required to 
do. 


Proposition 13 


To find the (straight-line) in mean proportion to two 
given straight-lines.' 
D 


A B C 


Let AB and BC be the two given straight-lines. So it 
is required to find the (straight-line) in mean proportion 
to AB and BC. 

Let (AB and BC) be laid down straight-on (with re- 
spect to one another), and let the semi-circle ADC have 
been drawn on AC [Prop. 1.10]. And let BD have been 
drawn from (point) B, at right-angles to AC [Prop. 1.11]. 
And let AD and DC have been joined. 

And since ADC is an angle in a semi-circle, it is a 
right-angle [Prop. 3.31]. And since, in the right-angled 
triangle ADC, the (straight-line) DB has been drawn 
from the right-angle perpendicular to the base, DB is 
thus the mean proportional to the pieces of the base, AB 
and BC [Prop. 6.8 corr.]. 

Thus, DB has been found (which is) in mean propor- 
tion to the two given straight-lines, AB and BC. (Which 
is) the very thing it was required to do. 


Proposition 14 


In equal and equiangular parallelograms the sides 
about the equal angles are reciprocally proportional. 
And those equiangular parallelograms in which the sides 
about the equal angles are reciprocally proportional are 
equal. 

Let AB and BC be equal and equiangular parallelo- 
grams having the angles at B equal. And let DB and BE 
be laid down straight-on (with respect to one another). 
Thus, FB and BG are also straight-on (with respect to 
one another) [Prop. 1.14]. I say that the sides of AB and 
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A A 


UVUTETANOMOVW yuo tO ZE naeaAANAGYEaUMOV. ETel 
obdv toov Eotl 10 AB napadAndAdypauoy 16) BI napadAn- 
OYECUUY, GAAO Sé TL TO ZE, Eotw doa Wc TO AB mpd¢ 10 
ZE, o¥two tO BI npd¢ 10 ZE. GAM’ Gc uév TO AB med¢ 
to ZE, ottw>o 7 AB red thy BE, we 5é 10 BI’ ned¢ 10 
ZE, oUtw¢ 7 HB ned¢ thy BZ: xa wo boa 7 AB mpd¢ tiv 
BE, ottwo A HB ned¢ thy BZ. tév dea AB, BI’ rapar- 
ANACYEGUUOV dvtinETOVOaoW ol TAVEAl ot TEol Tac touc 
yoviac. 

AAA OF Eotw G¢ RH AB ned¢ thy BE, ottw>¢ H HB red¢ 
thy BZ: rEyo, Sti toov Eotl 76 AB raparAnddyeauuov té 
BI rapahAnroyedue. 

‘Enel yéo cotw wc 7 AB ned¢ thy BE, ottwo 7 HB 
med¢ THY BZ, DA’ wc uev 7 AB ned¢ thy BE, odtw¢ 10 
AB rapakAnrdypaumoy medc¢ TO ZE TapaHAANAOYPAULOV, GC 
dé 1 HB neoc thy BZ, ottw¢ tO BI napadrAndAdyeauuoyv 
med¢ tO ZE rapadAnddypaumov, xal ac &épa TO AB med¢ 
tO ZE, ottwc¢ 16 BI med¢ 16 ZE: toov &ea Eoti t6 AB 
TAPUAANACY PAO 6) BI’ rapadkAnroyeduue. 

Tév doa towy te xal looywviny TapadAnAoyedUUev 
AvtMETOVOKoL ol TALEO a TEEl TAC loa Yuviac’ xa dv 
ICOYWVIOY TACKAANAOYECUUWY avTiTeOvOaow ot TAELEA 
at meet tac toug ywwviac, tow Eotly Exeiva Sep Eder SetEau. 


, 
le. 

Tv towyv xal uty Ula tony eydvIaV Yoviay TOELYOVOv 
avinerdvOaow ol TAcueal at Teel Td loa ywviac: xa Ov 
ulav Wd tony EYOVTOV YaVvlaV TELYOVOY avTiTETdVOAOL ott 
TAgvEal ot Tel Tac louc Ywviac, toa Eotlv Exetva. 

"How toa tetywva ta ABT, AAE utav wa tony éyovta 
yoviey thy bro BAT tf 0nd AAE: héyw, Ott téHv ABT, 
AAE tetyovey avirendvdaow at mAcueal at tel tae tou 

i ; Bl dado Hem DK aAbe Aw AN. ot 
yovlac, Toutéotw, Ott Eotlv Gd H TMeO¢ TH , OUTWS 
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BC about the equal angles are reciprocally proportional, 
that is to say, that as DB is to BE, so GB (is) to BF. 


E / 
F/ rR G 
A D 


For let the parallelogram FE have been completed. 
Therefore, since parallelogram AB is equal to parallelo- 
gram BC, and FE (is) some other (parallelogram), thus 
as (parallelogram) AB is to FE, so (parallelogram) BC 
(is) to FE [Prop. 5.7]. But, as (parallelogram) AB (is) to 
FE, so DB (is) to BE, and as (parallelogram) BC (is) to 
FE, so GB (is) to BF [Prop. 6.1]. Thus, also, as DB (is) 
to BE, so GB (is) to BF. Thus, in parallelograms AB 
and BC the sides about the equal angles are reciprocally 
proportional. 

And so, let DB be to BE, as GB (is) to BF’. I say that 
parallelogram AB is equal to parallelogram BC. 

For since as DB is to BE, so GB (is) to BF, but as 
DB (is) to BE, so parallelogram ABP (is) to parallelo- 
gram FE, and as GB (is) to BF, so parallelogram BC 
(is) to parallelogram FE [Prop. 6.1], thus, also, as (par- 
allelogram) AB (is) to F'E, so (parallelogram) BC (is) 
to FE [Prop. 5.11]. Thus, parallelogram AB is equal to 
parallelogram BC [Prop. 5.9]. 

Thus, in equal and equiangular parallelograms the 
sides about the equal angles are reciprocally propor- 
tional. And those equiangular parallelograms in which 
the sides about the equal angles are reciprocally propor- 
tional are equal. (Which is) the very thing it was required 
to show. 


Proposition 15 


In equal triangles also having one angle equal to one 
(angle) the sides about the equal angles are reciprocally 
proportional. And those triangles having one angle equal 
to one angle for which the sides about the equal angles 
(are) reciprocally proportional are equal. 

Let ABC and ADE be equal triangles having one an- 
gle equal to one (angle), (namely) BAC (equal) to DAE. 
I say that, in triangles ABC and ADE, the sides about the 


170 


STOIXEION ¢’. 


n EA med¢ thy AB. 


A E 

Ketodw yuo Gote én’ edVetac civon thy PA ti AA: én’ 
evvetac doa cotl xal 1 EA ty AB. xa eneCedy0w 7 BA. 

‘Enel odv toov goti 10 ABT totywvov 16 AAE teryove, 
d&dAO bE 11 10 BAA, Zotw doa We 16 TAB tetywvov med¢ 
tO BAA totywvoy, ottwc TO EAA tetywvov mepd¢ T16 BAA 
totywvov. dA’ wo uev 10 TAB medc¢ 16 BAA, ottw¢ 4 
TA ned¢ thy AA, wo 6 10 EAA med¢ 10 BAA, ottw 
EA ned¢ thy AB. xal wo doa A TA ted thy AA, ottw< 
n EA nedc¢ thy AB. tev ABIL, AAE da totyovev d&vtt- 
TeTovoaow oa TAcuea al Teel Tac tou yuwviac. 

AdA& 5H avirterowEetwouy ai TAcveal Tv ABT, AAE 
TeLYOva, xal Eotw ac n TA npdc thy AA, otwo H EA 
med¢ thy AB: héyw, 6tt foov Eotl t6 ABT totywvov 16 
AAE tetyove. 

‘EniCevyvetonce yuo nédw tic BA, exet Eotw ao 9 TA 
med¢ thy AA, ottw>o A EA moedc thy AB, GAd’ wo Yev 
n TA nedc thy AA, otttwe 16 ABIL tetywvov med¢ 10 
BAA tetywvov, a¢ 6é WH EA med¢ thy AB, ott 16 EAA 
totywvov Ted¢ to BAA tetywvov, ao doa 10 ABT totywvov 
med¢ 10 BAA tetywvov, ottwc TO EAA tetywvov med¢ 
to BAA teptywvov. exdtepov doa tv ABI, EAA xpd¢ 
tO BAA tov abdtoyv éyet Adyov. towv doa gott to ABP 
[tetywvoy] 16 EAA teyave. 

T&v doa towyv xol lav wae tony eydvIwy yeavlav 
TOLYOVUOV avtinendvOacw ol TACVEAl al MEel tac tou 
yooviac xol O¢ ylav We tony Eydvtwv ywviav Tolyavev 
avinerdovdaow oat TAcveal ot Teel Tac tou ywviac, Exelva. 
tou gotiv’ Smee Eder Seiga. 


# 

Iv. 
‘Edy técoapec evdeian avddovyov Wow, TO UNO THdV 
dxewv nepleyduevov opVoyavov toov gotl 16) UNO THv 
UEGOYV TECLEYOUEVW OEVOYWVI’ “xaV TO LTO THY dxowv 


ELEMENTS BOOK 6 


equal angles are reciprocally proportional, that is to say, 
that as CA is to AD, so EA (is) to AB. 


B C 


D E 


For let C'A be laid down so as to be straight-on (with 
respect) to AD. Thus, FA is also straight-on (with re- 
spect) to AB [Prop. 1.14]. And let BD have been joined. 

Therefore, since triangle ABC is equal to triangle 
ADE, and BAD (is) some other (triangle), thus as tri- 
angle C'AB is to triangle BAD, so triangle E-AD (is) to 
triangle BAD [Prop. 5.7]. But, as (triangle) CAB (is) 
to BAD, so CA (is) to AD, and as (triangle) EAD (is) 
to BAD, so EA (is) to AB [Prop. 6.1]. And thus, as C'A 
(is) to AD, so EA (is) to AB. Thus, in triangles ABC and 
ADE the sides about the equal angles (are) reciprocally 
proportional. 

And so, let the sides of triangles ABC and ADE be 
reciprocally proportional, and (thus) let C'A be to AD, 
as EA (is) to AB. I say that triangle ABC is equal to 
triangle ADE. 

For, BD again being joined, since as C'A is to AD, so 
EA (is) to AB, but as CA (is) to AD, so triangle ABC 
(is) to triangle BAD, and as EA (is) to AB, so triangle 
EAD (is) to triangle BAD [Prop. 6.1], thus as triangle 
ABC (is) to triangle BAD, so triangle EAD (is) to tri- 
angle BAD. Thus, (triangles) ABC and EAD each have 
the same ratio to BAD. Thus, [triangle] ABC is equal to 
triangle EAD [Prop. 5.9]. 

Thus, in equal triangles also having one angle equal to 
one (angle) the sides about the equal angles (are) recip- 
rocally proportional. And those triangles having one an- 
gle equal to one angle for which the sides about the equal 
angles (are) reciprocally proportional are equal. (Which 
is) the very thing it was required to show. 


Proposition 16 


If four straight-lines are proportional then the rect- 
angle contained by the (two) outermost is equal to the 
rectangle contained by the middle (two). And if the rect- 
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Tepleyouevoy Cpvoyawoy toov 7 6 UNO THY UsowY TE~PlE- 
YouEvy OEVoywvle, al TEcoupec evVelar avdAoyov Eoovta. 


© 
H 
A BT A 
Eer—_ Zt——— 


"Hotwouy técoapes evVeta dvddoyov at AB, TA, E, Z, 
a> 7 AB ned¢ thy TA, obtw¢ H E med¢ thy Z AEyw, dt 
tO Uno tév AB, Z nepieyduevov depVoyaOwov toov éotl té8 
bono tév TA, E repieyougva dp0oyavin. 

"Hydwoay [yao] and tév A, T onuctev toiic AB, TA 
evvetac med¢ deVac at AH, PO, xat xeiodw tH uéev Z ton 
n AH, tf 6é E ton 4 PO. xal ovunexAnewodw ta BH, AO 
TUOMKAANAOY PAULA. 

Kat énet cotw wc 7 AB med¢ thy TA, odtw¢ HE med¢ 
thy Z, ton s¢  vev E tH TO, n 6€ Z tH AH, Eotw dow we 
n AB nedc¢ thy TA, ottwo WH TO npd¢ thy AH. 16v BH, 
AO doa raparAnroypsuUO dvinendvOaow ai TAveatl ati 
TEEL tac loa Ywvlac. Ov bE looywvlav TAPAAANAOYECUUWY 
avinerdviaow at TAcvpat at Mee Tac loug Ywvduc, low Eotly 
éxeiva’ foov &pa éotl T6 BH napaddAnddyeayyov 16 AO 
TAUPAAANAOCYEGUNW. xal Eott TO Uev BH 16 Oxo téSv AB, Z 
ton yoo H AH t7j Z 10 dé AO 16 Und tov TA, E: ton yao H 
E tf TO: 16 dea bn6 tév AB, Z nepieyduevov dpdoyavov 
fooy gotl 16 Und TOV TA, E nepreyoueva dp0o0yavui. 

AdA& 57 TO ONO THv AB, Z nepieyduevov dedoyavov 
foov ~otw 6 bnd tév TA, E nepreyoueva dodoywviw. 
EY, OTL ai TEcoupec cvIeia avdAOYOV Eoovtat, @>o n AB 
med¢ thy TA, ottw¢ hE ned¢ thy Z. 

Tév yao autdy xatacxevacVevtwv, Emel TO UNO Toy 
AB, Z ioov éotl 16 Und tév TA, E, xat got 16 yev bn 
tév AB, Z 16 BH: ton yép Eotw 9 AH t7 Z: 10 5é Ond TéHv 
TA, E t6 AO: ton yoo WH TO tH E: 16 &ea BH toov éotl 
6) AO. xatl Eotw tooyavua. tiv d& flowy xal icoywviwy 
TUPUAANAOYEUUUWY avtitendovVaow ot TACUEAL Ol TEEl Thc 
tous ywviac. Eotw &pa wo WY AB red¢ thy TA, ob tae H TO 
medc¢ thy AH. ton dé  vev TO tH E, 7 6é AH tH Z Eotw 
goa Wo nN AB nedc thy TA, obtw¢ HE npd¢ thy Z. 

‘Edy doa téooupes evdeta avédovyov Bat, TO UNO THdV 
dxowv Teeleyduevoy OeVoyavov toov Eotl T6) UNO TéHdv 
UEGOYV TECLEYOUEVW OEVOYWVI’ xaV TO UNO THY dxoWv 
TEpleyouevoy CpVoyawoy toov 7 6 UNO THY UEowY TE~lE- 
YouEvy OEVoYwvie, al TEcoupec evVElar avdAoyov Eoovtat’ 
Onee Eder Seiea. 
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angle contained by the (two) outermost is equal to the 
rectangle contained by the middle (two) then the four 
straight-lines will be proportional. 


H 
G 

A Bo¢ D 
E+ Fr 


Let AB, CD, E, and F be four proportional straight- 
lines, (such that) as AB (is) to CD, so E (is) to F’. I say 
that the rectangle contained by AB and F is equal to the 
rectangle contained by CD and E. 

[For] let AG and CH have been drawn from points 
A and C at right-angles to the straight-lines AB and CD 
(respectively) [Prop. 1.11]. And let AG be made equal to 
F, and CH to E [Prop. 1.3]. And let the parallelograms 
BG and DH have been completed. 

And since as AB is to CD, so E (is) to F, and E 
(is) equal CH, and F to AG, thus as AB is to CD, so 
CH (is) to AG. Thus, in the parallelograms BG and DH 
the sides about the equal angles are reciprocally propor- 
tional. And those equiangular parallelograms in which 
the sides about the equal angles are reciprocally propor- 
tional are equal [Prop. 6.14]. Thus, parallelogram BG 
is equal to parallelogram DH. And BG is the (rectangle 
contained) by AB and F. For AG (is) equal to F. And 
DH (is) the (rectangle contained) by CD and E. For E 
(is) equal to CH. Thus, the rectangle contained by AB 
and F is equal to the rectangle contained by CD and E. 

And so, let the rectangle contained by AB and F be 
equal to the rectangle contained by CD and E. I say that 
the four straight-lines will be proportional, (so that) as 
AB (is) to CD, so E (is) to F. 

For, with the same construction, since the (rectangle 
contained) by AB and F is equal to the (rectangle con- 
tained) by CD and E. And BG is the (rectangle con- 
tained) by AB and F. For AG is equal to F. And DH 
(is) the (rectangle contained) by CD and E. For CH 
(is) equal to FE. BG is thus equal to DH. And they 
are equiangular. And in equal and equiangular parallel- 
ograms the sides about the equal angles are reciprocally 
proportional [Prop. 6.14]. Thus, as AB is to CD, so CH 
(is) to AG. And CH (is) equal to FE, and AG to F.. Thus, 
as AB is to CD, so E (is) to F. 

Thus, if four straight-lines are proportional then the 
rectangle contained by the (two) outermost is equal to 
the rectangle contained by the middle (two). And if the 
rectangle contained by the (two) outermost is equal to 
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IC’. 

‘Edy tesic cudeta avadroyov Wow, TO UNO TOV dxowv 
Tepleyouevoy CpVoyaviov toov EoTl Té ANO Thc UEONS TE- 
TOAYOVE KAV TO UNO TV dxowv TEpleyOUEVov OPVOYVLOV 
foov f TG and Thc YUeoNCS TeTOANyaVH, al tesic evDEtu 
avoAOYOV EOOVTAL. 


At—a—7?7]+ 


Bi A! 


|; — 

"Eotwwouy tesic ebdeian dvédoyov ot A, B, PT, ac n A 
Teds THY B, ovtw¢ HB ned¢ thy T° Aéyw, Sti TO UNO TOV 
A, T nepieyduevov dpdoyauoy toov gotl 16 and tic B 
TETOXY OVO). 

Ketode ti B ton n A. 

Kat énet gotw a> n A mpd¢ Thy B, ottw¢ H B ned¢ Thy 
LT, ton 5€ 4 B tH A, Eotw doa wo H A Ted thy B, n A ned¢ 
thy TD. cay 6 téoougec eudeia avadoyov Wow, TO UNO TéV 
d&xpwv nepleyduevoyv [dedoyawov] toov Eotl té UNO téSv 
UEOWY TEpleyoUEVW OPVOYHVi. TO dou UNO THv A, TP toov 
éotl 16 bn tév B, A. dAAw TO ONO Tov B, A 10 and tic B 
gory’ ton yoo 4 B tH A: 10 dpa Und TéHv A, T nepieyduevov 
oevoyavoy toov Eotl 16) and Tic B tetewyave. 

AAG BY TO UNO TOV A, T toov gotw 16 and ti¢ B: 
EY, StL Eotlv Wo H A TEd¢ Thy B, otw¢ H B ned¢ thy T. 

Tév yuo adtHv xataoxevacVEvtwy, Emel TO UNO Tov A, 
I toov gott té3 ano tic B, GAAu TO ANd TH¢ B tO Uno téHv 
B, A éot: ion yoo 7 B tH A’ 10 &ea Und tHV A, T toov 
éotl 16 Und tév B, A. Edy 5 16 UNO THSV dxowv toov Ff, Té 
UNO Té&v UEC, al TEcoupes EvVEIH avdAOYOY Elow. EoTIV 
goa wo HA Ted¢ THY B, ottwe H A ned¢ thy T. ion dE HB 
th A ac doa n A med¢ thy B, obtw¢ HB red¢ tH YT. 

"Edy doa tocic eudetau avedroyov Bow, TO UNO THY dxowv 
TepleyOuevoy OpVoyaviov toov EoTl T6 ANO TH¢ UEONS TE- 
TOAYOVE KAV TO UNO TéV dxowv TepleyOUEvov OEVOYAVLOV 
loov f TH aNd Thc UsoNC TeTOEAyaVH, at tesic evDetau 
d&véroyov Eoovta’ Step Eder SetEan. 
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the rectangle contained by the middle (two) then the four 
straight-lines will be proportional. (Which is) the very 
thing it was required to show. 


Proposition 17 


If three straight-lines are proportional then the rect- 
angle contained by the (two) outermost is equal to the 
square on the middle (one). And if the rectangle con- 
tained by the (two) outermost is equal to the square on 
the middle (one) then the three straight-lines will be pro- 
portional. 


Let A, B and C be three proportional straight-lines, 
(such that) as A (is) to B, so B (is) to C. I say that the 
rectangle contained by A and C is equal to the square on 
B. 

Let D be made equal to B [Prop. 1.3]. 

And since as A is to B, so B (is) to C, and B (is) 
equal to D, thus as A is to B, (so) D (is) to C. And if 
four straight-lines are proportional then the [rectangle] 
contained by the (two) outermost is equal to the rectan- 
gle contained by the middle (two) [Prop. 6.16]. Thus, 
the (rectangle contained) by A and C is equal to the 
(rectangle contained) by B and D. But, the (rectangle 
contained) by B and D is the (square) on B. For B (is) 
equal to D. Thus, the rectangle contained by A and C is 
equal to the square on B. 

And so, let the (rectangle contained) by A and C' be 
equal to the (square) on B. I say that as A is to B, so B 
(is) to C. 

For, with the same construction, since the (rectangle 
contained) by A and C is equal to the (square) on B. 
But, the (square) on B is the (rectangle contained) by B 
and D. For B (is) equal to D. The (rectangle contained) 
by A and C is thus equal to the (rectangle contained) by 
B and D. And if the (rectangle contained) by the (two) 
outermost is equal to the (rectangle contained) by the 
middle (two) then the four straight-lines are proportional 
[Prop. 6.16]. Thus, as A is to B, so D (is) to C. And B 
(is) equal to D. Thus, as A (is) to B, so B (is) to C. 

Thus, if three straight-lines are proportional then the 
rectangle contained by the (two) outermost is equal to 
the square on the middle (one). And if the rectangle con- 
tained by the (two) outermost is equal to the square on 
the middle (one) then the three straight-lines will be pro- 
portional. (Which is) the very thing it was required to 
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in: 
Ano tic Sovelonc evdelac 16 SobEevti evduvyeduH 
SuoLdy te xa OLOlW  xeluevov ELYLYEAUUOY a&varyedau. 


E 
Z. 


H 


T A A B 


"Eot 7 uev dovdeion eddeia y AB, tO dé dodEv 
evdvyeauuov TO TE: Set df and thc AB ev¥etuc 16 TE 
evVuyEdUUG OUOLOV Te Xol OUOlwe xetuevov eLIUYEAULOV 
avayecupor. 

‘EneCevy0w n AZ, xal ovveotatw med¢ tH AB cdVeig 
nal Toc Meds HUT, ONEtoig toic A, B tH yev mpd¢ 16 T 
yovig ton 7 bro HAB, t¥i dé Und PAZ ton A Und ABH. Aownh 
&ea Hn Und ZA tH bnd AHB Eow ton: iooyowov dea Eotl 
to ZITA tetywvov 16 HAB tetyovw. dvédhoyov doa éotiv 
a> i ZA nedc thy HB, ottwe A ZE med¢ thy HA, xal H 
TA nodc¢ thy AB. néAw ovveotatw ned¢ tH BH evdeta xal 
Toig MEd AUTH ONUElotc toic B, H tH wév Und AZE yoovig 
ton n Uno BHO, tf 5é Und ZAE ion 7H O20 HBO. Aoinh doa 
N TeO¢ T6) E Aowny th med 16 O Eotw ton: tlooyavov toa 
éott t0 ZAE telywvov 14 HOB teryave avéroyov toa 
gotly ac 7 ZA ned thy HB, ottw¢ H ZE med¢ thy HO xa 
n EA xpdc thy OB. edeiydy SE xat wo A ZA ned¢ thy HB, 
ov’tw> 7 ZE ned¢ thy HA xat A TA ned¢ thy AB: xal we 
&ea Hn ZT ned¢ thy AH, obtw¢ H te TA med¢ thy AB xa H 
ZE redc¢ thy HO xol étt 7 EA med thy OB. xol Exel ton 
éotly 4 uev UNO [ZA ywvia tH Und AHB, 7 Se Und AZE tH 
bono BHO, okn doa A Und TZE 6Ay tH Und AHO éEortw ion. 
Ste TA UTA BH xo HN OO TAE tH Und ABO Eortw ion. Eotr 
dé xal  WEV Ted TH T tH ned 16 A ton, H SE TEd¢ 16 E 
TH Ted 16 O. iooywwov dea gotl to AO 165 TE xa tue 
TEEL Tac lous Ywvlac aUToY TAEVEGS aVEAOYOV EXEL’ OUOLOV 
goa got TO AO evObyeauoy 165 TE evduyeduue. 

Ano tic Soveioncs toa edVetac tic AB 1H Sodevt 
cuduyeduua To) DE duoidy te xal ouoiwe xeluevov cev00yea- 
ULov &vayeyourtat TO AO: Smee Edet Torfoa. 
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show. 


Proposition 18 


To describe a rectilinear figure similar, and simi- 
larly laid down, to a given rectilinear figure on a given 
straight-line. 


F 


C D A B 


Let AB be the given straight-line, and CE the given 
rectilinear figure. So it is required to describe a rectilinear 
figure similar, and similarly laid down, to the rectilinear 
figure CE on the straight-line AB. 

Let DF have been joined, and let GAB, equal to the 
angle at C, and ABG, equal to (angle) CDF’, have been 
constructed on the straight-line APB at the points A and 
B on it (respectively) [Prop. 1.23]. Thus, the remain- 
ing (angle) CFD is equal to AGB [Prop. 1.32]. Thus, 
triangle FCD is equiangular to triangle GAB. Thus, 
proportionally, as FD is to GB, so FC (is) to GA, and 
CD to AB [Prop. 6.4]. Again, let BG'H, equal to an- 
gle DFE, and GBH equal to (angle) F DE, have been 
constructed on the straight-line BG at the points G and 
B on it (respectively) [Prop. 1.23]. Thus, the remain- 
ing (angle) at F is equal to the remaining (angle) at H 
[Prop. 1.32]. Thus, triangle F DE is equiangular to tri- 
angle GHB. Thus, proportionally, as FD is to GB, so 
FE (is) to GH, and ED to HB [Prop. 6.4]. And it was 
also shown (that) as FD (is) to GB, so FC (is) to GA, 
and CD to AB. Thus, also, as FC (is) to AG, so CD (is) 
to AB, and F'E to GH, and, further, ED to HB. And 
since angle CFD is equal to AGB, and DFE to BGH, 
thus the whole (angle) C'F'E is equal to the whole (an- 
gle) AGH. So, for the same (reasons), (angle) CDE is 
also equal to ABH. And the (angle) at C is also equal 
to the (angle) at A, and the (angle) at F to the (angle) 
at H. Thus, (figure) AH is equiangular to CE. And (the 
two figures) have the sides about their equal angles pro- 
portional. Thus, the rectilinear figure AH is similar to the 
rectilinear figure C'E [Def. 6.1]. 

Thus, the rectilinear figure AH, similar, and similarly 
laid down, to the given rectilinear figure CE has been 
constructed on the given straight-line AB. (Which is) the 
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1’. 


Ta duoa tetywva Ted¢ GAANAa Ev SimAaotow ADYW EoTI 
TOV OLOAGYWV TAEUEOY. 


A 
JAN rat 
B H T E Z., 


"Hot yo tetywva te ABT, AEZ tony éyovta thy 
Ted¢ 16) B ywviav tH Ted¢ 16H E, Gc SE thy AB med¢ thy BY, 
odtw> Thy AE npdc thy EZ, ote OUdroyov civ thy BL 
th EZ: A\éyw, 611 16 ABT totywvov ned¢ 16 AEZ telywvov 
ditAactova Adyoy Exel AHneo 7 BI nopd¢ thy EZ. 

Ev jpvw yuo tv BI, EZ tettn avadoyov n BH, dote 
eivat ac thy BI ned¢ thy EZ, o¥tw¢ thy EZ neoc thy BH: 
nal eneTevydw 7 AH. 

‘Enel ov gotw wc 7 AB npd¢ thy BY, ottta¢ H AE 96¢ 
thy EZ, evodrde Gow Eotiv wc A AB ted¢ thy AE, ottw< H 
BI ned¢ thy EZ. GA’ Oc 7 BI ned¢ EZ, o¥twe Eotw n EZ 
med¢ BH. xat ac &oa 7 AB ned¢ AE, otttw¢ 7 EZ ned¢ BH- 
tév ABH, AEZ doa teryavey avtimerévbaow ai TAEUeALl cul 
Teel tac tou yuvduc. @v 5é Ulav Wa tony Eydvtwv Ywviav 
TOLYOVOY AvtimEeTOvVaoLy al TACUPAL at MEEl Thc lous YuvEic, 
tou Eotly Exeiva. toov dow ott to ABH tetywvov 165 AEZ 
Tory@ve. xal eet cotw wo H BI nedc thy EZ, ottw< 
EZ noedo¢ thy BH, ay O€ tocic cvVetan avaroyov Bow, 7 
TETH TESS THY teitHY ditAaclova AdYOV Exel Ameo MEd¢ 
thy Seutéeav, 7 BI doa nepd¢ thy BH binAactova Advov 
éyet neo n TB neoc thy EZ. we dé 7 TB noedc thy BH, 
o’two TO ABT totywvov med¢ 16 ABH tetywvov xal tO 
ABIL da totywvov medc t6 ABH dinAaotova Adyov Eyer 
yneo 7 BI ned thy EZ. toov 5¢ 16 ABH tetywvov té5 
AEZ tetyavo. xal to ABP dea tetywvov mpd¢ 10 AEZ 
totywvoy ditAactova Aéyov éxet Anco N BI npd¢ thy EZ. 

To toa Guola Telywva Ted¢ HAANAG Ev SiTAaciow AdYW 
col Té&v OUOASYwV TACUEGY. [Sree eer SetEau.| 


IIde1oya. 
‘Ex 57 Toutou Mavepdy, Ot, dv Tosic eudeton avddovov 
@ow, Eotw Ws N NETH MEd tyyv TeltHY, OUTWC TO AMO 
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very thing it was required to do. 


Proposition 19 


Similar triangles are to one another in the squared! 
ratio of (their) corresponding sides. 


A 
A /\ 
B G C E F 


Let ABC and DEF be similar triangles having the 
angle at B equal to the (angle) at E, and AB to BC, as 
DE (is) to EF, such that BC corresponds to EF’. I say 
that triangle ABC has a squared ratio to triangle DEF 
with respect to (that side) BC (has) to EF. 

For let a third (straight-line), BG, have been taken 
(which is) proportional to BC and EF, so that as BC 
(is) to EF, so EF (is) to BG [Prop. 6.11]. And let AG 
have been joined. 

Therefore, since as AB is to BC, so DE (is) to EF, 
thus, alternately, as AB is to DE, so BC (is) to EF 
[Prop. 5.16]. But, as BC (is) to EF, so EF is to BG. 
And, thus, as AB (is) to DE, so EF (is) to BG. Thus, 
for triangles ABG and DEF, the sides about the equal 
angles are reciprocally proportional. And those triangles 
having one (angle) equal to one (angle) for which the 
sides about the equal angles are reciprocally proportional 
are equal [Prop. 6.15]. Thus, triangle ABG is equal to 
triangle DEF. And since as BC (is) to EF, so EF (is) 
to BG, and if three straight-lines are proportional then 
the first has a squared ratio to the third with respect to 
the second [Def. 5.9], BC thus has a squared ratio to BG 
with respect to (that) CB (has) to EF. And as CB (is) 
to BG, so triangle ABC (is) to triangle ABG [Prop. 6.1]. 
Thus, triangle ABC also has a squared ratio to (triangle) 
ABG with respect to (that side) BC (has) to EF. And 
triangle ABG (is) equal to triangle DEF. Thus, trian- 
gle ABC also has a squared ratio to triangle DEF with 
respect to (that side) BC (has) to EF. 

Thus, similar triangles are to one another in the 
squared ratio of (their) corresponding sides. [(Which 
is) the very thing it was required to show]. 


Corollary 


So it is clear, from this, that if three straight-lines are 
proportional, then as the first is to the third, so the figure 
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STOIXEION ¢’. 


Thc TeatH¢ eld0¢ TEd¢ TO AMO Tic SeUTEPAC TO OUOLOV xall 
Ouolws avayeapduevoy. Once Eder Seigau. 


+ Literally, “double”. 


te 
Ta dYola TOAVYwVa cic Te GUOLA Tolywva Sraoeitan xal 
cic lon TO TARVOS xal OUOAOYA TOI OAOIC, Xa TO TOAUVYWVOV 
MEDS TO TOAVYWVOV SiTAACLOva AdYov Exel HEE H OUOAOYOC 
TAEUE TEOS THY OLOAOYVOV TAEUEdY. 


A 


© K 


ie A 

"Hot duo noAvywva te ABTAE, ZHOKA, duddo0yoc 
dé gow 7 AB tH ZH: dAéyo, 611 ta ABPTAE, ZHOKA 
TOAVYWVa Elc TE GUOLA Tolywva Stoaupeiton “ol cic tow TO 
TAR Vos xal OUdAOYa TOig Shots, xal TO ABLTAE roAvywvov 
med¢ 16 ZHOKA rodvywvov dinAaotova Adyov Exel Aree H 
AB ned¢ thy ZH. 

‘EneCevy0wouv oat BE, ET, HA, AO. 

Kat enet duoidv gott tO ABTAE xodvywvoyv ti 
ZHOKA xodvyave, ton cotiv 7 bnd BAE yovia tA bn 
HZA. xat ott ac WH BA med¢ AE, ottw¢ 1 HZ ted¢ ZA. 
étel obv S00 telywva cout te ABE, ZHA uiav yeoviav we 
yovia tony éyovta, meel 5& tac loag ywvlag Tac TAELEKC 
avéroyoy, isoyavov goa éotl t6 ABE totywvov 16 ZHA 
TELYOVw’ Gote xal duotov: ton doa Eotlv A UNO ABE yovia 
th tnd ZHA. got b& xal GAH H UNO ABI 6AH tH OTO 
ZHO ton Sd thy OWOLdTHTA THY TOAVYOVWV? oLTT, how N 
ono EBL ywvia th Und AHO Eotw ton. xal Enel Sie thy 
ouoidtyta Tév ABE, ZHA toetyovwy éotiv ac WH EB med¢ 
BA, obtwc¢ 71 AH med¢ HZ, GAA& uh xal Sia THY OWOLdTHTA 
TOV TOALYOVwY EoTlv Wo 7 AB npd¢ BI, ottw¢ AH ZH med¢ 
HO, &v’ toov &pa Eotiv wo 7 EB ned¢ BI, o}two nN AH med¢ 
HO, xa regi tac toug ywvdug tac UNO EBL, AHO att rAcveal 
avédoydy cic’ looya@viov doa eott TO EBT tetywvov 165 
AHO teryova’ Bote xal duodv gott tO EBT telywvov 
16 AHO teryove. did Ta avTe OH xal TO ETA toelywvov 
duotdv Eott 16 AOK teryava. ta dow Suoia TOAVYwva TH 
ABITAE, ZHOKA éic te duotm totywva dSiufentat xal cic tou 


ELEMENTS BOOK 6 


(described) on the first (is) to the similar, and similarly 
described, (figure) on the second. (Which is) the very 
thing it was required to show. 


Proposition 20 


Similar polygons can be divided into equal numbers 
of similar triangles corresponding (in proportion) to the 
wholes, and one polygon has to the (other) polygon a 
squared ratio with respect to (that) a corresponding side 
(has) to a corresponding side. 


A 


H K 


C D 

Let ABCDE and FGHKL be similar polygons, and 
let AB correspond to FG. I say that polygons ABCDE 
and FGH KL can be divided into equal numbers of simi- 
lar triangles corresponding (in proportion) to the wholes, 
and (that) polygon ABC'DE has a squared ratio to poly- 
gon FGH KL with respect to that AB (has) to FG. 

Let BE, EC, GL, and LH have been joined. 

And since polygon ABC'DE is similar to polygon 
FGHKL, angle BAE is equal to angle GFL, and as BA 
is to AF, so GF (is) to F'L [Def. 6.1]. Therefore, since 
ABE and FGL are two triangles having one angle equal 
to one angle and the sides about the equal angles propor- 
tional, triangle ABE is thus equiangular to triangle FGL 
[Prop. 6.6]. Hence, (they are) also similar [Prop. 6.4, 
Def. 6.1]. Thus, angle ABE is equal to (angle) FGL. 
And the whole (angle) ABC is equal to the whole (angle) 
FGH, on account of the similarity of the polygons. Thus, 
the remaining angle EBC is equal to LGH. And since, 
on account of the similarity of triangles ABE and FGL, 
as E'B is to BA, so LG (is) to GF, but also, on account of 
the similarity of the polygons, as AB is to BC, so FG Cis) 
to GH, thus, via equality, as EB is to BC, so LG (is) to 
GH [Prop. 5.22], and the sides about the equal angles, 
EBC and LGH, are proportional. Thus, triangle EBC is 
equiangular to triangle LG'H [Prop. 6.6]. Hence, triangle 
EBC is also similar to triangle LGH [Prop. 6.4, Def. 6.1]. 
So, for the same (reasons), triangle ECD is also similar 
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STOIXEION ¢’. 


TO TAT Voc. 

Aéyw, Ott xal OUdAOYA Toic SAOIc, ToUTEOTIW dotTE 
d&veroyoy iva Ta telywva, xal nyobUEva Uev civor te ABE, 
EBL, ETA, endueva 5¢ adtév ta ZHA, AHO, AOK, xai 
ot tO ABLAE nodbywvov mpd¢ 10 ZHOKA roAvywvov 
ditAactova Adyov Exel HmEee AN OUOAOYOS TAEVER TEOS TY 
OuOAOYoV TAEUEdy, tToutéoTw fn AB nodc thy ZH. 

‘EneCevydwouv yuo ai AT, ZO. xal enel Sid thy 
OuoLoTyTA THY TOAVYOVWY torn Eotly 7 UNO ABT ywvla tH 
vno ZHO, xat gotw wc 7 AB npd¢ BI, otw¢ 7 ZH ned¢ 
HO, iooymvdy gott to ABT tetywvov 16 ZHO teryave 
ton dea cotlv 7 Uev UNO BALD ywvia tH Ond HZO, nH dé bn 
BIA tf tno HOZ. xol énel ton eotly H Und BAM yovia 
tf, bn0 HZN, got b& xal WH bnd ABM tH Und ZHN ion, 
xa Aownt) Goa A Ond AMB downs tH Ono ZNH ton Eotiv: 
tooyavov doa éotl t6 ABM tetywvov 16) ZHN teryove. 
Ouotucg of Sei€ouev, dt xal TO BMT telywvov icoywvdyv 
éott T) HNO teryov. avedoyoy dow Eotiv, O¢ uev 7 AM 
med¢ MB, otttw¢ 7 ZN moedc NH, we d€ 7 BM xed¢ MI, 
ovtac 7 HN ned¢ NO: dote xat 8.’ toov, wo n AM med¢ 
MT, ottw¢ 4H ZN med¢ NO. GAM’ @o 7 AM ned¢ MI, ottwe 
to ABM [toetywvov] npd¢ tO MBIT, xal to AME redc¢ tO 
EMI: xpd¢ aAAnAa yée elow wo at Bdoeic. xal ac toa 
EV TOV NYOVUEVWY Teds EV TOV ENOUEVWY, OUTUS &mavTa 
TH HyoUEva TEdG Snavta Ta EnduUEva’ Wo doa TO AMB 
totywvov med¢ TO BMT’, ottw¢ 16 ABE me6¢ 10 BE. add’ 
wo tO AMB red¢ 16 BMT, ottwo 7 AM xed¢ MI: xa 
a> goa 7 AM red¢ MI, ottwo t6 ABE telywvov med¢ 16 
EBD teitywvov. did Ta HUTA OH xal Wo A ZN moed¢ NO, 
odtws 16 ZHA tetywvov med¢ TO HAO tetywvov. xat Eotw 
wo 7 AM nedc MI, ottwco A ZN med¢ NO- xal we koa 
to ABE tetywvov med¢ 16 BET tetywvov, ottw>o 16 ZHA 
totywvov med¢ 10 HAO tolywvoy, xal EvadrAce aco 10 ABE 
totywvov med¢ 10 ZHA telywvov, oUtwo tO BET tetywvov 
Ted¢ TO HAO tetywvov. Ouotwc df de{Eouey EmTevyVerov 
tév BA, HK, 61 xal ac 16 BED tetywvov med¢ 16 AHO 
totywvov, oUtws TO ETA tetywvov mpd¢ t0 AOK tetywvov. 
xal net Eotty wc TO ABE toltywvov med¢ 10 ZHA tetywvov, 
otws TO EBL xpd¢ 16 AHO, xat Ett 16 ETA red¢ 16 AOK, 
nal W¢ doa Ev TOY NYOLUEVOY Teds EV THY ENOUEVWY, OUTWC 
ANavVTA Ta NYOWNEVA TEdS Amavta Ta ENdUEVA EoTI hoa 
a> T6 ABE tetywvov mpd¢ 16 ZHA tetywvov, ottw¢ TO 
ABLTAE nodvywvov med¢ t6 ZHOKA noAvywvov. GAAG TO 
ABE toetywvoyv med¢ 10 ZHA tetywvov dSitAactova Adyov 
éyet Heep 7 AB Ouddoyoc TAcuE& Ted¢ Thy ZH oudAoyov 
TAcueaVY’ TH YUE OUOLA Telywva Ev SimAcolow ADYW EoTl 
THY OUOAdYwY TAEUEGY. xal TO ABTAE dea noAvywvov 
med¢ T6 ZHOKA nodvywvov dinAaotova Aéyov Eyet Hnepe H 
AB ouddoyog TAcue& TEd¢ Thy ZH oydAoyov TAEvEdy. 

To toa SuoLa TOALYwva El¢ Te GUOLA Telywva Sroeettou 
xal el¢ loa to TAVOo “al OUdAOYA Tol¢ OAolc, xal TO 
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to triangle LH kK. Thus, the similar polygons ABCDE 
and FGHKL have been divided into equal numbers of 
similar triangles. 

I also say that (the triangles) correspond (in propor- 
tion) to the wholes. That is to say, the triangles are 
proportional: ABE, EBC, and ECD are the leading 
(magnitudes), and their (associated) following (magni- 
tudes are) FGL, LGH, and LHK (respectively). (1) also 
(say) that polygon ABC'DE has a squared ratio to poly- 
gon FGH K L with respect to (that) a corresponding side 
(has) to a corresponding side—that is to say, (side) AB 
to FG. 

For let AC and F'H have been joined. And since angle 
ABC is equal to FGH, and as AB is to BC, so FG (is) to 
GH, on account of the similarity of the polygons, triangle 
ABC is equiangular to triangle FG'H [Prop. 6.6]. Thus, 
angle BAC is equal to GF'H, and (angle) BCA to GHF. 
And since angle BAM is equal to GFN, and (angle) 
ABM is also equal to FG (see earlier), the remaining 
(angle) AM B is thus also equal to the remaining (angle) 
FNG [Prop. 1.32]. Thus, triangle ABM is equiangular 
to triangle FG'N. So, similarly, we can show that triangle 
BMC is also equiangular to triangle GNH. Thus, pro- 
portionally, as AM is to MB, so F'N (is) to NG, and as 
BM (is) to MC, so GN (is) to NH [Prop. 6.4]. Hence, 
also, via equality, as AM (is) to MC, so F'N (is) to NH 
[Prop. 5.22]. But, as AM (is) to MC, so [triangle] ABM 
is to MBC, and AME to EMC. For they are to one an- 
other as their bases [Prop. 6.1]. And as one of the leading 
(magnitudes) is to one of the following (magnitudes), so 
(the sum of) all the leading (magnitudes) is to (the sum 
of) all the following (magnitudes) [Prop. 5.12]. Thus, as 
triangle AMB (is) to BMC, so (triangle) ABE (is) to 
CBE. But, as (triangle) AM B (is) to BMC, so AM (is) 
to MC. Thus, also, as AM (is) to MC, so triangle ABE 
(is) to triangle EBC. And so, for the same (reasons), as 
FN (is) to NH, so triangle FGL (is) to triangle GLH. 
And as AM is to MC, so F'N (is) to NH. Thus, also, as 
triangle ABE (is) to triangle BEC, so triangle FGL (is) 
to triangle GLH, and, alternately, as triangle ABE (is) 
to triangle FG, so triangle BEC (is) to triangle GLH 
[Prop. 5.16]. So, similarly, we can also show, by joining 
BD and GK, that as triangle BEC (is) to triangle LGH, 
so triangle ECD (is) to triangle LH kK. And since as tri- 
angle ABE is to triangle FGL, so (triangle) EBC (is) 
to LGH, and, further, (triangle) ECD to LH K, and also 
as one of the leading (magnitudes is) to one of the fol- 
lowing, so (the sum of) all the leading (magnitudes is) to 
(the sum of) all the following [Prop. 5.12], thus as trian- 
gle ABE is to triangle FGL, so polygon ABCDE (is) to 
polygon FGH KL. But, triangle ABE has a squared ratio 


177 


STOIXEION ¢’. 


TOAVYWVOY TEds TO TOALYWVOV SiTAAGlova AOyoy Exel Aree 
1 OUdAOYOS TAEUES TESS THY OUdAOYOYV TACLEdy [STEP Ede 
detEau]. 


IIde1cua. 

‘Qoabtws b€ xal Ext tv [Ouoiwv] tetearrAcboewv SerydY- 
OETA, OTL EV SimAKotow Adyw Elol T&v OYOASYwv TAEUESSY. 
edety0n SE ual el Tv Teryavwv Gote xal xaIdrAov TH 
duota cvObypAUA oyhUaTta TMedc GAANAA Ev SiTAaciow 
AOYw Elol Tv OUOADYwV TAEUEGY. Step Eder SetEa. 


, 
a0 
Ta 16 avt@ evuduyedue Ouola xol aAANAOIc EoTly 
OUOLE. 


"Eotw yoo exdtepov tv A, B ed0uyeduuwv 16 TP 
duotov’ Aéyw, dtr xa TO A 16 B Eotw duotov. 

‘Enel yao Suotdv got, 10 A 16 T, iooyawdy té Eottw 
AdTES Kal Tac TEPl Ta loag Ywvlag TACVEAC aAVdAOYOV EXEL. 
TUAW, ETMel OuoLov cot, TO B 16) I, tooyowdv té eotw 
adTES Kal Tac TEPl Ta loag Ywvlag TACUVEdC aAVdAOYOV EXEL. 
exctepov doa tév A, B 16) T iooymudv té got xol tae 
Teel tac toa Ywviacg mAcUpaS &vdAOVOV Exel [ote xal TO 
A t@ B tooywwdy té gott “al tag mepl tac toug ywviac 
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to triangle FG'L with respect to (that) the corresponding 
side AB (has) to the corresponding side FG. For, similar 
triangles are in the squared ratio of corresponding sides 
[Prop. 6.14]. Thus, polygon ABC DE also has a squared 
ratio to polygon FGHK L with respect to (that) the cor- 
responding side AB (has) to the corresponding side F'G. 

Thus, similar polygons can be divided into equal num- 
bers of similar triangles corresponding (in proportion) to 
the wholes, and one polygon has to the (other) polygon a 
squared ratio with respect to (that) a corresponding side 
(has) to a corresponding side. [(Which is) the very thing 
it was required to show]. 


Corollary 


And, in the same manner, it can also be shown for 
[similar] quadrilaterals that they are in the squared ratio 
of (their) corresponding sides. And it was also shown for 
triangles. Hence, in general, similar rectilinear figures are 
also to one another in the squared ratio of (their) corre- 
sponding sides. (Which is) the very thing it was required 
to show. 


Proposition 21 


(Rectilinear figures) similar to the same rectilinear fig- 
ure are also similar to one another. 


Let each of the rectilinear figures A and B be similar 
to (the rectilinear figure) C’. I say that A is also similar to 
B. 

For since A is similar to C, (A) is equiangular to (C), 
and has the sides about the equal angles proportional 
[Def. 6.1]. Again, since B is similar to C, (B) is equian- 
gular to (C), and has the sides about the equal angles 
proportional [Def. 6.1]. Thus, A and B are each equian- 
gular to C, and have the sides about the equal angles 
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STOIXEION ¢". 


TAEUEaC KvaAOYoY Exel]. dYOLov doa Eotl tO A té5 Be Sree 
edet Seicau. 


xB". 

‘Edy técoapes cuveta avédoyov Gow, xal Ta an’ HUTESY 
evViyouuUa OUoLd Te xal OUOlwWc dvayeypAUUEeva avddoyov 
EoTa KAY TA aN AUTHY eLIUYPAUUA GUOLd TE Kol OLOIWC 
AVOAVEYPUUNEVA AVGAOYOV Fj, Xal AUTO a cUVEtan dvdAoYov 
EOOVTAL. 


K 


ol M 
ae) 


"Eotwoay técoapec cvVeia avdédoyov at AB, TA, EZ, 
HO, a¢ 7 AB ned¢ thy TA, obtw¢ 7 EZ ned¢ thy HO, xa 
avayeyed~twouy and yev tv AB, TA déyoid te xal Ootwe 
xetueva evtbyoauya ta KAB, APA, and dé tv EZ, HO 
OUOLa TE Kal OMOlW KEtLEva cUDUYEaUA TH MZ, NO: Aéyoo, 
ou Eotlv we TO KAB med¢ tO ATA, ottwe T6 MZ apd¢ tO 
NO. 

E’A@0w yao tév ev AB, TA teitn avédoyov 7 &, tév 
dé EZ, HO teitn avadoyov n O. nal Enet Eotw wo uev A AB 
med¢ thy TA, ottw¢ 7 EZ npd¢ thy HO, we dé ATA med¢ 
Thy &, ottw¢o 7 HO med¢ thy O, dv toov doa Eotlv wc 7 
AB ned¢ thy =, obtwo WH EZ npd¢ thy O. GA’ wo ev H 
AB xpd thy J, ottwe [xat] t KAB med¢ tO ATA, a 5 
1 EZ nedc thy O, ott T6 MZ red¢ 16 NO: xal Wc tow 
tO KAB med¢ 16 ATA, ottwo 16 MZ npd¢ 10 NO. 

Add dH Eotw @¢ TO KAB red¢ 10 ATA, odtw¢ T6 MZ 
med¢ tO NO- AEyw, Sti EotL xal wc H AB apd¢ tHy TA, 
odtw> W EZ npdc thy HO. ci yao uh eotw, wc 7 AB med¢ 
thy TA, obtw¢ A EZ ned¢ thy HO, éotw wo H AB med¢ thy 
TA, ottw¢o 7 EZ npd¢ thy IP, xai avayeyeapdw and tic 
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proportional [hence, A is also equiangular to B, and has 
the sides about the equal angles proportional]. Thus, A 
is similar to B [Def. 6.1]. (Which is) the very thing it was 
required to show. 


Proposition 22 


If four straight-lines are proportional then similar, and 
similarly described, rectilinear figures (drawn) on them 
will also be proportional. And if similar, and similarly 
described, rectilinear figures (drawn) on them are pro- 
portional then the straight-lines themselves will also be 
proportional. 


AA 


i = 


7x 


S 
Ed 
Q R 


Let AB, CD, EF, and GH be four proportional 
straight-lines, (such that) as AB (is) to CD, so EF (is) 
to GH. And let the similar, and similarly laid out, rec- 
tilinear figures kK AB and LCD have been described on 
AB and CD (respectively), and the similar, and similarly 
laid out, rectilinear figures MF and NH on EF and GH 
(respectively). I say that as K AB is to LCD, so MF (is) 
to NH. 

For let a third (straight-line) O have been taken 
(which is) proportional to AB and CD, and a third 
(straight-line) P proportional to EF and GH [Prop. 6.11]. 
And since as AB is to CD, so EF (is) to GH, and as CD 
(is) to O, so GH (is) to P, thus, via equality, as AB is to 
O, so EF (is) to P [Prop. 5.22]. But, as AB (is) to O, so 
[also] Kk AB (is) to LCD, and as EF (is) to P, so MF 
(is) to NA [Prop. 5.19 corr.]. And, thus, as k AB (is) to 
LCD, so MF (is) to NH. 

And so let K AB be to LCD, as MF (is) to NH. I say 
also that as AB is to CD, so EF (is) to GH. For ifas AB 
is to CD, so EF (is) not to GH, let AB be to CD, as EF 
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STOIXEION ¢’. 


IIP onotépw tév MZ, NO duotdy te xa Ouotwc xelyevov 
evtbyeuuuoyv TO UP. 

‘Enel ov gotw wo 7 AB npdc¢ thy TA, owe 7 EZ 1ed¢ 
thy IP, xat avayéypantou and ev tv AB, TA duos te 
xal Ouotwc xetueva ta KAB, ATA, ano dé tév EZ, IIP 
Ould TE Kal OUOlwc xelueva Ta MZ, UP, gotw wea we TO 
KAB med¢ 16 ATA, ottw>o 16 MZ npd¢ 16 UP. brdxertH 
dé xal Gc TO KAB red¢ 16 ATA, otttwc t6 MZ xpd¢ 10 
NO: xal wc doa tO MZ med¢ to UP, ottwo tO MZ ned¢ 
to NO. 16 MZ dea ned¢ Exdtepov tév NO, UP tov abvtov 
éyet Adyov: toov dea Eott TO NO 165 UP. ~ot be aute xa 
OUOLOV xa OUOlwWs xetuevov: ton doa nN HO tH NP. xal enet 
gow a> 7 AB nedc thy TA, odtw¢ H EZ ned¢ thy HP, ion 
dé 4 IP tH HO, éotw dea wo AH AB npd¢ thy TA, odtw< H 
EZ redc thy HO. 

"Edy doa técoapes ev¥eian avéAoyoy Gow, xol Ta aN 
avTody cvddyeoUUA SUoLd TE xal OUOlWS avayEyPAULLEVa 
avédoyoy gota xav Ta an’ aUT&Y evLOvypaUK SUOLd TE 
xal ONOlWG AVAYEYEAUUEVa avaAOYo F, xo ADT at eLDEtou 
a&véroyov Eoovta’ Step Eder SetEan. 
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(is) to QR [Prop. 6.12]. And let the rectilinear figure SR, 
similar, and similarly laid down, to either of MF or NH, 
have been described on QR [Props. 6.18, 6.21]. 

Therefore, since as AB is to CD, so EF (is) to QR, 
and the similar, and similarly laid out, (rectilinear fig- 
ures) kK AB and LCD have been described on AB and 
CD (respectively), and the similar, and similarly laid out, 
(rectilinear figures) MF and SR on EF and QR (re- 
sespectively), thus as K AB is to LCD, so MF (is) to 
SR (see above). And it was also assumed that as K AB 
(is) to LCD, so MF (is) to NH. Thus, also, as MF (is) 
to SR, so MF (is) to NH [Prop. 5.11]. Thus, MF has 
the same ratio to each of NH and SR. Thus, NA is equal 
to SR [Prop. 5.9]. And it is also similar, and similarly laid 
out, to it. Thus, GH (is) equal to QR.' And since AB is 
to CD, as EF (is) to QR, and QR (is) equal to GH, thus 
as AB is to CD, so EF (is) to GH. 

Thus, if four straight-lines are proportional, then sim- 
ilar, and similarly described, rectilinear figures (drawn) 
on them will also be proportional. And if similar, and 
similarly described, rectilinear figures (drawn) on them 
are proportional then the straight-lines themselves will 
also be proportional. (Which is) the very thing it was 
required to show. 


+ Here, Euclid assumes, without proof, that if two similar figures are equal then any pair of corresponding sides is also equal. 


ny’. 

Te iooyOwa NAPAAANAOY PAULA TEOS GAANAA AOVov EXEL 
TOY OUYXEIUEVOV EX TOY TAEUPOSY. 

"How isooyavua mapakAnrdypauya tae AD, PZ tony 
éyovta thy Uno BPA yoviay tj Und ETH: Aéyo, 611 tO AP 
TAPMAANAOYEAULOYV TeO¢ TO TZ rapakAnddyeayov Advov 
EXEL TOV OVYXELEVOY EX THY TAEUEOY. 

Ketodw yuo dote en’ evdeiac ctvar thy BY tH TH: én’ 
evvetac doa éotl xat 7 AT tH TE. xai ovunetAnooodw tO 
AH raparAnroyeauyov, xat exxetodw tic cudeta n K, xa 
yeyovétw a¢ wev 1 BI nodc thy TH, ottw¢ HK med¢ thy 
A, @¢ é W AT npd¢ thy TE, ottw¢ HA med¢ thy M. 

Ot dea Adyou tic te K moed¢ thy A xal tic A med¢ 
thy M ot avtot clot toic Adyolc Tév TAcUedéy, TH¢ te BL 
medc¢ thy TH xol tic AT med¢ thy TE. aX’ 6 tic K med¢ 
M ddyog ovyxetta Ex te tot tic K mpd¢ A Adyou xa 
tov tic A medg M: dote xat A K ned thy M Adyov Eyer 
Tov ovyxeiuevoy Ex Tév TACUEGY. xal Emel Cot wc H BI 
med¢ thy TH, ottwco 160 ALT napadkAndAdypauov med¢ tO 
TO, AV’ @¢ 7 BI ned¢ thy TH, otto A K med thy A, 
nal ac doa A K nedc thy A, otto 16 AT npd¢ 16 TO. 
ToAW, énet Eotw wo n AT npdc¢ thy TE, ottw¢ 16 TO roe 
eorAnrdypaumoyv med¢ TO TZ, GAA’ wo 7 AT red¢ thy TE, 


Proposition 23 


Equiangular parallelograms have to one another the 
ratio compounded! out of (the ratios of) their sides. 

Let AC and CF be equiangular parallelograms having 
angle BC'D equal to ECG. I say that parallelogram AC 
has to parallelogram CF the ratio compounded out of 
(the ratios of) their sides. 

For let BC be laid down so as to be straight-on to 
CG. Thus, DC is also straight-on to CE [Prop. 1.14]. 
And let the parallelogram DG have been completed. And 
let some straight-line AK have been laid down. And let it 
be contrived that as BC (is) to CG, so K (is) to L, and 
as DC (is) to CE, so L (is) to M [Prop. 6.12]. 

Thus, the ratios of K to L and of L to M are the same 
as the ratios of the sides, (namely), BC to CG and DC 
to CE (respectively). But, the ratio of K to M is com- 
pounded out of the ratio of kK to L and (the ratio) of L 
to M. Hence, K also has to M the ratio compounded 
out of (the ratios of) the sides (of the parallelograms). 
And since as BC is to CG, so parallelogram AC (is) to 
CH [Prop. 6.1], but as BC (is) to CG, so K (is) to L, 
thus, also, as K (is) to L, so (parallelogram) AC (is) to 
CH. Again, since as DC (is) to CE, so parallelogram 
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odtws 7 A Teds thy M, xol ac doa H A med¢ THY M, ovtw- 
tO TO naparAnrddyeauwoyv med¢ TO TZ napadkAnrAdyoeauuoy. 
énel odv edelyOn, ac ev 7 K med¢ thy A, ottwo 160 AT 
TUEMAANAOYEAULOV TEOS TO TO naparAnAdyYeaUMoy, wc O€ 
n A ned¢ thy M, ota 16 TO raparAnddyeauov med¢ TO 
TZ naparAnrdoyeauuoy, 5.’ toov dea cotiv ac AK med¢ thy 
M, odtwe 16 AT med¢ 16 TZ napadkAnddypauyov. 7 dé K 
Ted¢ Thy M dAdyov Eyet Tov ouyxeiuevoyv ex Tv TAEUEOY: 
xal to AD doa ned¢ 16 TZ Adyov Eyer tov ovyxeivevov ex 
TOV TAEUEY. 


Kr—S 
J 


M 1 


E Zi 
Ta doa looyava TAPMAANAOYEAUUA TOS GAANAa Adyov 
éyet TOV oUYxElEvoy Ex Tv TAEUEGY’ Omep Eder Seigau. 


+ In modern terminology, if two ratios are “compounded” then they are 
x0. 

Tlavtog napadkAndoyeduuou Ta Teel THY SIdUETEOV Ta- 
CXAANACY PALMA COMO EOTL TES TE GA xall GAATAOLC. 

"Hot taoadAnkoyeauuov tO ABTA, Sdidueteoc dé 
avtot 7 AL, repli dé thy AT napadAnrddyeayya Eotw Te EH, 
OK: dEyw, 6tt Exdtepoy tév EH, OK rapadrdnroyeduuav 
duotdyv Eott dAw 16 ABLA xa wAAAotc. 

‘Enel yoo totymvov tod ABT nap& lav tév mAcupéiv 
ty BI fxta ny EZ, avédoyéyv cotw ac n BE medc thy 
EA, ottw¢ 7 PZ med¢ thy ZA. nddw, enel teryo@vou tod 
ATA nape piav thy TA xt 7 ZH, avérhoydyv Eotw wo H 
TZ npd¢ thy ZA, otwo HA AH mpdc thy HA. WA’ we 4 
TZ ned¢ thy ZA, ovtw¢ edetydn xal 7 BE nmpd¢ thy EA: 
xal mo doa i BE noedc thy EA, ottwco A AH med¢ thy 
HA, xat ovwévtt dea wc n BA medc AE, ottw> 71 AA 
medcg AH, xol EvarkraE ac A BA mpd¢ thy AA, ottwo 
EA medc¢ thy AH. tév don ABLA, EH rapadAnroyeduuov 
avedoydoy clow at TAcueal ot MEel THY xoWNY Ywviay Thy LTO 
BAA. xol énel napddAndds cotw 4 HZ tH AT, ton Eotiv 
n wev bnO AZH ywvia tH Und ATA: xol xowrh tHv dv0 
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CH (is) to CF [Prop. 6.1], but as DC (is) to CE, so L 
(is) to M, thus, also, as L (is) to M, so parallelogram 
CH (is) to parallelogram CF. Therefore, since it was 
shown that as Kk (is) to L, so parallelogram AC (is) to 
parallelogram CH, and as L (is) to M, so parallelogram 
CH (is) to parallelogram CF, thus, via equality, as K is 
to M, so (parallelogram) AC (is) to parallelogram CF 
[Prop. 5.22]. And K has to M the ratio compounded out 
of (the ratios of) the sides (of the parallelograms). Thus, 
(parallelogram) AC also has to (parallelogram) C’F the 
ratio compounded out of (the ratio of) their sides. 


A D 


L -—— 


M 


E F 
Thus, equiangular parallelograms have to one another 
the ratio compounded out of (the ratio of) their sides. 
(Which is) the very thing it was required to show. 


multiplied together. 


Proposition 24 


In any parallelogram the parallelograms about the di- 
agonal are similar to the whole, and to one another. 

Let ABCD be a parallelogram, and AC its diagonal. 
And let EG and HK be parallelograms about AC. I say 
that the parallelograms EG and HK are each similar to 
the whole (parallelogram) ABCD, and to one another. 

For since EF has been drawn parallel to one of the 
sides BC of triangle ABC, proportionally, as BE is to 
EA, so CF (is) to F’'A [Prop. 6.2]. Again, since F'G has 
been drawn parallel to one (of the sides) C'D of trian- 
gle ACD, proportionally, as CF is to F'A, so DG (is) to 
GA [Prop. 6.2]. But, as CF (is) to F'A, so it was also 
shown (is) BE to HA. And thus as BE (is) to EA, so 
DG (is) to GA. And, thus, compounding, as BA (is) to 
AE, so DA (is) to AG [Prop. 5.18]. And, alternately, as 
BA (is) to AD, so EA (is) to AG [Prop. 5.16]. Thus, 
in parallelograms ABCD and EG the sides about the 
common angle BAD are proportional. And since GF is 
parallel to DC, angle AFG is equal to DCA [Prop. 1.29]. 
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toryovey tév AAT, AHZ A tnd AAT yovia iscoyawov 
&ea gott T0 AAT toelywvov 16 AHZ tetyove. did ta adTH 
df xal tO AT'B tetywvov iscoyoudéy cot 16 AZE teryove, 
xal drkov TO ABLA rapadAnddyeauuoy 6 EH rapaAdn- 
OYESUU® looyavdy EotW. avdAOYOV dpa Eotiv wc 7H AA 
med¢ thy AT, odtwo 7 AH nedc thy HZ, we be H AT ned¢ 
thy TA, obtw>o 1 HZ npdc¢ thy ZA, wo Se H AT med¢ thy 
TB, ottwo 7 AZ npd¢ thy ZE, xol Ett wo 7 TB med¢ thy 
BA, ottw¢ 7 ZE med¢ thy EA. xat Enel edetyDn we ev 
n AT npd¢ thy TA, ottw>o n HZ npd¢ thy ZA, wo dé H 
AT xed¢ thy TB, ottwo 7 AZ ned¢ thy ZE, dv toou dea 
éotlv wo W AT rod¢ thy TB, otto 1 HZ med¢ thy ZE. 
tév doa ABLA, EH rapaddnrkoyeduuwy dvédoyov ciow 
at TAEUVEA al Meel Tac toc Ywviac: Suolov dea Eotl TO 
ABIA ropadrAnroypéuuov 16 EH napadAnrdoyeduuw. Sid 
TH KUTA 67, TO ABTA raparAnrdyeauov xol 16 KO ra- 
COAANAOYESUUG OUOLOV EoTIV’ Exctepov doa Tv EH, OK 
TaowhAnroyeduuwv 6 ABTA [naparkrAnroyed&uuw] duordv 
COTW. TH OE TE AUTE ELDUYEdUUGM SUOLA Xa GAAHAOIC EoTly 
uote xal TO EH tow napadAnrdyeayov 6) OK rapadAn- 
AOYESUUG OWOLOV EOTW. 


A EB B 


A K i 
Tlavto¢ doa TaparhAnroyeduou Ta Teel Thy SiduUETeOV 
TUOMKAANAOY POUULA GUO EOTL TE TE Aw ual GAAAAOLC’ OTEE 
Edet Scieau. 
xe. 
Té dovdevt cvVuyeduu@ Syowov xa GAA@ TE SodEvTL 
foov TO aVTO oVoTHoAoVaL. 
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And angle DAC (is) common to the two triangles ADC 
and AGF’. Thus, triangle ADC is equiangular to triangle 
AGF [Prop. 1.32]. So, for the same (reasons), triangle 
ACB is equiangular to triangle AF'E, and the whole par- 
allelogram ABCD is equiangular to parallelogram EG. 
Thus, proportionally, as AD (is) to DC, so AG (is) to 
GF, and as DC (is) to CA, so GF (is) to FA, and as AC 
(is) to CB, so AF (is) to F'E, and, further, as CB (is) 
to BA, so FE (is) to EA [Prop. 6.4]. And since it was 
shown that as DC is to C'A, so GF (is) to FA, and as 
AC (is) to CB, so AF (is) to FE, thus, via equality, as 
DC is to CB, so GF (is) to FE [Prop. 5.22]. Thus, in 
parallelograms ABCD and EG the sides about the equal 
angles are proportional. Thus, parallelogram ABCD is 
similar to parallelogram EG [Def. 6.1]. So, for the same 
(reasons), parallelogram ABCD is also similar to par- 
allelogram KH. Thus, parallelograms EG and HK are 
each similar to [parallelogram] ABCD. And (rectilin- 
ear figures) similar to the same rectilinear figure are also 
similar to one another [Prop. 6.21]. Thus, parallelogram 
EG is also similar to parallelogram HK. 


A E B 


D K C 


Thus, in any parallelogram the parallelograms about 
the diagonal are similar to the whole, and to one another. 
(Which is) the very thing it was required to show. 


Proposition 25 


To construct a single (rectilinear figure) similar to a 
given rectilinear figure, and equal to a different given rec- 
tilinear figure. 
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NES 
itd 


K 
H (3) 
M 


"Hot tO uev dovev evudUypauov, @ Set duoLov 
ovotyjoaovat, To ABI, 6 Se Set foov, tO A> Set BY 16 
uev ABI duotov, 16 5¢ A ioov 16 av16 cVoTIoaoVan. 

TlopoBeBAhodw yuo naok wév thy BI 16 ABM toryoves 
fooyv napahAnrAdyeauov TO BE, napd dé thy TE 14 A toov 
TApMAANAOYeauUOV TO TM ev yewvig tH Ono ZPE, 4 cotw 
ton tH Und TBA. én’ cdVetac dou cotiv H Uev BE tH TZ, 
dé AE tf EM. xal ciAjpdu tév BI, [TZ yéon avédoyov H 
HO, xai dvayeyedpdw and tij¢ HO 165 ABT Suotdv te xa 
Ouotws xetUevov TO KHO. 

Kal énet cotty wo A BI red¢ thy HO, ovtwc n HO 
med¢ thy TZ, eaxv b€ teeic cvdeta avédoyov Gow, Eottw 
OS YH TE@TH TEd¢ THY TeitHY, OUTWS TO AMO Tic TEWTNS 
eldo0¢ Ted TO UNO Tic SEUTEPUC TO GUOLOV xal OUOLWS dva- 
yeapduevoyv, gotw goa wo Hn BI nedc thy PZ, ottwe to 
ABP tetywvov med¢ 16 KHO tetywvov. dhAd xal Oc 7 BP 
meds THY TZ, ovtw¢ 10 BE napadAnddypayov Ted TO EZ 
TAUPAAANAGYEAUOV. xal ac doa tO ABI’ tetywvov med¢ TO 
KHO tetywvov, otwo TO BE napakAnrAdyeauWoy Ted¢ TO 
EZ raparrAnrdypaumov’ EvarrAce doa ae to ABIL tetywvov 
Ted¢ TO BE napadrAnAdyeauuov, oOUtTwWs TO KHO tetywvov 
med¢ TO EZ napadkAndAdypauwoy. toov dé to ABT tetywvov 
16) BE napadAnAoyeduua’ toov dea xol T0 KHO tetywvov 
16) EZ roapadAnroyedua. GAAd TO EZ napadkAnAdyeauoyv 
ta) A éotw toov: xai tT KHO &a 16 A Eotw ioov. got 
dé to KHO xai 16 ABP duotov. 

T6 dea Sodevt cbDUypduU® 16 ABI duotov xal GAAW 
t& Sovdevtu 16 A toov 16 adtd ovvéotata tO KHO: bree 
Edel TOO. 


XT. 

"EQY GO TAPOAANAOYEGUUOL TAPAAANADYPALLOV dUCpotl- 
cedf, GuoLdy te TE GAw nal OUolwe xetuevoyv xXoLV Yuviov 
EYOV KUTES, MEEl THY MUTHY SidETEdV EOTL TH OAW. 

Ano yoo TapAhAnAoyeduoV tod ABTA naparAnrdyea- 
uov apnerjodw tO AZ dyowv 6 ABA xol oyotwc 
xetuevov xowny yoviay Eyov aut thy Und AAB: déyoo, 
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A 
D 
B C 
/ / G H 
L E M 

Let ABC be the given rectilinear figure to which it is 
required to construct a similar (rectilinear figure), and D 
the (rectilinear figure) to which (the constructed figure) 
is required (to be) equal. So it is required to construct 
a single (rectilinear figure) similar to ABC, and equal to 
Dz 

For let the parallelogram BE, equal to triangle ABC, 
have been applied to (the straight-line) BC [Prop. 1.44], 
and the parallelogram C'M, equal to D, (have been ap- 
plied) to (the straight-line) CE, in the angle FCE, which 
is equal to CBL [Prop. 1.45]. Thus, BC is straight-on to 
CF, and LE to EM [Prop. 1.14]. And let the mean pro- 
portion GH have been taken of BC and CF [Prop. 6.13]. 
And let KGH, similar, and similarly laid out, to ABC 
have been described on GH [Prop. 6.18]. 

And since as BC is to GH, so GH (is) to CF, and if 
three straight-lines are proportional then as the first is to 
the third, so the figure (described) on the first (is) to the 
similar, and similarly described, (figure) on the second 
[Prop. 6.19 corr.], thus as BC is to CF, so triangle ABC 
(is) to triangle KGH. But, also, as BC (is) to CF, so 
parallelogram BE (is) to parallelogram EF [Prop. 6.1]. 
And, thus, as triangle ABC (is) to triangle KGH, so par- 
allelogram BE (is) to parallelogram EF. Thus, alter- 
nately, as triangle ABC (is) to parallelogram BE, so tri- 
angle KGH (is) to parallelogram EF [Prop. 5.16]. And 
triangle ABC (is) equal to parallelogram BE. Thus, tri- 
angle KGH (is) also equal to parallelogram EF. But, 
parallelogram E'F is equal to D. Thus, K GH is also equal 
to D. And KGH is also similar to ABC. 

Thus, a single (rectilinear figure) kK GH has been con- 
structed (which is) similar to the given rectilinear figure 
ABC, and equal to a different given (rectilinear figure) 
D. (Which is) the very thing it was required to do. 


Proposition 26 


If from a parallelogram a(nother) parallelogram is 
subtracted (which is) similar, and similarly laid out, to 
the whole, having a common angle with it, then (the sub- 
tracted parallelogram) is about the same diagonal as the 
whole. 

For, from parallelogram ABCD, let (parallelogram) 
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OTL TEol Thy aut Sidetedv cott TO ABTA 165 AZ. 


H 


A 


B Tr 


Mi yd0, GAd’ ei Suvatdyv, Eotw [avtédyv] Sideteoc 7H 
AOT, xai exBandeion A HZ sijydw ext 10 O, xat Hydw 
dia to © onopéea tév AA, BY rapdddndoc H OK. 

‘Enel obv nepl thy avthy Siduetedv gott TO ABTA 16 
KH, éotw doa we Ah AA red¢ thy AB, ottw>o 7 HA med¢ 
thy AK. got 5€ xal dud THY OYOLdTHTaA T&v ABLA, EH xa 
ac i AA ned¢ thy AB, ottwo 7 HA med¢ thy AE: xol we 
&ea NW HA nedc thy AK, ottwo 7 HA npd¢ thy AE. 7 HA 
dou Ted Exatéoav tTév AK, AE tov adtov Eyet Adyov. ton 
dea cotlvy n AE th AK h eAdttwv tH UeiCow Smee Eotiv 
ad0vatovV. OVX doa OVX EoTL MEEl THY MUTI SidLETeOV TO 
ABIA 16 AZ: regi thy avthy &pa Eotl Stdueteov T6 ABLA 
TAPHAANASCYPAULOV 16 AZ TopakAnroyeduue. 

"Edy dpa amd TaeparkANAOCYESUUOU TAEAAANAOCYEOULOV 
aparoseDf OuoLdv te TE SAW xa OUOlWc xElUEVoY XOLWY 
yuoviay Exov avTES, TEEl THY HUTYY SidETEdV EOTL TE Ode 
Onee Eder Seta. 


xO, 

Tldévtwv tév raed THY aUTHY cvVetav TapaBarAOUEVOv 
TUPUAANAOY PUNY Kal CAASITOVTWY ELSEOL MAEAAANAOY OGL- 
Wolcg OUOlOLc TE xal ONOlwWS XELEVOIC TE) AMO TH¢ Nutoetac 
Avayeupouevan UEYLOTSV EOTL TO AMO TH Nuloelac TAea- 
Baddduevov [taxMAnrdypayLoy] Suotoy dv té) EAA ctavTL. 

"Eotw evdeia 7 AB xal tetufodw diya xata to T, 
xal napaseBAjodw nao thy AB evVeiav 16 AA rapad- 
ANnAoYeaLWov E\Aetrov elder TaMAANAC edu 7 AB dvo- 
YOAPEVTL ONO Tic Nutoetac tig AB, toutéoti tij¢ PB: AEyoo, 
Ot TévIY tTHv Taek THY AB rapaBarAouevwy TApEAAAN- 
hoOYESUOYV xal EAAeimdvtIwv eldeor [NapHAANAoCYeEduUOIC] 
ouotoig te xal Ouotwe xeuevoic 6 AB yeytotdv Eott TO 
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AF have been subtracted (which is) similar, and similarly 
laid out, to ABCD, having the common angle DAB with 
it. Isay that ABCD is about the same diagonal as AF’. 


A G D 


B C 

For (if) not, then, if possible, let AHC be [ABCD’s] 
diagonal. And producing GF, let it have been drawn 
through to (point) H. And let Hk have been drawn 
through (point) H, parallel to either of AD or BC 
[Prop. 1.31]. 

Therefore, since ABCD is about the same diagonal as 
KG, thus as DA is to AB, so GA (is) to AK [Prop. 6.24]. 
And, on account of the similarity of ABC'D and EG,, also, 
as DA (is) to AB, so GA (is) to AF. Thus, also, as GA 
(is) to AK, so GA (is) to AF. Thus, GA has the same 
ratio to each of AK and AE. Thus, AF is equal to Ak 
[Prop. 5.9], the lesser to the greater. The very thing is 
impossible. Thus, ABCD is not not about the same di- 
agonal as AF’. Thus, parallelogram ABCD is about the 
same diagonal as parallelogram AF’. 

Thus, if from a parallelogram a(nother) parallelogram 
is subtracted (which is) similar, and similarly laid out, 
to the whole, having a common angle with it, then (the 
subtracted parallelogram) is about the same diagonal as 
the whole. (Which is) the very thing it was required to 
show. 


Proposition 27 


Of all the parallelograms applied to the same straight- 
line, and falling short by parallelogrammic figures similar, 
and similarly laid out, to the (parallelogram) described 
on half (the straight-line), the greatest is the [parallelo- 
gram] applied to half (the straight-line) which (is) similar 
to (that parallelogram) by which it falls short. 

Let AB be a straight-line, and let it have been cut in 
half at (point) C [Prop. 1.10]. And let the parallelogram 
AD have been applied to the straight-line AB, falling 
short by the parallelogrammic figure DB (which is) ap- 
plied to half of AB—that is to say, C'B. I say that of all 
the parallelograms applied to AB, and falling short by 
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AA. rapaBeBrnodw yao tap&é thy AB ev0ciav 16 AZ roe 
CXrAANACYPAUMOY EAAEinoy eldeL TaPAhANAOYEdUUW 6 ZB 
Ouotw te xal ONOiws xetwevw 16 AB- AEyw, 6tt UEiTdv EotL 
to AA tot AZ. 


A 


A rT eK B 


‘Enel yuo Suotdv gott TO AB rapadAnddyeauuoy 16 ZB 
TUPUAANAOYEUUNG, Teel THY AUTH Elot SideToov. Hydw 
autdy didueteoc 7 AB, xal xatwyeyedp~dw TO oyfuca. 

‘Exel obv toov cott to TZ 16) ZE, xowov s& to ZB, 
Ohov doa T0 TO dAw 165 KE eotw toov. chad to TO 65 
TH éotw toov, énet xol 1 AL 17 TB. xol 16 HD doa 16 EK 
got toov. xowdv meooxetodw t6 TZ: ddov doa t6 AZ t65 
AMN yveyovt gotw toov: dote T6 AB rapakAnrdyeauuoy, 
toutéott T0 AA, tot AZ rapadAnroyeduuou usi@ov got. 

Ilévtwv doa Tv Tape Thy avTAY evVEtav maoaBaA- 
AOVEVWY TOHCKAANAOYESUUOY Kol EAACLTOVTUV ELSEOL TAOAA- 
AnAoyeduotc Ouotoic Te xa OUOlwe KELIWEVOLC TH AO THc 
NULociag avarypapouevan UEYLOTOYV EOTL TO ATO THi¢ NULoelac 
rapapAnvev dmep Eder Seigau. 


x1) - 

Tloe& thy doveioay cvdeiav 16 dodevtr cbdUYEduUY 
foov TaparAnddyeauov mapaareiv eAAcimov elder To- 
CPXAANACYEGUUG Ouotw TE SovEevTL Set SE TO SSdUEVOV 
ev0vyeauLov [6 det toov napoBarciv] uh uciTov eivan tod 
&NO Tis Hulostac dvaryeupouevou ovotov t6 EhAeiuyatt [tod 
TE UNO TY}¢ Hutoelac xal G Set duotov EAActrew]. 

"Eota YH yev dovdeion eddeia y AB, 10 dé dodEv 
evduyeauuov, @ det foov nap& thy AB napaBareiv, to DT uj 
ueiCov [dv] tot &nod tic Huwostac tic AB dvayeapouevou 
ouotov 1 edAcivvatt, dé Set Guotoy EdAeinetv, 10 A’ Set OF} 
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[parallelogrammic] figures similar, and similarly laid out, 
to DB, the greatest is AD. For let the parallelogram AF 
have been applied to the straight-line AB, falling short by 
the parallelogrammic figure FB (which is) similar, and 
similarly laid out, to DB. I say that AD is greater than 


AF. 
D E 


Ni |g 


Q 


A C K B 


For since parallelogram DB is similar to parallelo- 
gram F'B, they are about the same diagonal [Prop. 6.26]. 
Let their (common) diagonal DB have been drawn, and 
let the (rest of the) figure have been described. 

Therefore, since (complement) CF is equal to (com- 
plement) FE [Prop. 1.43], and (parallelogram) F'B is 
common, the whole (parallelogram) CH is thus equal 
to the whole (parallelogram) KE. But, (parallelogram) 
CH is equal to CG, since AC (is) also (equal) to CB 
[Prop. 6.1]. Thus, (parallelogram) GC is also equal 
to Ek. Let (parallelogram) CF have been added to 
both. Thus, the whole (parallelogram) AF’ is equal to 
the gnomon LM N. Hence, parallelogram DB—that is to 
say, AD—is greater than parallelogram AF’. 

Thus, for all parallelograms applied to the same 
straight-line, and falling short by a parallelogrammic 
figure similar, and similarly laid out, to the (parallelo- 
gram) described on half (the straight-line), the greatest 
is the [parallelogram] applied to half (the straight-line). 
(Which is) the very thing it was required to show. 


Proposition 28" 


To apply a parallelogram, equal to a given rectilin- 
ear figure, to a given straight-line, (the applied parallel- 
ogram) falling short by a parallelogrammic figure similar 
to a given (parallelogram). It is necessary for the given 
rectilinear figure [to which it is required to apply an equal 
(parallelogram)] not to be greater than the (parallelo- 
gram) described on half (of the straight-line) and similar 
to the deficit. 

Let AB be the given straight-line, and C the given 
rectilinear figure to which the (parallelogram) applied to 
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Tad tiv SoVEioay cdVeiav thy AB 16 dodEevt ebdLYEduUUY 
16) T toov napadAnroyeayov naoaBadeiv chAetrov etdet To 
CHXAANACYESUUG OUotw Svtt To A. 


K N 

Tetyjotw yn AB diya xate tO E onyeiov, xal dva- 
yeyedp0u and tic EB 16 A dyotov xol Ouotwe xetuevov 
to EBZH, xol ouunerAnomote 10 AH napakAnrdoyeauoy. 

Et yév ov tooy éott to AH 16 T, yeyovoc dv etn 16 Emt- 
tayBev: TapaBEBAnta yuo Tapa thy Sovdeioay evdetav try 
AB 76 Sodeve evOLYEdUUH TH TP toov naparAnrdyeauWov 
to AH éddginoy cider napadAnroyeduue 6) HB oot dvtt 
ta) A. ei 5€ 0, uciZov Eotw 160 OE tod LT. ioov 5 16 OE 
16 HB: uciFov doa xat to HB tot LT. & dh ysiZov Eotr 
to HB tot T, tavty tH bnepoyfj toov, 16 be A duotov xa 
Ouolws xeiuevoy TO aVTO OUVeoTaTW TO KAMN. aku to A 
t6 HB [gott] duotov: xal tO KM dpa té5 HB eotw dyotov. 
gota odv OudAOyos H Uev KA th HE, 7 Se AM ti HZ. 
ual nel toov gotl 10 HB toic I, KM, yeiCov dea eotl tO 
HB tot KM: ueiwv dea gotl xal y uev HE tic KA, 4 5€ 
HZ tijc AM. xetodw tH yev KA ton 7 HE, 17 5 AM ion 
n HO, xal ouunerAnowotu to ZHOIL naparAnrdyeauov: 
toov goa xal duotov cott [tO HIT] 16 KM [da tO KM 765 
HB éyotdy Eotw]. xal 16 HIT dea té5 HB dyody Eotw: repli 
THY aUThy dow Siduetedv Eott to HIT 165 HB. Eotw autéiv 
diduetooc H HIIB, xal xatayeyodedu TO oyfua. 

‘Exel obv toov gotl tO BH toic T, KM, v to HII 165 
KM éotw tooy, Aoind¢ dea oO TX yvouwv Aoind) 16) T too 
éotly. xal Emel loov Eotl TO OP 16 =U, xowov roeooxeiodu 
tO IIB: ddov doa T0 OB Odw 165 EB tooy Eottv. GAAG TO ZB 
16 TE ow toov, énel xa mAcved 7 AE nAcup& tH EB cotw 
lon xal tO TE doa 165 OB eotw toov. xowov reooxciotu 
TO EX Gdov doa TO TX Aw 16 OXT yvauovi cot toov. 
OA” 0 OXT yrauwv 165 T edetyOn tooc: xal t6 Th tow 65 
T eotw toov. 

Ilaok thy SoV0eioay dou edveiav thy AB 16 SodEvT: 
evduyeduua 16 TP toov napadkAnddypauuoy napaSeBAntou 
tO UT EdAcinov elder rapaAANnAoyeduua 16 ITB ouotw dvtt 
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AB is required (to be) equal, [being] not greater than 
the (parallelogram) described on half of AB and similar 
to the deficit, and D the (parallelogram) to which the 
deficit is required (to be) similar. So it is required to apply 
a parallelogram, equal to the given rectilinear figure C,, to 
the straight-line AB, falling short by a parallelogrammic 
figure which is similar to D. 

H G 


K N 

Let AB have been cut in half at point F [Prop. 1.10], 
and let (parallelogram) E.BFG, (which is) similar, and 
similarly laid out, to (parallelogram) D, have been de- 
scribed on EB [Prop. 6.18]. And let parallelogram AG 
have been completed. 

Therefore, if AG is equal to C then the thing pre- 
scribed has happened. For a parallelogram AG, equal 
to the given rectilinear figure C’, has been applied to the 
given straight-line AB, falling short by a parallelogram- 
mic figure GB which is similar to D. And if not, let HE 
be greater than C. And HE (is) equal to GB [Prop. 6.1]. 
Thus, GB (is) also greater than C. So, let (parallelo- 
gram) kK LM N have been constructed (so as to be) both 
similar, and similarly laid out, to D, and equal to the ex- 
cess by which GB is greater than C [Prop. 6.25]. But, 
GB [is] similar to D. Thus, KM is also similar to GB 
[Prop. 6.21]. Therefore, let KL correspond to GE, and 
LM to GF. And since (parallelogram) GB is equal to 
(figure) C and (parallelogram) KM, GB is thus greater 
than KM. Thus, GE is also greater than KL, and GF 
than LM. Let GO be made equal to KL, and GP to LM 
[Prop. 1.3]. And let the parallelogram OGPQ have been 
completed. Thus, [GQ] is equal and similar to kK M [but, 
KM is similar to GB]. Thus, GQ is also similar to GB 
[Prop. 6.21]. Thus, GQ and GB are about the same diag- 
onal [Prop. 6.26]. Let GQB be their (common) diagonal, 
and let the (remainder of the) figure have been described. 

Therefore, since BG is equal to C and K M, of which 
GQ is equal to K M, the remaining gnomon UW'YV is thus 
equal to the remainder C. And since (the complement) 
PR is equal to (the complement) OS [Prop. 1.43], let 
(parallelogram) QB have been added to both. Thus, the 
whole (parallelogram) PB is equal to the whole (par- 
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t A [énewrnep 16 IIB 16 HII duovdy cot]: dénee ede 
TOOL. 
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allelogram) OB. But, OB is equal to TE, since side 
AE is equal to side EB [Prop. 6.1]. Thus, TF is also 
equal to PB. Let (parallelogram) OS have been added 
to both. Thus, the whole (parallelogram) T'S is equal to 
the gnomon VWU. But, gnomon VWU was shown (to 
be) equal to C. Therefore, (parallelogram) T'S is also 
equal to (figure) C. 

Thus, the parallelogram ST, equal to the given rec- 
tilinear figure C’, has been applied to the given straight- 
line AB, falling short by the parallelogrammic figure QB, 
which is similar to D [inasmuch as QB is similar to GQ 
[Prop. 6.24] ]. (Which is) the very thing it was required 
to do. 


+ This proposition is a geometric solution of the quadratic equation x? —a «+3 = 0. Here, x is the ratio of a side of the deficit to the corresponding 


side of figure D, a is the ratio of the length of AB to the length of that side of figure D which corresponds to the side of the deficit running along 


AB, and (3 is the ratio of the areas of figures C’ and D. The constraint corresponds to the condition G < a?/4 for the equation to have real roots. 


Only the smaller root of the equation is found. The larger root can be found by a similar method. 


xv’. 


Tlood thy doveioay cddeiav 16 Sodevtr cbdUYEduUY 
loov TapahANASYEaUUOV TapaBaretv UneeBdAAov eldet Ta- 
CXAANACYESUUG OUotw TE SOVEVTL. 


o Z AM K 6 
a E 
a 


TH 


"Hot 1 yev Sovdeioa cuteta ; AB, 16 d€ do00év 
evdvyeauuov, 6 Set toov nap& thy AB napaBareiv, to T, 
& S& Set duotov UneeBdAAEW, TO A> Set 54 Taped Thy AB 
evvetav 6) T cvduyeduua toov mapadkAnAdypauUov Taea- 
Bareiv breeBdAAOv elder TAPArAANAOYEGUUG Oot TE) A. 

Tetujovw 7 AB dtya xate To E, xal avayeyeddw 
ano th¢ EB 16 A sduotov xal ovotwc xeluevov mapar- 
Andoyeauov to BZ, xal ovuvapotéeoic yev toic BZ, I 
toov, 16 5€ A dyotov xa Ouoiwc xeiuevoy TO aVTO ov- 
veotétw to HO. duddoyoc b€ Eotw A vev KO ti ZA, fH Sé 
KH tf ZE. xol énel uciZov éot 10 HO tod ZB, ucitwv doa 
éotl xal H uev KO tific ZA, 4 Se KH tH ZE. exBeBrAHodwoav 
at ZA, ZE, xol tH uev KO ton gotw 7 ZAM, tf 5é KH ion 
1 ZEN, xoal ouunetAnepwodw to MN: 16 MN doa 16 HO 
fooy té Eott xal Guolov. GAG TO HO 16 EA Eottw duotov: 


Proposition 29% 


To apply a parallelogram, equal to a given rectilin- 
ear figure, to a given straight-line, (the applied parallelo- 
gram) overshooting by a parallelogrammic figure similar 
to a given (parallelogram). 


\ 


X\B\ 
i 


Let AB be the given straight-line, and C the given 
rectilinear figure to which the (parallelogram) applied to 
AB is required (to be) equal, and D the (parallelogram) 
to which the excess is required (to be) similar. So it is 
required to apply a parallelogram, equal to the given rec- 
tilinear figure C, to the given straight-line AB, overshoot- 
ing by a parallelogrammic figure similar to D. 

Let AB have been cut in half at (point) EF [Prop. 1.10], 
and let the parallelogram BF, (which is) similar, and 
similarly laid out, to D, have been described on EB 
[Prop. 6.18]. And let (parallelogram) GH have been con- 
structed (so as to be) both similar, and similarly laid out, 
to D, and equal to the sum of BF and C [Prop. 6.25]. 
And let KH correspond to F'L, and KG to FE. And since 
(parallelogram) GH is greater than (parallelogram) FB, 
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nal to MN &a 16) EA 6uoidy Eotw: repli thy adthy dea 
diduetedv cott TO EA 16 MN. Hydw adtév Sideteoc 
ZE, xal xatayeyodovu TO oxfiuc. 

*Enet toov gotl t6 HO totic EA, T, dAAa tO HO 16 MN 
toov éottv, xal 16 MN doa toic EA, TP ioov Eotiv. xowdv 
&pnerjodw to EA: doind¢ don 6 UX® yvauwv 6 LP eotw 
toog. xal enet ton cotiv H AE ti EB, toov gott xal to AN té5 
NB, toutéott 165 AO. xowov teooxetodw 16 EX: dhov dea 
tO AE toov gotl 1 OXW yvoyow. GAG O OXW yvaouov 
16) T toog éottv: xat 16 AE doa 165 T toov éotiv. 

Ilop& thy dSoveioay dpa evVetav thy AB 16 dodEvtr 
evtuyeduua 16) T toov napadhAnAdypauov napoSeBAntot 
tO AE vuneeBdrrov elder mapadAndoyeduua 65 ITO uote 
dvt T6 A, exel xat t6 EA eottw duoiov tO OIL: énee eer 
TOON. 
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KH is thus also greater than FL, and KG than FE. 
Let FL and FE have been produced, and let FILM be 
(made) equal to KH, and FEN to KG [Prop. 1.3]. And 
let (parallelogram) MN have been completed. Thus, 
MN is equal and similar to GH. But, GH is similar to 
EL. Thus, MN is also similar to EL [Prop. 6.21]. EL is 
thus about the same diagonal as MN [Prop. 6.26]. Let 
their (common) diagonal FO have been drawn, and let 
the (remainder of the) figure have been described. 

And since (parallelogram) GH is equal to (parallel- 
ogram) EL and (figure) C, but GH is equal to (paral- 
lelogram) MN, MN is thus also equal to EL and C. 
Let EL have been subtracted from both. Thus, the re- 
maining gnomon XWY is equal to (figure) C. And since 
AE is equal to EB, (parallelogram) AN is also equal to 
(parallelogram) NB [Prop. 6.1], that is to say, (parallel- 
ogram) LP [Prop. 1.43]. Let (parallelogram) EO have 
been added to both. Thus, the whole (parallelogram) AO 
is equal to the gnomon VW X. But, the gnomon VWX 
is equal to (figure) C. Thus, (parallelogram) AO is also 
equal to (figure) C. 

Thus, the parallelogram AO, equal to the given rec- 
tilinear figure C’, has been applied to the given straight- 
line AB, overshooting by the parallelogrammic figure QP 
which is similar to D, since PQ is also similar to EL 
[Prop. 6.24]. (Which is) the very thing it was required 
to do. 


t This proposition is a geometric solution of the quadratic equation 7? +a x— 3 = 0. Here, x is the ratio of a side of the excess to the corresponding 


side of figure D, a is the ratio of the length of AB to the length of that side of figure D which corresponds to the side of the excess running along 


AB, and (3 is the ratio of the areas of figures C and D. Only the positive root of the equation is found. 


Xr’. 


Thy dodetoay cutetav neneoaouevny dxoeov xal Ugoov 


OYOV TEUEty. 
Ie ZO 


E 


=——A 
"Eotw n doveion evteta nenepuouevn 7 AB: det dh thy 
AB ev¥eiav dxpov xal Ueoov Adyov TeyEly. 


Proposition 30t 


To cut a given finite straight-line in extreme and mean 


ratio. 
C F H 


Let AB be the given finite straight-line. So it is re- 
quired to cut the straight-line AB in extreme and mean 
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Avayeyeagdw and tic AB tetedywvov to BI, xat ma- 
eoPeBAjotu nape thy AL 16 BI toov rapadAnrdyeauuov 
tO TA brepBadAov elder t6 AA Ouote 165 BY. 

Teted&ywvoy dé cott T0 BI teted&ywvov dea Eott xatl 
tO AA. xol énel toov gott 16 BI 165 TA, xowdv aprnefotw 
tO TE: Aowndv doa t0 BZ doin 16 AA éotw toov. got 
dé ATE nal icooyavov: tév BZ, AA soa avinendv0aow ai 
TAcueal al Meel tac toug ywvlac’ gotw dea ac 7 ZE nedc¢ 
thy EA, ottw>¢ y AE nod thy EB. ton dé A uév ZE tf AB, 
n Se EA ti AE. gotw doa Oe 7 BA med¢ thy AE, obtw< H 
AE rec thy EB. vetCwv 6€ 1 AB tijc AE: uci@av dea xa 
n AE tijc EB. 

“H doa AB evdeia dxoov xal ugcov Adyoy TétTUNTHL KATE 
tO E, xal tO ueiCov awvti¢ tufucd cotr tO AE Smee eden 
TOOL. 
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ratio. 

Let the square BC have been described on AB [Prop. 
1.46], and let the parallelogram CD, equal to BC, have 
been applied to AC, overshooting by the figure AD 
(which is) similar to BC [Prop. 6.29]. 

And BC is a square. Thus, AD is also a square. 
And since BC is equal to CD, let (rectangle) CE have 
been subtracted from both. Thus, the remaining (rect- 
angle) BF is equal to the remaining (square) AD. And 
it is also equiangular to it. Thus, the sides of BF and 
AD about the equal angles are reciprocally proportional 
[Prop. 6.14]. Thus, as FE is to ED, so AE (is) to EB. 
And FE (is) equal to AB, and ED to AE. Thus, as BA is 
to AE, so AE (is) to EB. And AB (is) greater than AF. 
Thus, AF (is) also greater than EB [Prop. 5.14]. 

Thus, the straight-line AB has been cut in extreme 
and mean ratio at £, and AF is its greater piece. (Which 
is) the very thing it was required to do. 


+ This method of cutting a straight-line is sometimes called the “Golden Section”—see Prop. 2.11. 


ho’. 

‘Ey toi¢ dptoywvloic Telyovolc TO ano Tic Thy oeDyy 
yoviay Unotewovons TAcuptic Eld0¢ toov EoTl toic &NO THY 
THY OpdHy yYwviay Tepleyouody TAEVEdSy eldeot Toic OUOloLc 
Te Kal OUOlwW dvayeapouevolc. 


"Eotw tetywvoyv depvoymwoyv t6 ABI dedyy ~yov thy 
bono BAD ywviav: AEyw, Sti TO NO ti¢ BI etdoc¢ toov Eotk 
toig and tév BA, AT etdeor totic Ouotoig te “ol OYoiwe 
dvory pAPOUEVOLC. 

"Hyd x&detoc 7 AA. 

‘Enel obv év dpNoywviw tetyovw 16 ABIL and tic Ted¢ 
16 A opdic ywviag ext thy BI Bé&ow xadetog Fata n AA, 
ta ABA, AAT red¢ tH xadéte toetywva duoid Eott TH TE 
hw TH ABD nol WAAAOIc. nal Exel Guordv Eott TO ABT 165 
ABA, éotw doa wo 7 TB med¢ thy BA, odtw¢ H AB med¢ 
thy BA. xat Enel tosic evudeta dvédoyov clow, Eotw wo H 
TEWTH MOOS THY TEITHY, OUTWS TO ATO TH¢ TEWTH¢ Eld0¢ MEOC 


Proposition 31 


In right-angled triangles, the figure (drawn) on the 
side subtending the right-angle is equal to the (sum of 
the) similar, and similarly described, figures on the sides 
surrounding the right-angle. 


A 


B D C 


Let ABC be a right-angled triangle having the angle 
BAC aright-angle. I say that the figure (drawn) on BC is 
equal to the (sum of the) similar, and similarly described, 
figures on BA and AC. 

Let the perpendicular AD have been drawn [Prop. 
1.12]. 

Therefore, since, in the right-angled triangle ABC, 
the (straight-line) AD has been drawn from the right- 
angle at A perpendicular to the base BC, the trian- 
gles ABD and ADC about the perpendicular are sim- 
ilar to the whole (triangle) ABC, and to one another 
[Prop. 6.8]. And since ABC is similar to ABD, thus 
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TO AMO Tic SeUTEPUC TO GUOLOV xa OUOlWc avaYEAPdUEVOY. 
a> goa 7 TB noed¢ thy BA, obtw¢ 16 and tH¢ PB etdoc 
Ted TO &NO TYj¢ BA 16 duoLov xal OUOtwWs dvayeapduEvov. 
Ste Ta AUTH BY ual Oo H BI ned¢ thy TA, ovtw¢ TO an Tic 
BI etdoc¢ med¢ 16 and tig TA. ote xal ac y BI ned¢ tue 
BA, AT, ottw¢ 16 and ti\¢ BI eld0¢ ned¢ Ta nd TeV BA, 
AT t& dyota xal O“otwc dvaypapdueva. torn 5€ 7 BI’ toiic 
BA, AT: ioov dou xai t6 &nd thc BI eid0c¢ totic and tév 
BA, AT etdeot totic Guototcg te xal Guotwc dvaypapouevotc. 
‘Ev dea toic opVoywviog Telywvoig TO AMO TH¢ Thy 
oedhy ywviay Vrotewovoncs TAEUvEuc Eld0¢ toov EoTl toc 
and TOV Thy Covi ywviav Neeleyovady TAcUPDSY EldEot TOIC 
Ouototc te xal Ouolws dvaypapouevoic’ Smee Eder SetEan. 


dB’. 

‘Edy 500 tetywva ovvtedf, xat& ulav yovlav tac dv0 

TAcuveac Toic SUCl TAcUPdIc avdAOYOV EyovTa Bote Thc 

OWOAGYOUS AUTHY TAELEAS Xa MACAAANAOUC Elven, at AOLTOL 
TOV TolLYOVvaY TAveal Ex cbVEtuc EoovTH. 


A 


B T BE 


"How 600 tetywva ta ABT, ATE tac 500 TAcUEdS Ta 
BA, AT toc Suol mAcupaiic talc AT, AE &véioyov Eyovta, 
a> uev thy AB med¢ thy AD, ottwo thy AT ned¢ thy AE, 
TapdAndrov dé thy yev AB tH AT, thy dé AT tH AE: AEyao, 
ou én cvuvdetac cotly n BI tH TE. 

‘Enel yoo mapdhAnAds cotw 7 AB tH AT, xol cic adtac 
éunentwxev evveta n AT, at EvokAdE ywvion ot bnd BAT, 
ATA tom aAAtAats eiotv. Sid Ta HOTA OH xa W ONO TAE tH 
ono ATA for gotty. Gote xal A O10 BAT 17 On6 TAE éotw 
fon. ual enet 500 tetywva cott te ABT, ATE puliav ywviov 
Thy Ted¢ TH A We yevia TH Ted¢ TH A tony Eyovta, meel 
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as CB is to BA, so AB (is) to BD [Def. 6.1]. And 
since three straight-lines are proportional, as the first is 
to the third, so the figure (drawn) on the first is to the 
similar, and similarly described, (figure) on the second 
[Prop. 6.19 corr.]. Thus, as CB (is) to BD, so the fig- 
ure (drawn) on CB (is) to the similar, and similarly de- 
scribed, (figure) on BA. And so, for the same (reasons), 
as BC (is) to CD, so the figure (drawn) on BC (is) to 
the (figure) on C'A. Hence, also, as BC (is) to BD and 
DC, so the figure (drawn) on BC (is) to the (sum of the) 
similar, and similarly described, (figures) on BA and AC 
[Prop. 5.24]. And BC is equal to BD and DC. Thus, the 
figure (drawn) on BC (is) also equal to the (sum of the) 
similar, and similarly described, figures on BA and AC 
[Prop. 5.9]. 

Thus, in right-angled triangles, the figure (drawn) on 
the side subtending the right-angle is equal to the (sum of 
the) similar, and similarly described, figures on the sides 
surrounding the right-angle. (Which is) the very thing it 
was required to show. 


Proposition 32 


If two triangles, having two sides proportional to two 
sides, are placed together at a single angle such that the 
corresponding sides are also parallel, then the remaining 
sides of the triangles will be straight-on (with respect to 
one another). 

D 


B C E 


Let ABC and DCE be two triangles having the two 
sides BA and AC proportional to the two sides DC and 
DE—so that as AB (is) to AC, so DC (is) to DE—and 
(having side) AB parallel to DC, and AC to DE. I say 
that (side) BC is straight-on to CE. 

For since AB is parallel to DC, and the straight-line 
AC has fallen across them, the alternate angles BAC and 
ACD are equal to one another [Prop. 1.29]. So, for the 
same (reasons), CDE is also equal to ACD. And, hence, 
BAC is equal to CDE. And since ABC and DCE are 
two triangles having the one angle at A equal to the one 
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d& Tac foag ywviag Tas TAEUEAS avdovov, wo THY BA med¢ 
thy AD, ottwo thy TA apd¢ thy AE, iooyovoyv goa otk 
tO ABI toetywvov 16 ATE tetyove ton doa 7 Und ABP 
yovia tH bro ATE. edetydy Se xat y bnd ATA 17 Und BAT 
fon Orn doa H UNO ATE dbvoi toc bn6 ABT, BAT ton éotiv. 
nowy Teooxetodu Hy UNO ADB: at dea Und ATE, ADB tolic 
ono BAT, ATB, TBA toa ciotv. aX’ at bro BAT, ABT, 
ATB bBvolv dpdoic fou etotv. xat at tnd ATE, ATB dpa 
dvolv OpVaiic tom eiotv. Ted¢ SH ti cvVela TH AT xa 165 
TEOS AUTH oNusto To TP dbo cdVein ot BY, TE uh Ent ta 
AUTH WEEN KElWEVan Tac EET Ywvduc tac UNO ATE, APB 
dvolv opddiic touc nolodow: ex’ evVetuc dea cotiv H BI tH 
TE. 

‘Edy doa S00 tTetywva ouvtedf, xate Ulav ywviav Tac 
S00 TAEUEaC Tolic SUOl TAEUPAIC avdAOYOV EyovTA MoTE Thc 
OUOAOYOUC MUTEY TAEVEGS Kol TAEAAATAOUC Elvan, ott AoLTaL 
TOY TelyOvev TAcUpal Er’ evVElac Eoovta Sree eer Seta. 


hy’. 
‘Ey toi¢ tooig xdxAolcg of yavion TOV avTOV EyovoL 
Ovo Tolic MEeLpepetoic, EM Ov BeBrxaow, Edv te TEdC 
Tog KXEVTEOLS EY TE TOO Tolc TePLpEpEtaic Hor BeBrnxutan. 


A 
A 


kK 

"Eotwwouy toot xvxdot ot ABI’, AEZ, xal mpd¢ yev toic 
xévtpoic avTéY totic H, O ywvi gotwouv ot Uno BHT, 
EOZ, ned¢ 5é tolic neoupepetaic at bnd BAT, EAZ: déEyaa, 
ott cotly wo A BI nepupéeecva meoc thy EZ mepupéperay, 
ovtw¢ A te UNO BHT ywvia ned¢ thy Ord EOZ xol 7H v0 
BAL redc¢ thy 0nd EAZ. 

Ketodwouv yao ti uev BI nepupeosia too xat& 16 etic 
ooudnnotoby ot TK, KA, t7 5¢ EZ neoupepeta too doa- 
dnnotoby at ZM, MN, xai eneCevyJwouv ai HK, HA, OM, 
ON. 

‘Exel obdv fom ciolv ai BP, PK, KA nepupéperan aAhAauc, 
fou eiol xal ai bnd BHT, THK, KHA ywvion daAharauc: 
doandactwy dea cotiv n BA neoupépeta thc BL, tooauta- 
TAaotwy Eotl xal WY UnO BHA yowovia tic UnO BHD. Ste te 
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angle at D, and the sides about the equal angles pro- 
portional, (so that) as BA (is) to AC, so CD (is) to 
DE, triangle ABC is thus equiangular to triangle DCE 
[Prop. 6.6]. Thus, angle ABC is equal to DCE. And (an- 
gle) ACD was also shown (to be) equal to BAC. Thus, 
the whole (angle) ACE is equal to the two (angles) ABC’ 
and BAC. Let ACB have been added to both. Thus, 
ACE and ACB are equal to BAC, ACB, and CBA. 
But, BAC, ABC, and ACB are equal to two right-angles 
[Prop. 1.32]. Thus, ACE and ACB are also equal to two 
right-angles. Thus, the two straight-lines BC and CE, 
not lying on the same side, make adjacent angles ACE 
and ACB (whose sum is) equal to two right-angles with 
some straight-line AC, at the point C' on it. Thus, BC is 
straight-on to CE [Prop. 1.14]. 

Thus, if two triangles, having two sides proportional 
to two sides, are placed together at a single angle such 
that the corresponding sides are also parallel, then the 
remaining sides of the triangles will be straight-on (with 
respect to one another). (Which is) the very thing it was 
required to show. 


Proposition 33 


In equal circles, angles have the same ratio as the (ra- 
tio of the) circumferences on which they stand, whether 
they are standing at the centers (of the circles) or at the 
circumferences. 


D 


C N 


K F 

Let ABC and DEF be equal circles, and let BGC and 
EHF be angles at their centers, G and H (respectively), 
and BAC and EDF (angles) at their circumferences. I 
say that as circumference BC is to circumference EF’, so 
angle BGC (is) to FHF, and (angle) BAC to EDF. 

For let any number whatsoever of consecutive (cir- 
cumferences), CK and KL, be made equal to circumfer- 
ence BC, and any number whatsoever, FM and MN, to 
circumference EF’. And let GK, GL, HM, and HN have 
been joined. 

Therefore, since circumferences BC, CK, and KL are 
equal to one another, angles BGC, CGK, and KGL are 
also equal to one another [Prop. 3.27]. Thus, as many 
times as circumference BL is (divisible) by BC, so many 
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avte 67) xal CouTAaolwv cotiv n NE nepupspeta tij¢ EZ, to- 
ouUTATAKotwv cotl xal n UO NOE yovia tij¢ bro EOZ. et 
dea ton Eotlv 7 BA repipeoeta tH EN neowpepeta, ton eotl 
nal ywvia A ond BHA t7j Uno EON, xatl ci uctZ@wv cotlv 7 BA 
Teeupépeta tic EN nepipepetauc, uetZwv cotl xal A Und BHA 
yovia tic Und EON, xal et chcoowy, Ehicowy. tecodowv 
df Ovtwv usyeDGyv, Sbo Uev TepipeoelGyv tév BI, EZ, dvo0 
d€ Yowdy tév Uno BHT, EOZ, etAnnto thc wev BI ree- 
wepetuc ual thc Uno BHT ywviac todnic MOAAaTAAolwv H TE 
BA repipépeta xal 7 O20 BHA yoovia, tic b€ EZ nepupeosiug 
xal thc bnd EOZ ywviac 4H te EN neoupéera xt 7 bn EON 
yovia. xal Sé5erxtou, Ott et Uneogyer H BA neoupéoera tic 
EN repupepetac, Uneoéyet xal n bnd BHA yevia tic bro 
EON yoviac, xal et ton, ton, xol el cAcoowy, EAdoowy. 
éotw dpa, Wo 7) BI’ nepupépera ned¢ thy EZ, ovtwe A UNO 
BHI yevia nedo¢ thy UNO EOZ. GAN’ wo n UNO BHT yovia 
med¢ Thy UNO EOZ, odtw¢ H UNO BAT med¢ thy UNO EAZ. 
diTAMota Yue Exatépa exatépac. xal wc doa n BI repipépera 
Teds THY EZ neeipepetav, oOVTwC H Te UNO BHT ywvia nedc¢ 
thy Uno EOZ xal 7 Und BAT npd¢ thy bn6 EAZ. 

"Ey doa toi¢ toolg xOxAOIC al Ywvias TOV ADTOV EyovGL 
oyoy tdic nepipepetiac, Ey’ Ov BeBrxaow, Edy te MEd Toic 
KXEVTOOIC EkY TE TEC Tolic TepLpepEtac Wor PeBrxvLIa OnE 
Edet Scien. 


t This is a straight-forward generalization of Prop. 3.27 
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times is angle BGL also (divisible) by BGC. And so, for 
the same (reasons), as many times as circumference NE 
is (divisible) by EF’, so many times is angle NHE also 
(divisible) by EHF’. Thus, if circumference BL is equal 
to circumference EN then angle BGL is also equal to 
EHN [Prop. 3.27], and if circumference BL is greater 
than circumference EN then angle BGL is also greater 
than EHN,' and if (BL is) less (than EN then BGL is 
also) less (than HH N). So there are four magnitudes, 
two circumferences BC and EF’, and two angles BGC 
and FHF. And equal multiples have been taken of cir- 
cumference BC and angle BGC, (namely) circumference 
BL and angle BGL, and of circumference EF and an- 
gle EHF, (namely) circumference E'N and angle EHN. 
And it has been shown that if circumference BL exceeds 
circumference EN then angle BGL also exceeds angle 
EHN, and if (BL is) equal (to EN then BGL is also) 
equal (to EH N), and if (BL is) less (than EN then BG'L 
is also) less (than HH N). Thus, as circumference BC 
(is) to EF’, so angle BGC (is) to EHF [Def. 5.5]. But as 
angle BGC (is) to EHF, so (angle) BAC (is) to EDF 
[Prop. 5.15]. For the former (are) double the latter (re- 
spectively) [Prop. 3.20]. Thus, also, as circumference BC 
(is) to circumference EF’, so angle BGC (is) to EHF, 
and BAC to EDF. 

Thus, in equal circles, angles have the same ratio as 
the (ratio of the) circumferences on which they stand, 
whether they are standing at the centers (of the circles) 
or at the circumferences. (Which is) the very thing it was 
required to show. 
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Elementary Number Theory! 


+The propositions contained in Books 7-9 are generally attributed to the school of Pythagoras. 
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“Opo.. 


a’. Movie cotw, xad’ Hy Exaotoyv THv S6vtwv Ev ACYETAL. 

B’. Apiudc 5€ TO Ex Yovddwv ovyxetuevov TAHVoc. 

vy’. Mépo¢ eotiv apiuoc aerlyot 6 Edkdoowv tod 
ueiZovoc, Stay xaTaUETef] Tov UetCova. 

6’. Méon S€, Otay un xatau|etey}. 

e’. TloAAanAdovog 5€ 0 UEiCwv tod EAdciooovoc, Stav Xa- 
TANETET| TA UO Tov EAc&ooovoc. 

¢. “Aptiog aovuds Eott O diya StalpobuEvoc. 

C’. Tlepicod¢ 5& 6 ur Stalpovuevoc Stya A [6] Yovddr 
Srapgowy wotion aewuob. 

1. Aotidxic dotiog dovdud¢ Eottv 6 LTO doetio dowWyod 
UETEOUUEVOS KATH GotLov dolOyudyv. 

0’. “Aptidimig S€ MEQLD0ds EOTLV O 
UETEOUUEVOS KATA TEELDOOV coLOLOV. 

V. Iegrooduic 6€ nepiacd¢ HolOudcs EoTW 06 UNO TEpLccoD 


ree Gees) 


vO doetiou deVWuod 


devWu0d UEtTooUUEvoc KaTX TEpLGGoY doLOUdY. 

ia’. pésto¢g apwOude cotw O Yovad: UOvn UETEOUUEVOC. 

19’. Tloéitot med¢ GAARAAOUS aoevOYOt Elow ot Lovadd! Udvy 
UETEOUUEVOL KOWWES LETELW. 

Ly’. LUvVetoc aeruds Eotw O Golds Tit UETEOUUEVOC. 

16’. LbvWetot SE Ted¢ GAAHAOUC delNuOt Elow ol dors 
TIVE UETEOUUEVOL KOLWES LETELW. 

ie’. AowWud¢ d&eudov nodAamdaoidew AEyeta, Stay, 
doa cloly Ev abTé Yovddec, TooauTdxic ovvteDf} O TOA- 
atAnoraCduevoc, xal yéevntat tic. 

is’. "Otay d€ S00 aoLvOYOl TOAAaTAACIdOUVTES GAANHAOUG 
Toot twa, O yevOuEvoc Eninedoc xaAeitaL, TAcLEAl € 
avtod ot MoAAaTAnoLdouvtEs GAANAOUC aeLOLOt. 

\C’. “Otay dé togic dovOuol MoAAaTAaodouvtEes GAANAOUC 
Totdsot twa, O YevOuEvoc OtTEpEds EoTW, TAcvEal SE adTOD 
Ol TOAAATAKoIdouVTES GAANAOUC aeLOLOT. 

iy’. Tetecyavoc coud Eotw 0 iodntc tooc A [6] bn 
S00 towv deludy TeeLeyduevoc. 

WW’. KiBoc 8€ 6 ioduic tao iad AH [6] tnd toLév towy 
dovudy meeleyouevoc. 

x’. AowWyol avadoyév eiow, dtav 6 Teéto¢ Tob SeutEpOU 
xal 0 tettog tod tetkeTOU lodxtc f MOAAUTAGOLOS ¥} TO KOTO 
UEEOS 7) TA MUTH WEEN WoL. 

xa’. “Quoor exinedor xual otepcot cdevuol elow ot 
avédoyov €yovtes Thc TMAEVEdC. 

xb’. Téretoc dowuds Eotw O Tol¢g ExvtTOU UEpeoWw tooc 


oO 


” 
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Definitions 

1. A unit is (that) according to which each existing 
(thing) is said (to be) one. 

2. And a number (is) a multitude composed of units.' 

3. A number is part of a(nother) number, the lesser of 
the greater, when it measures the greater. 

4. But (the lesser is) parts (of the greater) when it 
does not measure it.’ 

5. And the greater (number is) a multiple of the lesser 
when it is measured by the lesser. 

6. An even number is one (which can be) divided in 
half. 

7. And an odd number is one (which can)not (be) 
divided in half, or which differs from an even number by 
a unit. 

8. An even-times-even number is one (which is) mea- 
sured by an even number according to an even number.4 

9. And an even-times-odd number is one (which 
is) measured by an even number according to an odd 
number.* 

10. And an odd-times-odd number is one (which 
is) measured by an odd number according to an odd 
number.® 

11. A prime! number is one (which is) measured by a 
unit alone. 

12. Numbers prime to one another are those (which 
are) measured by a unit alone as a common measure. 

13. A composite number is one (which is) measured 
by some number. 

14. And numbers composite to one another are those 
(which are) measured by some number as a common 
measure. 

15. A number is said to multiply a(mother) number 
when the (number being) multiplied is added (to itself) 
as many times as there are units in the former (number), 
and (thereby) some (other number) is produced. 

16. And when two numbers multiplying one another 
make some (other number) then the (number so) cre- 
ated is called plane, and its sides (are) the numbers which 
multiply one another. 

17. And when three numbers multiplying one another 
make some (other number) then the (number so) created 
is (called) solid, and its sides (are) the numbers which 
multiply one another. 

18. A square number is an equal times an equal, or (a 
plane number) contained by two equal numbers. 

19. And a cube (number) is an equal times an equal 
times an equal, or (a solid number) contained by three 
equal numbers. 
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¥ In other words, a “number” is a positive integer greater than unity. 
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20. Numbers are proportional when the first is the 
same multiple, or the same part, or the same parts, of 
the second that the third (is) of the fourth. 

21. Similar plane and solid numbers are those having 
proportional sides. 

22. A perfect number is that which is equal to its own 
parts.17 


t In other words, a number a is part of another number 6 if there exists some number n such that na = b. 


8 In other words, a number a is parts of another number b (where a < b) if there exist distinct numbers, m and n, such that na = mb. 


‘| In other words. an even-times-even number is the product of two even numbers. 


* In other words, an even-times-odd number is the product of an even and an odd number. 


5 In other words, an odd-times-odd number is the product of two odd numbers. 


ll Literally, “first”. 


tt In other words, a perfect number is equal to the sum of its own factors. 


, 


OQ. 


Ado deWydv aviowy exxewevor, dvdupatoouyevou d& 
del tol gAkooovocg ano tov UElCovoc, Exv O hetMdUEVOS 
UNSENOTE XATAVETEF TOV TEO EXUTOD, Ewe OD AcLOUT Wovac, 
oi €& doyfic dovuol mpétot Teds GAAHAOUS Eoovta. 


i 
|H 


E 


B= aay AN 

Abo yao [aviowy] dovdueyv tv AB, TA dvduqat- 
eouULEevou Gel Tot EAkooovos &NO TOD UEtTovoc O AeLMOUEVOG 
undénote xXaTaNETeSITW TOV TEO EaUTOD, Ewe OD eLpdy 
yovac: A€yw, Ott ot AB, TA rpéitor med¢ GAAHAOUG eioty, 
toutéotw étt tobc AB, TA yovac udvy yetoest. 

Et yoo uh ciow ot AB, TA roéstor mpd¢ GAAHAOUG, 
UETENOEL Tic aVTOLC KolNUdc. UETeEitw, xal Eotw O KE: xa o 
uev TA tov BZ uetpéiv Aeinétw Eautod Ehdciooova tov ZA, 
0 6¢ AZ tov AH uetpéiv Aetrétw Eavutod EAcooova tov HT, 
o b¢ HI tov ZO yetpév Aeinétw Lovdda thy OA. 

‘Exel odv 0 E tov TA uetpet, 0 be PA tov BZ utes, 
xa o E dea tov BZ ueteet: uetoet 5 xal dAov tov BA: 
nal Aowmov dea tov AZ yeteroet. 6 5 AZ tov AH yetoet: 
xat 0 E dea tov AH uetoet: uetoet dé xol dAov tov AT: 
xa Aoimov doa tov [TH yetofoe. o 6¢ TH tov ZO uetpet: 


Proposition 1 


Two unequal numbers (being) laid down, and the 
lesser being continually subtracted, in turn, from the 
greater, if the remainder never measures the (number) 
preceding it, until a unit remains, then the original num- 
bers will be prime to one another. 

Ar 
+H 


By TC 


+G 


E 


BY +D 


For two [unequal] numbers, AB and CD, the lesser 
being continually subtracted, in turn, from the greater, 
let the remainder never measure the (number) preceding 
it, until a unit remains. I say that AB and C’D are prime 
to one another—that is to say, that a unit alone measures 
(both) AB and CD. 

For if AB and CD are not prime to one another then 
some number will measure them. Let (some number) 
measure them, and let it be £. And let CD measuring 
BF leave FA less than itself, and let AF measuring DG 
leave GC less than itself, and let GC measuring F'H leave 
a unit, HA. 

In fact, since f measures CD, and CD measures BF, 
E thus also measures BF’.t And (E) also measures the 
whole of BA. Thus, (£) will also measure the remainder 
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xat o E dea tov ZO yetpet uetoet dé xal dhov tov ZA: 
xa AoinjY Goa THY AO Lovdda ueteyjoet dovwoc dv Smee 
éotly adbvatov. obx dea tobc AB, TA deruods yetejoer 
tic dowWydc ot AB, TA doa neéitor ned¢ HAAKAOUC Eiotv: 
Onee Eder Setea. 
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AF. And AF measures DG. Thus, E also measures DG. 
And (£) also measures the whole of DC. Thus, (£) will 
also measure the remainder CG. And CG measures F'H. 
Thus, & also measures FH. And (£) also measures the 
whole of F'A. Thus, (£) will also measure the remaining 
unit AH, (despite) being a number. The very thing is 
impossible. Thus, some number does not measure (both) 
the numbers AB and CD. Thus, AB and CD are prime 
to one another. (Which is) the very thing it was required 
to show. 


+ Here, use is made of the unstated common notion that if a measures b, and b measures c, then a also measures c, where all symbols denote 


numbers. 


* Here, use is made of the unstated common notion that if a measures b, and a measures part of b, then a also measures the remainder of b, where 


all symbols denote numbers. 


Abo dowWydyv Sodevtwyv UH TEAdTWV MEdG GAAAAOUC TO 
UEYLOTOV AUTEY XOLVOV UETEOV ELEElV. 


E it 
ZL, 


H 
B A 


"Kotwoay ot dovévtec S00 aevOyol Un TEdtoL TEd¢ 
d&AAAOUs ot AB, TA. det 57 tHv AB, PA 10 péytotov xowov 
UETEOY ELEELV. 

Et uev obv 6 TA tov AB uetoet, uetoet 5 xa Eautdv, O 
TA doa tév TA, AB xowdy yétpov Eotty. xal pavepdy, StL 
xa Ugylotov’ ovdelc yao UeiCwv tot TA tov PA ueteroe. 

Et 8 ob uetoet o TA tov AB, tév AB, TA avduga- 
eouuevou del tot EAccooovog &NO TO UEtTovoc Actpdhoetal 
tic ap0udc, O¢ UETEHoEL TOV MEO EaUTOD. ova HEV 
yoo ob Acip0Yjoeta ci SE UH, Eoovta ot AB, TA zpéitor 
TEOS GAAAAOUG ONEE OLY UTMdxElTaL. AeLPDoETal Tic hoa 
dowudc, O¢ YETEYOEL TOV TEO EauTOD. xal O uev TA tov 
BE uetpédv Actnétw Eavutod eAcooova tov EA, 0 dé EA tov 
AZ veteaiv Aetmétw EautOD EAcdooova tov ZT, o be TZ tov 
AE uetositw. enel obv o TZ tov AE uetpei, 0 dé AE tov 
AZ yuetesi, xat 0 TZ toa tov AZ yeteroer. yetpet 5& xa 
eautov’ xal Aov dea tov TA yeteroe. 6 d€ TA tov BE 
ustoet’ xol 0 TZ dea tov BE uetoet ueteet dé xol tov EA: 
xa Shov doa tov BA uetejoet ueteet dé xa tov TA: 6 TZ 
&ea tobc AB, TA uetpet. 6 TZ doa tév AB, TA xowov 


Proposition 2 


To find the greatest common measure of two given 
numbers (which are) not prime to one another. 


A 
E C 
F 


G 
B D 


Let AB and CD be the two given numbers (which 
are) not prime to one another. So it is required to find 
the greatest common measure of AB and CD. 

In fact, if CD measures AB, CD is thus a common 
measure of CD and AB, (since CD) also measures itself. 
And (it is) manifest that (it is) also the greatest (com- 
mon measure). For nothing greater than C'D can mea- 
sure CD. 

But if CD does not measure AB then some number 
will remain from AB and CD, the lesser being contin- 
ually subtracted, in turn, from the greater, which will 
measure the (number) preceding it. For a unit will not be 
left. But if not, AB and CD will be prime to one another 
[Prop. 7.1]. The very opposite thing was assumed. Thus, 
some number will remain which will measure the (num- 
ber) preceding it. And let CD measuring BE leave FA 
less than itself, and let EA measuring DF leave FC less 
than itself, and let CF measure AE. Therefore, since CF 
measures AZ, and AE measures DF, CF will thus also 
measure DF’. And it also measures itself. Thus, it will 
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UeTeOY EoTIV. Agyw OH, OTL Xal UEYLOTOV. El YUE UN EoTI O 
TZ tév AB, TA uéytotov xowov UEeteov, UeTefoet tig tTob¢ 
AB, TA dewWyobs cgovduoc yeitwv Ov tod PZ. uetpette, 
xat €otw O H. xal Enel O H tov TA ueteet, o 6€ TA tov 
BE ueteet, xal 0 H dow tov BE uetoet: ueteet Se xol dAov 
tov BA: xal Aomdv &épa tov AE ueteyoer. o d¢ AE tov 
AZ yetpet xal 0 H toa tov AZ yeteyoer yetpet 5é xa 
ddov tov AT: xal Aoindv dea tov TZ ueteyhoer O yetTwov 
tov Ehdooova’ STE Eotly ddUvatov’ obx &ea tos AB, TA 
goewuods dowuds tic UeTeoet UETwv Ov tod TZ: o TZ dea 
tév AB, TA péytotdéy ott xowov yEteOV [Sree ESet SeiZau). 


TId6etoua. 
‘Ex 67) ToUtou ~avepdv, OTL Eav dordudc SVO aerOyods 
UETET), Kal TO UEYLOTOV AUTOY XOLVOV LETOOV LETENOEL’ STEP 
ede Seigau. 


¥ s 
Toidv dodudy So0Evtwy UN TEATWY MEO GAANAOUC TO 
USYLOTOV AUTEV XOLVOV UETEOV ELEElV. 


A B T # EB. Z 


"Kotwoay ot do0Evtec teeic cowuol Uy TMeétOL TEdC 
d&AAVAOUs ot A, B, T: det 54 tHSv A, B, P 16 ueytotov xowov 
UETPOV EUCELV. 

El Ap 0e yap S00 tév A, B 10 yéytotov xotvov YETEOV O 
A: 087 A tov Fro vetoet ¥j ob Ueteet. Uetosttw NEdTEPOV" 
usteet 6€ xal tobc A, B- o A doa tobe A, B, I uetpet: o 
A dpa tév A, B, TP xowwdv yétpov éotiv. AEyw BH, StL xa 
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also measure the whole of CD. And CD measures BE. 
Thus, CF also measures BE. And it also measures EA. 
Thus, it will also measure the whole of BA. And it also 
measures CD. Thus, CF measures (both) AB and CD. 
Thus, CF is acommon measure of AB and CD. SoI say 
that (it is) also the greatest (common measure). For if 
CF is not the greatest common measure of AB and CD 
then some number which is greater than CF will mea- 
sure the numbers AB and CD. Let it (so) measure (AB 
and CD), and let it be G. And since G measures C'D, 
and C'D measures BE, G thus also measures BE. And it 
also measures the whole of BA. Thus, it will also mea- 
sure the remainder AE. And AE measures DF’. Thus, G 
will also measure DF’. And it also measures the whole 
of DC. Thus, it will also measure the remainder CF, 
the greater (measuring) the lesser. The very thing is im- 
possible. Thus, some number which is greater than CF 
cannot measure the numbers AB and C'D. Thus, CF is 
the greatest common measure of AB and CD. [(Which 
is) the very thing it was required to show]. 


Corollary 


So it is manifest, from this, that if a number measures 
two numbers then it will also measure their greatest com- 
mon measure. (Which is) the very thing it was required 
to show. 


Proposition 3 


To find the greatest common measure of three given 
numbers (which are) not prime to one another. 


A BG. (DE VF 


Let A, B, and C be the three given numbers (which 
are) not prime to one another. So it is required to find 
the greatest common measure of A, B, and C. 

For let the greatest common measure, D, of the two 
(numbers) A and B have been taken [Prop. 7.2]. So D 
either measures, or does not measure, C. First of all, let 
it measure (C). And it also measures A and B. Thus, D 
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ueylotoyv. et yao uy cot 0 A tév A, B, T uéytotov xowov 
uetpoy, YETeroet tic toc A, B, T devuov< dovduoc WetTov 
av tov A. uetesitw, xal Eotw 6 E. Exel obv 6 E tovc A, B, 
T uetest, xat tobe A, B dou Yeteroet xal 6 tHv A, B dpa 
UEYLOTOY KXOWWOY LETPOV ETHEL. TO OE TOV A, B Ueytotov 
xowvov uéteov gotlv 0 A: Oo E dea tov A yetoet 0 usitwv 
tov EAcooova: Steg EoTly KdUvatov. ovx dea tobe A, B, TP 
goewWuods dod tig UETejoet UeiCwv dv tol A: 6 A doa 
tév A, B, TP uéytotév Eott xowwov YETEOV. 

My ueteeita 57) 6 A tov I: Aéyw apdtov, dtr ot LT, A 
obx clot Meditor MedO¢ GAAHAOUC. Enel yuo ot A, B, I odx 
Ell TEGITOL TEOS GAANAOUG, LETEYGEL Tic HVTOLS KoIUdc. O 
dy tobe A, B, T uetpéiv xai tobe A, B uetofoet, xal 10 
tév A, B uéytotov xowov uéteov tov A ueteyoet Ueteet 
dé xa tov T: tobe A, TP &pa dowWyovds deiude tig UetTehoEt 
ot A, T doa od% ior npétor Med¢ GAAHAOUSC. ElAAeDu odv 
avUTHY TO UEYLOTOV xoLWOy UEToOV O E. xal enei oO E tov A 
ueteet, 0 be A tobc A, B ueteet, xal 0 E dea tobe A, B 
ueteet ueteet dé xal tov [: oO E dea tobe A, B, I uetoet. 
0 E &pa tév A, B, T xowdv cot uetoov. AEyw OH, StL xa 
ueylotoyv. el yuo Un cotw O E tév A, B, T 10 ueytotov 
xXolwov UETEOY, UETEHOEL Tic tolc A, B, TP dowWyobs d&erud¢ 
uciCwv dv tot E. uetoettw, xal Eotw 6 Z. xal Enel 6 Z tov< 
A, B, T vetoet, xal tobc A, B ueteet: xal 10 tév A, B dow 
UEYLOTOYV KOLVOY HETEOY LETEYOEL. TO SE TOV A, B Ueytotov 
xowov Ueteov Eotly O A’ O Z dea tov A ueteet Uetoet 5é 
xa tov I: 6 Z doa tov A, TP uetpet xal 16 tev A, T dow 
UEYLOTOY XOWWOY LETPOY UETeroEL. TO 5€ Tov A, T ueytotov 
xowoy Yétpov Eotlv O E: 6 Z doa tov E yvetpet 0 yeiCwv 
tov Ehdooova’ OTE EoTly ddUvatov. ovx dea tov¢ A, B, TP 
goewWuovs dovuds tic Yetehoet UciTwv dv tot E 6 E dpa 
tév A, B, T ueytotév éott xowdv yetpov: Sree det Seiga. 


0. 
“Anac dpuds mavto¢ dowWyod 6 EAdoowy Tod UeiCovoc 
HtoL EEO EoTly H YEON. 
"Eotwoay 500 geidyol ot A, BI, xat Eotw EAdoowy 6 
BI: Aéyw, 6tt 6 BL tov A Ftor ueeos Eotly H UEEN. 
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measures A, B, and C. Thus, D is a common measure 
of A, B, and C. So 1 say that (it is) also the greatest 
(common measure). For if D is not the greatest common 
measure of A, B, and C then some number greater than 
D will measure the numbers A, B, and C. Let it (so) 
measure (A, B, and C), and let it be E. Therefore, since 
E measures A, B, and C, it will thus also measure A and 
B. Thus, it will also measure the greatest common mea- 
sure of A and B [Prop. 7.2 corr.]. And D is the greatest 
common measure of A and B. Thus, # measures D, the 
greater (measuring) the lesser. The very thing is impossi- 
ble. Thus, some number which is greater than D cannot 
measure the numbers A, B, and C. Thus, D is the great- 
est common measure of A, B, and C. 

So let D not measure C. I say, first of all, that C 
and D are not prime to one another. For since A, B, C 
are not prime to one another, some number will measure 
them. So the (number) measuring A, B, and C will also 
measure A and B, and it will also measure the greatest 
common measure, D, of A and B [Prop. 7.2 corr.]. And 
it also measures C’. Thus, some number will measure the 
numbers D and C. Thus, D and C are not prime to one 
another. Therefore, let their greatest common measure, 
E, have been taken [Prop. 7.2]. And since E measures 
D, and D measures A and B, FE thus also measures A 
and B. And it also measures C’. Thus, £ measures A, B, 
and C. Thus, F is a common measure of A, B, and C. So 
I say that (it is) also the greatest (common measure). For 
if F is not the greatest common measure of A, B, and C 
then some number greater than F will measure the num- 
bers A, B, and C. Let it (so) measure (A, B, and C), and 
let it be F. And since F measures A, B, and C, it also 
measures A and B. Thus, it will also measure the great- 
est common measure of A and B [Prop. 7.2 corr.]. And 
D is the greatest common measure of A and B. Thus, F 
measures D. And it also measures C. Thus, F' measures 
D and C. Thus, it will also measure the greatest com- 
mon measure of D and C [Prop. 7.2 corr.]. And F is the 
greatest common measure of D and C. Thus, F’ measures 
E, the greater (measuring) the lesser. The very thing is 
impossible. Thus, some number which is greater than E 
does not measure the numbers A, B, and C. Thus, EF is 
the greatest common measure of A, B, and C. (Which 
is) the very thing it was required to show. 


Proposition 4 


Any number is either part or parts of any (other) num- 
ber, the lesser of the greater. 

Let A and BC be two numbers, and let BC be the 
lesser. I say that BC is either part or parts of A. 
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Ot A, BP yao Ato medstor mpd¢ &AAHAOUE elolv 7H Ob. 
Eotwoay Tedtepoyv ot A, BI mpéitor med¢ GAAHAOUG. Stout- 
eedévtoc 67 tot BI cic ta Ev aute Yovadac Cota Exot 
yovac tév év 16) BI yuéoo¢ 11 tod A: Hote ugon Eotiv o BI 
tow A. 


i A 


My Eotwoay dy ot A, BL npéitor med¢ GAAAAOUC: O OH 
BI tov A ytor Yeteet 7 Ov YeteEt. ei Uev odv O BI tov 
A ueteet, ugpoc cotlv o BI tod A. ef dé ov, clAf~pDe tév 
A, BI péytotoy xowov uéteov 6 A, xal diyefodw 6 BL cic 
tove 16) A toouc tobe BE, EZ, ZI. xol eet 6 A tov A 
uetpet, Ugooc Eotlv O A tod A: too 5 O A Exdotw tiv 
BE, EZ, ZI- xol Eéxaotocg éou téiv BE, EZ, ZT tot A yépoc 
éotiv: Wote ween cotlv Oo BI tod A. 

“Anac &pa dpidudc mavtd¢ deuct 6 Ekdoowv tod 
uetCovocg ¥\tot wea Eotly H UcoN: OTEe Eder SetEaun. 


, 


fs 
‘Eady aevuoc aevduod ugeoc fh, ual Etepoc Et~e0U TO 
AUTO EEOC 7}, KOL DUVAUPATEPOS GUVALPOTECOV TO AUTO 
ueeoc Eotal, OME O eic TOU Evdc. 


7B 


Ir LZ. 
A A 


AowWyudos yuo O A [devu0t] tod BI ygeo¢ gotw, xal 
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For A and BC are either prime to one another, or not. 
Let A and BC, first of all, be prime to one another. So 
separating BC into its constituent units, each of the units 
in BC will be some part of A. Hence, BC is parts of A. 


F 


A ° D 

So let A and BC be not prime to one another. So BC 
either measures, or does not measure, A. Therefore, if 
BC measures A then BC is part of A. And if not, let the 
greatest common measure, D, of A and BC have been 
taken [Prop. 7.2], and let BC have been divided into BE, 
EF, and FC, equal to D. And since D measures A, D is 
a part of A. And D is equal to each of BE, EF, and FC. 
Thus, BE, EF, and FC are also each part of A. Hence, 
BC is parts of A. 

Thus, any number is either part or parts of any (other) 
number, the lesser of the greater. (Which is) the very 
thing it was required to show. 


Proposition 5? 


If a number is part of a number, and another (num- 
ber) is the same part of another, then the sum (of the 
leading numbers) will also be the same part of the sum 
(of the following numbers) that one (number) is of an- 
other. 


A ©&p F 


For let a number A be part of a [number] BC, and 
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étepoc 0 A Etépou tot EZ 16 abt6 ugeoc, énep O A tov 
BI’ Aéya, dui xal cuvaypdteooc 0 A, A ovvaugotéoou tot 
BI, EZ tO abdt6 uépos Eotiv, 6neo O A tod BI. 

‘Enel yd, 6 ugpoc Eotly O A tot BI, 16 avt6 uepos Eotl 
xa Oo A tod EZ, doo dou eiolv év 165 BY dowuol too 16 
A, tooovtot ciot xal év 16 EZ aevduol toot 16 A. dtifjefjodw 
6 uev BY eic tov¢ 16 A tooug tobe BH, HI, 6 dé EZ cic 
toc 16 A tcoug tovc EO, OZ: gota Sh toov 16 TAO 
tv BH, HE 16 rAnver tv HO, OZ. xal Enel tooc Eotiv 
6 uev BH 16) A, 0 6 EO 16 A, xat ot BH, EO doa toic 
A, A too. Sid te wdTA BY xa Ot HT, OZ toic A, A. door 
doa [etolv] ev 16) BI’ dovuoi toot 16 A, tooodtol ior xat 
év totic BI, EZ toon totic A, A. doariactwyv dou éotiv o BP 
tot A, tooautanAaciwy gotl xal ouvaupdtepoc 6 BI, EZ 
ovuvay~otépou tov A, A. 6 tea ugeoc Eotlv O A tod BI, 16 
AUTO WEES EoTl xal oUvapdtepoc O A, A ovvaypotéeou 
tot BI, EZ: énep eder Seigau. 
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another (number) D (be) the same part of another (num- 
ber) FF that A (is) of BC. Isay that the sum A, D is also 
the same part of the sum BC, EF that A (is) of BC. 

For since which(ever) part A is of BC, D is the same 
part of EF’, thus as many numbers as are in BC equal 
to A, so many numbers are also in EF equal to D. Let 
BC have been divided into BG and GC, equal to A, and 
EF into EH and HF, equal to D. So the multitude of 
(divisions) BG, GC will be equal to the multitude of (di- 
visions) FH, HF. And since BG is equal to A, and EH 
to D, thus BG, EF (is) also equal to A, D. So, for the 
same (reasons), GC, HF (is) also (equal) to A, D. Thus, 
as many numbers as [are] in BC equal to A, so many are 
also in BC, EF equal to A, D. Thus, as many times as 
BC is (divisible) by A, so many times is the sum BC, EF 
also (divisible) by the sum A, D. Thus, which(ever) part 
A is of BC, the sum A, D is also the same part of the 
sum BC, EF. (Which is) the very thing it was required 
to show. 


+ In modern notation, this proposition states that if a = (1/n) b and c = (1/n) d then (a+c) = (1/n) (b+), where all symbols denote numbers. 


ot 
‘Edy aerduoc deryod ugen f, xal Eteeoc ETEPOU TO 
AUTA UEP F, XOl CUVAUPOTEPOS OLVALLMOTECEOU TH AUTH 
ueen Eota, OnEE O cic TOU Evdc. 


~B ie 


ii Z. 


AowWydc yuo 6 AB dewWyod tot T gon gotw, xal Etepo¢ 
6 AE étépou tot Z t& advt& ugon, &nco 6 AB tot T° Ey, 
OTL xal ovvaypdtepoc O AB, AE ovvoyortépou tot I’, Z 
TH AUTH WEEN EoTiv, dnco O AB tod T. 

‘Emel ye, & ugon cotlv 0 AB to T, ta avta yéen xa 
6 AE 106 Z, d0a tea cotiv ev 16) AB vépy tod T', tooadtté 
éott xol ev 16 AE veer tod Z. Siyejodw 6 uev AB eic ta 
tov [ uéen ta AH, HB, 6 dé AE cic ta tod Z yeen ta 
AO, OE: gota 57 toov 16 nAVoc tv AH, HB 16 rAVVer 
tév AO, OE. xal eneit, 6 ugeoc Eotiv o AH tot I, 10 


Proposition 6° 


If a number is parts of a number, and another (num- 
ber) is the same parts of another, then the sum (of the 
leading numbers) will also be the same parts of the sum 
(of the following numbers) that one (number) is of an- 
other. 


te ay 

For let a number AB be parts of a number C, and an- 
other (number) DE (be) the same parts of another (num- 
ber) F that AB (is) of C. I say that the sum AB, DE is 
also the same parts of the sum C, F that AB (is) of C. 

For since which(ever) parts AB is of C, DE (is) also 
the same parts of F’, thus as many parts of C as are in AB, 
so many parts of F' are also in DE. Let AB have been 
divided into the parts of C, AG and GB, and DE into the 
parts of F, DH and HE. So the multitude of (divisions) 
AG, GB will be equal to the multitude of (divisions) DH, 
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avto wepoc oti xal 6 AO tod Z, 6 beau Ugpoc Eotlv O AH 
tot T, t6 avtO geo Eotl xal ovvaupdtepog 6 AH, AO 
ovuvaupotépon Tol T, Z. dice tx HUTA O1 xal 6 UEEOC EoTIV O 
HB tot TD’, 16 abt6 uggoc Eotl xal ouvapdteeoc o HB, OE 
ovvay~otépou tot I, Z. & doa ween cotiv oO AB tod T, ta 
auta uéen Eotl xal ouvaupdtepoc 0 AB, AE ovvaypotéeou 
tot T, Z bnep eder SetEau. 
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HE. And since which(ever) part AG is of C, DH is also 
the same part of F’, thus which(ever) part AG is of C, 
the sum AG, DH is also the same part of the sum C, F 
[Prop. 7.5]. And so, for the same (reasons), which(ever) 
part GB is of C, the sum GB, HE is also the same part 
of the sum C, F. Thus, which(ever) parts AB is of C, 
the sum AB, DE is also the same parts of the sum C, F’. 
(Which is) the very thing it was required to show. 


+ In modern notation, this proposition states that if a = (m/n)b and c = (m/n)d then (a+ c) = (m/n) (b + d), where all symbols denote 


numbers. 


C. 
‘Edy cevdudoc aovdyot uepo¢ f, Once aAparoedele axpau- 
eedévtoc, xal O AotmO¢ Tov AoiMOD TO AUTO UEpOC EoTHL, 
OnEee O Oho TOD SAOv. 


AE B 


+ 


H 


AowWyoc yao 0 AB dewyot tod TA ugeo¢ Eotw, Sree 
apaoeDelc O AE &papeDEvtocg tod PZ: Aéyoo, Stu xal AowNO¢ 
0 EB Aoinod tot ZA 16 wt Uepos Eotiv, 6mEe GAog O AB 
6dov tod TA. 

“O yup uépoc Eotiv 6 AE tod TZ, 16 wvtd yéeog Eotw 
xol 0 EB tot TH. xal enet, 6 ugeoc éotiv 6 AE tod PZ, 16 
avtTO UgeOs EoTL xal O EB tot TH, 6 dpa ygooc Eotiv 0 AE 
tot [Z, tO avt6 wepo¢ Eotl xal O AB tod HZ. 6 dé Yepoc 
éotlv 6 AE tot TZ, t6 abt6 ugpoc Undxerta xal 6 AB tod 
TA: 6 dou uegog EotL xal 6 AB tod HZ, 16 avt6 UEpo¢ EoTI 
xa tod TA: too &pa Eotlv 6 HZ 16 TA. xowdc denerodw 
6 YZ: Aownd¢ dea 6 HT Aownés 165 ZA Eotw too. nol Exel, 
6 Ugo Eotly 0 AE tot TZ, tO avtd uEeos [Eotl] xal 6 EB 
tov HI, tooc 6é 6 HT 16 ZA, 6 d0u YEpo¢ Eotiv O AE tod 
TZ, tO avt6 yeeog Eoti xal O EB tot ZA. GAAu 6 YEpOC 
éotlv 0 AE tod PZ, 16 adtO uepoe Eotl xal Oo AB tot PA: 
xal Aownd¢ dea O EB Aoinod tot ZA tO adtO YEO EotIy, 
donee OdAo¢ O AB Odov tod PA: oreo Eder SetEau. 


Z. A 


Proposition 7‘ 


If a number is that part of a number that a (part) 
taken away (is) of a (part) taken away then the remain- 
der will also be the same part of the remainder that the 
whole (is) of the whole. 


A E B 


-—+———— 


G C F D 


I t t 1 

For let a number AB be that part of a number CD 
that a (part) taken away AF (is) of a part taken away 
CF. I say that the remainder FB is also the same part of 
the remainder F'D that the whole AB (is) of the whole 
CD. 

For which(ever) part AF is of CF, let EB also be the 
same part of CG. And since which(ever) part AE is of 
CF, EB is also the same part of CG, thus which(ever) 
part AF is of CF, AB is also the same part of GF 
[Prop. 7.5]. And which(ever) part AF is of CF, AB is 
also assumed (to be) the same part of CD. Thus, also, 
which(ever) part AB is of GF, (AB) is also the same 
part of CD. Thus, GF is equal to CD. Let CF have been 
subtracted from both. Thus, the remainder GC is equal 
to the remainder F'D. And since which(ever) part AE is 
of CF, EB [is] also the same part of GC, and GC (is) 
equal to FD, thus which(ever) part AF is of CF, EB is 
also the same part of FD. But, which(ever) part AF is of 
CF, AB is also the same part of CD. Thus, the remain- 
der FB is also the same part of the remainder F'D that 
the whole AB (is) of the whole CD. (Which is) the very 
thing it was required to show. 


+ In modern notation, this proposition states that if a = (1/n) b and c = (1/n) d then (a—c) = (1/n) (b— d), where all symbols denote numbers. 


Y . 
‘Ey cowuoc aevuod ween 4, deo apapedelc cxpau- 
eedévtoc, xal 0 AotmO¢ ToD Aoimod Ta wUTH UEEN EoTHL, 
dee O dAog TO OAoD. 


Proposition 8' 


If a number is those parts of a number that a (part) 
taken away (is) of a (part) taken away then the remain- 
der will also be the same parts of the remainder that the 
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T Z. A 


WA 


H MK Ne 


A A EB 


—— 

Aovwuoc yee 0 AB deyod tod TA yéen ~otw, ane 
&paoeVelc O AE &papeDEvtoc tod PZ: Aéyoo, Stu Kal Aownd¢ 
0 EB hotrod tod ZA ta adt& UgeN Eotiv, &neo Skog 6 AB 
ddov tot TA. 

Ketodw yao 16 AB tooc 6 HO, & &pa een Eotlv 6 HO 
tot TA, ta atte ugen cott xal O AE tod TZ. Sinofodw 6 
uev HO eic t& tod TA yéon ta HK, KO, 6 52 AE cic t& tot 
TZ uéon ta AA, AE: Zota 57 foov 16 TAO tS/v HK, KO 
16) TAAVEL tv AA, AE. xal enet, 6 ugeoc eotlv 0 HK tod 
TA, tO avd uepos Eoti xal O AA tod TZ, uciZwv be o TA 
tot TZ, uetCov doa xal 0 HK tod AA. xetodw 165 AA too 
o HM. 6 &a wépoc Eotlv oO HK tot TA, 16 adt6 wepoc Eotl 
xal 0 HM tot PZ: xat Aownd¢ Koa 6 MK Aoinod tod ZA 
TO MUTO UEEOS EotIv, 6mEo GAoc 6 HK daAov tod TA. néAw 
émet, 0 ueeoc Eotly 6 KO tod TA, 16 abt yea Eoti xal 6 
EA tod [Z, uct@wv dé 6 TA tod TZ, uci@wv &pa xal 6 OK 
tot EA. xetodw 16) EA tooc 6 KN. 6 dpa Yepoc Eotly 6 KO 
tot TA, t6 adtO éeo¢ Eotl xal 6 KN tot TZ: xol Aownd¢ 
géoa 6 NO hotrod tod ZA 16 adt6 YEpo¢ Eotiv, STE Ghoc O 
KO oddov 108 TA. edetydn dé xal AoiMO¢ O MK Aotnod tod 
ZA 16 auto uéeos Hy, Step dAOc O HK SAov tod TA: xa 
ouvaypdtepos koa O MK, NO tod AZ t& adt& yee Eotiv, 
&neo SAoc O OH Saou tod TA. tooc b& ouvaypdtepoc Lev 
o MK, NO 16 EB, 6 d¢ OH 16 BA: xal Aoind¢ Kou 6 EB 
Aoirod tod ZA td adt& UgeNn Eotiv, &mep dAoc O AB ddov 
tov TA: bree ger detEau. 
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whole (is) of the whole. 


C F D 


[]_ A 


G MK NH 


+++ 


A L EB 
I t t 1 

For let a number AB be those parts of a number CD 
that a (part) taken away AEF (is) of a (part) taken away 
CF’. I say that the remainder FB is also the same parts 
of the remainder FD that the whole AB (is) of the whole 
CD. 

For let GH be laid down equal to AB. Thus, 
which(ever) parts GH is of CD, AE is also the same 
parts of CF. Let GH have been divided into the parts 
of CD, GK and KH, and AE into the part of CF, AL 
and LE. So the multitude of (divisions) Gk, KH will be 
equal to the multitude of (divisions) AL, LE. And since 
which(ever) part GK is of CD, AL is also the same part 
of CF, and CD (is) greater than CF, GK (is) thus also 
greater than AL. Let GM be made equal to AL. Thus, 
which(ever) part GK is of CD, GM is also the same part 
of CF. Thus, the remainder MK is also the same part of 
the remainder F'D that the whole Gk (is) of the whole 
CD [Prop. 7.5]. Again, since which(ever) part KH is of 
CD, EL is also the same part of C'F,, and CD (is) greater 
than CF’, HK (is) thus also greater than EL. Let KN be 
made equal to EL. Thus, which(ever) part KH (is) of 
CD, KN is also the same part of CF’. Thus, the remain- 
der NH is also the same part of the remainder F'D that 
the whole KH (is) of the whole CD [Prop. 7.5]. And the 
remainder MK was also shown to be the same part of 
the remainder F'D that the whole Gk (is) of the whole 
CD. Thus, the sum MK, NH is the same parts of DF 
that the whole HG (is) of the whole CD. And the sum 
MK, NH (is) equal to EB, and HG to BA. Thus, the 
remainder FB is also the same parts of the remainder 
FD that the whole AB (is) of the whole C.D. (Which is) 
the very thing it was required to show. 


+ In modern notation, this proposition states that if a = (m/n)b and c = (m/n) d then (a — c) = (m/n) (b — d), where all symbols denote 


numbers. 
ey’ 

‘Edy aovuoc aevduod ugpoc fh, ual Etepo¢ EtéeOU TO 
avtTO UEpOC 7}, “al EvAAAKE, 6 UEoOC EoTly H UEENH O TEéTOG 
tov teitov, TO avVTO UEeOC EoTAL y} TA HUTR EON xal O 
debtepoc¢ TOD tTetTkeTOD. 


Proposition 9' 


If a number is part of a number, and another (num- 
ber) is the same part of another, also, alternately, 
which(ever) part, or parts, the first (number) is of the 
third, the second (number) will also be the same part, or 
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rT 


Zi 
A A 


AowWyoc yao 0 A dovuod tot BI yépo¢ Eotw, xal Ete- 
coc 0 A Etépou tot EZ 16 avt6 uéeoc, 6nep O A tod BI- 
EYW, StL Kal EVUAAGE, 6 uEoos Eotiv O A to A Ff YEpN, TO 
avto Ugeoc Eotl xal Oo BI. tod EZ 4 ygen. 

‘Enel yuo 6 uepoc Eotly O A tod BI’, 10 adt0 yeeo¢ Eotl 
xa 0 A tod EZ, doo dou cio év 165 BLY dewuol toon 16 
A, tooottot ciot xal ev 163 EZ foot 16 A. SinefoVw 6 ev 
BE cic tobe té A toouc tobe BH, HI, 6 6 EZ cic tobe 165 
A iooug tos EO, OZ: Zota 54 toov 16 TAAVo¢ tev BH, 
HI 16 nAAVer tv EO, OZ. 

Kat net toon ciolv ot BH, HI aovyot wAnAotc, stot 
dé xa ot EO, OZ dewuol toot GAANAotc, xat Eotw toov TO 
TAHVoc tv BH, HI 16 nArVer tv EO, OZ, 6 dou UEpoc 
éotly o BH tod EO ¥ uéen, tO avtO Uepog Eotl xal o HT 
to OZ F tu adta UEEN’ WotE xal 6 UEeoc Eotlv O BH tod 
EO ¥ uéen, TO MUTO EEOC ETL xal OVvapdtepoc O BI 
ovvay.potépou tol EZ vj tu wvt& Ueen. tooc Se 6 Uev BH 
ta A, 6 5 EO 16 A’ 6 toa Uepoc Eotiv oO A tod A ¥ LEON, 
TO HUTO WEEOS EoTL xal O BI tot EZ 74 ta wvta Eon: SEE 
EOet Ocieau. 


+ In modern notation, this proposition states that if a = (1/n) b and c = 
numbers. 


, 


t. 


‘Edy cowyudc aovdyod ueen 4, xol Eteo0¢ ETEPOV TH AUTH 
ueey, Ff}, xal EvakAdE, & ueoN Eotlv O Tedto¢c tod tettov 7 
UEEOG, TA KUTA EON Eta xal O SevUTEpOC TOU Tet&eTOU 7 
TO HUTO UEEOC. 

‘AowWydc yao 6 AB dewWyod tot T gon gotw, xal Etepo¢ 
6 AE étépou tot Z ta adt& ugoern AEy, Str xal EvarAdE, 
& ugen cotlv oO AB tot AE 4 uépoc, te adT WEEN EOTL xa 
oT tot Z 7 tO avt0 geo. 
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the same parts, of the fourth. 


Er 
Br 

H 
G 
C F 


A D 


For let a number A be part of a number BC, and an- 
other (number) D (be) the same part of another EF that 
A (is) of BC. I say that, also, alternately, which(ever) 
part, or parts, A is of D, BC is also the same part, or 
parts, of EF. 

For since which(ever) part A is of BC, D is also the 
same part of EF’, thus as many numbers as are in BC 
equal to A, so many are also in EF equal to D. Let BC 
have been divided into BG and GC, equal to A, and EF 
into EH and HF, equal to D. So the multitude of (di- 
visions) BG, GC will be equal to the multitude of (divi- 
sions) HH, HF. 

And since the numbers BG and GC are equal to one 
another, and the numbers FH and HF are also equal to 
one another, and the multitude of (divisions) BG, GC 
is equal to the multitude of (divisions) EH, HC, thus 
which(ever) part, or parts, BG is of EH, GC is also 
the same part, or the same parts, of HF. And hence, 
which(ever) part, or parts, BG is of EH, the sum BC 
is also the same part, or the same parts, of the sum EF 
[Props. 7.5, 7.6]. And BG (is) equal to A, and EH to D. 
Thus, which(ever) part, or parts, A is of D, BC is also 
the same part, or the same parts, of EF. (Which is) the 
very thing it was required to show. 


(1/n) d then if a = (k/l) c then b = (k/l) d, where all symbols denote 


Proposition 10' 


If a number is parts of a number, and another (num- 
ber) is the same parts of another, also, alternately, 
which(ever) parts, or part, the first (number) is of the 
third, the second will also be the same parts, or the same 
part, of the fourth. 

For let a number AB be parts of a number C, and 
another (number) DF (be) the same parts of another F’. 
I say that, also, alternately, which(ever) parts, or part, 
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RB 
T iE 


‘Enel yd, & ween cotiv oO AB tot T, ta adt& ween Eotl 
xat 0 AE tod Z, doa &pa Eotiv ev 16 AB uéon tod T, 
tooadtta xal év 16 AE ygen tod Z. dSinejodw 6 uév AB eic 
ta tot [ yéen tx AH, HB, 0 5é AE cic t& tod Z een ta 
AO, OE: gota 57 toov 16 TAVoc tv AH, HB 16 nAVVer 
tév AO, OE. ual énxet, 6 uepoc Eotly 6 AH tod T, 16 adtO 
ueeos Eotl xal O AO tod Z, xal EvadrdE, 6 usec Eotlv O 
AH tot) AO ¥ yon, 160 adTO YEeOG EoTL xal O T tod Z Ff 
TH KUTA UEP. Sta TA KUTA BY xal, O UECOC Eotlv O HB tov 
OE 4 yéen, TO abTO UEEOS EoTL xal o I tod Z 7 ta aot 
uéen Bote xat [6 ugeoc cotlv 6 AH tot AO # vEoN, tO 
avto ees EoTl xal O HB tod OE fh ta wavta ueen xal 6 
&ea ugeoc Eotly O AH tot AO 7# UEeN, TO HUTO EEOC EoTI 
xoal 6 AB tod AE ¥f t& atta ugon: GAA’ 6 Upc Eotly 6 AH 
tod AO 7H ugen, TO AVTO LEO EdelyYy xal oT tod Z 7H ta 
auta péen, xal] & [%ea] uzon Eotiv 6 AB tot AE ¥ ueeoc, 
TH KUTA WEEN Eotl xal oT tod Z FH 16 wt UEpo: Sree er 
dete ou. 


t In modern notation, this proposition states that if a = (m/n) b and c = 
numbers. 
1a’. 

‘Eay ff @¢ OAOG TENG GAOV, OUTS aparpsVElc TEOS HApatl- 
cedévta, xal O AolMOG MEdS TOV AOLMOV EoTA, W> OhOG TEOC 
OXov. 

"Hot w¢ dog 0 AB mpd¢ dAov tov TA, ottw¢ cepau- 
eeveic 6 AE redc apapedévta tov DZ: AEyw, dtu nal Aownd¢ 
0 EB xpd¢ Aoindv tov ZA Eotw, @¢ 6AO¢g O AB Ted¢ Shov 
tov TA. 
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AB is of DE, C is also the same parts, or the same part, 
of F. 


G 


B C E 7 

For since which(ever) parts AB is of C, DE is also 
the same parts of F’, thus as many parts of C as are in 
AB, so many parts of F' (are) also in DE. Let AB have 
been divided into the parts of C, AG and GB, and DE 
into the parts of F, DH and HE. So the multitude of 
(divisions) AG, GB will be equal to the multitude of (di- 
visions) DH, HE. And since which(ever) part AG is 
of C, DH is also the same part of F, also, alternately, 
which(ever) part, or parts, AG is of DH, C is also the 
same part, or the same parts, of F [Prop. 7.9]. And so, 
for the same (reasons), which(ever) part, or parts, GB is 
of HE, C is also the same part, or the same parts, of F 
[Prop. 7.9]. And so [which(ever) part, or parts, AG is of 
DH, GB is also the same part, or the same parts, of HE. 
And thus, which(ever) part, or parts, AG is of DH, AB is 
also the same part, or the same parts, of DE [Props. 7.5, 
7.6]. But, which(ever) part, or parts, AG is of DH, C 
was also shown (to be) the same part, or the same parts, 
of F’. And, thus] which(ever) parts, or part, AB is of DE, 
C is also the same parts, or the same part, of F. (Which 
is) the very thing it was required to show. 


(m/n) d then if a = (k/l) c then b = (k/1) d, where all symbols denote 


Proposition 11 


If as the whole (of a number) is to the whole (of an- 
other), so a (part) taken away (is) to a (part) taken away, 
then the remainder will also be to the remainder as the 
whole (is) to the whole. 

Let the whole AB be to the whole CD as the (part) 
taken away AF (is) to the (part) taken away CF’. I say 
that the remainder EB is to the remainder F'D as the 
whole AB (is) to the whole CD. 
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LC a 
er Z al 
K+ 
BL A 


‘Enet gotty wo 0 AB medc tov TA, ottw> 6 AE med¢ 
tov [Z, 6 dou uépo¢ Eotlv O AB tod TA ¥f pEpn, TO adTO 
ueeos cott xal O AE tot TZ Ff ta adtd YEeH. xal AotNd¢ 
&ea O EB Aoinod tot ZA 16 adt6 Yépog Eotly H EON, nee 
o AB tot TA. éotw tea wo 6 EB med¢ tov ZA, ottw¢ 6 
AB nedc¢ tov TA: dre eden Seigau. 


+ In modern notation, this proposition states that if a: b :: c: dthena 


tg 

18". 
‘Edy Gow Onocowoby aovdyol avaAoyov, gota acd cic 
TOY NYOLUEVWY Ted Eva THY ETOUEVWY, OUTS AMAVTE Ol 


NYOVUEVOL MEO Amavtacg Tos ENOUEVOUC. 


Re OB TK 


"Eotwoayv onocotoby devOuol avéAoyov ot A, B, T, A, 
a> 0 A mpd¢ tov B, ottw¢ 6 TP npd¢ tov A> AEYOo, St Eotiv 
a> 0 A Ted¢ tov B, otw¢ ot A, TP moed¢ tobe B, A. 

‘Enel yéo Eotw wo O A med¢ tov B, odtw¢ 6 T red¢ 
tov A, 6 doa uépoc Eotlv 6 A tod B ff uéen, TO HUT LEPOC 
éotl xal oT tot A 7 uéen. xual ovvaupdtepoc dea o A, 
T ovvoyotépou tot B, A tO abt6 Yepo¢ Eotly H Ta adTH 
veer, &nep O A tod B. Eotw doa Wo O A med¢ Tov B, ovtw¢ 
oi A, [ npd¢ tobe B, A> bree Eder SetEau. 
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C = 
F 4 
Ar 
E + 
B- D 


(For) since as AB is to CD, so AE (is) to CF’, thus 
which(ever) part, or parts, AB is of CD, AE is also the 
same part, or the same parts, of CF [Def. 7.20]. Thus, 
the remainder FB is also the same part, or parts, of the 
remainder F'D that AB (is) of CD [Props. 7.7, 7.8]. 
Thus, as FB is to FD, so AB (is) to CD [Def. 7.20]. 
(Which is) the very thing it was required to show. 


:b::a—c:b—d, where all symbols denote numbers. 


Proposition 121 


If any multitude whatsoever of numbers are propor- 
tional then as one of the leading (numbers is) to one of 
the following so (the sum of) all of the leading (numbers) 
will be to (the sum of) all of the following. 


A B Cc OD 


Let any multitude whatsoever of numbers, A, B, C, 
D, be proportional, (such that) as A (is) to B, so C Cis) 
to D. I say that as A is to B, so A, C (is) to B, D. 

For since as A is to B, so C (is) to D, thus which(ever) 
part, or parts, A is of B, C is also the same part, or parts, 
of D [Def. 7.20]. Thus, the sum A, C is also the same 
part, or the same parts, of the sum B, D that A (is) of B 
[Props. 7.5, 7.6]. Thus, as A is to B, so A, C (is) to B, D 
[Def. 7.20]. (Which is) the very thing it was required to 
show. 
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+ In modern notation, this proposition states that if a : b::c: dthen a: b::a+c:b+4d, where all symbols denote numbers. 


, 


Ly’. 
"Eay técoapec deIuol avdAoyov dow, xal EvahAae 
avoAOYOV EGOVTAL. 


A Bra 


"Eotwouyv téooupes dovWyol avédoyov ot A, B, I, A, 
wc 0 A med¢ tov B, ottwc 6 T med tov A> AEyw, StL xa 
EVAAAKE avdtAoyov Eoovta, O¢ O A Ted¢ tov T, obtwo 6 B 
medc¢ tov A. 

‘Enel yuo cotw we O A ted¢ Tov B, ottw¢ 6 T npd¢ tov 
A, 6 dea Uépog Eotiv O A tod B ¥\ uEoN, TO HUT UEPOC EoTI 
xa 6 T tod A ¥ tk adTH EEN. EVAAAKE Goa, 6 UEC EoTIV 
6 A tot T f ueen, TO adTO UeeOS EoTl xal O B tod A Ff td 
avte UEeN. Eotw doa wo O A npd¢ Tov T, ovtwW> O B ned¢ 
tov A: éneoe eden Seigau. 


t In modern notation, this proposition states that if a: b::c: dthena:c 


10’. 


‘Edy Gow Orocoiody aevOyot xal GAAOL aUTOI¢ toot TO 
TAR VO¢ ovvSvO AaUBavduEvot xal Ev TES HUTE ADV, Xa BL 
toou Ev 16) aUTe) AdYGS Eoovta. 


ma i oA ! 
Br——— E 
Li LL = 


"Eotwouy Orooototy geyol ot A, B, TP xat dot wvtoic 
loot 10 TAHVo¢ GbvSv0 AaUBavduEvot Ev TE ATE ADYY Ol 
A, E, Z, a¢ yév 0 A mpd¢ tov B, ottwe 6 A ted tov E, 
wc 5¢ 0 B npd¢ tov I, ottwe O E med¢ tov Z AEyw, OTL 
nal 8.’ toou gotly Wc O A Ted¢ tov T, otws 6 A med¢ Tov 
Z. 

‘Enel ydo Eotw G¢ O A med¢ TOV B, oUtw¢ 6 A Ted¢ 
tov E, evahAue doa gotiv Wc 6 A ned¢ tov A, otw> 6 B 
Ted¢ TOV E. né&Aw, emet Coty Wc O B red¢ tov I’, obtw¢ O 


Proposition 13? 


If four numbers are proportional then they will also 
be proportional alternately. 


A B Cc OD 

Let the four numbers A, B, C, and D be proportional, 
(such that) as A (is) to B, so C (is) to D. I say that they 
will also be proportional alternately, (such that) as A (is) 
to C, so B (is) to D. 

For since as A is to B, so C (is) to D, thus which(ever) 
part, or parts, A is of B, C is also the same part, 
or the same parts, of D [Def. 7.20]. Thus, alterately, 
which(ever) part, or parts, A is of C, B is also the same 
part, or the same parts, of D [Props. 7.9, 7.10]. Thus, as 
Ais to C, so B (is) to D [Def. 7.20]. (Which is) the very 
thing it was required to show. 


:: 0: d, where all symbols denote numbers. 


Proposition 14 


If there are any multitude of numbers whatsoever, 
and (some) other (numbers) of equal multitude to them, 
(which are) also in the same ratio taken two by two, then 
they will also be in the same ratio via equality. 


A | D 
B +———T_ E | 
Ca F +——_ 


Let there be any multitude of numbers whatsoever, A, 
B, C, and (some) other (numbers), D, E, F, of equal 
multitude to them, (which are) in the same ratio taken 
two by two, (such that) as A (is) to B, so D (is) to E, 
and as B (is) to C, so E (is) to F. I say that also, via 
equality, as A is to C, so D (is) to F. 

For since as A is to B, so D (is) to E, thus, alternately, 
as A is to D, so B (is) to E [Prop. 7.13]. Again, since 
as B is to C, so E (is) to F, thus, alternately, as B is 
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E node tov Z, evahAaE dou Eotlv Wo O B red¢ tov E, otw¢ 
oT npd¢ tov Z. ao 5€ O B ned¢ tov E, ottw¢ O A mEd¢ 
tov A: xal wc dpa 6 A mpd¢ tov A, odtw¢ O T med¢ tov 
Z EVOAAKE Kou Eotlv Wo O A Ted¢ TOVT, OtTW O A ned¢ 
tov Z énep Eder Seiga. 


t In modern notation, this proposition states that ifa:b::d:eandb:c: 


le. 
‘Edy Lovac covUdov Tiva UETEF, loaxic dé Etepoc HovUOc 
d&AAov tive dordUdV YETTA, Xal EVAAAGE iodarg N ova Tov 
tottov dovOuov UETenoel xal O SeUTEPOC TOV TETAOETOV. 


a 2 
E KK A Z, 

A } 

Movi yao 7 A dovudy tia tov BL yetpette, toduic 6& 
étepoc dowd O A dAAov twa deIWUdov Tov EZ uetostto 
Ey, OTL “al EvarAAKE todmig N A Yovac tov A dowWyov 
yetoet xol O BI tov EZ. 

‘Emel yoo ioduic n A yovac tov BI dewyov uetpet xat o 
A tov EZ, dom dou ciolv ev 165 BP povddec, tooobtoi ciot 
nal év 16 EZ dowWyotl toon 165 A. Stnefodw Oo uev BY cic tue 
év Eautés Yovadac tac BH, HO, OL, 6 dé EZ cic tobe 165 A 
fooucg tots EK, KA, AZ. gota 54 toov 16 TAAVoc tv BH, 
HO, OF 16 nAjder tv EK, KA, AZ. xot exel too eiotv ai 
BH, HO, OT yovddec aAAnAauc, eiot dé xal ot EK, KA, AZ 
geuol toot GAANAOls, xal Coty toov TO TAT Voc téHv BH, 
HO, OF povdduv 14 nAAVer tv EK, KA, AZ aovudsy, 
gota doa &¢ 7 BH uwovac med¢ tov EK doedudy, ottw> 7 
HO yovac ned¢ tov KA dowWyov xat n OF yovac med¢ tov 
AZ apvudv. Eota doa xal w¢ cic TOV HyOULEVWY TEdG Eva 
TOY ENOUEVWYV, OVTUS AMavtTE Ol NYOWUEVOL MEd AMavTAC 
tov¢ Emouevouc’ ~otw goa wc 7 BH wovac moedc tov EK 
geoudyv, oUtwo O BI neo¢ tov EZ. ton 5¢ 1 BH yovac ty 
A povadt, 6 5¢ EK dowd 165 A derdud. Eotw doa w¢ H 
A povag med¢ tov A dowWydy, o}two 6 BI ned¢ tov EZ. 
todxic dpa n A povac tov A devudv uetoet xal oO BL tov 
EZ: One eder Seizau. 


+ This proposition is a special case of Prop. 7.9. 


to EF, so C (is) to F [Prop. 7.13]. And as B (is) to E, 
so A (is) to D. Thus, also, as A (is) to D, so C (is) to F. 
Thus, alternately, as A is to C, so D (is) to F [Prop. 7.13]. 
(Which is) the very thing it was required to show. 


:e: f thena:c::d: f, where all symbols denote numbers. 


Proposition 15 


If a unit measures some number, and another num- 
ber measures some other number as many times, then, 
also, alternately, the unit will measure the third num- 
ber as many times as the second (number measures) the 
fourth. 


Av — 


BGs i 


E K if F 

D , 

For let a unit A measure some number BC, and let 
another number D measure some other number EF as 
many times. I say that, also, alternately, the unit A also 
measures the number D as many times as BC’ (measures) 
EF. 

For since the unit A measures the number BC as 
many times as D (measures) EF’, thus as many units as 
are in BC, so many numbers are also in EF equal to 
D. Let BC have been divided into its constituent units, 
BG, GH, and HC, and EF into the (divisions) EK, KL, 
and LF, equal to D. So the multitude of (units) BG, 
GH, HC will be equal to the multitude of (divisions) 
EK, KL, LF. And since the units BG, GH, and HC 
are equal to one another, and the numbers EK, KL, and 
LF are also equal to one another, and the multitude of 
the (units) BG, GH, HC is equal to the multitude of the 
numbers EK, KL, LF, thus as the unit BG (is) to the 
number EK, so the unit GH will be to the number KL, 
and the unit HC to the number LF’. And thus, as one of 
the leading (numbers is) to one of the following, so (the 
sum of) all of the leading will be to (the sum of) all of 
the following [Prop. 7.12]. Thus, as the unit BG (is) to 
the number EK, so BC (is) to EF’. And the unit BG (is) 
equal to the unit A, and the number EK to the number 
D. Thus, as the unit A is to the number D, so BC (is) to 
EF. Thus, the unit A measures the number D as many 
times as BC (measures) EF’ [Def. 7.20]. (Which is) the 
very thing it was required to show. 
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, 


Iv. 


Ev 500 dowWyol noAAanAaoidouvtes GAANAOUC ToLddot 
Tivag, Ol yevouevot Ef adTEv toot GAANAOIs EcovTa. 


"Eotwouy 600 aevOuol ot A, B, xai 6 uév A tov B rod- 
AarAaoidoac tov I notettw, 6 5 B tov A rodAarAaordoac 
tov A noteite AEyw, Sti toog Eotlv OT 165 A. 

‘Enel yuo O A tov B nodAardaoidous tov I rexotnxey, 
0 B &a tov T° uetost xat& tue ev 16 A yovddac. Uetpet dé 
xal 1 E povag tov A devudov xat& tke Ev adTE Yovddac: 
todxic doa 7 E yovac tov A devWudov ueteet xal Oo B tov 
T. EvarraE doa ioduic 7 E yovac tov B dowWyov uetoet xa 
o A tov. réaw, Exel 0 B tov A roddandacidoag tov A 
netotnxev, 0 A doa tov A uetoeet xatd tae Ev 16 B uovddac. 
yetoeet de xal 7 E Yyovac tov B xat& tac Ev avutd Lovddac: 
todxic doa i E povac tov B dovuov yetpet xal 0 A tov A. 
todxic 5€ WE uovac tov B covyov eueteer xal O A tov T° 
toduic doa 6 A exctepoyv tv T, A vetpet. too¢g dpa Eotiv 
OT 16 A: drep eer SetEau. 
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Proposition 16! 


If two numbers multiplying one another make some 
(numbers) then the (numbers) generated from them will 
be equal to one another. 


At’ 


Let A and B be two numbers. And let A make C (by) 
multiplying B, and let B make D (by) multiplying A. I 
say that C' is equal to D. 

For since A has made C (by) multiplying B, B thus 
measures C according to the units in A [Def. 7.15]. And 
the unit & also measures the number A according to the 
units in it. Thus, the unit # measures the number A as 
many times as B (measures) C’. Thus, alternately, the 
unit # measures the number B as many times as A (mea- 
sures) C [Prop. 7.15]. Again, since B has made D (by) 
multiplying A, A thus measures D according to the units 
in B [Def. 7.15]. And the unit # also measures B ac- 
cording to the units in it. Thus, the unit E measures the 
number B as many times as A (measures) D. And the 
unit & was measuring the number B as many times as 
A (measures) C’. Thus, A measures each of C and D an 
equal number of times. Thus, C’' is equal to D. (Which is) 
the very thing it was required to show. 


+ In modern notation, this proposition states that ab = ba, where all symbols denote numbers. 


IC’. 
‘Edy aovdydc 600 aovOyovs ToAAaTAaoidous TOL TIvac, 
oi Yevouevot E€ aUTHYV TOV aDTOV EfovOL ADYOV TOIg MOAAG- 
TAAGLAGVEOW. 


At 

Ber T 

A 1 oR | 
7A 


AowWyoc yuo 6 A 800 dovyob¢ tob¢ B, I modda- 
TAaoidoug tobe A, E notgite AEyw, Sti Eotlv Wo O B ned¢ 
tov T, ottwe 0 A mpd tov E. 

‘Enel yoo 6 A tov B rokkarAaoidoug tov A renolnxey, 
0 B dea tov A uetest xate tac Ev 16) A Lovddac. Yetpet 


Proposition 17* 


If a number multiplying two numbers makes some 
(numbers) then the (numbers) generated from them will 
have the same ratio as the multiplied (numbers). 


At 

B "4 C 

D ee) 
FRA 


For let the number A make (the numbers) D and 
E (by) multiplying the two numbers B and C' (respec- 
tively). I say that as B is to C, so D (is) to E. 

For since A has made D (by) multiplying B, B thus 
measures D according to the units in A [Def. 7.15]. And 
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dé xal n Z “ova tov A dovudy xat& tue Ev ATE UOvddac’ 
todxic doa n Z yovac tov A dovuov yetpet xal 6 B tov A. 
Zot boa Wo A Z wovac Ted¢ tov A aevWudv, ottwo O B 
mTed¢ tov A. die Ta HUT OF wal Wo HZ Yovac TEd¢ Tov A 
ageoudyv, oUtwo OT med¢ tov Ev xal wo doa o B med¢ tov 
A, ottw¢ 6 T ned¢ tov E. évarhAxe dow Eotlv wo 6 B ned¢ 
tov T, ottwe 0 A med¢ tov Ev énee eer SetEau. 
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the unit F also measures the number A according to the 
units in it. Thus, the unit / measures the number A as 
many times as B (measures) D. Thus, as the unit F is 
to the number A, so B (is) to D [Def. 7.20]. And so, for 
the same (reasons), as the unit F’ (is) to the number A, 
so C (is) to #. And thus, as B (is) to D, so C (is) to E. 
Thus, alternately, as B is to C, so D (is) to E [Prop. 7.13]. 
(Which is) the very thing it was required to show. 


t In modern notation, this proposition states that if d = ab and e = ac then d: e :: b: c, where all symbols denote numbers. 


wt. 
iy , 
‘Edv v0 aovyol cevdudv twa moAAaTAUoLdouvtEs 
Tovdsat twas, ol Yevouevot E€ aviv TOV adTOV ECovOL AdYOV 
TOS MOAAATAMOLAOMOL. 


Ei 


Ato yée aevuot ot A, B dovudv twa tov PF moda 
TAaoidoavtes tolc A, E notettwouv Aéyo, tt Eotly we O 
A npd¢ tov B, ottwc 6 A mpd tov E. 

‘Enel yoo 0 A tov I noddandaordoug tov A rexolnxey, 
xa oT doa tov A nodAatdaoidoug tov A nenoinxev. Sie 
TH KUTA OF al OT tov B noAdatAuordouc tov E renotnxev. 
gewwuoc 54 0 T d00 dovdyov< tods A, B noddanraordouc 
tovc A, E nenotnxev. gotw doa wo 6 A med¢ TOv B, ottw< 
o A nedc¢ tov E émep eder Seigau. 


Proposition 18* 


If two numbers multiplying some number make some 
(other numbers) then the (numbers) generated from 
them will have the same ratio as the multiplying (num- 
bers). 


E! ] 

For let the two numbers A and B make (the numbers) 
D and E (respectively, by) multiplying some number C. 
I say that as A is to B, so D (is) to E. 

For since A has made D (by) multiplying C, C has 
thus also made D (by) multiplying A [Prop. 7.16]. So, for 
the same (reasons), C' has also made E (by) multiplying 
B. So the number C has made D and F (by) multiplying 
the two numbers A and B (respectively). Thus, as A is to 
B, so D (is) to E [Prop. 7.17]. (Which is) the very thing 
it was required to show. 


+ In modern notation, this propositions states that if ac = d and bc = e thena: b:: d: e, where all symbols denote numbers. 


0’. 

‘Edy técoapes dorduol avadoyov Wow, 0 EX TEWTOL xall 
TetThotOU YEevauEvoc KolNydc tooc Eotau TEs Ex SeuTECOV xall 
Toitou YEvoueve KoLyss xal Ev O EX TEATOU xa TeTHETOU 
yevouevoc apiudc too F 16 Ex Sevtéoou xal Toitov, ol 
técouopEs Kool avéAoyov Ecovtau. 

"Hotwouy téooupes dovWyoi avédoyov oi A, B, I, A, 
a> 0 A med¢ tov B, ottwo 6 I npd¢ tov A, xat 6 uev A 
tov A nodAardaoidcuc tov E rotcitw, 6 5¢ B tov I rod- 
AamAaoidoas tov Z novettw’ A€yw, Stt toog Eotlv oO E 16 Z. 


Proposition 19% 


If four number are proportional then the number cre- 
ated from (multiplying) the first and fourth will be equal 
to the number created from (multiplying) the second and 
third. And if the number created from (multiplying) the 
first and fourth is equal to the (number created) from 
(multiplying) the second and third then the four num- 
bers will be proportional. 

Let A, B, C, and D be four proportional numbers, 
(such that) as A (is) to B, so C (is) to D. And let A make 
E (by) multiplying D, and let B make F (by) multiplying 
C. I say that F is equal to F’. 
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A B T A E Z H 


‘O yao A tov I noddandaordoug tov H rotettw. énel 
odv o A tov I nod\dandaordoug tov H nenotnxev, tov sé 
A nodkanhaoidoug tov E renotnxev, govduoc 57) 6 A dbo 
geuots tov T, A nod\dandaoikoug tovc H, E nenoinxev. 
got &oa Wo OT npdc¢ tov A, otbtwe O H med¢ tov E. GAR’ 
w>o 0 T npdc tov A, ottwco 6 A med¢ tov B xal we dea 
0 A med¢ tov B, ottwe 6 H mpd¢ tov E. méaw, enei 0 A 
tov I nodkAandaciitoug tov H nenotnxev, HAAG UNV xol O 
B tov I’ nodAandacidouc tov Z nenotnxev, S00 S57 corWuol 
oi A, B dovdudv twa tov P nodAanAaorkoavtes tov H, Z 
Teroujxaow. Eott dea wo O A Ted¢ Tov B, oUtw¢ 6 H ned¢ 
tov Z. dA UAV xal ac O A med¢ tov B, ottw>o O H med¢ 
tov E: xal wo doa 0 H med¢ tov E, ottw¢o 0 H med¢ tov 
Z. 0 H dea med¢ Exdtepov tév E, Z tov avtoyv Eyer Advov' 
tooc dou cotiv O E v6 Z. 

"How d/ méAw too 6 E 16 Z héyo, dt Eotly Wo O A 
med¢ tov B, o}twe OT med¢ tov A. 

Tév yuo avtéy xataoxevactevtwy, Emel too¢g Eotly O 
E 16 Z, gotw doa wc O H ned¢ tov E, oUtw¢ 6 H med¢ tov 
Z. OAM’ Gc uev O H npd¢ tov E, otw¢ 6 I npd¢ tov A, a 
dé 0 H ned¢ tov Z, ottw¢ O A Ted¢ TOV B. xal Wo Goad A 
mTed¢ tov B, o}twc OT med¢ tov A> Step Eder SeiEa. 
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For let A make G (by) multiplying C. Therefore, since 
A has made G (by) multiplying C’, and has made E (by) 
multiplying D, the number A has made G and FE by mul- 
tiplying the two numbers C’ and D (respectively). Thus, 
as C is to D, so G (is) to & [Prop. 7.17]. But, as C (is) to 
D, so A (is) to B. Thus, also, as A (is) to B, so G (is) to 
E. Again, since A has made G (by) multiplying C, but, 
in fact, B has also made F' (by) multiplying C, the two 
numbers A and B have made G and F (respectively, by) 
multiplying some number C’. Thus, as A is to B, so G (is) 
to F [Prop. 7.18]. But, also, as A (is) to B, so G (is) to 
FE. And thus, as G (is) to E, so G (is) to F’. Thus, G has 
the same ratio to each of E and F’. Thus, F is equal to F 
[Prop. 5.9]. 

So, again, let F be equal to F’. I say that as A is to B, 
so C (is) to D. 

For, with the same construction, since FE is equal to F, 
thus as G is to E, so G (is) to F [Prop. 5.7]. But, as G 
(is) to FE, so C (is) to D [Prop. 7.17]. And as G (is) to F, 
so A (is) to B [Prop. 7.18]. And, thus, as A (is) to B, so 
C (is) to D. (Which is) the very thing it was required to 
show. 


+ In modern notation, this proposition reads that if a : b :: c: d then ad = bc, and vice versa, where all symbols denote numbers. 


x’ 

Ol eAdyiotor devuol té&v TOV aUTOV AdYOV EydvTWV 
avtoic Ueteovot Toc TOV aMUTOV AdYOV EyovTac lodkxuic 6 
te uetCwv Tov UetTova xal O EAdcioowV Tov EAciooOva. 

"Hotwoay yuo EAdytotot aevyol THv TOV avTOV AdYOV 
éyovtwy toic A, B ot TA, EZ: déyw, St toduic 6 TA tov 
A yetoet xal 6 EZ tov B. 


Proposition 20 


The least numbers of those (numbers) having the 
same ratio measure those (numbers) having the same ra- 
tio as them an equal number of times, the greater (mea- 
suring) the greater, and the lesser the lesser. 

For let CD and EF be the least numbers having the 
same ratio as A and B (respectively). I say that CD mea- 
sures A the same number of times as EF (measures) B. 
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A B 


N @® 


‘OTA yd tod A ox got yer. el yuo SUVatdy, EoTU" 
nal o EZ dow to} B t& avt& yéen Eotiv, &neo 6 TA tod 
A. 60a &ea éotiv év 165 TA pgon tod A, tooaditd Eott xa 
év 16 EZ yéen tod B. dinefotw o vév TA cic ta tod A 
uéen ta TH, HA, 0 8 EZ cic t& tod B ween ta EO, OZ: 
Eotat 57) toov t6 TAAVos tév TH, HA 16 nAjVer tHv EO, 
OZ. xai enet toot ciotv ot TH, HA dowWyoi aAAAotc, eiol 
dé xal ot HO, OZ aewuol toot GAANAotc, xat Eotw toov TO 
TARVos tv TH, HA 16 TAAVer tv EO, OZ, Eotw dea we 
0 TH npd¢ tov EO, otttwc 6 HA med¢ tov OZ. Eota koa 
xal W¢ Eic THY NYOUUEVWY TEOG Eva THY ENOLEVWY, OUTWC 
Unavtes Ol HYOUMEVOL Ted Umavtac tob¢s ENOUEVOUC. EOTIV 
&ea wo 6 TH med¢ tov EO, ottwe 6 TA npd¢ tov EZ: ot 
TH, EO dpa totic TA, EZ év 1 wt AOYw ciolv EAdooovec 
Ovtes avtév" SnEo Eotlv &d0vatOV’ Undxewta yee ot TA, 
EZ cdayiotot tév TOV avtOv ADYOV EYOvTWY aAvTOIC. OVX 
&ea ugon Eotly O TA tov A: yépo¢ dea. xal 6 EZ tod B 10 
avtO Yeo Eotiv, 6nep O TA tod A> tod doa oO TA tov 
A vetost xal 0 EZ tov B: bree eden Seton. 


xn’. 

Ot medéstoL Teds GAAHAOUS KoWUOl EACYLOTO! Elot TV TOV 
avtov ADYOV EXOVTWY aUTOIC. 

"Eotwoay meétot Ted¢ GAAHAOUs devout ot A, B- Aéya, 
ou ot A, B éhdytotot cio tév tov autov Adyov ExdvTWV 
aUTOtC. 

Et yuo uy, oovtat twee tév A, B ékcooovec doWyol 
ev T6) adTES ASYH Svtec toic A, B. Eotwouv oi T, A. 
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For CD is not parts of A. For, if possible, let it be 
(parts of A). Thus, EF is also the same parts of B that 
CD (is) of A [Def. 7.20, Prop. 7.13]. Thus, as many parts 
of A as are in CD, so many parts of B are also in EF’. Let 
C'D have been divided into the parts of A, CG and GD, 
and EF into the parts of B, EH and HF. So the multi- 
tude of (divisions) CG, GD will be equal to the multitude 
of (divisions) KH, HF’. And since the numbers CG and 
GD are equal to one another, and the numbers FH and 
HF are also equal to one another, and the multitude of 
(divisions) CG, GD is equal to the multitude of (divi- 
sions) HH, HF, thus as CG is to EH, so GD (is) to HF. 
Thus, as one of the leading (numbers is) to one of the 
following, so will (the sum of) all of the leading (num- 
bers) be to (the sum of) all of the following [Prop. 7.12]. 
Thus, as CG is to HH, so CD (is) to EF. Thus, CG 
and FH are in the same ratio as C'D and EF, being less 
than them. The very thing is impossible. For CD and 
EF were assumed (to be) the least of those (numbers) 
having the same ratio as them. Thus, C’D is not parts of 
A. Thus, (it is) a part (of A) [Prop. 7.4]. And FF is the 
same part of B that CD (is) of A [Def. 7.20, Prop 7.13]. 
Thus, C.D measures A the same number of times that EF 
(measures) B. (Which is) the very thing it was required 
to show. 


Proposition 21 


Numbers prime to one another are the least of those 
(numbers) having the same ratio as them. 

Let A and B be numbers prime to one another. I say 
that A and B are the least of those (numbers) having the 
same ratio as them. 

For if not then there will be some numbers less than A 
and B which are in the same ratio as A and B. Let them 
be C and D. 
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STOIXEION 7. 


Ww Be oo 2”. 


‘Enel ody ot EAdytotot aevOyol Té&v TOV aVTOV AdYOV 
ExYOVTWY YETEOVOL tobe TOV AVTOV Adyov EyovTac lodxic 
6 te usitwv tov usiTova xal O EAdttHWV TOV EAdTTOVE, 
TOUTEOTIV 6 TE HYOUUEVOS TOV HYOUUEVOY xal O ENdUEVOS 
tov Erduevov, ioduic doa oT tov A ueteet xal 6 A tov B. 
oodxic 57) OT tov A uetest, tooatta wovddeo Eotwouvy ev 
16) E. xal 0 A dea tov B vetoet xat& tue Ev 16) E wovddac. 
ual erect oT tov A yetpet xata tac Ev 165 E yovddac, xat 6 
E &pa tov A uetest nat tac Ev 16 TP yovddac. die te adTe 
of oO E xa tov B uetpet xat& tac ev 16) A Yovddac. Oo E 
&ea tole A, B uetpet mewtoucg 6vtag MEd GAAHAOUG’ STEP 
gotly adbvatov. obx doa Eoovtal tie téHv A, B eAdooovec 
gewuol év 16 aut AdYw dvtec toic A, B. ot A, B &pa 
EAGYKLOTOL Elo. THY TOV MUTOV AdYOV EYOVTOY AVTOIC’ STEP 
eeu Seicoau. 


xB". 
Ol eAdyiotor devuol té&v TOV aUTOV AdYOV EydvTWV 
avtoic ME@toL TEd¢ GAAAAOUS Eloty. 


"Kotwoay cddyiotot aevuol tv tov auTOV Adyov 
éydvtwyv avtoic ot A, B: Aéyw, Str ot A, B meditor med¢ 
AAAoUS clot. 

Et yuo uh slot meéitot med¢ aAAHAOUC, YETEYCEL Tic 
avtobs doudc. Uetositw, xal gotw OT. xo ooduic Yev 
oT tov A uetoet, tooatta yovddec Eotwouv ev 6 A, 


A B COD E 


Therefore, since the least numbers of those (num- 
bers) having the same ratio measure those (numbers) 
having the same ratio (as them) an equal number of 
times, the greater (measuring) the greater, and the lesser 
the lesser—that is to say, the leading (measuring) the 
leading, and the following the following—cC thus mea- 
sures A the same number of times that D (measures) B 
[Prop. 7.20]. So as many times as C’ measures A, so many 
units let there be in EL. Thus, D also measures B accord- 
ing to the units in E. And since C measures A according 
to the units in £, EF thus also measures A according to 
the units in C [Prop. 7.16]. So, for the same (reasons), E 
also measures B according to the units in D [Prop. 7.16]. 
Thus, & measures A and B, which are prime to one an- 
other. The very thing is impossible. Thus, there cannot 
be any numbers less than A and B which are in the same 
ratio as A and B. Thus, A and B are the least of those 
(numbers) having the same ratio as them. (Which is) the 
very thing it was required to show. 


Proposition 22 


The least numbers of those (numbers) having the 
same ratio as them are prime to one another. 


Let A and B be the least numbers of those (numbers) 
having the same ratio as them. I say that A and B are 
prime to one another. 

For if they are not prime to one another then some 
number will measure them. Let it (so measure them), 
and let it be C. And as many times as C' measures A, so 
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oodnic 6¢ 0 T tov B uetepet, tocatita wovddec Eotwouvy ev 
TO E. 

‘Enet 0 T tov A uetoet xat& tac ev 16) A ovdduc, 0 
T dea tov A noddardaoidoug tov A nenoinxev. Sid TH 
avta 67 xal o T tov E noddandAaocikoucg tov B renotnxev. 
gowwuos 64 O T S00 dovuobs tob¢c A, E noddandaordouc 
toc A, B nenotnxev: Eotw doa ac O A med¢ Tov E, ottw< 
0 A med¢ tov B: ot A, E doa totic A, B ev 16 adté Ady 
cloly ehtioooves Ovteg auTeyv’ OnEe Eotly adOvaTOV. OVX 
&ea tobe A, B dprduods dovdude tic Wetoroet. ot A, B doa 
TEGTtOL MEd GAANAOUC Eloy’ Smee Eder Seigau. 


, 


xy". 
‘Edy 600 aovOuol medstor Ted¢ GAAAOUC Wow, O TOV Eva 
avtéyv UETedyv aoevOy"Os TEOC TOV AOLTOYV TESTO EOTAL. 


| 
A B T A 


"Eotwouv 500 devduol Tedtot Ted¢ 4AAHAOUc oi A, B, 
tov 6 A yeteeita tic douoc oO TI: Aéyw, Sti xa ot T, B 
TEGSTOL TEdS GAANAOUG Eloty. 

Et yap un ciow ot I’, B meéitor medc HAAKAOUc, UETEYCEL 
[ttc] tobc T, B dowydc. uetocitw, xal Zot O A. erel O 
A tov IT yeteet, 0 6 I tov A ueteei, xol 6 A doa tov A 
uetpet. Uetpet be xal tov B- 6 A doa tobe A, B yuetpet 
TEWTOUS OvTacg TEdS GAANAOUC: OTEE EoTly AdOVaTOV. OVX 
goa tovc T, B ap yobs dowd tig uetofoes. ot T, B how 
TEGTOL TESS GAANAOUC Elotv dmep Eder Seigau. 


xo’. 


‘Edy S00 deol med¢ twa devouov TedStoL Got, xl O 
&€ UT&Y YEvOUEVOS TEdG TOV AUTOV TEGITOG EOTAL. 
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many units let there be in D. And as many times as C 
measures B, so many units let there be in EF. 

Since C' measures A according to the units in D, C 
has thus made A (by) multiplying D [Def. 7.15]. So, for 
the same (reasons), C has also made B (by) multiplying 
E. So the number C' has made A and B (by) multiplying 
the two numbers D and EF (respectively). Thus, as D is 
to EF, so A (is) to B [Prop. 7.17]. Thus, D and EF are in 
the same ratio as A and B, being less than them. The 
very thing is impossible. Thus, some number does not 
measure the numbers A and B. Thus, A and B are prime 
to one another. (Which is) the very thing it was required 
to show. 


Proposition 23 


If two numbers are prime to one another then a num- 
ber measuring one of them will be prime to the remaining 
(one). 


A B Cc OD 


Let A and B be two numbers (which are) prime to 
one another, and let some number C' measure A. I say 
that C and B are also prime to one another. 

For if C and B are not prime to one another then 
[some] number will measure C and B. Let it (so) mea- 
sure (them), and let it be D. Since D measures C, and C 
measures A, D thus also measures A. And (D) also mea- 
sures B. Thus, D measures A and B, which are prime 
to one another. The very thing is impossible. Thus, some 
number does not measure the numbers C’ and B. Thus, 
C and B are prime to one another. (Which is) the very 
thing it was required to show. 


Proposition 24 


If two numbers are prime to some number then the 
number created from (multiplying) the former (two num- 
bers) will also be prime to the latter (number). 
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A (BB JD @& oE -Z% 


| 


Abo yee derduol ot A, B npd¢ twa dovuov tov TI medstot 
gotwoav, xal Oo A tov B roddkandacidoacg tov A rotetto* 
Eyw, StL ot T, A medstor med¢ HAAHAOUC city. 

Et y&e ur elow ot T, A rodstot mepd¢ GAAHAOUG, UETEYCEL 
[tic] tobe T, A devudc. yetpette, xal Zotw 6 E. xak Enel 
ot T, A redstot red¢ HAANAOUC eioty, tov bé TP yeteet tic 
gees 0 E, ot A, E dea npétor med¢ GAANAOUS eiolv. 
oodxic 57) 6 E tov A yeteei, tooatta Yovddec Eotwoay Ev 
16 Z xat 6 Z dou tov A yetpet xat& tac Ev 16) E yovddac. 
0 E é0a tov Z nohAanAaoidoac tov A menotnxev. cAAg 
unv xal 0 A tov B nodAamdacidoug tov A nerotnxev: tooc 
&ea Eotlv O Ex tHv E, Z 1 ex tv A, B. edv SE 6 UDO 
TOY dxowv loo f TG UNO THY UEOWY, Ol TEccaeEC dolNUOl 
avéhoyoy clow: Eotw doa Oc O E ned¢ tov A, ottw¢o 6 B 
Ted¢ tov Z. ot 6é A, E mpéstot, ot bé TEtOL xal EAAYLoTOL, Ot 
d€ EAdyLoTOL doLUOl Té&Y TOV HUTOV AdyoV ExYdVTWY ATOIC 
yeteovot tos Tov adTOV AdYOV Eyovtac lodmic 6 Te YEiTwv 
tov uetCova xal 6 EAcoowV TOV EAdoOOOVa, TOUTEOTW O TE 
NYOUUEVOS TOV HYOUUEVOY xal O ENdUEVOC TOV EMOUEVOV: O 
E doa tov B ueteet. uetoet 6¢ xa tov I 6 E dou tobe B, I 
UETEEL TOWTOUCS SVTAC TEOG GAANAOUG’ OTEE EoTIy GVVaATOV. 
ovx épa tobe I, A covyobd dorduds tic uetoyjoer. of [, A 
doa TEGTOL TEdS GAAAOUC Eloi’ Ome Eder Seigau. 


xe’. 
‘Edy 500 aevOyuol meéitot MEOC GAAHAOUC Bow, O Ex TOD 
EvOg AUTEY YEVOUEVOS TEdS TOV AOLMOV TEdSTOSG COTA. 
"Eotwoav 500 doevOuol Tedtot Ted¢ &AAHAOUc oi A, B, 
xal Oo A Eautov roddkarAaoidoac tov TI rovettw: A€yw, OTL 
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For let A and B be two numbers (which are both) 
prime to some number C’. And let A make D (by) multi- 
plying B. I say that C and D are prime to one another. 

For if C and D are not prime to one another then 
[some] number will measure C' and D. Let it (so) mea- 
sure them, and let it be E. And since C and A are prime 
to one another, and some number F measures C,, A and 
E are thus prime to one another [Prop. 7.23]. So as 
many times as # measures D, so many units let there 
be in F’. Thus, F' also measures D according to the units 
in F [Prop. 7.16]. Thus, & has made D (by) multiply- 
ing F [Def. 7.15]. But, in fact, A has also made D (by) 
multiplying B. Thus, the (number created) from (multi- 
plying) E and F is equal to the (number created) from 
(multiplying) A and B. And if the (rectangle contained) 
by the (two) outermost is equal to the (rectangle con- 
tained) by the middle (two) then the four numbers are 
proportional [Prop. 6.15]. Thus, as E is to A, so B (is) 
to F. And A and F (are) prime (to one another). And 
(numbers) prime (to one another) are also the least (of 
those numbers having the same ratio) [Prop. 7.21]. And 
the least numbers of those (numbers) having the same 
ratio measure those (numbers) having the same ratio as 
them an equal number of times, the greater (measuring) 
the greater, and the lesser the lesser—that is to say, the 
leading (measuring) the leading, and the following the 
following [Prop. 7.20]. Thus, £ measures B. And it also 
measures C’. Thus, # measures B and C, which are prime 
to one another. The very thing is impossible. Thus, some 
number cannot measure the numbers C’' and D. Thus, 
C and D are prime to one another. (Which is) the very 
thing it was required to show. 


Proposition 25 


If two numbers are prime to one another then the 
number created from (squaring) one of them will be 
prime to the remaining (number). 

Let A and B be two numbers (which are) prime to 
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ot B, TP reéstot med¢ HAANAOu ciotv. 


A B T A 


Ketodw yuo 16 A iooc 6 A. éxel ot A, B mpéstot mpd¢ 
d&AANAOUS Eloty, looc bE O A 165 A, xat ot A, B doa mpéitor 
mMed¢ GAAYAOUs ciotv’ Exd&tepo0c dou tév A, A toed¢ tov B 
Tedtd¢ Eottv’ xal O Ex tev A, A doa yevouevoc Ted¢ Tov B 
mpdto¢ Eota. O SE Ex THY A, A Yevduevoc dovdUd¢ EotW O 
I. ot DP, B dpa redtor ned¢ GAAHAOUS Elotv’ Sree Eder SeiFa. 


, 
XT. 
‘Edy 600 deiuol med¢ 00 derduob¢ aUpdtepoL TEd¢ 
ExdteEpov TEdItOL Bow, xal ot E€ “UTy Yevduevot TedSTOL 
TEOS GAAHAOUS EGovTA. 


fe fi? | 


At 


7! 

Ato yoo devduol ot A, B red¢ B00 deruods tod I, 
A aupdtepot Teds Exdtepov TetoL Eotwoav, “al O EV 
A tov B roddandaoidoac tov E rovecttw, o 6€ TI tov A 
ToAAaTAauoidoug tov Z novettw: A€yw, Ott ot E, Z meéstor 
TES GAAHAOUS Eloly. 

"Enel yuo exctepoc tv A, B ned¢ tov T meéitd¢ Eotw, 
xa 0 €x tév A, B dpa yevéuevoc med¢ tov TP nedstog Zot. 
6 dé éx Tév A, B yevduevdc Eotty 0 E: of E, T dou mpéitor 
TEOG GAAAOuS ciotv. Sia TH aUTA OA xal ol E, A zpétor 
Ted¢ GAAYAOUs ciotv. Exdtepoc dou tév T, A npd¢ tov E 
TeGtd6¢ Eottv. xal 6 ex TOv T, A dow yevduevocg ned¢ Tov 
E npétog gota. 6 dé Ex THVT, A yevouevdc Eotw 6 Z. ot 
E, Z dpa npéitor mpd¢ GAAHAOUS Elotv’ Onep Eder Seigau. 
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one another. And let A make C (by) multiplying itself. I 
say that B and C are prime to one another. 


A B Cd OD 


For let D be made equal to A. Since A and B are 
prime to one another, and A (is) equal to D, D and B are 
thus also prime to one another. Thus, D and A are each 
prime to B. Thus, the (number) created from (multily- 
ing) D and A will also be prime to B [Prop. 7.24]. And C 
is the number created from (multiplying) D and A. Thus, 
C and B are prime to one another. (Which is) the very 
thing it was required to show. 


Proposition 26 


If two numbers are both prime to each of two numbers 
then the (numbers) created from (multiplying) them will 
also be prime to one another. 


A SC 
B= Dt————4 
E ! 

F ] 


For let two numbers, A and B, both be prime to each 
of two numbers, C’ and D. And let A make F (by) mul- 
tiplying B, and let C make F (by) multiplying D. I say 
that E and F are prime to one another. 

For since A and B are each prime to C, the (num- 
ber) created from (multiplying) A and B will thus also 
be prime to C' [Prop. 7.24]. And EF is the (number) cre- 
ated from (multiplying) A and B. Thus, F and C are 
prime to one another. So, for the same (reasons), & and 
D are also prime to one another. Thus, C' and D are each 
prime to E. Thus, the (number) created from (multiply- 
ing) C and D will also be prime to FE [Prop. 7.24]. And 
F is the (number) created from (multiplying) C' and D. 
Thus, £ and F are prime to one another. (Which is) the 
very thing it was required to show. 
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NC; 

‘Edy 500 devuol medstor Ted¢ AAANAOUC Bow, xol TOA- 
atAnoidoug ExdtTEpO EXUTOV OLY Ttva, Ol yevduevot EF 
avUTHY TEdItTOL TEdS GAAHAOUSG Eoovta, “av Oi EE dOYT\c 
tos Yevouevouc ToAAaTAaoldouvtes ToLdat Ttwac, xaxElvoL 
TEGSTOL TES GAAHAOUC Eoovtat [nal cel Meet tobe &xeoUC 
tovto ovuuBatver). 


ABT AE Z 


"Eotwoav 500 devOuol Tedtot Ted¢ 4AAHAOUc oi A, B, 
nal O A eautov uév ToAAaTAaoidoag tov [ noveitw, tov 
dé TP roddandaordoag tov A roteitw, 0 6€ B eautov ev 
ToAAaTAaowdous tov E roteitw, tov d¢ E noAkanAaordoac 
tov Z rovettw Aéyo, Ott ot te D', E xat ot A, Z reéstor ned¢ 
GAAAOUS Elotv. 

‘Enel yao ot A, B mpéstot med¢ HAAHAOUC Eiotv, xal O 
A éautoyv rodAatAaoidoac tov I nenotnxev, ot T, B dpa 
TEGTOL TEdS HAAHAOUc ciotv. Exel obv oT, B meéstor ned¢ 
HAAfAous ciotv, xal 0 B Eautov nodAatAnoidoac TOV E 
neroinxey, ol D, E dow mpéitor mod GAANAOUs Eloty. NéAL, 
énet ot A, B apéitor mepd¢ GAA AOU Eiotv, xal 0 B Eautov 
Tod\AatAaoidous tov E nenotnxev, ot A, E doa mpéstot ted¢ 
d&AAMAOUs ciotv. Enel otv S00 douol ot A, T ned¢ dvo 
aeuots tole B, E aupdtepot nedc Exctepov reéstoi ciow, 
nal o éx tév A, TP dpa yevduevoc mpdc¢ tov éx tév B, E 
TeGt6¢ Eotw. xal Eotw O yev ex THv A, TO A, O dé Ex 
tév B, Eo Z. ot A, Z dpa medstor mEd¢ HAAKAOUC Eiotv: 
Oree Eder Sete. 
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Proposition 27* 


If two numbers are prime to one another and each 
makes some (number by) multiplying itself then the num- 
bers created from them will be prime to one another, and 
if the original (numbers) make some (more numbers by) 
multiplying the created (numbers) then these will also be 
prime to one another [and this always happens with the 
extremes]. 


am B GCG DD.’ - - 


Let A and B be two numbers prime to one another, 
and let A make C (by) multiplying itself, and let it make 
D (by) multiplying C. And let B make EF (by) multiplying 
itself, and let it make F by multiplying E. I say that C 
and F, and D and F, are prime to one another. 

For since A and BP are prime to one another, and A has 
made C' (by) multiplying itself, C and B are thus prime 
to one another [Prop. 7.25]. Therefore, since C' and B 
are prime to one another, and B has made F (by) mul- 
tiplying itself, C and EF are thus prime to one another 
[Prop. 7.25]. Again, since A and B are prime to one an- 
other, and B has made FE (by) multiplying itself, A and 
E are thus prime to one another [Prop. 7.25]. Therefore, 
since the two numbers A and C are both prime to each 
of the two numbers B and F, the (number) created from 
(multiplying) A and C is thus prime to the (number cre- 
ated) from (multiplying) B and E [Prop. 7.26]. And D is 
the (number created) from (multiplying) A and C, and F 
the (number created) from (multiplying) B and FE. Thus, 
D and F are prime to one another. (Which is) the very 
thing it was required to show. 


t+ In modern notation, this proposition states that if a is prime to b, then a? is also prime to b?, as well as a® to b?, etc., where all symbols denote 


numbers. 


xn. 

‘Edy 600 devOuol meéstot meO¢ HAAHAOUS Gow, xal ov- 
VAUPOTEPOS TENG ExdTEPOV AUTOY TMEdTOC EoTa Kal Edev 
OUVAUPOTEPOS TOG Eva TIva AUTEY TPdSTOC H, xal ol EF 
eyx Ac Hovdyol Medstor TEOC GAAVAOUC EGOVTAL. 


Proposition 28 


If two numbers are prime to one another then their 
sum will also be prime to each of them. And if the sum 
(of two numbers) is prime to any one of them then the 
original numbers will also be prime to one another. 
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A 


A 


huyxeioVwoav yuo 600 derOuol medstot Medc GAAHA- 
oug ot AB, BI° Aéyw, Sti xal ovvaupdtepoc O AT med¢ 
exctepov tév AB, BI npéitdé¢ eotw. 

Et yoo uh ciow ot TA, AB xpétot mpd¢ GAAHAOUG, 
ueTenoet tic toc TA, AB dewWudc. yeteette, xal otw oO A. 
émet ov O A tobc TA, AB uetoei, xal Aownov doa tov BP 
ueTenoel. uetpet dé xal tov BA: 6 A dea tobc AB, BI ue- 
Teel MEW@tOUC SvTAC MEO HAANAOUC: OrEe EoTiv GSvvaTOV. 
ovx tea toc TA, AB deiyods dorude tic Uetefoet ot 
TA, AB doa meditot med¢ GAANAOUS ciolv. Sie TH AUTH 5H 
xa ot AT, TB mpéstot med¢ GAAHAOUG ciotv. 6 TA toa med¢ 
exdtepov tév AB, BI npéitd¢ eotw. 

"Eotwouy of médw ot TA, AB xpéitor mepd¢ &AAHAOUC: 
Eyw, Ott xal ot AB, BI rodstot med¢ HAAHAOUC ciotv. 

Et yoo uh ciow ot AB, BI reéstor mpd¢ GAAHAOUG, 
uetenoet tic tovc AB, BI dovdudc. uetecitw, xal Eotw o A. 
ual eet o A exdtepov tv AB, BI ueteet, xal dAov doa tov 
TA ueteroet. ueteet 5€ xal tov AB: 6 A doa tots TA, AB 
UETEEL TOWTOUCS OVTAC TEOS GAANAOUC OTEE EOTIy GSVVATOV. 
ovx &pa tobe AB, BF dowuods dovyd¢ tig YeTooet. ot 
AB, BI dpa npéitor ned GAAHAOUC Elotv’ Omep Eder Seigau. 


xd’. 


“Anag Tedtocg dpiduds Tpd¢ &ravta dovUdv, OV UH UE- 
Tost, Tedstd¢ EoTW. 


B ] 


|’ ——- 


"How Teétoc govyoc O A xal tov B uh yeteetta Aéyo, 
ott ot B, A modstot mpd¢ GAAKAOUC ciolv. 

Et ye ur elow ot B, A meéstot mepd¢ GAAYAOUG, UETEYOEL 
tic avtobc dolWudc. UETeEitw O I. excl o [ tov B uetoet, 
0 6 A tov B ob uetoet, OT dou 16 A otx Eotw 6 autdc. 
xa Enel OT tobe B, A yetoet, xat tov A dou ueteet Tedtov 
OVTA UY) OV wUTG O avTdG STEE EOTIY GVVaTOV. OLX hoa 
tovc B, A vetproet tic dowd. ot A, B dpa reditot med¢ 
dAAVAOUS elotv: Srep Eder SetEaun. 
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A B C 


2 


D! 

For let the two numbers, AB and BC, (which are) 
prime to one another, be laid down together. I say that 
their sum AC is also prime to each of AB and BC. 

For if CA and AB are not prime to one another then 
some number will measure C'A and AB. Let it (so) mea- 
sure (them), and let it be D. Therefore, since D measures 
CA and AB, it will thus also measure the remainder BC. 
And it also measures BA. Thus, D measures AB and 
BC, which are prime to one another. The very thing is 
impossible. Thus, some number cannot measure (both) 
the numbers C'A and AB. Thus, C’A and AB are prime 
to one another. So, for the same (reasons), AC’ and CB 
are also prime to one another. Thus, C’A is prime to each 
of AB and BC. 

So, again, let CA and AB be prime to one another. I 
say that AB and BC are also prime to one another. 

For if AB and BC are not prime to one another then 
some number will measure AB and BC. Let it (so) mea- 
sure (them), and let it be D. And since D measures each 
of AB and BC, it will thus also measure the whole of 
CA. And it also measures AB. Thus, D measures CA 
and AB, which are prime to one another. The very thing 
is impossible. Thus, some number cannot measure (both) 
the numbers AB and BC. Thus, AB and BC are prime 
to one another. (Which is) the very thing it was required 
to show. 


Proposition 29 


Every prime number is prime to every number which 
it does not measure. 


At 


Let A be a prime number, and let it not measure B. I 
say that B and A are prime to one another. For if B and 
A are not prime to one another then some number will 
measure them. Let C measure (them). Since C measures 
B, and A does not measure B, C is thus not the same as 
A. And since C' measures B and A, it thus also measures 
A, which is prime, (despite) not being the same as it. 
The very thing is impossible. Thus, some number cannot 
measure (both) B and A. Thus, A and B are prime to 
one another. (Which is) the very thing it was required to 
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Nv. 
‘Edy 600 dorduol nohAaTAMoLdouvtes GAANAOUS TOLédot 
Tiva, TOV O€ Yevouevoy &€ MUTE UETEF Tic MEdtOs deOUdc, 
nal Eva THY EF HOY Fc UETETOEL. 


AR 


Be 


Abo yao devduot ot A, B nodAAatAnoidoavtes aAAhAoUG 
tov [ novettwoav, tov be T uetocitw tic meditoc cows o 
A: héyo, 611 O A Eva tév A, B vetoes. 

Tov yuo A uh uetesitw xal Eott meditog O A: ot A, 
A da Tedtot Med GAAHAOUS Elotv. xal Oodmuc o A tov [ 
UETPEl, TooaUTa Uovaddes Eotwouv ev 16) E. Enel otv 6 A 
tov I uetoet xat&e tac Ev 16 E yovddac, 0 A doa tov E 
TodAatAaoidoug tov I nenotnxev. GhA& why xal o A tov 
B rnoddandaoidoug tov I nenotnxev’ tooc doa eotlv O Ex 
tév A, E 1 éx tév A, B. gotw boa wo O A mpd¢ tov A, 
obtwc O B ned¢ tov E. of b& A, A rpéitot, ot SE mpdtoL xa 
EACYLoTOL, ol SE EAdyLOTOL UETEOOL Tobe TOV AVTOV AdYOV 
éyovtac ioduic 6 te UeiCwv tov UEtTova xal O EAdoowV TOV 
EALOGOVA, TOUTEOTIY 6 TE NYOUUEVOS TOV NYOVUEVOY xall O 
émduevoc Tov EnduUevov’ 6 A doa tov B uetpet. OYotws dH 
detEouev, Sti xal Exv tov B uh vetoes, tov A yetoroe. o A 
doa éva tv A, B uetpet Sree Eder SetEau. 


a’. 


“Anag obvievtog dpiduds UNS TEWTOL TIVO GoLDLOD YE- 
TOELTOL. 


*Eotw obv0evtog dowd 6 A’ Aéyw, 611 O A UNO TEWTOU 
tivog aovOyuod UWetoettau. 
‘Enel yao obvietdc got O A, YETEHOEL Tic wWTOV 
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show. 


Proposition 30 


If two numbers make some (number by) multiplying 
one another, and some prime number measures the num- 
ber (so) created from them, then it will also measure one 
of the original (numbers). 


For let two numbers A and B make C (by) multiplying 
one another, and let some prime number D measure C. I 
say that D measures one of A and B. 

For let it not measure A. And since D is prime, A 
and D are thus prime to one another [Prop. 7.29]. And 
as many times as D measures C’, so many units let there 
be in E. Therefore, since D measures C according to 
the units FE, D has thus made C (by) multiplying E£ 
[Def. 7.15]. But, in fact, A has also made C (by) multi- 
plying B. Thus, the (number created) from (multiplying) 
D and FE is equal to the (number created) from (mul- 
tiplying) A and B. Thus, as D is to A, so B (is) to E 
[Prop. 7.19]. And D and A (are) prime (to one another), 
and (numbers) prime (to one another are) also the least 
(of those numbers having the same ratio) [Prop. 7.21], 
and the least (numbers) measure those (numbers) hav- 
ing the same ratio (as them) an equal number of times, 
the greater (measuring) the greater, and the lesser the 
lesser—that is to say, the leading (measuring) the lead- 
ing, and the following the following [Prop. 7.20]. Thus, 
D measures B. So, similarly, we can also show that if 
(D) does not measure B then it will measure A. Thus, 
D measures one of A and B. (Which is) the very thing it 
was required to show. 


Proposition 31 


Every composite number is measured by some prime 
number. 

Let A be a composite number. I say that A is measured 
by some prime number. 

For since A is composite, some number will measure 
it. Let it (so) measure (A), and let it be B. And if B 
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aewwudc. Uetositw, xal Eotw O B. xa el uEv Metd¢ EoTW O 
B, yeyovoc & ely tO EexttayVév. ei de obvetoOc, UETEHoEL 
Tic HUTOY KolUdc. YETPEitw, xal Eotw OT. xal ene o T 
tov B uetoet, 6 de B tov A yetoet, xal Oo T doa tov A 
UETEEL. xal el UEV MEdTd¢ Eottv OT, yeyovoc a Ely TO 
émitayvév. et d€ ovvUETOC, UETEYOEL Tic AVTOV deLOUdc. 
Toravtys SY) Ywouewng Ertoxébews Anpdioetal tic Me@to¢ 
dgowwudc, O¢ UETEHoEl. et yae Ov ANnpdhoeta, UsTeYCOLvOL 
tov A dpvyov &retpot devuol, Ov Eteeoc EtEpOU EAdoowY 
éotly’ Onee Eotly ad0vatov Ev doLOUOoic. AngDoetat tic hoa 
mpdto¢ deWUdc, O¢ UETEYOEL TOV MEO EaUTOD, d¢ xal tov A 
UETORCEL. 


“Anacg toa obwevtos douds UNO TEMTOU TIWO¢ GeLOLOD 
yetpeitat Smee Eder SetEau. 


1B. 

“Anag deudc tor meétd¢ Eotw H 
deruod Uetesttan. 

At 


OmO TEWTOU TWO 


"How aowudoc 0 As héyw, 611 6 A Hrot TEdtd¢ EoTw H 
UNO TE@TOL Tivos deLOYUOU UeToeEiToU. 

Et yév ody meditdc eotw O A, yeyovoc & ein 6 
émitayvév. et d€ obvdetoc, UETEHOEL TIc HVTOV TEéSTOC 
apvudc. 

“Anacg toa aovudc Ator meétd¢ Eotw 7 
two deo UetToesitaL Omee Ser Seigaun. 


ca EAN. y 


LTO TOEGTOU 


hy’. 

AowWydy sodevtwv Onoowvoby eveeiv tobs éhaytotouc 
TOY TOV AUTOV AdYOY EYSVTOY adTOIC. 

"Eotwwouy ot dovEevtes OnOGOLOdy doWyol ot A, B, TP: det 
dn eveeiv tobe EdAaylotouc TH&V Tov avTOV AdyOV EYdVTWY 
toic A, B, T. 

Ot A, B, T yao Ftor meditor ted HAAVAOUC eiolv 7H Ob. 
ei uev ov ot A, B, I nodstot npd¢ GAANAOUG Eloty, EAdytoTOl 
clot TOV TOV AVTOV ADYOV EXOVTWY KUTOIC. 
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is prime then that which was prescribed has happened. 
And if (B is) composite then some number will measure 
it. Let it (so) measure (B), and let it be C. And since 
C measures B, and B measures A, C thus also measures 
A. And if C is prime then that which was prescribed has 
happened. And if (C is) composite then some number 
will measure it. So, in this manner of continued inves- 
tigation, some prime number will be found which will 
measure (the number preceding it, which will also mea- 
sure A). And if (such a number) cannot be found then an 
infinite (series of) numbers, each of which is less than the 
preceding, will measure the number A. The very thing is 
impossible for numbers. Thus, some prime number will 
(eventually) be found which will measure the (number) 
preceding it, which will also measure A. 


AK 


B: | 


Ce 
Thus, every composite number is measured by some 


prime number. (Which is) the very thing it was required 
to show. 


Proposition 32 


Every number is either prime or is measured by some 
prime number. 

A | 

Let A be a number. I say that A is either prime or is 
measured by some prime number. 

In fact, if A is prime then that which was prescribed 
has happened. And if (it is) composite then some prime 
number will measure it [Prop. 7.31]. 

Thus, every number is either prime or is measured 
by some prime number. (Which is) the very thing it was 
required to show. 


Proposition 33 


To find the least of those (numbers) having the same 
ratio as any given multitude of numbers. 

Let A, B, and C be any given multitude of numbers. 
So it is required to find the least of those (numbers) hav- 
ing the same ratio as A, B, and C. 

For A, B, and C are either prime to one another, or 
not. In fact, if A, B, and C are prime to one another then 
they are the least of those (numbers) having the same 
ratio as them [Prop. 7.22]. 
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A BT AE2ZH ®K AM 


LT]! 


Et 6¢ ob, ctAjgdw tv A, B, T 16 yeéytotov xowdv 
uetpov 0 A, xal oaduic 6 A éxaotov tév A, B, T uetpet, 
Tooata Wovddec Eotwouv Ev exdotw tHv HE, Z, H. xo 
éxaotoc boa tév E, Z, H éxaotov tév A, B, TP yetpet xat& 
tas év 16) A povédac. ot E, Z, H &pa tobe A, B, I toduc 
uetpovow: ot E, Z, H doa toic A, B, T év 16 adtH Ady 
clotv. Agyw OH, OTL xal EAcylotoL. el Yae UY clow ot EF, Z, 
H éddyrotot tév tov avtov Adyov Exdvty toic A, B, T, 
goovtat [twec] t&v E, Z, H édcioooves dewWyol ev 16 adres 
OYw Ovtec toic A, B, DT. Eotwoay ot O, K, Ar todurc doa 6 
© tov A uetpet xal exctepoc tév K, A exdtepov tév B, LT. 
dodxic 5é O O tov A UETEEt, tooadta Uovddes Eotwoay Ev 
t6 M: xa exctepoc doa tév K, A exctepov tév B, I uetpet 
MATa Tac Ev 76 M povddac. xal Excl 0 © tov A yetpet xat& 
tas év 16) M yovdadac, xal 6 M dpa tov A Yetpet xate tke 
év 16 O Yovddac. Sie Ta wUTE 6 O M xal Exdtepov tév B, 
T ueteet xat& tac ev Exatéow tv K, A yovadac: 6 M dea 
tovc A, B, T ueteet. xol enet 0 O tov A uetpetl xat& the 
év 16 M yovddac, 0 O doa tov M nodAatAaordoag tov A 
neroinxev. Sid Ta avTH OY xal O E tov A noddardaordouc 
tov A nenotnxev. tooc dow gotly 6 ex tHv E, A té ex 
tv O, M. éotw doa we 0 E med¢ tov O, ovtwc Oo M med¢ 
tov A. yeiCwyv 5€ 0 E tod O° uciwv dea xal 6 M tod A. 
xal yeteet tobe A, B, T° neo Eotlv dd0vatov’ Undxerton 
yoo o A tév A, B, I 10 péytotov xowov YetpOV. Ovx dea 
éoovtal twec tév EH, Z, H cddooovec cowuol ev t63 wutés 
AOYw Ovtec toic A, B, T. ot E, Z, H dow Ehdytotol eior tév 
Tov aUTOV AdYOV ExOvTWY Toic A, B, TP: dnep Eder SeiEan. 


Oo’. 
Abo dowdy dodevtwy evesiv, dv EAdytotov UETeoUow 
dovUdv. 
"Eotwouy oi dovdevtec S00 dowWyol ot A, B: det 57 cdpsiv, 
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A B Cc OD i ie 


| | 


And if not, let the greatest common measure, D, of 
A, B, and C have be taken [Prop. 7.3]. And as many 
times as D measures A, B, C, so many units let there 
be in FE, F, G, respectively. And thus FE, F, G mea- 
sure A, B, C, respectively, according to the units in D 
[Prop. 7.15]. Thus, £, F, G measure A, B, C (respec- 
tively) an equal number of times. Thus, FE, F, G are in 
the same ratio as A, B, C (respectively) [Def. 7.20]. Sol 
say that (they are) also the least (of those numbers hav- 
ing the same ratio as A, B, C). For if E, F, G are not 
the least of those (numbers) having the same ratio as A, 
B, C (respectively), then there will be [some] numbers 
less than EL, F', G which are in the same ratio as A, B, C 
(respectively). Let them be H, K, L. Thus, H measures 
A the same number of times that K, L also measure B, 
C, respectively. And as many times as H measures A, so 
many units let there be in M. Thus, A, L measure B, 
C, respectively, according to the units in 17. And since 
HT measures A according to the units in MW, M thus also 
measures A according to the units in H [Prop. 7.15]. So, 
for the same (reasons), M also measures B, C' accord- 
ing to the units in K, L, respectively. Thus, 1 measures 
A, B, and C. And since H measures A according to the 
units in M, H has thus made A (by) multiplying M. So, 
for the same (reasons), EF’ has also made A (by) multiply- 
ing D. Thus, the (number created) from (multiplying) 
E and D is equal to the (number created) from (multi- 
plying) H and M. Thus, as F (is) to H, so M (is) to 
D [Prop. 7.19]. And F (is) greater than H. Thus, M 
(is) also greater than D [Prop. 5.13]. And (7) measures 
A, B, and C. The very thing is impossible. For D was 
assumed (to be) the greatest common measure of A, B, 
and C’. Thus, there cannot be any numbers less than F, 
F, G which are in the same ratio as A, B, C' (respec- 
tively). Thus, FE, F', G are the least of (those numbers) 
having the same ratio as A, B, C' (respectively). (Which 
is) the very thing it was required to show. 


Proposition 34 


To find the least number which two given numbers 
(both) measure. 
Let A and B be the two given numbers. So it is re- 
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Ov EAdYLOTOV UETeOVOW aoLOUdy. 


A: | 


Ot A, B yae Ator meter ted¢ HAAHAOUC Elolv 7 Ob. 
Eotwoay Tedtepov ot A, B mpéitor mpd¢ HAAHAOUC, xal O A 
tov B nohAandAaoisoac tov T notettw: xal 6 B &pa tov A 
TohAatAaoidousg tov [ nenotnxev. ot A, B doa tov I ue- 
toovow. Aéyw 6, OTL xal EA YLOTOV. El Yue UA, UETETCOvOT 
twa dowuov ot A, B edAdooova évta tod T. uetoettwoav 
tov A. xal dodmuic 0 A tov A ueteei, tooatita yovddec 
éotwoayv Ev 16) E, doduic 6é O B tov A uetpst, tooatta 
yovadec Zotwouv év 16 Z. Oo yev A doa tov E moAdw 
TAaoidoug tov A rexotnxev, 6 é B tov Z noddandanordouc 
tov A nenotnxev: tooc dou gotlv 6 ex tév A, E té8 ex tév 
B, Z. éotw doa we 6 A Ted¢ Tov B, oUtw> 6 Z TEd¢ Tov 
E. ot d€ A, B xpéito1, of bE PGtOL xa EAdyLOTOL, Ol SE 
EAGKLOTOL UETEOVAL Tobe TOV ALVTOV ADYOV EXOVTUC LodxIC 6 
te usiwy tov uetCova xal 6 Ehcoowy Tov EAcdooova’ 6 B 
doa tov E ueteet, wo ENduEvoc EndUEvov. xal Exel O A tov 
B, E noddandaoidoug tobe TP, A renotnxev, Zotw &ea we 
0 B mpd¢ tov E, ottw¢ 6 T npd¢ tov A. vetoet 5é 6 B tov 
E: uetest dou xal 6 T tov A 6 ueitwv tov EAcooova’ STE 
gotly adbvatov. ovx doa ot A, B uetootot twa dowWuov 
éhdooova 6vta tov TP. 6 T &pa eAdyiotog Hv bnd tHv A, B 
UETEEITOL. 


hi —— ©r— 

My gotwouv Sh ot A, B mpésto. med¢ GAAHAOUG, 
xa clAnodwoav echdytotot aovdyol Té&v Tov aVTOV AdYOV 
éydvtwy toic A, B ot Z, E: tooc hou Eotly 6 ex tév A, E 165 
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quired to find the least number which they (both) mea- 
sure. 


EK «4 

For A and B are either prime to one another, or not. 
Let them, first of all, be prime to one another. And let A 
make C' (by) multiplying B. Thus, B has also made C 
(by) multiplying A [Prop. 7.16]. Thus, A and B (both) 
measure C’. So I say that (C) is also the least (num- 
ber which they both measure). For if not, A and B will 
(both) measure some (other) number which is less than 
C. Let them (both) measure D (which is less than C). 
And as many times as A measures D, so many units let 
there be in &. And as many times as B measures D, 
so many units let there be in F. Thus, A has made D 
(by) multiplying #, and B has made D (by) multiply- 
ing F. Thus, the (number created) from (multiplying) 
A and FE is equal to the (number created) from (multi- 
plying) B and F. Thus, as A (is) to B, so F (is) to E 
[Prop. 7.19]. And A and B are prime (to one another), 
and prime (numbers) are the least (of those numbers 
having the same ratio) [Prop. 7.21], and the least (num- 
bers) measure those (numbers) having the same ratio (as 
them) an equal number of times, the greater (measuring) 
the greater, and the lesser the lesser [Prop. 7.20]. Thus, 
B measures EF, as the following (number measuring) the 
following. And since A has made C and D (by) multi- 
plying B and E (respectively), thus as B is to E, so C 
(is) to D [Prop. 7.17]. And B measures F. Thus, C' also 
measures D, the greater (measuring) the lesser. The very 
thing is impossible. Thus, A and B do not (both) mea- 
sure some number which is less than C. Thus, C is the 
least (number) which is measured by (both) A and B. 


A —&—— B «—— 


F -— 


So let A and B be not prime to one another. And 
let the least numbers, F' and EF, have been taken having 
the same ratio as A and B (respectively) [Prop. 7.33]. 
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éx tOv B, Z. xal 0 A tov E roddandaoidoac tov I rotette: 
nal o B doa tov Z rohdanAaordoug tov [ nenoinnev: ot A, 
B doa tov I uetpovow. Evo 6H, OTL Kal EAUYLOTOV. El YKO 
uy, YEtTeNOOVO! tia deWydv ot A, B eAdooova évta tod 
I. uetesitwoav tov A. xal ooduic uv O A tov A uetost, 
tooata Uovdidec Eotwoay ev 16) H, dod SE O B tov A 
uetpet, tooatita Uovddec Eotwoauy Ev 16) O. 6 Uev A doa 
tov H noddandaoioag tov A nenoinxev, 0 5é B tov O 
Tod\AatAaoidous tov A nenoinxev. tooc doa eotly 6 ex Tov 
A, H 16 éx tv B, O° Eotw doa wc 6 A Ted¢ TOv B, obtw< 
0 © npd¢ tov H. we 6€ O A med¢ tov B, ottwe 6 Z TEd¢ 
tov Ev xal @¢ dpa 0 Z med¢ tov E, oUtwo O O med¢ Tov 
H. ot 6¢ Z, E eAdytotot, ot d€ EAdytotot UeteoUat tob¢ Tov 
avtov Adyov Exovtas toduig 6 te UetCwv tov UEtTova xal O 
EALOOWY TOV EAdooova: O EH doa tov H uetoet. xal excl o 
A tovc E, H noddandaordoacg tobe TP, A nenotnxev, Eotw 
dea Wo 6 E npd¢ tov H, ottwe 6 T npd¢ tov A. 6 dé E tov 
H ueteet: xot oT dea tov A vetoet 0 ueitwv tov Ehdccooova" 
otee Eotlv &d0vatov. obx dea ot A, B yetefjoovol twa 
devuov EAdooova Ovta tod T. 6 T dea thaytotocg Ov UnO 
tév A, B uetpeito one Ener Seigau. 
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‘Edy 600 dorduol covOudy tiva UETeGoty, xal O EAAYLOTOS 
UM MUTE&Y UETEOUUEVOS TOV HUTOV LETOTIOEL. 
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Ato yao deuol ot A, B doydv twa tov TA ue- 
toettwoay, chdytotov d5é tov Ev AEyw, Sti xal O E tov TA 
Ueto. 

Et yoo ov uetoet 0 E tov TA, 6 E tov AZ ueteéiv 
AettétTH ExUtOH EAdooova tov TZ. xol Exel oi A, B tov E 
uetpovow, Oo d¢ E tov AZ uetoet, xal ot A, B doa tov 
AZ vetefoouow. yetpovot 5€ xa dAov tov TA: xat Aownov 
goa tov [Z ueteroovow eAcooova dvta tot E* onee eotlv 
&d0vatov. ox hea ov UEtpEt O E tov TA: yetpet dou Sep 
ZOet Ocieau. 
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Thus, the (number created) from (multiplying) A and E 
is equal to the (number created) from (multiplying) B 
and F [Prop. 7.19]. And let A make C (by) multiplying 
E. Thus, B has also made C (by) multiplying F. Thus, 
A and B (both) measure C.. So I say that (C) is also the 
least (number which they both measure). For if not, A 
and B will (both) measure some number which is less 
than C’.. Let them (both) measure D (which is less than 
C). And as many times as A measures D, so many units 
let there be in G. And as many times as B measures D, 
so many units let there be in H. Thus, A has made D 
(by) multiplying G, and B has made D (by) multiplying 
H. Thus, the (number created) from (multiplying) A and 
G is equal to the (number created) from (multiplying) B 
and H. Thus, as A is to B, so H (is) to G [Prop. 7.19]. 
And as A (is) to B, so F (is) to FE. Thus, also, as F’ (is) 
to EH, so H (is) to G. And F and E are the least (num- 
bers having the same ratio as A and B), and the least 
(numbers) measure those (numbers) having the same ra- 
tio an equal number of times, the greater (measuring) 
the greater, and the lesser the lesser [Prop. 7.20]. Thus, 
E measures G. And since A has made C and D (by) mul- 
tiplying E and G (respectively), thus as FE is to G, so C 
(is) to D [Prop. 7.17]. And E measures G. Thus, C' also 
measures D, the greater (measuring) the lesser. The very 
thing is impossible. Thus, A and B do not (both) mea- 
sure some (number) which is less than C. Thus, C (is) 
the least (number) which is measured by (both) A and 
B. (Which is) the very thing it was required to show. 


Proposition 35 


If two numbers (both) measure some number then the 
least (number) measured by them will also measure the 
same (number). 
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For let two numbers, A and B, (both) measure some 
number CD, and (let) F (be the) least (number mea- 
sured by both A and B). I say that E also measures CD. 

For if £ does not measure C'D then let F leave CF 
less than itself (in) measuring DF. And since A and B 
(both) measure #, and F measures DF’, A and B will 
thus also measure DF’. And (A and B) also measure the 
whole of CD. Thus, they will also measure the remainder 
CF, which is less than E. The very thing is impossible. 
Thus, # cannot not measure CD. Thus, (£) measures 
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Ae. 
Toidv doudy sodévtwy ebveciv, dv EAdylotov UE- 
toovow cody. 
"Eotwwoay ot Sovevtec teeic covyol ot A, B, I> det 54 
eveciv, Ov EAdyLotov YEeTeOUoW dol0udy. 
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El Ave yuo tnd Sbo0 tév A, B Eddtytoto¢g UeTteOvUEVOS 
o A. o 8H T tov A Artot yeteet A ov yeteet. Ueteettw 
Tedtepoyv. yeteovor dé xal ot A, B tov A> ot A, B, LT 
d&oa tov A uetootiow. AEyw 5, StL xal EAdyLotoOV. ei Yue 
un, YEtehoovow [twa] deiuov ot A, B, T ehciocova dvta 
tot A. uetesitwoay tov E. énet ot A, B, P tov E uetpotow, 
xa ot A, B dou tov E yetpovow. xal 6 crAcytotog Kea LTO 
tév A, B ueteobuevoc [tov E] yetorjoet. EAdeytotoc bé OnOd 
tov A, B uetoobuevdc Eotw 6 A: 6 A &oa tov E yeteyoet 
0 ustTwv Tov EAdooova' OTEe EoTly GdSbvatov. OvxX dea oi 
A, B, T uetefoovot twa devudv éhcooova dvta tod A: oi 
A, B, T &pa erAd&ytotoy tov A yeteovovw. 

M7 uetecite bn rdAw oT tov A, xat ctAfgdw ond tHv 
T, A eid&ytotog Uetoovuevocg devudc Oo E. énel ot A, B 
tov A uetpovow, 6 dé A tov E uetoet, xal ot A, B dpa 
tov E uetpotiow. ueteet b¢ xal OT [tov Ev xat] ot A, B, 
I doa tov E ueteovow. A€yw SH, dt “ol EAcyLotov. Et 
yoo uy, YEetTeoovol twa oi A, B, TP ehcooove é6vta tot E. 
uetesitwoay tov Z. énel ot A, B, [ tov Z ueteovon, xo ot 
A, B &a tov Z ueteotiow: xat 6 grhdytotocg &pa bd Tév 
A, B usteovuevog tov Z uetofhoet. EAdyiotog SE OnO tév 
A, B veteobuevdc Eotw 6 A: 0 A da tov Z yetoeel. etpet 
dé xal OT tov Z: ot A, T &ea tov Z uetoottow: Gote xal 6 
ehdytotoc Und tév A, [ ueteovuevoc tov Z uetejoet. 0 5€ 
éhdyiotog tnd tHv TI, A uetepovuevdc Eotty 0 E: 6 E dpa 
tov Z uetost 6 uct@wv tov EAcooova’ Step EoTly dd0vatov. 
ovx doa ot A, B, T yetefoovot twa doryov EAcooova 6vta 
tot E. 0 E doa éddyiotog Sv bn téHv A, B, I uetositou: 
Onee Eder Setea. 
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(CD). (Which is) the very thing it was required to show. 


Proposition 36 


To find the least number which three given numbers 
(all) measure. 

Let A, B, and C be the three given numbers. So it is 
required to find the least number which they (all) mea- 
sure. 


A —— 
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For let the least (number), D, measured by the two 
(numbers) A and B have been taken [Prop. 7.34]. So C 
either measures, or does not measure, D. Let it, first of 
all, measure (D). And A and B also measure D. Thus, 
A, B, and C (all) measure D. So I say that (D is) also 
the least (number measured by A, B, and C). For if not, 
A, B, and C will (all) measure [some] number which 
is less than D. Let them measure FE (which is less than 
D). Since A, B, and C (all) measure & then A and B 
thus also measure FL. Thus, the least (number) measured 
by A and B will also measure [E] [Prop. 7.35]. And D 
is the least (number) measured by A and B. Thus, D 
will measure FE, the greater (measuring) the lesser. The 
very thing is impossible. Thus, A, B, and C cannot (all) 
measure some number which is less than D. Thus, A, B, 
and C (all) measure the least (number) D. 

So, again, let C not measure D. And let the least 
number, £, measured by C and D have been taken 
[Prop. 7.34]. Since A and B measure D, and D measures 
E, A and B thus also measure E£. And C also measures 
[FE]. Thus, A, B, and C [also] measure E. So I say that 
(EF is) also the least (number measured by A, B, and C). 
For if not, A, B, and C will (all) measure some (number) 
which is less than &. Let them measure F' (which is less 
than £). Since A, B, and C (all) measure F, A and B 
thus also measure F’. Thus, the least (number) measured 
by A and B will also measure F' [Prop. 7.35]. And D 
is the least (number) measured by A and B. Thus, D 
measures F’. And C also measures F’. Thus, D and C 
(both) measure F’. Hence, the least (number) measured 
by D and C will also measure F [Prop. 7.35]. And E 
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‘Edy aev0udc 0x6 tivoc devOUod UETEF\TAL, O UETCOUUEVOG 
OUMVULOY Lees EEet TH WETOOUVTL. 


A: 


At 

AowWyoc yue 6 A Und tivog deLJu0d tod B Uetoctode* 
EY, O11 O A OUVUUOY Lec Exel 6 B. 

‘Ooduc yuo 6 B tov A uetest, tooatta Lovdide¢ Eotw- 
ou év 16) I. éxet 0 B tov A uetoet xat& ta ev 16 
yovadac, ueteet dé xal n A yovac tov I dewuov xat& té¢ 
év autd Lovddac, toduic doa 7 A “ova tov I devOudv ye- 
tost xal 0 B tov A. Evadrdce toa iodraicg NA Yovac tov B 
dowWuov uetest xal OT tov A: 6 dpa yéooc Eotiv H A Lovieg 
tot B deiuot, 16 avt6 ugeoc Eotl xal OT tot A. Hn sé A 
yovac tot B aevyot ugeoc Eotly OUMVLUOV avTES: xal o T 
géea tol A uégpocg Eotiv OUMVUUOYV TH B. Gote 6 A Yépoc 
éyet tov [ Oucdvuyov dvta 16) B- dnp gdet Seta. 


M1. 
‘Edy cowuoc Ugeos Ey OTLovy, UTO CUWVOLOU colo 
UETENUHGETaL TG) UE—EL. 


AowWyoc yuo 6 A uépoc EyETH OTLODY TOv B, xali 16 B 
uepel OUMvULOS Eota [dorUdc] 6 Ts AEyw, 611 OT tov A 
Ueto. 

‘Enel yao 0 B tot A uspog gotiv OuMvUNOy 16 T, got 
dé xal n A povac tot TP yéeo¢ Oudvuuov avtéS, 6 Kea WEEOC 
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is the least (number) measured by C and D. Thus, E 
measures F’, the greater (measuring) the lesser. The very 
thing is impossible. Thus, A, B, and C cannot measure 
some number which is less than FL. Thus, EF (is) the least 
(number) which is measured by A, B, and C’. (Which is) 
the very thing it was required to show. 


Proposition 37 


If a number is measured by some number then the 
(number) measured will have a part called the same as 
the measuring (number). 


A | 
B 
GC 


Dt 

For let the number A be measured by some number 
B. say that A has a part called the same as B. 

For as many times as B measures A, so many units 
let there be in C. Since B measures A according to the 
units in C, and the unit D also measures C' according 
to the units in it, the unit D thus measures the number 
C as many times as B (measures) A. Thus, alternately, 
the unit D measures the number B as many times as C 
(measures) A [Prop. 7.15]. Thus, which(ever) part the 
unit D is of the number B, C is also the same part of A. 
And the unit D is a part of the number B called the same 
as it (i.e., a Bth part). Thus, C is also a part of A called 
the same as B (i.e., C is the Bth part of A). Hence, A has 
a part C which is called the same as B (i.e., A has a Bth 
part). (Which is) the very thing it was required to show. 


Proposition 38 


If anumber has any part whatever then it will be mea- 
sured by a number called the same as the part. 


For let the number A have any part whatever, B. And 
let the [number] C be called the same as the part B (ie., 
B is the Cth part of A). I say that C measures A. 

For since B is a part of A called the same as C, and 
the unit D is also a part of C called the same as it (i.e., 
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got 9 A povac tod T deruot, t6 wit UEpo¢ EoTL xal 6 B 
tot A: todmuig doa A A povac tov T dowd yetoet xal o B 
tov A. EvahAde toa todxicg 7 A yovac tov B covuov yetpet 
xa oT tov A. oT doa tov A yetpet Onep Eder Seigu. 
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AowWyov eveiv, d¢ EAdytotog Oy &Eet te SoVEVTA YEN. 
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I 1 

"Eow ta sovdévta ugen ta A, B, I> det dh dowWyov 
evpeiv, O¢ EAdytotoc Ov E€er ta A, B, T yépn. 

"Eotwouv yue toic A, B, TP yéecow ouwvuyor d&erduol 
oi A, E, Z, xai ciAj~dw ond tév A, E, Z eddyrotocg ye- 
toovuevoc cowudc o H. 

‘O H du ouavuua yéen éyet toic A, EB, Z. toic 5é A, 
E, Z oumvoue yéen éotl ta A, B, TP: 0 H dou Eyer ta A, B, 
T ugen. A€yw SH, OTL xal EAceytotog Gy, el yuo UH, EoTaL Tc 
tod H éddoowy aewydc, d¢ e€ect te A, B, Fugen. Eotw 6 
O. éxel o O éyer ta A, B, T ugen, 0 O doa UNO OYwWOUwV 
dowdy uetonyoeta totic A, B, P uspeow. totic be A, B, 
T yépcow Ouavuyor covdyot ciow oi A, E, Z 6 O dpa bro 
tév A, E, Z uetosita. xat gottwy cAdoowy tod H: dnep 
éotly ddbvatov. ox doa gota tic toU H eAdoowy cowWyudc, 
d¢ Ee tx A, B, T yepn: Smee Eder Seigau. 
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D is the Cth part of C), thus which(ever) part the unit D 
is of the number C, B is also the same part of A. Thus, 
the unit D measures the number C' as many times as B 
(measures) A. Thus, alternately, the unit D measures the 
number B as many times as C' (measures) A [Prop. 7.15]. 
Thus, C measures A. (Which is) the very thing it was 
required to show. 


Proposition 39 


To find the least number that will have given parts. 


A Bs ae 


H 
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Let A, B, and C be the given parts. So it is required 
to find the least number which will have the parts A, B, 
and C (ie., an Ath part, a Bth part, and a Cth part). 

For let D, E, and F be numbers having the same 
names as the parts A, B, and C (respectively). And let 
the least number, G, measured by D, FE, and F, have 
been taken [Prop. 7.36]. 

Thus, G has parts called the same as D, FE, and F 
[Prop. 7.37]. And A, B, and C are parts called the same 
as D, E, and F (respectively). Thus, G has the parts A, 
B, and C. So I say that (G) is also the least (number 
having the parts A, B, and C). For if not, there will be 
some number less than G which will have the parts A, 
B, and C. Let it be H. Since H has the parts A, B, and 
C, H will thus be measured by numbers called the same 
as the parts A, B, and C [Prop. 7.38]. And D, E, and 
F are numbers called the same as the parts A, B, and C 
(respectively). Thus, H is measured by D, EF, and F’. And 
(H) is less than G. The very thing is impossible. Thus, 
there cannot be some number less than G which will have 
the parts A, B, and C. (Which is) the very thing it was 
required to show. 
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Continued Proportiont! 


+The propositions contained in Books 7-9 are generally attributed to the school of Pythagoras. 
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, 
Qa. 
"Edy Gow ooodynrotovv aowuol E€fjc avdAoyov, ot SE 
dxeot avTy TP@toL TEd¢ HAAHAOUS Wow, eEdAdytotot clot 
TOY TOV AUTOV AdYOY EYSVTOY aUTOIC. 
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"Eotwoav Orocotoby deol etic dvddovoyv ot A, B, 
T, A, ot d& expo avtév ot A, A, meter med¢ GAAHAOUC 
éotwoav’ Aéyw, ott ot A, B,D, A eddytotot ciow tév tov 
avtOV ADYOV EXOVTWY aUTOIC. 

Et yuo un, Eotwouv éhattovec tev A, B, I, A ot E, 
Z, H, © év 1 adté Adyw Svtec abtoic. xal Exet ot A, 
B, T, A év t adté Adyw Eloi toic E, Z, H, 0, xat Eotw 
toov tO TAO [tv A, B, T, A] 16 mAAWVer [tov E, Z, H, 
O], dv toou dea Eotly wo 6 A npd¢ tov A, 6 E npd¢ tov 
©. ot d¢ A, A npéitor, of SE TEdtOL xal EAdyLoTOL, Ot SE 
eAdyiotot gevouol ueteovor tob< tov avtoOv AdYOV EyovTAC 
lodxic 6 te UetCwv tov ueiTova xal 6 EAdoowy TOv EAdooova, 
TOUTEOTW 6 TE HYOUUEVOS TOV HYOUUEVOYV xal O ENdUEVOS 
Tov Emduevov. UEtost doa O A tov E 6 ueiCwy tov eAdooova" 
onee Eotly advvatov. ovx dea ot E, Z, H, O tddcoovec 
ovtec Tv A, B, T, A Ev 16 avdté Adyw Etoly adtoic. ot A, 
B,T, A d0% erdyiotot ciot tév tov avTOV AdYOV EYdVTWV 
avtoic: Sep Eder SetEau. 


p. 

Aoewuobdc evpsiv etic avédhoyov eAaylotouc, Goouc dv 
eTItaey Tic, Ev TG) SoVEVTL AdYY. 

"Kota 0 d00elc AOVOS Ev Ehttytotolc KoWUoic O TOD 
A npd¢ tov B: det 5h dovwduod< edesiv E€fjic avédhoyov 
éhayltotouc, dooug & tig EmitéEn, Ev TH tod A ned¢ Tov B 
OY. 

‘EmitetayBwoay do téooupec, xal O A Eavtov TOAAa- 
TAaoidoasg tov T notettw, tov 6¢ B nodAAartAaoidoac tov A 
Totettw, xal Ett O B Eautov TodkAaTAaoidoas tov E roteito, 
xa étt O A tobe T, A, E roddarhacrdcue tobe Z, H, O 
novcitw, 0 o¢ B tov E nodAdardaoidoac tov K rotette. 
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Proposition 1 


If there are any multitude whatsoever of continuously 
proportional numbers, and the outermost of them are 
prime to one another, then the (numbers) are the least 
of those (numbers) having the same ratio as them. 


A E———4 
B oS —<———— 
C ! Gr———_ 
D | HAH ! 


Let A, B, C, D be any multitude whatsoever of con- 
tinuously proportional numbers. And let the outermost 
of them, A and D, be prime to one another. I say that 
A, B, C, D are the least of those (numbers) having the 
same ratio as them. 

For if not, let LE, F, G, H be less than A, B, C, D 
(respectively), being in the same ratio as them. And since 
A, B, C, D are in the same ratio as E, F', G, H, and the 
multitude [of A, B, C, D] is equal to the multitude [of EF, 
F, G, H], thus, via equality, as A is to D, (so) E (is) to H 
[Prop. 7.14]. And A and D (are) prime (to one another). 
And prime (numbers are) also the least of those (numbers 
having the same ratio as them) [Prop. 7.21]. And the 
least numbers measure those (numbers) having the same 
ratio (as them) an equal number of times, the greater 
(measuring) the greater, and the lesser the lesser—that 
is to say, the leading (measuring) the leading, and the 
following the following [Prop. 7.20]. Thus, A measures 
E, the greater (measuring) the lesser. The very thing is 
impossible. Thus, £, F, G, H, being less than A, B, C, 
D, are not in the same ratio as them. Thus, A, B, C, D 
are the least of those (numbers) having the same ratio as 
them. (Which is) the very thing it was required to show. 


Proposition 2 


To find the least numbers, as many as may be pre- 
scribed, (which are) continuously proportional in a given 
ratio. 

Let the given ratio, (expressed) in the least numbers, 
be that of A to B. So it is required to find the least num- 
bers, as many as may be prescribed, (which are) in the 
ratio of A to B. 

Let four (numbers) have been prescribed. And let A 
make C' (by) multiplying itself, and let it make D (by) 
multiplying B. And, further, let B make EF (by) multiply- 
ing itself. And, further, let A make F, G, H (by) mul- 
tiplying C, D, E. And let B make Kk (by) multiplying 
E. 
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Kat éenel 6 A Eautdv uev TnodAatAaoidoag tov TL 
neroinxev, tov 6€ B nodAdanAaoidoug tov A xenoinxey, 
gotw doa ac O A ned¢ tov B, [ottwc] 6 T medc tov A. 
TéAL, Enel 0 uev A tov B rodAdandaordoug tov A nenoinxey, 
0 6€ B eautov nodAandacidoug TOV E nemotnxev, Excteeoc 
goa tHv A, B tov B rodAandaoikous Exdtepov téHv A, E 
neroinxev. Eotw doa wo 6 A med¢ Tov B, oUtw> 6 A med¢ 
tov E. ad’ ac O A mpd¢ tov B, 6 T npd¢ tov A> xa we 
géoa OT npd¢ tov A, 6 A medc¢ tov E. xol exei 6 A tod< T, 
A nodd\ankaoidtoag tov Z, H nenoinxev, gotw toa wc oT 
med¢ tov A, [ottw<] 6 Z ned¢ tov H. wc 6€ OT red¢ tov 
A, ottw< fy 6 A ted¢ tov B: xal we doa 6 A ned¢ tov B, 6 
Z tedc tov H. ndAw, énxel 6 A tov A, E nodA\andaoidouc 
tovc H, O nenotnxev, Eotw doa wc O A mpd¢ tov E, 0 H 
Ted TOV O. GAM’ Wo 6 A med¢ Tov E, 6 A Ted¢ tov B. xa 
wc dpa 6 A ned¢ tov B, otwo 6 H moed¢ tov O. xal Enel 
oi A, B tov E noddatdiaoroavtes tobe O, K renojxaow, 
gow Goa wo O A Ted¢ Tov B, ottw¢ O O med¢ tov K. GAR’ 
a> 0 A 1ed¢ tov B, otw¢ 6 te Z npd¢ tov H xal 6 H ned¢ 
tov ©. xal wo dopa Oo Z npd¢ tov H, ottw¢ 6 te H medc¢ 
tov O xal 6 O npd¢ tov K: at T, A, E doa xal ot Z, H, 
0, K avédoyov ciow év 16) to} A mpd¢ tov B dyw. EY 
OF, Ott xal EAdyiotor. Emel yuo ot A, B eAcdytotot ior tév 
TOV QUTOV ADYOV EYOVTWY AUTOIC, Ol SE EAdYLOTOL THY TOV 
avTOV ADYOV EYOVTWY TPGTOL TEdS GAANAOUC ciotv, ot A, B 
dou TEGtoL MEd GAAHAOUS Elotv. xal Exdtepo0¢ YEv THv A, 
B eavutoyv noAdanAaoidoug exdtepov tv TI, E nenotinxey, 
exatepov dé Tév I, E nodAarthacidouc exdtepov tév Z, K 
neroinxev’ ot T, E doa xat ot Z, K meéstor mpd¢ GAAHAOUC 
ciotv. eav d€ Gow Onoooody aevuol Ethic &vdAOYOY, ot 
dé dxeol AUTHY TEGTOL MEd GAAHAOUC Wow, EAdYLoTOL clot 
TOY Tov adTOV Adyov Eydvtwy autoic. ot T, A, E doa xa 


ot Z, H, O, K chayrotot ciot tv tov avtOv Adyov EydvTwV 
toic A, B- énep Zdet SetEau. 
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And since A has made C (by) multiplying itself, and 
has made D (by) multiplying B, thus as A is to B, [so] C 
(is) to D [Prop. 7.17]. Again, since A has made D (by) 
multiplying B, and B has made F (by) multiplying itself, 
A, B have thus made D, E, respectively, (by) multiplying 
B. Thus, as A is to B, so D (is) to E [Prop. 7.18]. But, as 
A (is) to B, (so) C (is) to D. And thus as C (is) to D, (so) 
D (is) to E. And since A has made F’,, G (by) multiplying 
C, D, thus as C is to D, [so] F' (is) to G [Prop. 7.17]. 
And as C (is) to D, so A was to B. And thus as A (is) 
to B, (so) F (is) to G. Again, since A has made G, H 
(by) multiplying D, E, thus as D is to E, (so) G (is) to 
HT [Prop. 7.17]. But, as D (is) to E, (so) A (is) to B. 
And thus as A (is) to B, so G (is) to H. And since A, B 
have made H, K (by) multiplying FE, thus as A is to B, 
so H (is) to kK. But, as A (is) to B, so F (is) to G, and 
G to H. And thus as F (is) to G, so G (is) to H, and H 
to kK. Thus, C, D, E and F, G, H, K are (both continu- 
ously) proportional in the ratio of A to B. So I say that 
(they are) also the least (sets of numbers continuously 
proportional in that ratio). For since A and B are the 
least of those (numbers) having the same ratio as them, 
and the least of those (numbers) having the same ratio 
are prime to one another [Prop. 7.22], A and B are thus 
prime to one another. And A, B have made C, FE, respec- 
tively, (by) multiplying themselves, and have made F’, kK 
by multiplying C, EF, respectively. Thus, C, E and F, kK 
are prime to one another [Prop. 7.27]. And if there are 
any multitude whatsoever of continuously proportional 
numbers, and the outermost of them are prime to one 
another, then the (numbers) are the least of those (num- 
bers) having the same ratio as them [Prop. 8.1]. Thus, C, 
D, E and F, G, H, K are the least of those (continuously 
proportional sets of numbers) having the same ratio as A 
and B. (Which is) the very thing it was required to show. 
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Ea 
Tldgroue. 

"Ex Of) ToUTOU avepdv, StL EXV Tosic dovDUOl eFFc 
dvéAoyov EAdyYloTOL Wot TévV TOV avTOV AdYOV EYdVTWV 
avtoic, Ol dxoov AUTEY TeTEdywvol EloW, Exv bE TéECOUEEC, 
xvBou. 

, 

"Edy Gow Onoooioty dewyol e€ij¢ dvédhoyoyv EAdytot- 
Ol TV TOV AVTOV ADYOV EYOVTOY AUTOIC, Ol GxPOL KUTV 
TEGTOL TEdS HAANAOUG Eloty. 
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Corollary 


So it is clear, from this, that if three continuously pro- 
portional numbers are the least of those (numbers) hav- 
ing the same ratio as them then the outermost of them 
are square, and, if four (numbers), cube. 


Proposition 3 


If there are any multitude whatsoever of continu- 
ously proportional numbers (which are) the least of those 
(numbers) having the same ratio as them then the outer- 
most of them are prime to one another. 


"Eotwoav onocotobdy covOuol Efic dvédhoyov EAdytotot 
TOY TOV avTOV AdYOV ExdvTwY adtOIc ot A, B,D, Av Aéyoo, 
Ott ot &xpot autéy ot A, A mpétot Med¢ GAAHAOUC ciotv. 

Eijpdwoav yuo d00 vev dovOuol EAdylotot Ev 16) Tov 
A, B, T, A ddéyw ot E, Z, toeic 5é ot H, O, K, xal effic 
Evi TAgtouc, Ewe TO AnuUBavouEvoy TAHVOs toov yevnta TES 
TARE tv A, BT, A. ciAfi@dwoav xal Zotwouv ot A, M, 
N, =. 

Kati exel ot E, Z cdcyiotot ctor tév tov avtOV AdYoOV 
GAAfAoUc siotv. rol Emel 
exdtepoc tév E, Z eautov yev noddarAaowdiouc ExdtEeov 
tv H, K nenotnxev, exatepov be tHv H, K modda- 
TAaoidoug Exctepov THv A, = nenotnxev, xal ot H, K dea 
xa ot A, & meéstot mepd¢ GAANAOUS elotv. xal Exel ot A, B, 
I, A éddpotot ciot tév tov avtOV AdYOV EYdVIWV AUTOIC, 


EYOVTWY MUTOIC, TE@TOL TEdC 


ciol dé xal ot A, M, N, & eddytotor év 16 wt AdYw Ovtec 
toic A, B, I, A, xat eotw toov 16 nAVoc tv A, B, T, 
A t@ nAnver tv A, M, N, &, éxaotocg dou tév A, BT, 
A exdot tv A, M, N, © too¢ gotiv: too tea éotiv 6 
uev At) A, 0 b¢ A tH =. xat elow ot A, & mpétot med¢ 
dAVAou. xat ot A, A doa medtot mpd¢ HAAKAOUC Eiotv: 
Onee Eder Setea. 


+ EB i 6H SS ES Gr—— 
Be————  -_- Z+ — @+——_ B# —_ F ae: ! 
T K i CC | Kr—————+ 
A | D 

At— ee 

Mr Mt 

N ! N ! 

cS) | O 


Let A, B, C, D be any multitude whatsoever of con- 
tinuously proportional numbers (which are) the least of 
those (numbers) having the same ratio as them. I say 
that the outermost of them, A and D, are prime to one 
another. 

For let the two least (numbers) EF, F' (which are) 
in the same ratio as A, B, C, D have been taken 
[Prop. 7.33]. And the three (least numbers) G, H, Kk 
[Prop. 8.2]. And (so on), successively increasing by one, 
until the multitude of (numbers) taken is made equal to 
the multitude of A, B, C, D. Let them have been taken, 
and let them be L, M, N, O. 

And since FE and F are the least of those (numbers) 
having the same ratio as them they are prime to one an- 
other [Prop. 7.22]. And since FE, F' have made G, K, re- 
spectively, (by) multiplying themselves [Prop. 8.2 corr], 
and have made L, O (by) multiplying G, K, respec- 
tively, G, K and L, O are thus also prime to one another 
[Prop. 7.27]. And since A, B, C, D are the least of those 
(numbers) having the same ratio as them, and L, M, N, 
O are also the least (of those numbers having the same 
ratio as them), being in the same ratio as A, B, C, D, and 
the multitude of A, B, C, D is equal to the multitude of 
L, M, N, O, thus A, B, C, D are equal to L, M, N, O, 
respectively. Thus, A is equal to L, and D to O. And L 
and O are prime to one another. Thus, A and D are also 
prime to one another. (Which is) the very thing it was 
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Adywv sovdévtwyv Onocwvodv Ev Edaytotoic dovduoic 
deuotc evesiv e€iic dvédoyoy Edaylotous Ev toic SodEion 
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required to show. 


Proposition 4 


For any multitude whatsoever of given ratios, (ex- 
pressed) in the least numbers, to find the least numbers 


AOYOtC. continuously proportional in these given ratios. 
At—— Bt At-—— re 
a A t+ —OO——— ——ar 
BS Z. SS] F | 
Nt—— C) : Nt—— H : 
e+ H | Or——_+ G | 
Mr———— K | Mt+———— K | 
Or—— A | P L 


"Kotwoay ot do00Evtec AdvoL Ev Edaytotoic aoevdYuoic 6 
te tod A nodc tov B xat 6 tot I npd¢ tov A xol Ett 6 
tov E npd¢ tov Z: det Si) derduobs cbpeiv Etc avéhoyov 
éhaytotouc év te T6 tod A ned tov B AdYw ual Ev TH TOD 
T nod tov A xal Ett 16 tot E med¢ tov Z. 

Edw yap o Und thy B, I eddyroto¢g yeteovuevocg 
agowuoc o H. xal oodxic uev 0 B tov H uetest, tooauté&xic 
xa 0 A tov © yetpeitww, doduc 6é 6 T tov H uetoet, to- 
oautdéuic xal o A tov K yetpeitw. 6 dé E tov K ftot yetpet 
f ob YETPEEt. UETOSITwW MEdTEEOV. xal OodxuIc O E tov K ye- 
Teel, toowutdxic xal Oo Z tov A uetesitw. xal Enel iodxic o 
A tov © uetpst xal 6 B tov H, gotw doa we 6 A med¢ TOV 
B, obtw¢ 6 O npd¢ Tov H. bid Ta HUTA BH xa Oc OT ned¢ 
tov A, ottwe 0 H med¢ tov K, xal Ett Wo O E mpd¢ tov Z, 
ottw> 6 K npd¢ tov A: ot O, H, K, A hou ec avédoyov 
ciow Ev te 16) tol A npd¢ tov B xa ev 165 tod TF med¢ tov 
A xa étt €v 16 tot E npd¢ tov Z Adyw. A€yo OH, StL xa 
ehdytotou. et yue un ciow ot O, H, K, A e€¥ic avdAoyov 
éddyiotot Ev te toic to A npd¢ tov B xal tod TP med¢ tov 
A xal év 16 tot E ned¢ tov Z ddyoic, Eotwoav ot N, &, 
M, O. xat éxet Eotw wo O A npd¢ tov B, ovtw>o O N med¢ 
tov E, ot be A, B eddmrotot, ot bE EAdytotot Ueto tob< 
TOV AUTOV ADYOY Eyovtacg toduic 6 Te UElCwv TOV yElTova 
xal 0 EAdoOWY TOV EAdGOOVa, TOUTEOTIV 6 Te NYOUUEVOS 
TOV NYOUMEVoV xal O EmduEvOoc TOV EndUEVOY, O B hoa tov 
= uetest. Sid tae auta SA xl O T tov = uetoet of B, TP 
doa Tov E yeteovow: xal o EAdyiotoc dou Uno tév B, T 
UETeOUUEVOS TOV E UETeYoEl. EAdylotoc Sé Uno THY B, TL 
uetecita 6 H: 6 H doa tov & uetoet 6 uetCwv tov Ehdiooova’ 
OnEe EoTly GVvtatov. obx dea Eoovtat twec tév O, H, K, 
A thtoooves aprduol eff Ev te 165 to A ted tov B xa 
16 to T nmpd¢ tov A xa Ett 16 tot E ned¢ tov Z AdyG. 


Let the given ratios, (expressed) in the least numbers, 
be the (ratios) of A to B, and of C to D, and, further, 
of E to F. So it is required to find the least numbers 
continuously proportional in the ratio of A to B, and of 
C to B, and, further, of E to F. 

For let the least number, G, measured by (both) B and 
C have be taken [Prop. 7.34]. And as many times as B 
measures G, so many times let A also measure H. And as 
many times as C measures G, so many times let D also 
measure /. And FE either measures, or does not measure, 
K. Let it, first of all, measure (K). And as many times as 
E measures K, so many times let F also measure L. And 
since A measures H the same number of times that B also 
(measures) G, thus as A is to B, so H (is) to G [Def. 7.20, 
Prop. 7.13]. And so, for the same (reasons), as C (is) to 
D, so G (is) to K, and, further, as F (is) to F’, so K (is) 
to L. Thus, H, G, K, L are continuously proportional in 
the ratio of A to B, and of C to D, and, further, of E to 
F. So I say that (they are) also the least (numbers con- 
tinuously proportional in these ratios). For if H, G, K, 
L are not the least numbers continuously proportional in 
the ratios of A to B, and of C to D, and of EF to F, let N, 
O, M, P be (the least such numbers). And since as A is 
to B, so N (is) to O, and A and B are the least (numbers 
which have the same ratio as them), and the least (num- 
bers) measure those (numbers) having the same ratio (as 
them) an equal number of times, the greater (measur- 
ing) the greater, and the lesser the lesser—that is to say, 
the leading (measuring) the leading, and the following 
the following [Prop. 7.20], B thus measures O. So, for 
the same (reasons), C’ also measures O. Thus, B and C 
(both) measure O. Thus, the least number measured by 
(both) B and C will also measure O [Prop. 7.35]. And 
G (is) the least number measured by (both) B and C. 
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My uetocitw 67) 0 E tov K, xol cikngpdew ond Hv EH, 
K edd&yiotog yeteobuevoc doelluoc o M. xa ood Yev 
o K tov M uetesi, tooaut&uic xal exdtepoc tv O, H 
exdtepoyv té&v N, & uetesitw, dodaxic 5¢ 0 E tov M ue- 
Tol, Tooautdic xal o Z tov O uetocitw. Emel ioduic 0 O 
tov N uetoet xal 0 H tov &, gotw doa wo O O med¢ Tov 
H, ottwco 0 N med¢ tov &. Wo bE O O ned¢ tov H, ovtw- 
o A nmed¢ tov B: xal wo dpa 6 A med¢ tov B, otwo O N 
Ted TOV E. Sid Ta HUTA OF xa Oc OT npd¢ tov A, ovtw- 
0 & medc¢ tov M. ndaw, Emel toduic 0 E tov M uetoet xa 
0 Z tov O, Eotw dpa Wo O E ned¢ tov Z, ovtwc O M ned¢ 
tov O- ot N, =, M, O dea e&Fj\¢ avedoyay ciow Ev toi tod 
te A med¢ tov B xal tod TP med¢ tov A xal Ett tot E npd¢ 
tov Z ddyotc. AEywW OF, OTL nal EAdyiotot Ev toic A B, TP 
A, E Z doyots. et yuo uh, Eoovtat twec tev N, =, M, O 
éhdooovec dowyol e€ijc avdAoyov ev toic AB, TP A, EZ 
oyotg. Eotwouy ot IT, P, U, T. xal enet cotw we 0 IT ned¢ 
tov P, ottw>o 0 A mpdc tov B, oi 5& A, B Eddyrotor, ot dé 
EACYLOTOL UETPOVGL Tobe TOV aAUTOV AdYOV EYOVTAC AvTOIC 
loduig O TE HYOUUEVOS TOV HyYOUUEVOYV xa O EMdUEVOS TOV 
emouevov, 0 B dpa tov P vetoet. Sie TH HUTa 6H Kol OT 
tov P ueteet: ot B, [ doa tov P ueteovow. xal 6 EAdyLotoc 
goa Ono tév B, I yetobuevoc tov P uetoroet. EAdyiotoc 
dé Und Tv B, T yetepovuevoc eotw o H: 0 H doa tov P 
WETEEl. “al Cot Wc O H med¢ tov P, oVtwe O K Ted Tov 
dX: xal 0 K dow tov U ueteet. uetest de xal 6 E tov U: ot E, 
K doa tov X yeteotow. xal 6 cAdyiotoc doa Und Tév E, K 
UETEOUUEVOS Tov Li YETEYCEL. EAdylotoc be UNO Thy E, K 
usTteovUEvdc Coty O M: Oo M dea tov Y yetoet 0 ueiCwy tov 
eAdooova: Orep cotly GSUvatov. Ovx dea Ecovtal tives THY 
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Thus, G measures O, the greater (measuring) the lesser. 
The very thing is impossible. Thus, there cannot be any 
numbers less than H, G, K, L (which are) continuously 
(proportional) in the ratio of A to B, and of C to D, and, 
further, of FE to F. 
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So let E not measure kK. And let the least num- 
ber, M, measured by (both) — and Kk have been taken 
[Prop. 7.34]. And as many times as kK measures M, so 
many times let H, G also measure N, O, respectively. 
And as many times as £ measures M, so many times let 
F also measure P. Since H measures N the same num- 
ber of times as G (measures) O, thus as H is to G, so 
N (is) to O [Def. 7.20, Prop. 7.13]. And as H (is) to G, 
so A (is) to B. And thus as A (is) to B, so N (is) to 
O. And so, for the same (reasons), as C (is) to D, so O 
(is) to M. Again, since E measures M the same num- 
ber of times as / (measures) P, thus as FE is to F’, so 
M (is) to P [Def. 7.20, Prop. 7.13]. Thus, VN, O, M, P 
are continuously proportional in the ratios of A to B, and 
of C to D, and, further, of E to F. So I say that (they 
are) also the least (numbers) in the ratios of A B, C D, 
EF. For if not, then there will be some numbers less 
than N, O, M, P (which are) continuously proportional 
in the ratios of A B, C D, E F. Let them be Q, R, S, 
T. And since as Q is to R, so A (is) to B, and A and B 
(are) the least (numbers having the same ratio as them), 
and the least (numbers) measure those (numbers) hav- 
ing the same ratio as them an equal number of times, 
the leading (measuring) the leading, and the following 
the following [Prop. 7.20], B thus measures R. So, for 
the same (reasons), C’ also measures R. Thus, B and C 
(both) measure R. Thus, the least (number) measured by 
(both) B and C will also measure R [Prop. 7.35]. And G 
is the least number measured by (both) B and C. Thus, 
G measures R. And as G is to R, so K (is) to S. Thus, 
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N, &, M, O éddooovec dowWyol e€fjic dvédoyoy Ev te toic 
tot A med¢ tov B xai tot P apd¢ tov A xai Ett tod E npd¢ 
tov Z ddyotc: ot N, =, M, O doa fic avddovyov erdytotot 
eiow év toic AB, IT A, E Z ddyouc: Sree Eder SetEau. 


, 


Ee. 


Ot Extredor cevOuol med¢ HAAAOUC AdYOV EyovOL Tov 
ouyxeivevoy x Tév TAcupéy. 
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ia 1 At 
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"Eotwouv enxtredsor aovduot ot A, B, xal tot uév A 
TAeveal ECotwouy oi T, A dowWyoi, tot dé B ot E, Z AEyoo, 
ot 0 A Ted¢ tov B Adyov Eyer tov ovyxelyevov Ex Tév 
TAEUOOY. 

Adywv yao SoVEvtwy Tod te dv Eyet 6 T ned¢ tov E xa 
0 A npd¢ tov Z ciAhpdwoay dowWyol E€fj¢ EAdyLoTtOL Ev TOic 
LE, A Z déyorg, ot H, O, K, Gote ivan we yev tov T ned¢ 
tov E, ottw¢ tov H med¢ tov O, we SE tov A Ted¢ tov Z, 
otw> Tov O Ted¢ tov K. xat o A tov E noddanraordouc 
tov A notetto. 

Kat éexnel 0 A tov vev T noddankaoikoug tov A 
neroinxev, tov b¢ E nodkAandaoikoug tov A nenoinxey, 
got dea wo OT med¢ tov E, ottw¢ 6 A mpd¢ tov A. w< 
dé 0 I ned¢ tov E, ottwc O H med¢ tov O° xal we hoa oO 
H npdc¢ tov O, otto 6 A med¢ Tov A. néAW, Exel 6 E tov 
A nohianiaoidoag tov A nerotnxey, GAAd UV xal TOV Z 
ToAatrAaoidousg tov B nenotnxev, Eotw dpa wo 6 A med¢ 
tov Z, ovtwo 0 A med tov B. GAX’ wo O A Ted¢ Tov Z, 
ovtw¢ 0 O med¢ Tov K: xal Wo dou 0 O Ted¢ tov K, otw< 
o A npd¢ tov B. edetyDy Se xal Oc O H npd¢ Tov O, otw¢ 
6 A med¢ tov A: BV toou dea Eotly wo 6 H npd¢ tov K, 
[obtwc] 6 A medc¢ tov B. 6 5 H npdc¢ tov K ddyov Eyer 
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K also measures S [Def. 7.20]. And E also measures 
S [Prop. 7.20]. Thus, £ and Kk (both) measure S. Thus, 
the least (number) measured by (both) E and K will also 
measure S [Prop. 7.35]. And M is the least (number) 
measured by (both) # and kK. Thus, M measures S, the 
greater (measuring) the lesser. The very thing is impos- 
sible. Thus there cannot be any numbers less than N, O, 
M, P (which are) continuously proportional in the ratios 
of A to B, and of C to D, and, further, of E to F. Thus, 
N, O, M, P are the least (numbers) continuously propor- 
tional in the ratios of A B, C D, E F. (Which is) the very 
thing it was required to show. 


Proposition 5 


Plane numbers have to one another the ratio compoun- 
dedi out of (the ratios of) their sides. 
A} 


WoO w 
i] 


Lt { 

Let A and B be plane numbers, and let the numbers 
C, D be the sides of A, and (the numbers) FE, F' (the 
sides) of B. I say that A has to B the ratio compounded 
out of (the ratios of) their sides. 

For given the ratios which C has to EF, and D (has) to 
F, let the least numbers, G, H, K, continuously propor- 
tional in the ratios C E, D F have been taken [Prop. 8.4], 
so that as Cis to LF, so G (is) to H, and as D (is) to F’, so 
A (is) to K. And let D make L (by) multiplying F. 

And since D has made A (by) multiplying C, and has 
made L (by) multiplying EF, thus as C is to E, so A (is) to 
L [Prop. 7.17]. And as C (is) to EF, so G (is) to H. And 
thus as G (is) to H, so A (is) to L. Again, since E has 
made L (by) multiplying D [Prop. 7.16], but, in fact, has 
also made B (by) multiplying F’, thus as D is to F, so L 
(is) to B [Prop. 7.17]. But, as D (is) to F’, so HT (is) to 
kK. And thus as H (is) to K, so L (is) to B. And it was 
also shown that as G (is) to H, so A (is) to L. Thus, via 
equality, as Gis to K, [so] A (is) to B [Prop. 7.14]. And 
G has to K the ratio compounded out of (the ratios of) 
the sides (of A and B). Thus, A also has to B the ratio 
compounded out of (the ratios of) the sides (of A and B). 
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Tov ovyxeivevoyv ex tév TAcUedv’ xal O A koa med¢ Tov 
B hoyov Eye tov ouyxeiuevoy ex Tév TACUEGY’ OTEE Eel 
deicou. 


tie, multiplied. 


, 


+4. 
"Ey Gow Onoooioty dewyol E€ijc avddoyOV, O SE 
TEGtOG TOV SEVTEPOV UN) ETOH, OVSE GAO OVdelc OVdEVaL 
UETORCEL. 


()) ] 

"Eotwoav Orocotoby deol eijc dvddoyoy ot A, B, 
I, A, E, 6 5¢ A tov B uh uetesita AEyw, StL OVSE KARO 
ovdelc OVSEva LETEOEL. 

“Ou ev odv ot A, B, PT, A, E e&i¢ GAAKAOUus o0 UE- 
tootow, waveodv’ ovde yao © A tov B uetpet. eyo 
dH, OTL OVSE GAO OVSelc OVSEVa UETOEYOEL. El yuo dv- 
vatév, uetosita o A tov T. xal door cioiv ot A, B, I, 
tooovtor ciAfipdwoav eddytotor coWuol Tév TOV avTOV 
dyov Exdvtwv toic A, B, T ot Z, H, ©. xat enet ot Z, 
H, 0 év 16 avt@ Adyw cial toic A, B, I, xat Eat icov tO 
TARVoc tév A, B, P16 mAfer tHv Z, H, O, 8v toou dea 
éotlv wc O A npd¢ tov I, ovtwW¢ O Z nd tov O. xal Enet 
gow a O A mpdc tov B, ottwe 6 Z med¢ tov H, ov yetpet 
dé 0 A tov B, ov yetest dpa O0dE O Z tov H: 0dx dow Lovdc 
éotw 0 Z 7 yao Wovac Té&vtA HolUoV UETEEt. Kol Elow ol 
Z, O npdstor ede GAAAAOUS [OvdE 6 Z doa tov O UEToEi]. 
ual got ¢ O Z ned¢ Tov O, ote O A Ted Tov T° OvdE 
0 A dea tov I’ uetpet. Ouotwe 57 SelZouev, StL OVSE AAO 
ovdelc obdéva UETOoEL’ OnEO Eder SetEau. 


Cv 
"Egy Gow Oorocowody devyol [etic] avdAoyov, 6 Sé 
TedStoc TOV EOYATOV UETET, Kal TOV SeUTEPOV UETETOEL. 
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(Which is) the very thing it was required to show. 


Proposition 6 


If there are any multitude whatsoever of continuously 
proportional numbers, and the first does not measure the 
second, then no other (number) will measure any other 
(number) either. 


A 1 


"Hoa ww 


H | 

Let A, B, C, D, E be any multitude whatsoever of 
continuously proportional numbers, and let A not mea- 
sure B. I say that no other (number) will measure any 
other (number) either. 

Now, (it is) clear that A, B, C, D, E do not succes- 
sively measure one another. For A does not even mea- 
sure B. So I say that no other (number) will measure 
any other (number) either. For, if possible, let A measure 
C. And as many (numbers) as are A, B, C, let so many 
of the least numbers, F', G, H, have been taken of those 
(numbers) having the same ratio as A, B, C [Prop. 7.33]. 
And since F’, G, H are in the same ratio as A, B, C, and 
the multitude of A, B, C is equal to the multitude of F, 
G, H, thus, via equality, as A is to C, so F (is) to H 
[Prop. 7.14]. And since as A is to B, so F (is) to G, 
and A does not measure B, F' does not measure G either 
[Def. 7.20]. Thus, F’ is not a unit. For a unit measures 
all numbers. And F and H are prime to one another 
[Prop. 8.3] [and thus F does not measure H]. And as 
F is to H, so A (is) to C. And thus A does not measure 
C either [Def. 7.20]. So, similarly, we can show that no 
other (number) can measure any other (number) either. 
(Which is) the very thing it was required to show. 


Proposition 7 


If there are any multitude whatsoever of [continu- 
ously] proportional numbers, and the first measures the 
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"Eotwoav onocotoby govyol E€fic dvéhoyoy ot A, BLT, 
A, 6 dé A tov A uetoeite Aéyeo, Sti xal O A tov B vetoes. 

Et yao ob ueteet Oo A tov B, ode WAoc obdeic OLdSEVa 
ueTeroer uetoet 5é oO A tov A. ueteet doa xal O A tov B- 
Ornee Eder Seiea. 


, 
Y . 

"Ey d00 dovWudy yetagd xatk tO ovveyéc avdAoyov 
éuntrtwow deuot, doot cic abtobe UeTagh xat&d TO ov- 
veyxec avOAoYoy eurintovow dgoluol, ToooUToL xal Eig ToS 
TOV MUTOV AdYOV Exovtas [avTOIc] UrTAED nate TO OUVEYEC 
avédAoyoy eunecobvtat 
Hi 


/——— 


+ 


4 


es 


>A OT WhoO> 


Abo yoo doudy tv A, B yetagd xate 16 ouveyéc 
avéroyoy éumintétwoay dgowyol oP, A, xai neroujodw we 
0 A me6¢ tov B, ottw¢ 6 E mpd¢ tov Z AEvw, StL 601 Eic 
toc A, B yetagéd xat& 16 ouveytc avdAOYoV EUTETTAOXAMOLW 
geuol, tooottot xal cic tobe E, Z uetaEd xata 16 ovveyxec 
davédAoyov Euneoovvta. 

“Ooo yéo ciot 16 TAAVe ot A, B, T, A, tocottor 
ciAnpdwoav ehaytotot. douol THv Tov avTOV AdYOV 
éyovtwy toic A, T, A, B ot H, 0, K, A> ot doa &xeor 
autéy ot H, A meditot mepd¢ dAAHAOUC ciotv. xal Exel ot A, 
I, A, B totic H, 0, K, A év 16 abdté Ady Eioty, xal EotIv 
toov tO TAO tév A, T, A, Bt rAVVer tv H, O, K, 
A, 8V toov éea gotlv ac O A med¢ Tov B, ottwe O H med¢ 
tov A. ac 6€ 6 A med¢ tov B, ottw> 0 E med¢ tov Z: xa 
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last, then (the first) will also measure the second. 
A HY 


Let A, B, C, D be any number whatsoever of continu- 
ously proportional numbers. And let A measure D. I say 
that A also measures B. 

For if A does not measure B then no other (number) 
will measure any other (number) either [Prop. 8.6]. But 
A measures D. Thus, A also measures B. (Which is) the 
very thing it was required to show. 


Proposition 8 


If between two numbers there fall (some) numbers in 
continued proportion then, as many numbers as fall in 
between them in continued proportion, so many (num- 
bers) will also fall in between (any two numbers) having 
the same ratio [as them] in continued proportion. 


iS ke I 

Ccr——— M 
Dt——— N ! 
Bi———: F 


1 


L -———4 

For let the numbers, C' and D, fall between two num- 
bers, A and B, in continued proportion, and let it have 
been contrived (that) as A (is) to B, so EF (is) to F’. I say 
that, as many numbers as have fallen in between A and 
B in continued proportion, so many (numbers) will also 
fall in between F and F in continued proportion. 

For as many as A, B, C, D are in multitude, let so 
many of the least numbers, G, H, K, L, having the same 
ratio as A, B, C, D, have been taken [Prop. 7.33]. Thus, 
the outermost of them, G and L, are prime to one another 
[Prop. 8.3]. And since A, B, C, D are in the same ratio 
as G, H, K, L, and the multitude of A, B, C, D is equal 
to the multitude of G, H, K, L, thus, via equality, as A is 
to B, so G (is) to L [Prop. 7.14]. And as A (is) to B, so 
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a> doa 6 H npd¢ tov A, ottw¢ 6 E med¢ tov Z. ot dé H, A 
TEGTOL, Ol SE TETOL xa EAYLOTOL, OL bE EAAYLOTOL doLNUOL 
yeteovot tos Tov adTOV ADYOV Eyovtac lodmic 6 Te YElTwv 
tov ueiTova xal 6 EAdoowV TOV EAcoOOOVa, TOUTEOTW 6 TE 
nyovuevocg tov nyobuevov xal O EmduEvocg TOV ENdUEVOY. 
toduic dea O H tov E yetpet xal o A tov Z. ooduic OF O H 
tov E ueteet, tooauténic xal exdtepoc Tov O, K exdtepov 
t&v M, N uetpeitw ot H, O, K, A doa tobe E, M, N, Z 
iodxic uetootow. ot H, 0, K, A dea toic E, M, N, Z év 165 
aut Ady elotv. GAA ot H, O, K, A toic A, T, A, B ev 765 
avte ADY Elotv: xat ot A, TP, A, B &pa toic E, M, N, Z év 
TG) HUTG Ady elotv. ol SE A, T, A, B ehic aveedoyov ciow’ 
nal ot E, M, N, Z dou e&f\¢ avdAoydv ciow. door doa cic 
toc A, B uetaéb xat& 16 ouveytc &vdAOYOV EUTETTAXMOLW 
gewuol, tooottot xal cic tobe E, Z uetaEd xat& 16 ovveyxéc 
d&véhoyoy EUTETTOXKoW doevOUot Smee Eder SetEau. 


0. 


‘Edy 800 devuol meditot Med¢ GAAKAOUC Bow, xol 
cic avtovs UeTagh xatk TO OUveyes avVdAOYOV EuTinNTWOL 
gewuol, door cic adtobe UeTAgd xat& TO OUVEYES avéAOYOV 
éunintovow daoerOyot, tooottor xal exatéeou avutév xatl 
yovadoc Uetagh xatk TO ouveyes &vddOYOV EUTECOUVTAL. 


At @r—— 
SS | 
A +4 At 
B ] 

Mt 
Bw 

Nt 
AS eS 
De O | 


"Eotwoav S00 aevWuol meétot med¢ GAAHAOUs ot A, 
B, xat cic avtobc uetad xatd TO ovuveyéc avédhoyov 
éumimtetwoav ot TD, A, xat exxetodw 7 E yovac: Eva, 
bt door cic toc A, B ueta&d xata 16 ouveyec avéhoyov 
éurentoxaow dowyot, tooodtor xal exatéeou tév A, 
B xal tic wovddoc uetagh xatk TO ovuveyéc avédhoyov 
éumEcoUvTa. 

Einpdwoav yuo 500 vEev aovduol EAdyLotoL Ev TG) TOV 
A,T, A, B X\6yw dvtec ot Z, H, teeic dé ot O, K, A, xat det 
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FE (is) to F. And thus as G (is) to L, so FE (is) to F’. And 
G and L (are) prime (to one another). And (numbers) 
prime (to one another are) also the least (numbers hav- 
ing the same ratio as them) [Prop. 7.21]. And the least 
numbers measure those (numbers) having the same ratio 
(as them) an equal number of times, the greater (measur- 
ing) the greater, and the lesser the lesser—that is to say, 
the leading (measuring) the leading, and the following 
the following [Prop. 7.20]. Thus, G measures F the same 
number of times as L (measures) F’. So as many times as 
G measures F;, so many times let H, K also measure M, 
N, respectively. Thus, G, H, K, L measure E, M, N, 
F (respectively) an equal number of times. Thus, G, H, 
K, L are in the same ratio as LF, M, N, F [Def. 7.20]. 
But, G, H, K, L are in the same ratio as A, C, D, B. 
Thus, A, C, D, B are also in the same ratio as E, M, N, 
F. And A, C, D, B are continuously proportional. Thus, 
E, M, N, F are also continuously proportional. Thus, 
as many numbers as have fallen in between A and B in 
continued proportion, so many numbers have also fallen 
in between F£ and F in continued proportion. (Which is) 
the very thing it was required to show. 


Proposition 9 


If two numbers are prime to one another and there 
fall in between them (some) numbers in continued pro- 
portion then, as many numbers as fall in between them 
in continued proportion, so many (numbers) will also fall 
between each of them and a unit in continued proportion. 


At— H:— 
Ca kK -———4 
De EF 
B 1 

Mte—— 
Bu 

Nt 
| a a 
C= Pp 


Let A and B be two numbers (which are) prime to 
one another, and let the (numbers) C' and D fall in be- 
tween them in continued proportion. And let the unit E 
be set out. I say that, as many numbers as have fallen 
in between A and B in continued proportion, so many 
(numbers) will also fall between each of A and B and 
the unit in continued proportion. 

For let the least two numbers, F’ and G, which are in 
the ratio of A, C, D, B, have been taken [Prop. 7.33]. 
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eCic Evi TAetouc, Ewes dv loov yévntat TO TAHVOs adtHv TES 
TAAVE TOV A, T, A, B. ciAjpdwoay, xa Eotwoav ot M, N, 
E, O. pavepoy 6%, Ott 6 uev Z EautTOV ToAAaTAMoLdoU TOV 
© nenoinxev, tov dé O nohdatAnordouc Tov M merotnxev, 
xol 0 H éautoy ev noAAanAaoidous tov A nenoinxev, tov 
dé A nohAatAacidoug tov O nenoinxev. xol enet ot M, N, 
&, O ehdyiotoi ctor tév tov avtdv Adyov Exdvtwv Toic Z, 
H, ciol dé xat ot A, TP, A, B eAdyiotor tév tov avUTOV Adyov 
éyovtwy totic Z, H, xat cotw toov 16 nAfVoc tv M, N, &, 
O 16 TAAVEr tHOv A, T, A, B, Exaotoc dou tév M, N, =, O 
excotw tév A, TP, A, B too éotiv: too¢g dpa Eotiv 6 uev M 
t@ A, 6 5€ O 16 B. xai Enel 6 Z Eautov noAdatAaoidoug 
tov © nenoinxev, 0 Z dow tov O uetoet xate tac Ev TH Z 
yovadac. weteet be xal 7 E Yovac tov Z nate tac Ev avTdS 
wovadac’ taduic dea 7 E yovac tov Z cowuov uetoeet xal o Z 
tov ©. Eotw doa wo A E wovac ned¢ tov Z cowydv, obtw< 
o Z nmed¢ tov O. néaw, Exel o Z tov O noddardacrdoug 
tov M nenotnxev, 0 O dpa tov M ueteet xatd tac ev 16 Z 
yovddac. UETeet dé xall } EH Uovac tov Z dowWyov xatd tac Ev 
avTES LOVdbac’ ladxic toa n E Yovac tov Z aovdyov yeTteet 
xal 0 O tov M. Eotw dea we HE yovag med¢ Tov Z dowdy, 
ovtw¢ 0 O med¢ tov M. edetyOy SE xal ac HE wovac med¢ 
tov Z aeWudv, ota 6 Z med¢ tov O- xa Oc doa HE yovac 
Teds TOV Z aovwWydv, OUtTwWs O Z TEd¢ TOV O xal Oo O ned¢ 
tov M. too d€ 6 M 165 A’ Eotw doa a> HE yovag med¢ tov 
Z aowudv, ottw¢ O Z mpd¢ Tov © xal 6 O Ted¢ tov A. Se 
TH HUTA OT Kal Oc HE Uovac neds tov H aewWyudy, ovtw¢ O 
H npdc tov A xat 6 A mpd¢ tov B. dc0t tea cic tobe A, B 
yetaghd xat&e TO ouveyec avédoyov EuTentToxaow ceouol, 
tooovtot xal exatépou tév A, B xal uovddoc tic E uetagv 
KATA TO OUVEYXES AVEAOYOV EUTETTHOxaAoW ceLOUOL OnEe EdeL 
Seteou. 


ie 

"Edy 500 doerduev Exatéeou xal Uovddoc yetadh xata 
TO ouveyes avdAoyoy eurintwow aerOuol, dool Exatéeou 
avtav wal yovddog yetadd xatae TO ouveyéc avédhoyov 
éuntrtovow dewuyot, tooottot xal cic abtobs yeTAgh xate 
TO ouvexec avaoyov EUTEcOUVTAL. 

Ato yoo dovydyv tév A, B xol wovddoc tic T ye- 
TACO Kate TO GUvExec &vVdAOYOV EUTITTETWOAY deLUOl ot 
te A, E xat ot Z, H: A€yw, St Boor Exatéeou tHv A, 
B xat wovadoc tic T yetag xatk tO ovveyéc avédhoyov 
éurentoxaow dowyot, tooottot xal cic tobc A, B yuetagd 
KATA TO OUVEES AVeAOYOY EUTECOUVTAL. 
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And the (least) three (numbers), H, K, L. And so on, 
successively increasing by one, until the multitude of the 
(least numbers taken) is made equal to the multitude of 
A, C, D, B [Prop. 8.2]. Let them have been taken, and 
let them be M, N, O, P. So (it is) clear that F has made 
HT (by) multiplying itself, and has made M (by) multi- 
plying H. And G has made L (by) multiplying itself, and 
has made P (by) multiplying L [Prop. 8.2 corr.]. And 
since M, N, O, P are the least of those (numbers) hav- 
ing the same ratio as F', G, and A, C, D, B are also the 
least of those (numbers) having the same ratio as F,, G 
[Prop. 8.2], and the multitude of M, N, O, P is equal 
to the multitude of A, C, D, B, thus M, N, O, P are 
equal to A, C, D, B, respectively. Thus, M is equal to 
A, and P to B. And since F has made H (by) multiply- 
ing itself, F thus measures H according to the units in F 
[Def. 7.15]. And the unit & also measures F according to 
the units in it. Thus, the unit # measures the number F' 
as many times as F’ (measures) H. Thus, as the unit F is 
to the number F’, so F' (is) to H [Def. 7.20]. Again, since 
F has made M (by) multiplying H, H thus measures M 
according to the units in F [Def. 7.15]. And the unit E 
also measures the number F according to the units in it. 
Thus, the unit # measures the number F' as many times 
as H (measures) M. Thus, as the unit F is to the number 
F, so H (is) to M [Prop. 7.20]. And it was shown that as 
the unit F (is) to the number F’,, so F' (is) to H. And thus 
as the unit F (is) to the number F’, so F' (is) to H, and H 
(is) to M. And M (is) equal to A. Thus, as the unit E is 
to the number F’, so F (is) to H, and H to A. And so, for 
the same (reasons), as the unit & (is) to the number G, 
so G (is) to L, and L to B. Thus, as many (numbers) as 
have fallen in between A and B in continued proportion, 
so many numbers have also fallen between each of A and 
B and the unit F in continued proportion. (Which is) the 
very thing it was required to show. 


Proposition 10 


If (some) numbers fall between each of two numbers 
and a unit in continued proportion then, as many (num- 
bers) as fall between each of the (two numbers) and the 
unit in continued proportion, so many (numbers) will 
also fall in between the (two numbers) themselves in con- 
tinued proportion. 

For let the numbers D, FE and F, G fall between the 
numbers A and B (respectively) and the unit C in con- 
tinued proportion. I say that, as many numbers as have 
fallen between each of A and B and the unit C in contin- 
ued proportion, so many will also fall in between A and 
B in continued proportion. 
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OO A yuo tov Z noddrandaoidkoug tov O rotetto, 
exdtepog be tév A, Z tov O noddatdaordoucg Exdtepov 
tév K, A notetto. 

Kat énet gotw we 7 TP yovac ted¢ tov A dowdy, obtw<¢ 
6 A med¢ tov E, ioduuc doa 7 T yovac tov A devuov yetpet 
xa o A tov E. 7 5¢ TP yovac tov A devyov ueteet xat& ta 
év 16) A yovddauc xal o A doa deudc tov E uetest xat& 
tas ev 16) A yovédac: 6 A dpa Eautov ToAAaTAaoidous TOV 
E nenotnxev. néAw, exet Eotw Oc 7 T [yovac] med tov 
A dev0uov, ota 6 E mpd¢ tov A, toduic dpa n TD povieg 
tov A aewWyuov ueteet xol O E tov A. 7 6€ TD Yova tov 
A deduov uetpet xat& tac Ev 165 A Yovddac: xal 6 E doa 
tov A uetest xate tac é€v 16 A yovddac: 6 A doa tov E 
TohAatAaoioag tov A meroinxev. Sie Tk adTe SY xal O 
yev Z eautoyv rohAanAacioac tov H nenoinxeyv, tov d¢ H 
TodAatAaoidous tov B nenotnxev. xal Enel 6 A Eautov ev 
ToAdaTAaoidous tov E nexotnxev, tov dé Z noAAaTAUodoug 
tov © nerotnxev, Eotty Goa wo 0 A Ted¢ tov Z, oUTw¢ O E 
TENS TOV O. Bid Ta AUTH OH Kal Oc 6 A Tpd¢ Tov Z, OT 6 
© mpd¢ tov H. xal Wc toa o E ned¢ tov O, otw¢ 0 O Ted 
tov H. now, énet o A exdtepov tév E, O noddandaordouc 
exdtepov tHv A, K nenotnxev, Eotw doa wo 0 E npd¢ tov O, 
o’twc 6 A Ted¢ Tov K. AM’ Wo O E npd¢ Tov O, otTWo 6 A 
med¢ tov Z: xal Wc doa 6 A ned¢ tov Z, oUTWs O A MEd TOV 
K. nédw, Enel Exctepog tév A, Z tov O noddarraordouc 
excdtepov tv K, A nenotnxev, ott doa wc 0 A mpd¢ tov 
Z, otw¢ 6 K med¢ tov A. dA’ Wo O A Ted¢ Tov Z, otTw< O 
A ted¢ tov K: xal wo doa 6 A med¢ tov K, oUtw¢ 6 K ned¢ 
tov A. ét nel 6 Z exdtepov tv O, H noddanraordouc 
exdtepoyv tv A, B nenotnxev, Eotww doa H¢ 6 O TEd¢ Tov 
H, ottw<¢ 6 A med¢ tov B. we 5€ 6 O Ted¢ Tov H, ottw< 
o A ned¢ tov Z: xal wo doa 6 A mpd¢ tov Z, ottwc O A 
med¢ tov B. edetyOy SE xal wc o A Ted¢ tov Z, OUTS 6 TE 
A ted tov K xai 6 K mpd¢ tov A> xol wo doa 6 A med¢ 
tov K, ottw¢ 6 K med¢ tov A xa 6 A mpd tov B. ot A, 
kK, A, B doa xatk 16 ovuveyes E€fic Elow d&vddOYOV. Soot 
&ea Exatéeou tév A, B xal tic TP ywovddocg yetagh xate 
TO ouvexes AVEAOYOV EUTintovoW aeLOUOl, TooodTOL xall Eic 
tobc A, B yetadd xatk 10 ouveyéc guneootvta dmep edet 
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For let D make H (by) multiplying F. And let D, F 
make K, L, respectively, by multiplying H. 

As since as the unit C is to the number D, so D (is) to 
E, the unit C thus measures the number D as many times 
as D (measures) FE [Def. 7.20]. And the unit C measures 
the number D according to the units in D. Thus, the 
number D also measures F according to the units in D. 
Thus, D has made F (by) multiplying itself. Again, since 
as the [unit] C is to the number D, so FE (is) to A, the 
unit C thus measures the number D as many times as E 
(measures) A [Def. 7.20]. And the unit C measures the 
number D according to the units in D. Thus, also mea- 
sures A according to the units in D. Thus, D has made 
A (by) multiplying £. And so, for the same (reasons), F 
has made G (by) multiplying itself, and has made B (by) 
multiplying G. And since D has made E (by) multiplying 
itself, and has made H (by) multiplying F,, thus as D is to 
F, so E (is) to H [Prop 7.17]. And so, for the same rea- 
sons, as D (is) to F', so H (is) to G [Prop. 7.18]. And thus 
as FE (is) to H, so A (is) to G. Again, since D has made 
A, K (by) multiplying E, H, respectively, thus as EF is to 
H, so A (is) to Kk [Prop 7.17]. But, as EF Gis) to H, so D 
(is) to F’. And thus as D (is) to F, so A (is) to kK. Again, 
since D, F have made K, L, respectively, (by) multiply- 
ing H, thus as Dis to F’, so K (is) to L [Prop. 7.18]. But, 
as D (is) to F, so A (is) to kK. And thus as A (is) to K, 
so K (is) to L. Further, since F' has made L, B (by) mul- 
tiplying H, G, respectively, thus as H is to G, so L (is) to 
B [Prop 7.17]. And as H (is) to G, so D (is) to F. And 
thus as D (is) to F’, so L (is) to B. And it was also shown 
that as D (is) to F', so A (is) to K, and K to L. And thus 
as A (is) to K, so K (is) to L, and L to B. Thus, A, Kk, 
L, B are successively in continued proportion. Thus, as 
many numbers as fall between each of A and B and the 
unit C in continued proportion, so many will also fall in 
between A and B in continued proportion. (Which is) 
the very thing it was required to show. 
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deieou. 
tol’. 
Abo teteayavav dovydy cic ugooc a&véhoyov Eottv 


devudc, xol O TeTe&ywvog Ted¢ TOV TETEXywvov SI 
TAaotova AOYOV EXEL AMEE N MAcvEd TEdS THY TACVEdY. 


A 
B 
CS 2A 
E! 


"Eotwouy tetecywvot aovOuot ot A, B, xal tod uev A 
TAeved Eotw OT, tod b¢ BO A’ EY, dui téHv A, B etic 
ueoos avddoyov Eotw covydc, xal O A med¢ tov B bt 
TAaotova AOyov Eyet Fnep OT ned¢ tov A. 

‘OT yap tov A nohAatraoisoag tov E roteitw. xal 
émel tetpkywvodc cotw O A, TAcvEd 6€ aUTOD cotw OT, OT 
dou EXUTOV TOAAaTAdCLdous TOV A Tenolnxev. Sid Ta ATE 
df ual O A Eautoyv TodAanAaoidoug Tov B renotnxev. Enel 
obdv 0 T exdtepov tv TP, A roddandaordoug Exdtepov tiv 
A, E nenotynxev, ott doa wo 0 TD ned¢ tov A, ottw¢ 6 A 
Ted¢ Tov E. die ta HUTK BH xa Wo OT med¢ tov A, otwe 6 
E ned¢ tov B. xal wc doa 6 A med¢ Tov E, ottwe 6 E ned¢ 
tov B. tv A, B dou cic usoocg avedoyov Eotw aoudc. 

Aéyw 54, 6u1 xal 6 A med¢ Tov B dinAaoctova Adyov Eyer 
Anco OT mpd¢ tov A. Enel yuo tesic dovWuol avddoydv ciow 
oi A, E, B, 6 A &9a med¢ tov B dinAactova Adyov Eyer Hnee 
0 A npdc¢ tov E. wc 6¢ 6 A Ted¢ Tov E, ottw¢ 6 T ned¢ 
tov A. 0 A dea mpd¢ tov B SimAaoctova Adyov Eyer HE H 
I rAcue& med thy A: One Eder Seigu. 
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Proposition 11 


There exists one number in mean proportion to two 
(given) square numbers.’ And (one) square (number) 
has to the (other) square (number) a squared? ratio with 
respect to (that) the side (of the former has) to the side 
(of the latter). 


Let A and B be square numbers, and let C be the side 
of A, and D (the side) of B. I say that there exists one 
number in mean proportion to A and B, and that A has 
to B a squared ratio with respect to (that) C (has) to D. 

For let C make FE (by) multiplying D. And since A is 
square, and C is its side, C has thus made A (by) multi- 
plying itself. And so, for the same (reasons), D has made 
B (by) multiplying itself. Therefore, since C has made A, 
E (by) multiplying C, D, respectively, thus as C' is to D, 
so A (is) to & [Prop. 7.17]. And so, for the same (rea- 
sons), as C’ (is) to D, so E (is) to B [Prop. 7.18]. And 
thus as A (is) to EL, so E (is) to B. Thus, one number 
(namely, £) is in mean proportion to A and B. 

So I say that A also has to B a squared ratio with 
respect to (that) C (has) to D. For since A, EF, B are 
three (continuously) proportional numbers, A thus has 
to B a squared ratio with respect to (that) A (has) to E 
[Def. 5.9]. And as A (is) to £, so C (is) to D. Thus, A has 
to B a squared ratio with respect to (that) side C' (has) 
to (side) D. (Which is) the very thing it was required to 
show. 


+ In other words, between two given square numbers there exists a number in continued proportion. 


t Literally, “double”. 


1B". 

Ado x0Bwov dewydy d00 uéoot dvédoyov ciow aoewWuol, 
xal 0 xUBo¢ TEd¢ TOV xUBOV TeLTAKotova AdYov Exel Aree 7 
TAEVER TOS THY TACVEdy. 

"Eotwoauy xbGor cevduol ot A, B xat tod uév A tAcve& 
éow 6 T, tod ¢ B 6 A’ héya, Sti téHv A, B S00 LEoor 
avéroyoy ciow dewuot, xal O A med¢ tov B teitAaotova 
Oyoy Eyet Fnep OT nmpd¢ tov A. 


Proposition 12 


There exist two numbers in mean proportion to two 
(given) cube numbers.’ And (one) cube (number) has to 
the (other) cube (number) a cubed? ratio with respect 
to (that) the side (of the former has) to the side (of the 
latter). 

Let A and B be cube numbers, and let C be the side 
of A, and D (the side) of B. I say that there exist two 
numbers in mean proportion to A and B, and that A has 
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B 1 Zk 
re H 
A © 

Kk 


‘O yoo T eautov yev nodkAandacidousg tov E rotetto, 
tov 6¢ A rodkAarAacidoag tov Z rotettw, 0 SE A Eautov 
TohAatAaoidousg tov H novettw, exdtepoc Sé tév T, A tov 
Z TohAandacidous Exateoov Tv O, K roreitw. 

Kat enet x0B0¢ Eotlv o A, TAcue& 6é adtTOD OT, xat o 
T équtoyv uev mohAardacidoucg tov E nenotnxev, o T tow 
EXUTOV EV ToAAaTAdoLdoug tov E nexotnxev, tov dé E 
TodAatAaoitoug tov A nerotnxeyv. Sie Tk adte 5 xal O 
A éautov wév ToAAatAaoidouc tov H nenoinxev, tov 5¢ H 
TohAathaoidoac tov B nenotnxev. xual enel o I exctepov 
tév T, A noddandaoidoug Exctepov tév E, Z nenoinxev, 
got doa ac O T moedcg tov A, ottwo O E med¢ tov Z. 
Ore TH HOTA OH xal Oo OT ned¢ tov A, ovtwe O Z nEd¢ 
tov H. nédw, enel 6 T exatepov tév BE, Z moda Aacidoucg 
exdtepov Tv A, O nenotnxev, got doa wo 6 E med¢ tov 
Z, ota 6 A Med¢ Tov O. we bE 6 E 1ed¢ tov Z, oto OL 
med¢ tov A: xal ac &pa 6 T npd¢ tov A, ottwo 6 A med¢ TOV 
O. nédw, Enel exdtepoc tv T, A tov Z nodAandaordouc 
exdtepov tov O, K nenotnxev, Eotw toa wc o I med¢ tov 
A, ottw¢o 6 O mpd¢ tov K. nédw, Exel 0 A Exdtepov tiv 
Z, H nodd\anhaciioug exctepov THv K, B nenotnxev, gotw 
doa @¢ 6 Z med¢ tov H, ottwc 6 K medc¢ tov B. wc be 0 Z 
medc¢ tov H, ottwe 0 T med¢ tov A> xa wo doa O T ned¢ 
tov A, ottw¢ 6 te A Ted¢ TOv O xal 0 O Ted¢ TOV K xa 
0 K ned¢ tov B. tév A, B &pa BU0 Yeo! avddoydv ciow 
ol O, K. 

Aéyw dh, 6tt xal 6 A med¢ Tov B teitAactova Adyov Eyer 
nneo OT med¢ tov A. Enel yuo técoupes deol avérhoyov 
ciow oi A, O, K, B, 0 A &0a med¢ tov B teimAaotova Adyov 
éyet Aree O A mpd¢ Tov O. Wc dé 6 A TEdC Tov O, OUT, 6 
T npdc tov A: xa 6 A [&ea] med¢ tov B teinAactova Adyov 
éyet yee OT ned¢ tov A’ rep Eder Seiga. 
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to B a cubed ratio with respect to (that) C (has) to D. 
Ate —E 4 


Bt 1 Fi 
Ccr— (es 
Dt——— H 

K: 


For let C make FE (by) multiplying itself, and let it 
make F' (by) multiplying D. And let D make G (by) mul- 
tiplying itself, and let C, D make H, K, respectively, (by) 
multiplying F’. 

And since A is cube, and C (is) its side, and C' has 
made F (by) multiplying itself, C has thus made E (by) 
multiplying itself, and has made A (by) multiplying FE. 
And so, for the same (reasons), D has made G (by) mul- 
tiplying itself, and has made B (by) multiplying G. And 
since C has made EF, F (by) multiplying C, D, respec- 
tively, thus as C is to D, so E (is) to F [Prop. 7.17]. And 
so, for the same (reasons), as C (is) to D, so F (is) toG 
[Prop. 7.18]. Again, since C has made A, H (by) multi- 
plying EF, F, respectively, thus as F is to F’, so A (is) to 
H [Prop. 7.17]. And as F (is) to F, so C (is) to D. And 
thus as C (is) to D, so A (is) to H. Again, since C, D 
have made H, K, respectively, (by) multiplying F’, thus 
as C is to D, so H (is) to K [Prop. 7.18]. Again, since D 
has made K, B (by) multiplying F, G, respectively, thus 
as F is to G, so K (is) to B [Prop. 7.17]. And as F (is) 
to G, so C (is) to D. And thus as C (is) to D, so A (is) 
to H, and H to K, and K to B. Thus, H and K are two 
(numbers) in mean proportion to A and B. 

So I say that A also has to B a cubed ratio with re- 
spect to (that) C (has) to D. For since A, H, K, B are 
four (continuously) proportional numbers, A thus has 
to B a cubed ratio with respect to (that) A (has) to H 
[Def. 5.10]. And as A (is) to H, so C (is) to D. And 
[thus] A has to B a cubed ratio with respect to (that) C 
(has) to D. (Which is) the very thing it was required to 
show. 


+ In other words, between two given cube numbers there exist two numbers in continued proportion. 


t Literally, “triple”. 


ly’. 

"Edy Gow dooidnnototy d&peuol eij¢ dvddoyov, xal 
TMOAAATAUOLAOAG EXAOTOS EAVTOV TOLf| Tlva, OL YEVdUEVOL 
&& avtev d&vddhoyov Eoovta xal Edv ot E€ dpyfic tod 
Yevouevoug ToAAaTAaoLdouvtes ToLdot twac, xal autol 


avddroyoy Eoovtat [xal del reel tob¢ &xeouc totito ouuBatver). 


"Eotwouv Onocowovv aeduol etic dvédoyoy, ot A, B, 


Proposition 13 


If there are any multitude whatsoever of continuously 
proportional numbers, and each makes some (number 
by) multiplying itself, then the (numbers) created from 
them will (also) be (continuously) proportional. And if 
the original (numbers) make some (more numbers by) 
multiplying the created (numbers) then these will also 
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T, ao 6 A med¢ tov B, ottwe 6 B mpd¢ tov T, xal ot 
A, B, TI éautobe wév noddandaoikdouvtes tobc A, E, Z 
noteitwoay, tov b¢ A, E, Z noddkandaoikoavtes tovc H, 
0, K rotcitwoav: AEyw, Sti of te A, E, Z xat ot H, O, K 
ECiic dvédoyoy ciow. 


w 
x] 


SO 2s 


(2) 
K 


‘O vev yoo A tov B noddamdaoikoag tov A rotetto, 
excdtepos dé Tév A, B tov A nodAdandaordous Exdtepov Tév 
M,N notette. xal maw o uev B tov T nodAandaordoug tov 
E novcitw, exdtepo¢ b€ tév B, [ tov & noddarhacridoug 
exdtepov tév O, IT notetto. 

‘Ouotws 51 totic Exdvw SeiGouev, Sti ot A, A, E xat ot 
H, M, N, © é&f\¢ elow avddAoyov év 16 tod A ned¢ tov 
B ddéyw, xa Ett ot E, =, Z vol ot O, O, UH, K e€F¢ ciow 
avéroyoy év 16) tot B ned¢ tov T Adyw. xat Eotw wo 0 A 
Ted¢ tov B, ottw¢ 6 B npd¢ tov TP: xat ot A, A, E dou toic 
E, =, Z ev 1 at Adyw ciol xal Ett ot H, M, N, O toic 
0, O, I, K. xat éotw toov 16 yév tév A, A, E nfo 165 
tv BE, &, Z rAnver, to be tv H, M,N, © 16 tév O, O, 
II, K: 8’ toov &ea Eotiv Gc Yev O A npd¢ Tov E, ottw¢ 6 
E med¢ tov Z, wo 5€ 6 H red¢ Tov O, otwW O O TEd¢ Tov 
K- 6rnep eder SetEau. 

10". 

‘Eqy Tetep&ywvoc TETOXyWVOV UETEF, Xl A TACVEX THY 
TACUEaY LETOHOEL xal Edy N MAcvEd THY TMACUEdY LETEA, xotl 
O TETEKYWVOS TOV TETEUYWVOV UETENCEL. 

*Eotwouy tetokywvot gouol ot A, B, tAcupal b€ abtév 
éotwoay ot T, A, 6 dé A tov B uetpeita AEyw, StL xal O 
I tov A uetoet. 
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be (continuously) proportional [and this always happens 
with the extremes]. 

Let A, B, C be any multitude whatsoever of contin- 
uously proportional numbers, (such that) as A (is) to B, 
so B (is) to C. And let A, B, C make D, E, F (by) 
multiplying themselves, and let them make G, H, K (by) 
multiplying D, E, F. Isay that D, E, F and G, H, K are 
continuously proportional. 


At—— L-—4 
BK Or—— 
cr——_ M+ 
Dr—— . 
E+ : 

F -—— Q 
Gre 

H 

K 


For let A make L (by) multiplying B. And let A, B 
make M, N, respectively, (by) multiplying L. And, again, 
let B make O (by) multiplying C. And let B, C make P, 
Q, respectively, (by) multplying O. 

So, similarly to the above, we can show that D, L, 
E and G, M, N, H are continuously proportional in the 
ratio of A to B, and, further, (that) EF, O, F and H, P, Q, 
kK are continuously proportional in the ratio of B to C. 
And as A is to B, so B (is) to C. And thus D, L, F are in 
the same ratio as E, O, F, and, further, G, M, N, H (are 
in the same ratio) as H, P, Q, K. And the multitude of 
D, L, E is equal to the multitude of FE, O, F,, and that of 
G, M, N, H to that of H, P, Q, K. Thus, via equality, as 
Dis to FE, so E (is) to F’, and as G (is) to H, so H (is) to 
K [Prop. 7.14]. (Which is) the very thing it was required 
to show. 


Proposition 14 


If a square (number) measures a(nother) square 
(number) then the side (of the former) will also mea- 
sure the side (of the latter). And if the side (of a square 
number) measures the side (of another square number) 
then the (former) square (number) will also measure the 
(latter) square (number). 

Let A and B be square numbers, and let C' and D be 
their sides (respectively). And let A measure B. I say that 
C also measures D. 
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A 
Bi | 


EK! | 


‘OT yao tov A nodd\ardaoidous tov E notgtta ot A, E, 
B dou e€fc avedoyov ciow év 16 tod T med¢ tov A Adyw. 
xa enel ot A, E, B e&¥jc aveiAoyovy clow, xal wetost O A tov 
B, uetest doa xal 6 A tov E. xat Eotw wc O A Ted¢ tov E, 
o’tw>o OT mpd¢ tov A: yetpet doa xal OT tov A. 

IldAw 87 0 DT tov A uetpette Aéyw, Str xal O A tov B 
Ueto. 

Tév yuo avtiv xataoxevacdevtwy duotwc SelEouey, 
ou ot A, E, B e€fjc avédoyoy ciow év 16 tot T npd¢ tov A 
AOYw. “al Enel Eotw ac OT npd¢ tov A, ottwe O A Ted¢ 
tov E, uetpet dé 0 TD tov A, uetoet doa xal o A tov E. xaut 
ciow ot A, E, B e€fjc avédoyov: ustest dow xal o A tov B. 

‘Edy dpa tetedywvog Tetedkywvov UETen, xal N TAcved 
THY TACUEaY UETEHOEL’ Kol Ex H TACUVEK Thy TASUEdY LETET, 
xal O TETe&kywvocg TOV TeTE&ywvov UETEHoEl OnEe det 
Sete ou. 


te’. 

‘Eay xbBo¢ dovdwoc xbBov covdwov yETey, Kol A TASVEd 
Thy TAcUEdY UETEHOEL’ Kol Ex H TACUVEK THY TAEUEYY LETET, 
xa 0 x0Bo¢g tov xbBov UETeroel. 

KvBoc yuo deyoc 0 A x0Bov tov B ueteeitw, xal tod 
vev A mAcupd Zotw OT, tot d¢ BO A’ AEYw, Sti O T tov 
A ueteet. 
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For let C make FE (by) multiplying D. Thus, A, E, 
B are continuously proportional in the ratio of C' to D 
[Prop. 8.11]. And since A, E, B are continuously pro- 
portional, and A measures B, A thus also measures E 
[Prop. 8.7]. And as A is to E, so C (is) to D. Thus, C 
also measures D [Def. 7.20]. 

So, again, let C measure D. I say that A also measures 
B. 

For similarly, with the same construction, we can 
show that A, E, B are continuously proportional in the 
ratio of C to D. And since as C is to D, so A (is) to EF, 
and C' measures D, A thus also measures F [Def. 7.20]. 
And A, EF, B are continuously proportional. Thus, A also 
measures B. 

Thus, if a square (number) measures a(nother) square 
(number) then the side (of the former) will also measure 
the side (of the latter). And if the side (of a square num- 
ber) measures the side (of another square number) then 
the (former) square (number) will also measure the (lat- 
ter) square (number). (Which is) the very thing it was 
required to show. 


Proposition 15 


If a cube number measures a(nother) cube number 
then the side (of the former) will also measure the side 
(of the latter). And if the side (of a cube number) mea- 
sures the side (of another cube number) then the (for- 
mer) cube (number) will also measure the (latter) cube 
(number). 

For let the cube number A measure the cube (num- 
ber) B, and let C be the side of A, and D (the side) of B. 
I say that C measures D. 


A | C 


ol 


‘OT yao Eautov no\AamAaoidous tov E noteitw, 6 6 A 


B 1 DPD 


-E -+——4 


Gu——— kK: | 


FR 
For let C make FE (by) multiplying itself. And let 
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EXUTOV TOAAATAMOLdous TOV H noteitw, xal Et. OT tov A 
modrandaoidoac tov Z [novetto], exdtepoc Sé tv T, A tov 
Z TohAandacidousg exdteoov tv O, K noteitw. pavepov 
of, Ott ot E, Z, H xai ot A, O, K, B e&F¢ avddoyodv ciow 
év 16) tov T npd¢ tov A Adyw. xal Enel ot A, O, K, B e&fic 
a&véroyoy ciow, xal uetpet O A tov B, uetoet dow xal tov 
O. xat gcotw ac 6 A med¢ Tov O, oUTW> 6 T npd¢ tov A’ 
uetpet doa xal oT tov A. 

AAAG OF etpettw oT tov A> Aéyoo, tt nal O A tov B 
UETOROEL. 

T&v yap avtHyv xataoxevacVEevtwv Ouotuc 51 SelEouey, 
ou ot A, O, K, B e&fic avddoydv ciow ev 16 tot I npd¢ 
tov A ddyw. xal Exel OT tov A yuetpei, xai ott wo oT 
med¢ tov A, ottwo 6 A mpd¢ Tov O, xal 6 A dou tov O 
uetpet’ Wote xol tov B uetoet 6 A bre Eder SetEan. 


1s". 

‘Edy tetedywvoc apwuoc tetedywvov aevuov uy 
UETPET, OVSE N TAcVEd THY TAEUEdY UETETOEL xv 1 TACVEd 
Thy TAcueEdyY UN UETEF, OLSE O TeTEkywVOS TOV TeTEaYWVOV 
UETORCEL. 


"Eotwouy tetoxywvot gouol ot A, B, rAcupal b€ abtév 
éotwouv ot I’, A, xat uh ueteeitw O A tov B: Aéywo, StL OVE 
oT tov A uerteet. 

Et yoo ueteet o T tov A, uetejoe: xol Oo A tov B. od 
uetpet 5 O A tov B: ovde doa 6 T tov A ueteroet. 

Mh ueteeite [57] néAw 6 T tov A> AEyo, StL OvSE O A 
tov B ueteyoet. 

Et yoo ueteet o A tov B, uetejoet xol OT tov A. od 
uetpet dé O T tov A: 00d’ doa oO A tov B ueteryoet bre 
ZOet Seizau. 


IC. 
‘Edy xbBo¢ cevdudoc x0Bov aevOyov Un UETPy, OLdE 7 
TAEVER THY TAEUEdY UETEHOEL xaV 7) TASUEG THY TAEUEdY 
Un LETH, ovde O xbBoc Tov x0Bov UETEHoEL. 
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D make G (by) multiplying itself. And, further, [let] C 
[make] F' (by) multiplying D, and let C, D make H, kK, 
respectively, (by) multiplying F’. So it is clear that F, F, 
G and A, H, K, B are continuously proportional in the 
ratio of C to D [Prop. 8.12]. And since A, H, K, B are 
continuously proportional, and A measures B, (A) thus 
also measures H [Prop. 8.7]. And as A is to H, so C (is) 
to D. Thus, C also measures D [Def. 7.20]. 

And so let C' measure D. I say that A will also mea- 
sure B. 

For similarly, with the same construction, we can 
show that A, H, K, B are continuously proportional in 
the ratio of C to D. And since C measures D, and as C is 
to D, so A (is) to H, A thus also measures H [Def. 7.20]. 
Hence, A also measures B. (Which is) the very thing it 
was required to show. 


Proposition 16 


If a square number does not measure a(nother) 
square number then the side (of the former) will not 
measure the side (of the latter) either. And if the side (of 
a square number) does not measure the side (of another 
square number) then the (former) square (number) will 
not measure the (latter) square (number) either. 


B HK D KF 

Let A and B be square numbers, and let C' and D be 
their sides (respectively). And let A not measure B. I say 
that C' does not measure D either. 

For if C measures D then A will also measure B 
[Prop. 8.14]. And A does not measure B. Thus, C will 
not measure D either. 

[So], again, let C not measure D. I say that A will not 
measure B either. 

For if A measures B then C will also measure D 
[Prop. 8.14]. And C does not measure D. Thus, A will 
not measure B either. (Which is) the very thing it was 
required to show. 


Proposition 17 


If a cube number does not measure a(nother) cube 
number then the side (of the former) will not measure the 
side (of the latter) either. And if the side (of a cube num- 
ber) does not measure the side (of another cube number) 
then the (former) cube (number) will not measure the 
(latter) cube (number) either. 
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At 


B IP IX -—— 

KvBoc yao dedyoc 6 A xbBov dewyov tov B un ue- 
tocitw, xal tol uev A rAcved got 0 IT, tot 6 Bo A: 
Evo, 6t1 O T tov A ov ueteyoet. 

Et yuo uetoet o I tov A, xol 6 A tov B ueteroet. od 
uetost 6¢ O A tov B: 008’ dow 6 T tov A uetoet. 

AAG 5H UA UETesitw 6 T tov A> Eye, Str OVSE O A 
tov B uetejoet. 

Et yao o A tov B uetpet, xol 0 TP tov A ueteroet. od 
uetpet dé O T tov A: 00d’ Gow oO A tov B ueteyoet Sree 
EOet Scieau. 


$3 


# 

iY - 
Abo duotov eminédwv dowdy cic ugoos dvedOY Ov EoTIv 
dovudc: xal o Eninedoc Ted TOV Exinedov SitAUCtova AOYOV 
EXEL HNEO N OUOAOYOS TACUEa TOS THY OUOAOYOV TAELERY. 


A 1 B 
[T -— Er 
At-—— Zt 

H 


"Eotwouy 600 Suotot extnedor dovOuot ot A, B, xai tod 
uev A tAcveal Eotwoav ot I, A dowWuol, tod dé B oi E, 
Z. “ol Emel Suowot Erinedot elow ol avddkovov Eyovtes Thc 
TAguedS, Eotw tea a¢ OT noed¢ tov A, otttwo 6 E mpd¢ 
tov Z. AEyw odv, du THv A, B cic wEooe avédoyOv EoTIW 
geudc, xal 6 A med¢ tov B ditAaotova Adyov Eyet Aree O 
I npd¢ tov E 7} 6 A re6¢ tov Z, toutéotw Free f OUdAOYOS 
TAEUEA TEOS THY OUdAOYOY [TAELEgY]. 

Kat énet gotw wo OT med¢ tov A, owe 6 E mpd¢ tov 
Z, EVOAAKE Kou Eotlv Wc OT ted¢ tov E, 6 A ted¢ tov Z. 
nal Enel enineddc cotw O A, TAcueal dE aUtot oT, A, oO A 
goa tov T nohdarAaorioacg tov A nenoinxev. Sid Te adTH 
oy xal O E tov Z nodkAanAaoidouacg tov B nenoinxev. 0 A 
of tov E noddandaoidous tov H rotettw. xol exet o A tov 
uev [ nodkandAaoitoag tov A meroinxev, tov dé E noAAo 
TAaoidousg tov H nexotnxev, Cot doa wc OT med¢ tov E, 
ota 6 A ned tov H. GAA’ Wc OT med¢ tov E, [ottw] 
0 A ned¢ tov Z xa wo dpa 6 A ned¢ tov Z, ottwo O A 
medc tov H. nédw, Exel 6 E tov uév A rodAardaoidkous tov 
H nenotnxev, tov 6¢ Z noAAandacidoucg tov B renoinxey, 
got dea wo o A mpd¢ tov Z, otwo O H moedc tov B. 
edetyOn Se xal wc O A npd¢ tov Z, ottwe O A Ted¢ TOV 
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B! 

For let the cube number A not measure the cube num- 
ber B. And let C be the side of A, and D (the side) of B. 
I say that C' will not measure D. 

For if C measures D then A will also measure B 
[Prop. 8.15]. And A does not measure B. Thus, C’ does 
not measure D either. 

And so let C not measure D. I say that A will not 
measure B either. 

For if A measures B then C will also measure D 
[Prop. 8.15]. And C does not measure D. Thus, A will 
not measure B either. (Which is) the very thing it was 
required to show. 


Proposition 18 


There exists one number in mean proportion to two 
similar plane numbers. And (one) plane (number) has to 
the (other) plane (number) a squared’ ratio with respect 
to (that) a corresponding side (of the former has) to a 
corresponding side (of the latter). 


At———_ _ B 

Cr— E +-——— 
Dt———+ F -——_——_+ 
G 1 


Let A and B be two similar plane numbers. And let 
the numbers C, D be the sides of A, and FE, F (the sides) 
of B. And since similar numbers are those having pro- 
portional sides [Def. 7.21], thus as C is to D, so E (is) to 
F.. Therefore, I say that there exists one number in mean 
proportion to A and B, and that A has to B a squared 
ratio with respect to that C (has) to EF, or D to F—that is 
to say, with respect to (that) a corresponding side (has) 
to a corresponding [side]. 

For since as C is to D, so EF (is) to F,, thus, alternately, 
as Cis to E, so D (is) to F [Prop. 7.13]. And since A is 
plane, and C, D its sides, D has thus made A (by) mul- 
tiplying C. And so, for the same (reasons), E has made 
B (by) multiplying F’. So let D make G (by) multiplying 
E. And since D has made A (by) multiplying C,, and has 
made G (by) multiplying FE, thus as C is to E, so A (is) to 
G [Prop. 7.17]. But as C (is) to EF, [so] D (is) to F. And 
thus as D (is) to F, so A (is) to G. Again, since E has 
made G (by) multiplying D, and has made B (by) multi- 
plying F’, thus as D is to F', so G (is) to B [Prop. 7.17]. 
And it was also shown that as D (is) to F’, so A (is) to G. 
And thus as A (is) to G, so G (is) to B. Thus, A, G, B are 
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H: xal ac doa 6 A npd¢ tov H, ottw>¢ 6 H npd¢ tov B. ot 
A, H, B doa ec avedoyay ciow. tév A, B dou cic ueéoos 
avédoydy cotw covwudc. 

Aéyw 54, dtr xal 6 A med¢ tov B SitAaotova Adyov 
EXEL HNEO N OUOAOYOS MAEVE TOG THY OUOAOYOV TAELERY, 
toutéotw yneep OT npd¢ tov E 4 6 A xpodc tov Z. Enel yao 
oi A, H, B e&fj¢ avédoyov clow, 6 A ned¢ tov B dimAaotova 
Oyov Eyet nee Ted¢ tov H. xat Eotw wc 6 A nod tov H, 
obtwc 6 te [ npd¢ tov E xal 6 A npd¢ tov Z. xal 6 A doa 
Ted¢ TOV B SitAactova Adyov Eyer Ameo o I me0¢ tov E 7 
o A ned¢ tov Z: One Eder Seta. 


+ Literally, “double”. 
Wy’, 

Ato duotwy otepediv aevudv S00 uéoo. d&vddoyov 
éurtntovow aevwot xal © OTEGEOS TES TOV OUOLOV OTEPEOV 
TolmAactova AOvoy EXEL HEE N OUOAOYOS TAEVEX TEOC TY 
OUOAOYOY TAEUEaY. 


A T -———4 
A 
-_ te 
Bi i Zt 
Hr 
3) 
ke 
M N: 
At Bt 
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continously proportional. Thus, there exists one number 
(namely, G) in mean proportion to A and B. 

So I say that A also has to B a squared ratio with 
respect to (that) a corresponding side (has) to a corre- 
sponding side—that is to say, with respect to (that) C 
(has) to FE, or D to F. For since A, G, B are continuously 
proportional, A has to B a squared ratio with respect to 
(that A has) to G [Prop. 5.9]. And as A is to G, so C (is) 
to FL, and D to F. And thus A has to B a squared ratio 
with respect to (that) C (has) to £, or D to F. (Which 
is) the very thing it was required to show. 


Proposition 19 


Two numbers fall (between) two similar solid num- 
bers in mean proportion. And a solid (number) has to 
a similar solid (number) a cubed! ratio with respect to 


(that) a corresponding side (has) to a corresponding side. 
At Cr“ 


Bt F 
Gr 
Hr 

K pT 

Me N: 

Lt O: 


"Eotwouy Svo doo. otepcol ot A, B, xal tot uev A 
TAcueal Eotwouy ot ', A, E, tot dé B ot Z, H, ©. xal enet 
OUOLOL OTEPEOL Clow Ol AvdAOYOV ExovTES Tas MAEUEdC, EOTLV 
dou wo yev OT red¢ tov A, ottw¢ 6 Z npd¢ tov H, we dé 
0 A med¢ tov EF, ottwe 6 H med¢ tov O. AEyw, dt TOV A, 
B d0o0 péoot avédoydy eunintovow devOuol, xal o A med¢ 
tov B teitAactova Adyov Eyet Ameo OT nedc tov Z xal o 
A ned¢ tov H xal Ett 6 E med¢ tov O. 

‘OT yao tov A nohdatraordoag tov K roteitw, 0 dé 
Z tov H roddkandacisoag tov A notettw. xoal exet ot T, 
A tolg Z, H ev 16 adté Adyw eElotv, xal ex uev TH TL, 
A cow 6 K, ex dé tv Z, H 6 A, ot K, A [&ea] duotor 
éninedot clow dovduot tév K, A dea cic good &vdAoyov 
got dovwudc. gotw 0 M. 6 M Su Eotlv O ex téHv A, 
Z, > EV Té TEO TovTOV Veweruatt edetyIn. rol Enel O 
A tov yev T noddandaoikoug tov K renotnxev, tov 5¢ Z 
ToAkatAuoidoucg tov M nenotnxev, Eotw doa wc OT nedc¢ 
tov Z, ovtwc O K moed¢ tov M. aAd’ wo 6 K med¢ tov M, 
0 M nodc tov A. ot K, M, A dou e€fj¢ ciow avddoyov Ev 


Let A and B be two similar solid numbers, and let 
C, D, E be the sides of A, and F', G, H (the sides) of 
B. And since similar solid (numbers) are those having 
proportional sides [Def. 7.21], thus as C is to D, so F 
(is) to G, and as D (is) to EF, so G (is) to H. I say that 
two numbers fall (between) A and B in mean proportion, 
and (that) A has to B a cubed ratio with respect to (that) 
C (has) to F’, and D to G, and, further, E to H. 

For let C make K (by) multiplying D, and let F make 
L (by) multiplying G. And since C, D are in the same 
ratio as F', G, and K is the (number created) from (mul- 
tiplying) C, D, and L the (number created) from (multi- 
plying) F’, G, [thus] K and LF are similar plane numbers 
[Def. 7.21]. Thus, there exits one number in mean pro- 
portion to kK and L [Prop. 8.18]. Let it be 17. Thus, M is 
the (number created) from (multiplying) D, F, as shown 
in the theorem before this (one). And since D has made 
kK (by) multiplying C, and has made M (by) multiplying 
F, thus as Cis to F, so K (is) to M [Prop. 7.17]. But, as 
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16) tot [ npd¢ tov Z AOy6S. ual Enel Eotw wc OT ned¢ tov 
A, ottw¢ 6 Z med¢ tov H, EvahrAaE doa Eotiv wc o T npd¢ 
tov Z, obtwc 6 A med¢ tov H. die Te WUT OF ual Wo O A 
med¢ tov H, ottwe 6 E med¢ tov O. ot K, M, A dow e€fjc 
clo avdAoyoyv év te 16) tod T npd¢ tov Z Ady xal TH 
tot A npd¢ tov H xat Ett 16 tol E npd¢ tov O. Exatepoc 
dh tév E, O tov M rohAurAacidouc exdtepov tv N, & 
Tovettw. xal Emel otepsdc Eotw O A, TAEUPAl bE HUTOD eiow 
oi [, A, E, 6 E da tov ex tev TP, A roddandaoioug tov 
A nenoinnev. 0 6€ éx Tv T, A gotw 0 K: 6 E doa tov K 
TohAatAaoidoug tov A nenotnxev. Sid Te HUTA 5} xal oO O 
tov A nodAatAaoidoug tov B nenoinxev. xol énel 0 E tov 
K nodAanraoidoag tov A nenotnxev, GAA UY xal Tov M 
ToAdaTAaucidoug tov N renoinxey, Eotw dea ac Oo K ned 
tov M, ottw¢ 6 A medc¢ tov N. we d€ 6 K med¢ tov M, 
ovtac 6 te [ npd¢ tov Z xai o A nedc tov H xat Et. O E 
Ted¢ Tov O° xal Oc doa OT npd¢ tov Z xat O A ned¢ tov 
H xali 6 E ned¢ tov ©, ottwe 6 A Ted Tov N. nddw, Emel 
exatepoc Tv E, O tov M rohAurAancidouc exctepov Tédv 
N, = nenoinxev, Eotw doa Wc O E med¢ tov O, ottwco Oo N 
TOS TOV E. AAA’ Wo O E med¢ Tov O, otWE 6 te T Ted¢ tov 
Z xol 6 A ned tov H: xal wc dow OT npd¢ tov Z xa 6 A 
med¢ tov H xal 6 E mpdc¢ tov O, otw¢ 6 te A mpd¢ tov N 
xal o N moedc¢ tov &. raat, eel 0 O tov M rohdarAnorcoac 
tov © nenotnxev, GAA UAV xal tov A TOAAaTAnoLdoug TOV 
B nenotnxev, Eotw dpa ¢ 6 M med¢ tov A, oUtWs 6 E ned¢ 
tov B. gad’ ae 0 M ned¢ tov A, ote 6 te TP med¢ tov Z 
xal o A ned¢ tov H xal 6 E mpd¢ tov O. xal we don OT 
medc¢ tov Z xal O A npd¢ tov H xal 6 E ned tov O, ottw< 
ov udvov 0 & mpd¢ tov B, dAAd xal 6 A med¢ tov N xal 6 
N med¢ tov =. ot A, N, =, B dow e€f\¢ ciow avedoyov év 
toig Elonuevoic T&v TMAcUEdY Adyotc. 

Aéyw, bt xal 6 A med¢ tov B teimAactova Adyov 
EXEL HNEO N OUOAOYOS TACUEa TOC THY OUOAOYOV TAELEgY, 
toutéotw Ameo oT dewWyd¢ med¢ tov Z 4 O A med¢ tov 
H xal tt 0 E ned¢ tov O. Enel yuo téooupes dowyol etic 
avéroyoy ciow ot A, N, =, B, 6 A & a med¢ tov B ter 
TAaotova AGyov éyet Anco O A med¢ tov N. HA’ wo O A 
med¢ tov N, owe Edsety0n 6 te T mpd¢ tov Z xat 6 A ned¢ 
tov H xal étt O E mpdc¢ tov O. xal 6 A dea med¢ tov B 
TolmAaolova AOYov EXEL MEP N OMOAOYOS TAELVEX TODS TY 
OUOAOYOY TAELEdy, ToUTéoTW yimee OT aorduoc med¢ tov 
Z xal 6 A ned¢ tov H xat Ett 6 E npd¢ tov O- Sree Eder 
deicoau. 


t Literally, “triple”. 


f 


Xx. 


‘Edy 600 aovudy cic UEcosg avdAOYOV Eurintf KowWudc, 
Suotot Extnedor Ecovta ot cKowWuot. 
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K (is) to M, (so) M (is) to L. Thus, kK, M, L are contin- 
uously proportional in the ratio of C to F’. And since as 
C is to D, so F (is) to G, thus, alternately, as C is to F’, so 
D (is) to G [Prop. 7.13]. And so, for the same (reasons), 
as D (is) to G, so E (is) to H. Thus, kK, M, L are contin- 
uously proportional in the ratio of C' to F,, and of D to G, 
and, further, of F to H. So let E, H make N, O, respec- 
tively, (by) multiplying M. And since A is solid, and C, 
D, E are its sides, E has thus made A (by) multiplying 
the (number created) from (multiplying) C, D. And Kk 
is the (number created) from (multiplying) C, D. Thus, 
E has made A (by) multiplying kK. And so, for the same 
(reasons), H has made B (by) multiplying L. And since 
E has made A (by) multiplying K, but has, in fact, also 
made N (by) multiplying M, thus as K is to M, so A (is) 
to N [Prop. 7.17]. And as K (is) to M, so C (is) to F, 
and D to G, and, further, E to H. And thus as C (is) to 
F, and D to G, and E to H, so A (is) to N. Again, since 
E, H have made N, O, respectively, (by) multiplying M, 
thus as F’ is to H, so N (is) to O [Prop. 7.18]. But, as 
E (is) to H, so C (is) to F, and D to G. And thus as C 
(is) to F, and D to G, and E to H, so (is) A to N, and 
N to O. Again, since H has made O (by) multiplying M, 
but has, in fact, also made B (by) multiplying L, thus as 
M (is) to L, so O (is) to B [Prop. 7.17]. But, as M (is) 
to L, so C (is) to F, and D to G, and FE to H. And thus 
as C (is) to F, and D to G, and E to H, so not only Cis) 
O to B, but also A to N, and N to O. Thus, A, N, O, 
B are continuously proportional in the aforementioned 
ratios of the sides. 

So I say that A also has to B a cubed ratio with respect 
to (that) a corresponding side (has) to a corresponding 
side—that is to say, with respect to (that) the number C 
(has) to F’, or D to G, and, further, FE to H. For since A, 
N, O, B are four continuously proportional numbers, A 
thus has to B a cubed ratio with respect to (that) A (has) 
to N [Def. 5.10]. But, as A (is) to N, so it was shown (is) 
C to F, and D to G, and, further, E to H. And thus A has 
to B a cubed ratio with respect to (that) a corresponding 
side (has) to a corresponding side—that is to say, with 
respect to (that) the number C’ (has) to F’, and D to G, 
and, further, E to H. (Which is) the very thing it was 
required to show. 


Proposition 20 


If one number falls between two numbers in mean 
proportion then the numbers will be similar plane (num- 
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Ato yuo apudy tév A, B ic usoog d&vddoyov 
éumintetw coro OT: AEyw, dtr ot A, B dyotor Extnedot 
ciow celduot. 


A'— $$ 
iP Z, 
B 
E 
H 


Eijpdaoav [yuo] ehdyiotor deyot tév tov avtOv 
Oyov Exdvtwy toic A, I ot A, E: toduic doa 6 A tov A 
uetest xal Oo E tov T. dodutc 64 0 A tov A Uetest, tooadta 
yovadec Eotwoay év 165 Z 6 Z dou tov A noddarraordouc 
tov A nenotnxev. ote O A énineddc Eotw, TAcveal d5€ 
avtot ot A, Z. néAwv, énet ot A, E éddyrotot eion tév tov 
avtov Adyov Exévtwv toic I, B, toduic dou O A tov T ye- 
toet xal o E tov B. doduic 674 O E tov B ueteet, tocoattoa 
ywovadec Eotwoauy ev 165 H. 6 E dpa tov B uetpet nate tac 
év 16) H ywovddac: o H dea tov E nodAandacidoucg tov B 
nerotnxev. 0 B dpa entmedoc Cott, MAcueal SE aUTOD ciow 
oi E, H. ot A, B &u éxinedot ciow deuol. AEyw OH, StL 
xal dyotot. Enel yuo 6 Z tov uev A nodAatAaordoag tov 
A nenotnxey, tov 6€ E noAdandaoikoug tov TI nenoinxey, 
got doa ac 6 A mpd¢ tov E, otwo 6 A med tov T, 
toutéotw 0 I medc tov B. nédw, Enel o E excdtepov tév Z, 
H nohrardkacwioac tovc I, B nenotnxev, Eotw dea wo 0 Z 
mTed¢ Tov H, obtwo 6 T npd¢ tov B. we 6€ OT red¢ tov B, 
otw> 0 A ted¢ tov E: xal wc Koa 6 A med¢ TOv E, ottw< 
6 Z med¢ tov H: xat EvarrAdce wo 6 A med¢ tov Z, ovtw<¢ 6 
E nedc tov H. of A, B doa duotor exinedor dovdyot etow* ati 
yuo TAcupal auT&v avddoydév elow: Sree Eder SetEau. 
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bers). 

For let one number C fall between the two numbers A 
and B in mean proportion. I say that A and BP are similar 
plane numbers. 


At——— Dr—— 
Cc | F 
B ] 
E 
G te 


[For] let the least numbers, D and EF, having the 
same ratio as A and C’ have been taken [Prop. 7.33]. 
Thus, D measures A as many times as FE’ (measures) C’ 
[Prop. 7.20]. So as many times as D measures A, so 
many units let there be in F’. Thus, F' has made A (by) 
multiplying D [Def. 7.15]. Hence, A is plane, and D, 
F (are) its sides. Again, since D and EF are the least 
of those (numbers) having the same ratio as C and B, 
D thus measures C' as many times as £ (measures) B 
[Prop. 7.20]. So as many times as & measures B, so 
many units let there be in G. Thus, EF measures B ac- 
cording to the units in G. Thus, G has made B (by) mul- 
tiplying EF [Def. 7.15]. Thus, B is plane, and EF, G are 
its sides. Thus, A and B are (both) plane numbers. So I 
say that (they are) also similar. For since F has made A 
(by) multiplying D, and has made C (by) multiplying F, 
thus as D is to FE, so A (is) to C—that is to say, C to B 
[Prop. 7.17].' Again, since F has made C, B (by) multi- 
plying F’, G, respectively, thus as F' is to G, so C (is) to 
B [Prop. 7.17]. And as C (is) to B, so D (is) to E. And 
thus as D (is) to E, so F (is) to G. And, alternately, as D 
(is) to F', so FE (is) to G [Prop. 7.13]. Thus, A and B are 
similar plane numbers. For their sides are proportional 
[Def. 7.21]. (Which is) the very thing it was required to 
show. 


+ This part of the proof is defective, since it is not demonstrated that F x E = C. Furthermore, it is not necessary to show that D: E':: A: C, 


because this is true by hypothesis. 
xa’. 

‘Edv 600 aeitudy 500 Ueoot avddoyov eurintwou 
dgevuoi, SYoLoL otEeEol Elow ot devo. 

Ato yuo dewydy tév A, B do péoo d&vddoyov 
éumimtetwoay gowuol ot T, A: Aéyo, Stt ot A, B Syoror 
OTEPEOL Elolv. 

Enpdwoav yuo cdayiotor deviuol tév TOV avTOV 
dyov Exyoviwyv toic A, I, A tesic ot E, Z, H: ot dou d&xeor 
avtéyv ot E, H moditot med¢ aAAAAOUS Elotv. xal Enel Tov 
E, H cic uéoog avddoyoy eunéntwxev deduoc o Z, ot EH, 
H doa gorduol duoton exinedot low. Eotwoayv ody Tob YEv 


Proposition 21 


If two numbers fall between two numbers in mean 
proportion then the (latter) are similar solid (numbers). 

For let the two numbers C and D fall between the two 
numbers A and B in mean proportion. I say that A and 
B are similar solid (numbers). 

For let the three least numbers EF, F, G having the 
same ratio as A, C, D have been taken [Prop. 8.2]. Thus, 
the outermost of them, & and G, are prime to one an- 
other [Prop. 8.3]. And since one number, F’,, has fallen 
(between) F& and G in mean proportion, F and G are 
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E nAcueal ot O, K, tot 5¢ H ot A, M. gavepdv dou Eotiv 
éx tov Ted tovTOL, dtt ot EH, Z, H E€ij¢ elow avddoyov Ev 
te té To O ned¢ tov A Adyw xal 16 tot K npd¢ tov M. 
xoal enel ot E, Z, H eAdyiotol clo. tév tov avtOv Adyov 
éydvtwy toic A, T, A, xat eotw toov 16 nAAVoc tév E, 
Z, H 16 waver tv A, I, A, bv toov doa éotiv ac Oo E 
med¢ tov H, ottw>¢ 6 A med¢ tov A. ot dé E, H noéiton, ot 
d€ TEdSTOL xal EAdYyLoTOL, Ol SE EAYLOTOL UETEOUOL Tos Tov 
avtOv Adyov ExOvTAG AVTOIC loduic 6 Te UEiTwv TOV UEiTova 
xal 0 EAdoowY TOV EAdGOOVa, TOUTEOTIV 6 Te NYOUUEVOS 
TOV HyovUEvov xal O EmduEvoc Tov ENdUEVOV’ lodxIc toa 
0 E tov A ueteet xal o H tov A. doduc Of O E tov A 
UETEEL, TooatTH Wovadec Eotwoay ev TG) N. ON dpa tov E 
TodAatAaoitoug tov A nenotnxev. 6 5¢ E éotw O ex tv 
0, K: 6 N doa tov ex té&v O, K roddanAaordoug tov A 
neroinxev. otepedc toa Eotlv O A, tAcveal dé avTOD ciow 
ot O, K, N. nédw, enet ot E, Z, H cdcyiotot cio tév tov 
avtov Adyov Eydvtwy toic T, A, B, toduic don 6 E tov P 
usteet xal 0 H tov B. doduic 1 6 E tov T uetoet, tooattau 
wovades Eotwoauy ev 16) &. O H dpa tov B ueteet xate tac 
év 16) E yovdbac’ 0 & dou tov H noddandacidioag tov B 
nerotnxev. 0 5¢ H cotw 6 éx tv A, M: 0 & doa tov ex 
tv A, M noddandaordoug tov B nenoinxev. oteped> koa 
éotlv 0 B, rAcupal dé adtOd ciow ot A, M, =: ot A, B doa 
OTEPEOL Elolv. 


A @t—1 

Tr (Ke 

A Ne 

B ] 

ESS At 
Z ! M ! 
H Cc) 


Aéyo [5x], Stt xol Suotor. Exel yee ot N, = tov E xoh- 
hatAnordoavtes tovc A, T nenourxaow, Eotw doa wc o N 
med0¢ tov B, 6 A npd¢ tov I, toutéotw 0 E npd¢ tov Z. 
GAM’ Go O E ned¢ tov Z, 0 O ned¢ tov A xal 6 K med¢ tov 
M: xal ac hoa 6 O med Tov A, OTtTW> 6 K med¢ tov M xa 
ON nodc¢ tov &. xat ciow ot uev O, K, N mAcupol tod A, 
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thus similar plane numbers [Prop. 8.20]. Therefore, let 
H, K be the sides of E, and L, M (the sides) of G. Thus, 
it is clear from the (proposition) before this (one) that FE, 
F, G are continuously proportional in the ratio of H to 
L, and of K to M. And since E, F,, G are the least (num- 
bers) having the same ratio as A, C’, D, and the multitude 
of E, F, G is equal to the multitude of A, C, D, thus, 
via equality, as EF is to G, so A (is) to D [Prop. 7.14]. 
And £ and G (are) prime (to one another), and prime 
(numbers) are also the least (of those numbers having 
the same ratio as them) [Prop. 7.21], and the least (num- 
bers) measure those (numbers) having the same ratio as 
them an equal number of times, the greater (measuring) 
the greater, and the lesser the lesser—that is to say, the 
leading (measuring) the leading, and the following the 
following [Prop. 7.20]. Thus, & measures A the same 
number of times as G (measures) D. So as many times as 
E measures A, so many units let there be in N. Thus, N 
has made A (by) multiplying F [Def. 7.15]. And EF is the 
(number created) from (multiplying) H and Kk. Thus, N 
has made A (by) multiplying the (number created) from 
(multiplying) H and Kk. Thus, A is solid, and its sides are 
H, K, N. Again, since E, F', G are the least (numbers) 
having the same ratio as C, D, B, thus F measures C' the 
same number of times as G (measures) B [Prop. 7.20]. 
So as many times as FE measures C’, so many units let 
there be in O. Thus, G measures B according to the units 
in O. Thus, O has made B (by) multiplying G. And 
G is the (number created) from (multiplying) L and M. 
Thus, O has made B (by) multiplying the (number cre- 
ated) from (multiplying) LZ and M. Thus, B is solid, and 
its sides are L, M, O. Thus, A and B are (both) solid. 


At Hrt— 

C Kt—— 

D N'—— 

B ] 
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[So] I say that (they are) also similar. For since N, O 
have made A, C (by) multiplying F, thus as N is to O, so 
A (is) to C—that is to say, EF to F [Prop. 7.18]. But, as 
E (is) to F’, so H (is) to L, and K to M. And thus as H 
(is) to L, so K (is) to M, and N to O. And H, K, N are 
the sides of A, and L, M, O the sides of B. Thus, A and 
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oi 6¢ &, A, M rAcveai tod B. ot A, B doa dovdyol uotor 
otepeol clow: Onep eet detEau. 


+ The Greek text has “O, L, M”, which is obviously a mistake. 


xB". 
"Ey teeic dowyol etic avdAoyov Bow, O Sé TeétOC 
TeTeEdywvoc 7, xal O Teltoc TeTEcywvoc EoTAL. 
A't— 


B 
LT 


"Hotwouy tesic govduol e€ijc &veAoyov ot A, B, T, 6 dé 
mpditocg 6 A tetekywvog Eotw’ AEYH, Ett “al O Toitoc OT 
TETEKYWVOG EOTLV. 

‘Enel yuo tv A, IT cic uéooc avédhoydv Eotw aovWudoc 
0B, o A, T dou Suotot entnedot clow. tetokywvoc b€ O A: 
tetedywvoc éoa xal OT: rep eer Sete. 


[/_-—_ 


xy. 
"Ey téooapes deol Fic dvedoyoy Gow, O 6€ Ted TOC 
x0Boc F, xal O TETAETOSG xUBOC EoTAL. 


A 
Bi | 
ia 
A 


"Hotwouvy téooupes dowWyol e€ij¢ avdAoyov ot A, B, T, 
A, 6 3¢ A xbBo¢ Eotw AEyo, dt xal 6 A xbBoc¢ Eotiv. 

‘Enel yuo téiv A, A S00 yéoot avadoydv ciow deuol 
oi B, TP, ot A, A dea dyotol ciot otepeol dovDyot. xvBoc dé 
0 A: xbBoc doa xal o A: bree eer Seton. 


x0’. 
‘Edy 600 aevuol medc GAAHAOUC AdYOV ExwoW, Ov 
TeTtedywvoc aoluoc medc tetexywvov aevWudv, O dé 
TEGO Tetekywvoc 7, xal O SeVtTEPOS TeTEkywWvog EOTAL. 


At 


BR —— 


Ato yuo aeuot ot A, B medc d&AAMAoUc Adyov 
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B are similar solid numbers [Def. 7.21]. (Which is) the 
very thing it was required to show. 


Proposition 22 


If three numbers are continuously proportional, and 
the first is square, then the third will also be square. 
A’ 


B t+ 


C 

Let A, B, C be three continuously proportional num- 
bers, and let the first A be square. I say that the third C 
is also square. 

For since one number, B, is in mean proportion to 
A and C, A and C are thus similar plane (numbers) 
[Prop. 8.20]. And A is square. Thus, C’ is also square 
[Def. 7.21]. (Which is) the very thing it was required to 
show. 


Proposition 23 


If four numbers are continuously proportional, and 
the first is cube, then the fourth will also be cube. 


Let A, B, C, D be four continuously proportional 
numbers, and let A be cube. I say that D is also cube. 

For since two numbers, B and C, are in mean propor- 
tion to A and D, A and D are thus similar solid numbers 
[Prop. 8.21]. And A (is) cube. Thus, D (is) also cube 
[Def. 7.21]. (Which is) the very thing it was required to 
show. 


Proposition 24 


If two numbers have to one another the ratio which 
a square number (has) to a(nother) square number, and 
the first is square, then the second will also be square. 


For let two numbers, A and B, have to one another 
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eyétwoav, Ov tete&ywvoc apvyoc O I npd¢ tete&ywvov 
geWuov tov A, 0 de A tetedkywvoc Eotw AEYH, StL xal O 
B tete&ywvdc Eotw. 

‘Enel yoo ot T, A tetecywvot eiow, ot [, A dea duoror 
éxinedot ciow. tOv I, A dea cic ugooc &vdAoyov eurintet 
goewWudc. xal Eotw wc 6 T ned¢ tov A, 6 A med¢ Tov B- 
xa Tv A, B doa cic ugooc aveoyov Euntntet dowWudc. xat 
cot 0 A tetekywvoc: xal 0 B doa tetekywvdc Eott’ Smee 
eeu Seicoau. 


, 
XE. 
‘Edy 600 devuol med¢ GAAAOUC AdYOV ExwOoW, Ov 
xv0Boc deOudc Ted¢ x0Bov aovUdy, O dE TEdStOc xbBOC fF, 
xal 0 Sedtep0¢ xbBo0¢ Eaton. 


Arp—— i : 
-_ - 
7. 
B J At 1 


Ato yuo daeuot ot A, B medc a&AAMAOoUC dYO 
eyétwoav, Ov xUBO¢ aovdyoc O T med¢ xbBov coerduov tov 
A, x0Bo¢ 5€ Eotw 6 A’ AEYH [SB], StL xa 6 B x0Boc Eotiy. 

‘Enel yxo ot T, A x0GBor ciotv, ot LT, A Suotor ote- 
ecot ciow: tv T, A doa d00 Uéoot avdAoyov Euntrtovow 
gewuol. door dé cic tobe T, A yetagd xatk 16 ovveyec 
davéAoyoy éunimtovow, tocotot xal cic toc TOV avTOV 
Adyov Eyovtag abtoic’ Bote wal tév A, B dbo yéoor 
avéroyoy eurittovow covuot. eumimtétwoauy ot E, Z. enet 
obdv téooupec dowyol ot A, E, Z, B e&iic avadoyov ciow, 
xat Eott xUBOc O A, x0Boc dow xal o B- émep Eder Seta. 


y 


xT. 


Ot duotor Eximedor dovdwol Med GAANAOUC Adyov Exou- 
OW, OV TeTEdywvoc AELOOS TEOC TEeTEcyWvoV coLOUdy. 


Lt 
"Eotwouy yotot eninedor dovuol ot A, Bo Aéyw, St 
0 A med¢ tov B Adyov Eye, Ov tetedywvoc aoerWuUds TEd¢ 
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the ratio which the square number C (has) to the square 
number D. And let A be square. I say that B is also 
square. 

For since C and D are square, C' and D are thus sim- 
ilar plane (numbers). Thus, one number falls (between) 
C and D in mean proportion [Prop. 8.18]. And as C is 
to D, (so) A (is) to B. Thus, one number also falls (be- 
tween) A and B in mean proportion [Prop. 8.8]. And A 
is square. Thus, B is also square [Prop. 8.22]. (Which is) 
the very thing it was required to show. 


Proposition 25 


If two numbers have to one another the ratio which 

a cube number (has) to a(nother) cube number, and the 
first is cube, then the second will also be cube. 
—— Ci ! 


ee 


E 
F { 
B 


1 Dt ] 

For let two numbers, A and B, have to one another 
the ratio which the cube number C (has) to the cube 
number D. And let A be cube. [So] I say that B is also 
cube. 

For since C and D are cube (numbers), C and D are 
(thus) similar solid (numbers). Thus, two numbers fall 
(between) C and D in mean proportion [Prop. 8.19]. 
And as many (numbers) as fall in between C' and D in 
continued proportion, so many also (fall) in (between) 
those (numbers) having the same ratio as them (in con- 
tinued proportion) [Prop. 8.8]. And hence two numbers 
fall (between) A and B in mean proportion. Let F and F 
(so) fall. Therefore, since the four numbers A, EF, F, B 
are continuously proportional, and A is cube, B (is) thus 
also cube [Prop. 8.23]. (Which is) the very thing it was 
required to show. 


Proposition 26 


Similar plane numbers have to one another the ratio 
which (some) square number (has) to a(nother) square 
number. 


A 
C | i 
B 1 Ft ] 


Let A and B be similar plane numbers. I say that A 
has to B the ratio which (some) square number (has) to 
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TETEKYWVOY doLOUOY. 

‘Enel yuo ot A, B dyotot enxtnedot ciow, tév A, B dow 
cig UEGOG AVAAOYOV EUTITTEL HOLOUOS. EUTMINTETD al COTW O 
LT, xal citAipdwoay chaytotot aevOuol tév TOV aUTOV AdYoV 
éyovtwy totic A, T, B ot A, E, Z ot dpa d&xeor autédSy ot 
A, Z tete&ywvot ciow. xa ene cotw wc O A mpdc¢ tov Z, 
otw>o 6 A med¢ tov B, xat ciow ot A, Z teted&ywvor, o A 
dea Tedc tov B Adyov Eyet, Ov tetecywvoc aevYOC TEd¢ 
Tetedywvoyv Kovuov’ Once Eder Seigaun. 


nae 
Ot duotot oteecol KeLOuol Med GAAVAOUC AdYOV EyxoU- 
ow, Ov xUBo¢ coldudos Tedc xbBoOv aovOUdy. 


0 EKt—— 
bi ——— L.——=4 
A — == 
B i © ! 


"Eotwouy dott otepeol aerduol ot A, B: Aéyw, Sti 6 
A npd¢ tov B Adyov exer, dv xvBo¢ dowd TEd¢ xUBoOV 
aevUdov. 

‘Exel yao ot A, B duotot otepeot eiow, tv A, B dea dbo 
UEGOL aAVaAOYOY Eurintovow aelOyuol. EumImTETwWouv ot T, 
A, xol cijpdwouv crdyiotot dovOyol tév TOV HUTOV AdYOV 
éydvtwy toic A, I, A, B toot avtoig 16 TAAHVO¢ ot E, Z, H, 
O- ot dpa d&xpot adTEY ot KE, O xvBor ciotv. xat Eotw wc O 
E ned¢ tov O, ottwo O A mpd¢ tov B: xal 0 A dea med¢ 
tov B doyov Exel, dv x0B0¢ coud Ted¢ xIBov dolOudv: 
Onee Eder Seiea. 
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a(nother) square number. 

For since A and B are similar plane numbers, one 
number thus falls (between) A and B in mean propor- 
tion [Prop. 8.18]. Let it (so) fall, and let it be C. And 
let the least numbers, D, E, F, having the same ratio 
as A, C, B have been taken [Prop. 8.2]. The outermost 
of them, D and F’, are thus square [Prop. 8.2 corr.]. And 
since as D is to F’, so A (is) to B, and D and F are square, 
A thus has to B the ratio which (some) square number 
(has) to a(nother) square number. (Which is) the very 
thing it was required to show. 


Proposition 27 


Similar solid numbers have to one another the ratio 
which (some) cube number (has) to a(nother) cube num- 
ber. 


At——— Ei ——S 
C F +——4 
D | Gr—— 
B i 


Let A and B be similar solid numbers. I say that A 
has to B the ratio which (some) cube number (has) to 
a(nother) cube number. 

For since A and B are similar solid (numbers), two 
numbers thus fall (between) A and B in mean proportion 
[Prop. 8.19]. Let C and D have (so) fallen. And let the 
least numbers, EF, F, G, H, having the same ratio as A, 
C, D, B, (and) equal in multitude to them, have been 
taken [Prop. 8.2]. Thus, the outermost of them, - and 
H, are cube [Prop. 8.2 corr.]. And as F is to H, so A Cis) 
to B. And thus A has to B the ratio which (some) cube 
number (has) to a(nother) cube number. (Which is) the 
very thing it was required to show. 
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Applications of Number Theory 


+The propositions contained in Books 7-9 are generally attributed to the school of Pythagoras. 
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# 
Qa. 
‘Edy 500 Suotot Entredor dowuol ToAAaTAUoLdouvtEs 
GAAHAoUS TOLdol TIva, O YEVOUEVOS TETEaYWVOS EOTAL. 


A 
B | 

iz | 
A 


"Eotwoayv S00 Suotot éxinedor cgovyol ot A, B, xal 6 
A tov B roddkandaoidoac tov T rovettw A€yo, 611 OT 
TETORYWVOG EOTLV. 

‘O yuo A Eautov no\AatAaoidoug tov A roteittw. 6 A 
dou tetpkywvdc Eotv. Enel otv O A EauTOV UEV TOAAG 
TAaoidous tov A renotnxev, tov d€ B nodAAatAnordoag Tov 
I’ nenoinxev, Eotty dpa Wc 6 A Ted¢ TOV B, ottwo 6 A 
med¢ tov I’. xol énet ot A, B dyotor entredot ciow deduol, 
tév A, B tou cig ueoog avedoyoy Eurinter doruds. Edy dé 
S00 GovWUGy ueTagd xat& TO OUveyxec dvehoyoy Eutintwou 
ageuoi, dcot El¢ aVTOUC EuTintOVOL, TooOUTOL xal cic Tob¢ 
tov adtOv Adyov Eyovtac’ ote xal tv A, T cic yeooc 
avéroyov euninter dewydc. xal €or tetedywvoc O A: 
tetedywvoc koa xa oT dneo Eder SetEa. 


fe 
‘Edy S00 derOuol nohAaTAMoLdouvTEs GAANAOUS TOLéOL 
TETEUYWVOY, OuoloL Extmedot clow celdyuot. 


ba 
B 
T 
A 


"Eotwoay 500 dewWyol ot A, B, xai 6 A tov B rodka- 
TAaoidoug tete&ywvov tov I roteitw AEyw, dtr oi A, B 
Suotot Exinedol ciow devOuol. 

‘O yuo A éautoyv mohdatAaoidoag tov A noteitw 6 A 
&ea tetedywvdc gotw. xol Enel O A EautOV UEV TOAAG 
TAaoidoug tov A nenotnxev, tov d¢ B nodAAanAaordoug Tov 
I nenoinnev, Eotw dou wc 6 A Ted¢ Tov B, 6 A npd¢ tov 
T. xal eret 0 A teted&ywvdc Eotwv, GAG xal OT, ot A, T 
&ea Suotot Extnedot ctow. tév A, T doa cig ugooc avehoyov 


po 
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Proposition 1 


If two similar plane numbers make some (number by) 
multiplying one another then the created (number) will 
be square. 


Let A and B be two similar plane numbers, and let A 
make C (by) multiplying B. I say that C' is square. 

For let A make D (by) multiplying itself. D is thus 
square. Therefore, since A has made D (by) multiply- 
ing itself, and has made C (by) multiplying B, thus as A 
is to B, so D (is) to C [Prop. 7.17]. And since A and 
B are similar plane numbers, one number thus falls (be- 
tween) A and B in mean proportion [Prop. 8.18]. And if 
(some) numbers fall between two numbers in continued 
proportion then, as many (numbers) as fall in (between) 
them (in continued proportion), so many also (fall) in 
(between numbers) having the same ratio (as them in 
continued proportion) [Prop. 8.8]. And hence one num- 
ber falls (between) D and C in mean proportion. And D 
is square. Thus, C’ (is) also square [Prop. 8.22]. (Which 
is) the very thing it was required to show. 


Proposition 2 


If two numbers make a square (number by) multiply- 
ing one another then they are similar plane numbers. 


At’ 


Let A and B be two numbers, and let A make the 
square (number) C (by) multiplying B. I say that A and 
B are similar plane numbers. 

For let A make D (by) multiplying itself. Thus, D is 
square. And since A has made D (by) multiplying itself, 
and has made C (by) multiplying B, thus as A is to B, so 
D (is) to C [Prop. 7.17]. And since D is square, and C' 
(is) also, D and C are thus similar plane numbers. Thus, 
one (number) falls (between) D and C in mean propor- 
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éuninter. xat cotw ac O A npd¢ tov T, ottw¢ 6 A med¢ Tov 
B- xol tév A, B dow cic ueoos avédoyov Eurinter. ev 5€ 
S00 aeWUdy cic UEood avéAOYOV EUTintH, SUoLoL Extredot 
ciow [oi] deduot: ot doa A, B duotot ciow extredor dre 
eeu Seicoau. 


i 
re 
‘Edy xbBo¢ dowudc Eautov NoAAaTAMoLdoud ToLf Tevet, 
0 yevouevos xUBoc¢ EoTaL. 


A | 
B 


| een 


A 


K0Boc¢ yee derdudc 6 A Eautov rodkAaTAaoidouc tov B 
Tolettw’ AEyw, OTL O B x0Boc Eotty. 

Etjpdw yao tod A mAcved OT, xal 6 T Eautov nodAa- 
TAaoidous Tov A roteitw. paveodv 57 ot, 6110 T tov A 
TohAatrAaoidous tov A nenoinxev. ual Enel o TP Eautdv rod- 
atAaoidoac tov A nerotnxev, OT dow tov A yetoet xate 
Tas EV AUTO YOVdbac. GAG UY xal N Uovac tov I UETeet 
KATA TUS EV AVTES WOvddac’ Eatw hoa a¢ A ova MEO¢ Tov 
T, oT mpd¢ tov A. néaw, Exel 6 T tov A noddanraordouc 
tov A nenoinxev, 0 A dou tov A yetost xate tae ev 176 TP 
yovaidac. yeteet SE xal n Yovac tov TD xata tac Ev avtds 
yovadac’ Zot doa a¢ A Uovacg Ted¢ tov I, 6 A npd¢ tov 
A. GAN @>¢ A Yovac TEd¢ Tov T, 6 T med¢ tov A> xal we 
doa n Yovac mpd¢ tov T, ottwe 6 T ned¢ tov A vol o A 
med¢ Tov A. tic Kea Lovddog xal tod A devOuod 500 YEooL 
&veKOYOV KATH TO OUVEYXES EUTENTOXaoW doWyol oT, A. 
néAw, Emel 6 A EautoOV ToAAaTAAoLdouc TOV B nenoinxey, 
o A dea tov B yetoet nate Tac Ev adTE YOvddac UETeEt dé 
xal  Movag tov A xata tae Ev adTE Lovddac’ Eotw hoa we 
1 Wovac Ted¢ tov A, O A Ted¢ Tov B. tic bE LOvddog xa 
tot A 800 uéoot avédoyov EuTentOxaow coerdyuot xal tév 
A, B &a 800 Yéoot avadoyov Euncoobvtia deOuol. Edv dé 
d00 aovudy S00 UEC! avd oyoy Eurintwow, O 5& TEdéSTOC 
xv0Bo¢ fh, xal O SeUtTEPO¢ xUBoc Eota. xal Eottv 6 A xbBoc: 
xa 0 B dea xbBoc Eottv: Onep Eder Seigaun. 


0. 
‘Edy xvBoc aeruoc xbBov apOuov moddatAacidoug 
TOF) Tlva, O YEvOUEVOS xUBOC EOTAL. 


ELEMENTS BOOK 9 


tion [Prop. 8.18]. And as D is to C, so A (is) to B. Thus, 
one (number) also falls (between) A and B in mean pro- 
portion [Prop. 8.8]. And if one (number) falls (between) 
two numbers in mean proportion then [the] numbers are 
similar plane (numbers) [Prop. 8.20]. Thus, A and B are 
similar plane (numbers). (Which is) the very thing it was 
required to show. 


Proposition 3 


If a cube number makes some (number by) multiply- 
ing itself then the created (number) will be cube. 


A 
B 


CGt— 


Dt 

For let the cube number A make B (by) multiplying 
itself. I say that B is cube. 

For let the side C of A have been taken. And let C 
make D by multiplying itself. So it is clear that C has 
made A (by) multiplying D. And since C' has made D 
(by) multiplying itself, C thus measures D according to 
the units in it [Def. 7.15]. But, in fact, a unit also mea- 
sures C according to the units in it [Def. 7.20]. Thus, as 
a unit is to C, so C (is) to D. Again, since C has made A 
(by) multiplying D, D thus measures A according to the 
units in C. And a unit also measures C’ according to the 
units in it. Thus, as a unit is to C, so D (is) to A. But, 
as a unit (is) to C, so C (is) to D. And thus as a unit (is) 
to C, so C (is) to D, and D to A. Thus, two numbers, C 
and D, have fallen (between) a unit and the number A 
in continued mean proportion. Again, since A has made 
B (by) multiplying itself, A thus measures B according 
to the units in it. And a unit also measures A according 
to the units in it. Thus, as a unit is to A, so A (is) to B. 
And two numbers have fallen (between) a unit and A in 
mean proportion. Thus two numbers will also fall (be- 
tween) A and B in mean proportion [Prop. 8.8]. And if 
two (numbers) fall (between) two numbers in mean pro- 
portion, and the first (number) is cube, then the second 
will also be cube [Prop. 8.23]. And A is cube. Thus, B 
is also cube. (Which is) the very thing it was required to 
show. 


Proposition 4 


If a cube number makes some (number by) multiply- 
ing a(nother) cube number then the created (number) 
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AN ] 


KvBocg yoo deWydoc 6 A x0Bov dovudov tov B noAAo 
TAgoidous tov I novettw AEyo, OTL O TD x0Bo¢ Eotty. 

‘O yoo A éavutov ToAdanAaordoug Tov A noteitw: 6 
A doa xbBoc gottv. xol Exel 0 A EautOV YEV TOAAD 
TAaoidous tov A renotnxev, tov d¢ B nodAAatAaordoag tov 
I xnenoinxey, Eotwy doa wo O A med¢ Tov B, oUtw¢ O A ned¢ 
tov [. xat net ot A, B xbBor ciotv, duotot otepeol elow ot A, 
B. tév A, B dea 800 yéoot &vdAOYO EuTintovow dpeiouotl: 
@ote xa tév A, T svo yéoor avdAoyov eEureoodvta 
goryot. xat Eotr x0Boc o A> xbBoc dou xal Oo I> Oreo 
Edet Seizau. 


, 


Ee. 


‘Edy x0Boc¢ cevudc dovOudv twa ToAAaTAnoidouc XUBOV 
TOL, XL O TOAAATAKOIADVEl xUBOC EoTaL. 


At ] 


Bt —-—— 


[* -e-e-o 


A 


Kv0Bo¢ yoo dpiduoc 6 A doWydv twa tov B node 
TAaoidous x0Bov tov I novettw: Aéyw, Ott O B xdBoc Eotiv. 

‘O yao A Eautoyv nodAatAaoidouc tov A rotetta x0B0¢ 
dou cotiv o A. xal enel 0 A Eautov Uev ToAAaTAMoLdous TOV 
A trenotnxev, tov d€ B nohdatdAaoisoag tov TP nenoinxey, 
got doa Wo O A mpd¢ Tov B, o A node tov LT. xal Enet 
oi A, T xdGor eiotv, duo oteeeoi ciow. tHv A, T doa 
d00 Uéoot &védAoyoy Eurintovow covuol. xat Eotw ac o A 
med¢ tov T, otwo 6 A ned¢ tov B: xa tév A, B dow dv0 
yeoot avédoyoy éurintovow devuot. xat Eott xUBo¢ o A: 
x0Boc doa goth xal 6 Be bree Fer deiEau. 


, 


F. 


"Edy aer0uocg eautov ToAAaTAaoidoug xOBov Totf\, xotl 


will be cube. 


For let the cube number A make C (by) multiplying 
the cube number B. I say that C is cube. 

For let A make D (by) multiplying itself. Thus, D is 
cube [Prop. 9.3]. And since A has made D (by) multi- 
plying itself, and has made C (by) multiplying B, thus 
as A is to B, so D (is) to C [Prop. 7.17]. And since A 
and B are cube, A and B are similar solid (numbers). 
Thus, two numbers fall (between) A and B in mean pro- 
portion [Prop. 8.19]. Hence, two numbers will also fall 
(between) D and C in mean proportion [Prop. 8.8]. And 
D is cube. Thus, C' (is) also cube [Prop. 8.23]. (Which 
is) the very thing it was required to show. 


Proposition 5 


If a cube number makes a(nother) cube number (by) 
multiplying some (number) then the (number) multi- 
plied will also be cube. 


A | 

B | 

GC | 
D | 


For let the cube number A make the cube (number) 
C (by) multiplying some number B. I say that B is cube. 

For let A make D (by) multiplying itself. D is thus 
cube [Prop. 9.3]. And since A has made D (by) multiply- 
ing itself, and has made C (by) multiplying B, thus as A 
is to B, so D (is) to C [Prop. 7.17]. And since D and C' 
are (both) cube, they are similar solid (numbers). Thus, 
two numbers fall (between) D and C in mean proportion 
[Prop. 8.19]. And as D is to C, so A (is) to B. Thus, 
two numbers also fall (between) A and B in mean pro- 
portion [Prop. 8.8]. And A is cube. Thus, B is also cube 
[Prop. 8.23]. (Which is) the very thing it was required to 
show. 


Proposition 6 


If a number makes a cube (number by) multiplying 
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avtocg xbBo¢ Eaton. 


A 
B 
LT 


AowWyoc yap 0 A Eautoyv no\AatAaoidous xbBov tov B 
novetta AEyaw, StL xal O A xvBo¢ Eotiv. 

‘O yap A tov B noddandaordoug tov T novettw. Eret odv 
o A éautov Yev ToAAaTAaotdoug Tov B renotnxev, tov sé 
B nodkdkarhacidoug tov I nenotnxev, o TD dea xbBo¢ eotiv. 
nal eel O A EautOv ToAAaTAaoidousg TOV B nexotnxev, O 
A doa tov B vetoet xat& tag Ev MUTE Yovddac. UEToEt Sé 
nal N Movac tov A xata ta Ev MUTE Lovdidac. Zotw toa 
> Y UOvac Ted TOv A, oUTwc 6 A Ted tov B. xol Enel 
o A tov B noddandaordoug tov I nenotnxev, 0 B &pa tov 
T ueteet xat& tac ev 165 A yovddac. Uetpel 5 xal 1 Wovac 
tov A xate ta Ev abt Yovddac. Eotw oa we N Lovie 
med¢ tov A, otw¢ 0 B npd¢ tov I’. ad’ > H YOvas TEdC 
tov A, ottw¢o 6 A med¢ tov B: xal Wc &pa 6 A Ted¢ TOV B, 
0 B rpd¢ tov Ll. xat Exel ot B, TP x0Gor etotv, duotot otegeot 
clow. Tv B, T doa d00 yecor avddoyoy low couotl. xa 
got @¢ 0 B npd¢ tov T, 6 A npd¢ tov B. xal tv A, B 
doa S00 ECOL avdAoyoy ciow deluol. xat cotiv xbBoc¢ O 
B- xbBo¢ doa goth xal O A’ nee Eder SelEa. 


Cv 
‘Edy obv0eto¢g aovdyoc dovdudv twa moAAaTAUcLdoug 
TOF) Tlva, O YEVOUEVOS OTEPEOS EOTAL. 


A —_—-— 
Bt 

Tr 
A 


-_, -—- 

Lbvwetog yoo dovuoc O A dovudv twa tov B moda 
TAaoidous Tov TI novetteos AEyw, Ott O TL oteped¢ Eotw. 

‘Enel yao O A obwetd¢ Eotw, UNO dood tIvo¢g UE- 
tondyjoeta. Yetpciodw tnd tod A, xal dodxic 6 A tov A 
YETPEl, Tooadta Uovaddec Eotwouv ev 16) E. Enel otv 6 A 
tov A uetoet xate tac Ev 16 E yovdduc, 0 E dou tov A 
TodAatraoidous tov A nenoinxev. xal Exel O A tov B nod- 
LatAnordoug tov I’ nenotnxev, 0 Se A cotw 6 Ex tév A, E, 
0 toa éx tev A, E tov B noddandaordoug tov TD nenoinnxev. 
OT &u otepeds Eotwv, TAcveal SE adTOD ciow ot A, E, B- 


on 
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itself then it itself will also be cube. 


A 
B ] 
C 


For let the number A make the cube (number) B (by) 
multiplying itself. I say that A is also cube. 

For let A make C (by) multiplying B. Therefore, since 
A has made B (by) multiplying itself, and has made C 
(by) multiplying B, C is thus cube. And since A has made 
B (by) multiplying itself, A thus measures B according to 
the units in (A). And a unit also measures A according 
to the units in it. Thus, as a unit is to A, so A (is) to 
B. And since A has made C (by) multiplying B, B thus 
measures C' according to the units in A. And a unit also 
measures A according to the units in it. Thus, as a unit is 
to A, so B (is) to C. But, as a unit (is) to A, so A (is) to 
B. And thus as A (is) to B, (so) B (is) to C. And since B 
and C are cube, they are similar solid (numbers). Thus, 
there exist two numbers in mean proportion (between) 
Band C [Prop. 8.19]. And as B is to C, (so) A (is) to B. 
Thus, there also exist two numbers in mean proportion 
(between) A and B [Prop. 8.8]. And B is cube. Thus, A 
is also cube [Prop. 8.23]. (Which is) the very thing it was 
required to show. 


Proposition 7 


If a composite number makes some (number by) mul- 


tiplying some (other) number then the created (number) 
will be solid. 


For let the composite number A make C (by) multi- 
plying some number B. I say that C is solid. 

For since A is a composite (number), it will be mea- 
sured by some number. Let it be measured by D. And, 
as many times as D measures A, so many units let there 
be in &. Therefore, since D measures A according to 
the units in £, E has thus made A (by) multiplying D 
[Def. 7.15]. And since A has made C (by) multiplying B, 
and A is the (number created) from (multiplying) D, EF, 
the (number created) from (multiplying) D, E has thus 
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bree Eder SetEan. 


, 
y Z 
"Edy &nd Yovddog Onocooty dprduol E€fic avdAoyov 
@ow, O EV Teltoc ano Tic Wovddoc TeTedywvoc EoTH 
xol ot Eva dtadeinovtec, O be TétTHETOC xKUBOC xol Ol 
S00 dtaActmovtec m&vtec, O SE EBdSoUOg xUBoc dua xo 
TeTeEaywvos xal ol Névte SiaAcinovtec. 


"Hotwouy dno Lovaidoc Onocotody deiOuol EFii¢ &vedoy- 
ov ot A, B, T, A, E, Z déyw, 61 6 Yéev teito¢ and 
Ths Wovddoc O B tetewywvdc Eott xal ot Eva Siadretnovtec 
ma&vtec, O 6€ TéEtTaptTOs O T xvBoc¢ xat ot d00 diadretnovtec 
TévtEec, 0 6€ EBSouoc O Z xbBoc dua xa TetTEkywvoc xail Ot 
TEvte Stadketmovtes MAVTEC. 

‘Enel yuo Eotw a¢ A Wovacg Med¢ Tov A, ottwc 6 A 
Ted¢ tov B, iodxc doa 7H Uovac tov A doWudv YETpEt xall 
o A tov B. 7 8& Wovac tov A dovWudv UETeEt xaTd& The 
év auté Lovddac xal 6 A dea tov B uetpet ate tue Ev 
t A ypovédac. 6 A doa Eautdv ToAAaTAaoLdoug Tov B 
netotnxev’ tetekywvoc doa éotiv o B. xal éxel ot B, T, A 
etic ava oyOv iow, 0 5¢ B tetekywvdc Eotw, xal 6 A doa 
Tetedywvdc Eotiv. Sie TH KUTA OH xal O Z tetokywvdc 
gotv. Ouolwc of deifouev, StL xal ot Eva Stark|elnovtec 
TMAVTES TETEaYWVOl Clow. AEyw SH, StL xal O TétTAETOS ATO 
Ths uovadoc OT xdBoc coti xal oi SVO0 Siadetnovtec TdvtEc. 
evel YUE EOTWV G¢ H Wovac Med¢ Tov A, OUTW> O B med¢ tov 
LT, toduig dou A uovac tov A d&eWudv Uetpet xal 6 B tov. H 
dé Uovac tov A dovOudv YETpEt Kata Ta Ev TH A Lovddac’ 
xal 0 B &ea tov I vetoet wath tac ev 16 A Lovddac: 6 A 
goa tov B noddardAaucidoucg tov [ nenotnxev. Emel ov oO 
A éautoy uév ToAAanAaoidous Tov B nenoinxev, tov dé B 
ToAratAauoidoug tov T nenotnxev, xbBoc¢ dou Eotiv oD. xat 
énet oT, A, E, Z efi avddoyév iow, 6 6€ T x0Boc Eotiy, 
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made C (by) multiplying B. Thus, C is solid, and its sides 
are D, E, B. (Which is) the very thing it was required to 
show. 


Proposition 8 


If any multitude whatsoever of numbers is continu- 
ously proportional, (starting) from a unit, then the third 
from the unit will be square, and (all) those (numbers 
after that) which leave an interval of one (number), and 
the fourth (will be) cube, and all those (numbers after 
that) which leave an interval of two (numbers), and the 
seventh (will be) both cube and square, and (all) those 
(numbers after that) which leave an interval of five (num- 
bers). 


F i 

Let any multitude whatsoever of numbers, A, B, C, 
D, E, F, be continuously proportional, (starting) from 
a unit. I say that the third from the unit, B, is square, 
and all those (numbers after that) which leave an inter- 
val of one (number). And the fourth (from the unit), C, 
(is) cube, and all those (numbers after that) which leave 
an interval of two (numbers). And the seventh (from the 
unit), F’, (is) both cube and square, and all those (num- 
bers after that) which leave an interval of five (numbers). 

For since as the unit is to A, so A (is) to B, the unit 
thus measures the number A the same number of times 
as A (measures) B [Def. 7.20]. And the unit measures 
the number A according to the units in it. Thus, A also 
measures B according to the units in A. A has thus made 
B (by) multiplying itself [Def. 7.15]. Thus, B is square. 
And since B, C, D are continuously proportional, and B 
is square, D is thus also square [Prop. 8.22]. So, for the 
same (reasons), F’ is also square. So, similarly, we can 
also show that all those (numbers after that) which leave 
an interval of one (number) are square. So I also say that 
the fourth (number) from the unit, C,, is cube, and all 
those (numbers after that) which leave an interval of two 
(numbers). For since as the unit is to A, so B (is) to C, 
the unit thus measures the number A the same number 
of times that B (measures) C’. And the unit measures the 
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xa o Z toa x0Boc cotiv. edelyOn SE xal tetodkywvoc: O toa 
EBdSou0g ANO TH¢ Yovadoc xUBo¢ TE EoTL Kal TeTEaYWvOC. 
Ouotuc 1 SetZouev, StL xal ot Névte StaAcinovtes Mé&vtEC 
xvBot TE Elot xal tetokywvor Step Eder SetEau. 


ve 


"Edy and wovadog Onocoloby E€ijc “atk TO OUVEYXEC 
dovuol avérhovov Bow, O FE UETe THY Lovada TeTE&kywvoc 
fH, ual ot Aoimol Navtec TeTEdywvol Eoovta. “al Exv O UETH 
THY Lovada x0Boc fH, xal ot Aoimol navtec xbBoL Eoovtau. 


7, | | 


"Hotwouv amo wovedosg e€fic avdAoyov OooLdnrotObv 
gewuot ot A, B, LT, A, E, Z, 6 b& yeta thy Yovdda 
0 A tetekywvog Eotw AEYH, StL xal ol AotMol nd&vtEc 
TETOKYWVOL EGOVTAL. 

"Ou YEv OV O TEITOC AMO TH¢ Wovadoc O B teted&ywvdc 
cott “ol ot Eva StatAcinovtes Névtec, Séderxta’ AEvw [57], 
but “al ot Aotmol né&vtEc Tetekywvoi ciow. Enel yuo ot A, 
B, T e&¢ avddoyév clow, xat Eotty 0 A tetedywvoc, xal O 
T [&ou] tetocywvoc Eottv. néAwv, Enel [xat] of BLT, A effic 
avadroyoy ciow, xat Eottv 6 B teted&ywvoc, xal 0 A [doa] 
TETEKYWVOG EOTWV. OLOlwc Sf SelEouev, OTL xa ol AotTol 
Tavtes TeTedkywvol cio. 

AAG OF Eotw O A xbBoc AEyw, dtt xal Ot AotTOl Né&vtEc 
xvBot etotv. 

"OL UEV ody 6 TETAETOS AMO Thc Wovadoc OT xvBoc Eotl 
xa ot B00 SiaxArcitovtec névtec, SEdeixta” AEY [57], Stu xo 
ot Aotmol n&vtec x0Go1 clotv. Emel yuo EOTW Wd A MOVas TEOC 
tov A, ottwco 6 A med¢ tov B, todxic doa  Uovac tov A 
uetost xal o A tov B.  bé Yovag tov A UETeEt xaTH The EV 
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number A according to the units in A. And thus B mea- 
sures C' according to the units in A. A has thus made C 
(by) multiplying B. Therefore, since A has made B (by) 
multiplying itself, and has made C (by) multiplying B, C 
is thus cube. And since C’, D, E, F are continuously pro- 
portional, and C is cube, F is thus also cube [Prop. 8.23]. 
And it was also shown (to be) square. Thus, the seventh 
(number) from the unit is (both) cube and square. So, 
similarly, we can show that all those (numbers after that) 
which leave an interval of five (numbers) are (both) cube 
and square. (Which is) the very thing it was required to 
show. 


Proposition 9 


If any multitude whatsoever of numbers is continu- 
ously proportional, (starting) from a unit, and the (num- 
ber) after the unit is square, then all the remaining (num- 
bers) will also be square. And if the (number) after the 
unit is cube, then all the remaining (numbers) will also 
be cube. 


Let any multitude whatsoever of numbers, A, B, C, 
D, E, F, be continuously proportional, (starting) from a 
unit. And let the (number) after the unit, A, be square. I 
say that all the remaining (numbers) will also be square. 

In fact, it has (already) been shown that the third 
(number) from the unit, B, is square, and all those (num- 
bers after that) which leave an interval of one (number) 
[Prop. 9.8]. [So] I say that all the remaining (num- 
bers) are also square. For since A, B, C' are continu- 
ously proportional, and A (is) square, C' is [thus] also 
square [Prop. 8.22]. Again, since B, C, D are [also] con- 
tinuously proportional, and B is square, D is [thus] also 
square [Prop. 8.22]. So, similarly, we can show that all 
the remaining (numbers) are also square. 

And so let A be cube. I say that all the remaining 
(numbers) are also cube. 

In fact, it has (already) been shown that the fourth 
(number) from the unit, C, is cube, and all those (num- 
bers after that) which leave an interval of two (numbers) 


259 


STOIXEION 0. 


avté Yovadac: xal 6 A doa tov B uetpet xat& tac Ev wUTES 
yovadac: o A dow eautov ToMAatAaoidous Tov B nenoinnxev. 
xa cotty O A xUBoc. Edy dE xO0BO¢ KoLUOS EaUTOV TOAAG- 
TAQOIUOUS TOL Tlva, O Yevouevoc x0B0¢ Eotiv’ xal o B tow 
xvBoc¢ Eottv. xal Enel tEcoapec govduol oi A, B, T, A e&fic 
avéroyoy ciow, xat cotw 0 A x0Boc, xal 0 A doa x0Boc 
gotly. 81a Ta AUTH bY) xal O E x0Boc Eotiv, xal OUolwe ol 
Aoinol néavteg x0Bot Elotv: dre Eder SetEau. 


U. 

"Ey ard yovédoc Onocototv covuol [etic] avedovov 
ow, O SE UETA THY LOvdda UN f TeTE&kywvoc, OVS’ GAO 
ovdelc TeTE&ywvos EoTa yYwpic tod teitoU AMO Ti\¢ Yovaboc 
xa Tov Eva StoArcimdvtwv Mévtwv. xal Ev O WETa TH 
yovdda xUBo¢ UN f, OVE GAAOC OvdElc “DBO EoTH yupic 
tol TetdeTOU UNO Ti\¢ Lovddog xal THv BVO BiareimdvTwv 
TAVTWY. 


"Eotwouv &no wovadocg e€fic avdAoyov OooldynrotOby 
govduol ot A, B, TP, A, E, Z, 6 wet& thy povdda o A uh 
EOTW TETEKYWVOG AEYO, OTL OVE GAMO OvSEl¢ TEeTOaYWVOC 
Zota ywple tod tettou and ths Yovados [xal t&v Eva Sta- 
hetrdvtwy]. 

Et yoo Suvatéyv, gotw O I tetec&ywvoc. Eott bE xal Oo 
B tetedywvoc: ot B, T dea med¢ aAAHAOUc Adyov Eyov- 
Ol, OV TeTEaywvocs aevOUOS TEd¢ TeTE&ywvov colLOUdY. xatl 
got wo 0 B mpd¢ tov I, 6 A apd¢ tov B: ot A, B dpa 
TES GAAHAOUS Adyov Eyovol, Ov TeTEaywvos AeLOULOS TEdC 
Tetedywvoy geryov ote ot A, B dyotor entnedot ciow. 
xat ott tetekywvoc 6 B’ tetedywvocg doa Eotl xal oO A: 
OnEe OLY UTExEITO. Ovx doa OT tetedkywvds Cott. OUOiws 
of SelEouev, Sti OVS’ GAO OVSElc TeTEdyWVds EOTL Ywplc 
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[Prop. 9.8]. [So] I say that all the remaining (numbers) 
are also cube. For since as the unit is to A, so A (is) to 
B, the unit thus measures A the same number of times 
as A (measures) B. And the unit measures A according 
to the units in it. Thus, A also measures B according to 
the units in (A). A has thus made B (by) multiplying it- 
self. And A is cube. And if a cube number makes some 
(number by) multiplying itself then the created (number) 
is cube [Prop. 9.3]. Thus, B is also cube. And since the 
four numbers A, B, C, D are continuously proportional, 
and A is cube, D is thus also cube [Prop. 8.23]. So, for 
the same (reasons), F is also cube, and, similarly, all the 
remaining (numbers) are cube. (Which is) the very thing 
it was required to show. 


Proposition 10 


If any multitude whatsoever of numbers is [continu- 
ously] proportional, (starting) from a unit, and the (num- 
ber) after the unit is not square, then no other (number) 
will be square either, apart from the third from the unit, 
and all those (numbers after that) which leave an inter- 
val of one (number). And if the (number) after the unit 
is not cube, then no other (number) will be cube either, 
apart from the fourth from the unit, and all those (num- 
bers after that) which leave an interval of two (numbers). 


Let any multitude whatsoever of numbers, A, B, C, 
D, E, F, be continuously proportional, (starting) from 
a unit. And let the (number) after the unit, A, not be 
square. I say that no other (number) will be square ei- 
ther, apart from the third from the unit [and (all) those 
(numbers after that) which leave an interval of one (num- 
ber) ]. 

For, if possible, let C’ be square. And B is also 
square [Prop. 9.8]. Thus, B and C have to one another 
(the) ratio which (some) square number (has) to (some 
other) square number. And as B is to C, (so) A Cis) 
to B. Thus, A and B have to one another (the) ratio 
which (some) square number has to (some other) square 
number. Hence, A and B are similar plane (numbers) 
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tov teitou ano Tic Wovddoc xal Tév Eva SioiAcitdvTOv. 

AAG OF UA Eotw 0 A x0Boc. Ey, STL OVS’ WAoc 
ovdeic x0Boc Eota ywelc tov tetéetOU aNd TYi¢ Yovadoc 
nal Tv SVO StaxAetMdvTtwv. 

Et yao Suvatév, gota 6 A x0Boc. Eott bE xal 6 TP x0Boc: 
TETAOTOS YUP EOTIV ANO TH¢ Uovadoc. xalt Eotw wc OT ned¢ 
tov A, 0 B npd¢ tov T: xal 6 B doa mpd¢ tov T Adyov Eye, 
ov x0Bo¢ TeO¢ xUBov. xal Eotw oT xdGBoc: xal 6 B tow 
xv0Boc¢ Eotiv. xal Enel EotW Wo H Ova Td Tov A, 6 A TEed¢ 
tov B, 4 dé Uovac tov A Yetoet xaT& Ta Ev ATE LOvddac, 
xal 0 A doa tov B uetpet xat& tac Ev adTE Lovddac: 6 A 
doa eautov TodAAarAaoidoac xbKBov tov B menotnxev. edv 
d€ HOLDUOS EXUTOV TOAAATAKOIdCA XLBOV MOLY, xol WTOC 
ubBoc ota. xbBoc dea xal 6 A> drEp Oby UNdxEITA. OX 
goa 6 A xbBog Eottv. OYoiws Sf SelZouev, dtr OVS’ KAAOC 
ovdel¢ xUBoc Eotl yweic Tob tetkeTOL aNd Tic UOvadoOC Kall 
tov S00 SiaxAretmdvtwy: STE Eder SeiEau. 


tol’. 


"Edy &nd Yovddog Onocooty dprduol E€fic avdAoyov 
How, 6 cAdttwy tov wetCova Yetpet KATH tiva THv UNAEYOVT- 
wy ev toic avdhoyov cowuoic. 


"Eotwoayv &nd0 “ovaidoc tic A Onocototy doWuol Eff\c 
avédoyov oi B, T, A, E: Aéyo, é6tt tHSv B, T, A, E oO 
éhayiotoc O B tov E uetoet xat& twa téiv DT, A. 

‘Emel yde Eotw wo A A Uovac med¢ tov B, ottwc O A 
med¢ Tov E, ioduuc dea nH A povacg tov B aovudv uetpet 
nal 0 A tov Ev évodrde doa toduic 7 A yovac tov A uetpet 
xa o B tov E. 7 8 A Yovac tov A yetost xath Tue Ev 
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[Prop. 8.26]. And B is square. Thus, A is also square. 
The very opposite thing was assumed. C is thus not 
square. So, similarly, we can show that no other (number 
is) square either, apart from the third from the unit, and 
(all) those (numbers after that) which leave an interval 
of one (number). 

And so let A not be cube. I say that no other (num- 
ber) will be cube either, apart from the fourth from the 
unit, and (all) those (numbers after that) which leave an 
interval of two (numbers). 

For, if possible, let D be cube. And C is also cube 
[Prop. 9.8]. For it is the fourth (number) from the unit. 
And as C is to D, (so) B (is) to C. And B thus has to 
C the ratio which (some) cube (number has) to (some 
other) cube (number). And C is cube. Thus, B is also 
cube [Props. 7.13, 8.25]. And since as the unit is to 
A, (so) A (is) to B, and the unit measures A accord- 
ing to the units in it, A thus also measures B according 
to the units in (A). Thus, A has made the cube (num- 
ber) B (by) multiplying itself. And if a number makes a 
cube (number by) multiplying itself then it itself will be 
cube [Prop. 9.6]. Thus, A (is) also cube. The very oppo- 
site thing was assumed. Thus, D is not cube. So, simi- 
larly, we can show that no other (number) is cube either, 
apart from the fourth from the unit, and (all) those (num- 
bers after that) which leave an interval of two (numbers). 
(Which is) the very thing it was required to show. 


Proposition 11 


If any multitude whatsoever of numbers is continu- 
ously proportional, (starting) from a unit, then a lesser 
(number) measures a greater according to some existing 
(number) among the proportional numbers. 


Let any multitude whatsoever of numbers, B, C, D, 
E, be continuously proportional, (starting) from the unit 
A. I say that, for B, C, D, E, the least (number), B, 
measures F according to some (one) of C, D. 

For since as the unit A is to B, so D (is) to F, the 
unit A thus measures the number B the same number of 
times as D (measures) E. Thus, alternately, the unit A 
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avtés Wovadac: xal 6 B doa tov E uetpet xatd tac Ev tO 
A povddac ote 0 Ehéoowyv O B tov yeitova tov E ye- 
TOEl KATH Tia HOLOLOV THY UTAEYdVTWY EV TOlc &veAOYOV 


aovuoic. 


TIde1cya. 
Kat mavepdv, ott Hy Eyer THEW O UETEGV aNO Yovddoc, 
THY aUTHY Exel xal O xa’ Ov UETPEt AMO TOU UETEOUUEVOU 
Em TO TEO aUTOD. OnE eer detEau. 


, 
18". 
"Edy &nd Yovddog Onocooty dprduol E€fic avdAoyov 
@ow, VY dowyv a O Eoyatog TEaTwWY GoELOUdY UETEATAL, 
OO Tv AUTOY xal O TAP THY LOvadA LETONUHoETOL. 


-_-— 
7, +——— 
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(ol 
"Hotwoay ano Lovadoc OnocoLsyjTOTODY deLOuol avaroy- 
ov ot A, B, T, Av Aéya, Sti OGY’ dowv av O A TeatHv 
dew UEteyjto, UMO THv avTév xal 6 A UetonIYoeta. 
Meteeiodw yuo 6 A Und twoc TewtOL deLOLod tot E- 
Ey, Ott O E tov A yetoet. uh yuo: xat Eotw O E moéstoc, 
dnac 6€ TedSto¢ HoWWUOS TEdS GravTa, OV UN YETEEt, TEdSTO¢ 
got’ ot KE, A dea meditor mpd¢ GAAHAOUC ciotv. xol Emel 
0 E tov A uetpet, uetoeitw adtov xatk tov Zo E doa 
tov Z nodvandaoidoucg tov A menotnxev. méAt, enel O A 
tov A uetost xat& tac Ev 16 T yovddac, 0 A &ou tov T 
TodAatAaoidoug tov A nenotnxev. GAAG Uy xal 6 E tov Z 
TodAatAaoidoug tov A neroinxev’ 6 dou x tHv A, T too 
éotl 16 €x tév E, Z. gotw &pa wo 6 A ned¢ tov E, 6 Z 
med¢ tov I’. of b€ A, E xpéiton, ot bE Tedtot xol EAdyLOTOL, 
ol S€ EAdyLoTOL UETEODGL Tobe TOV wUTOV AdYOV EyoVTAC 
todxic 6 te HyobUEVOS TOV NYOUUEVOY Xo O EMdUEVOS TOV 
Emouevoy’ yEeTest doa o E tov I’. uetpeitw wvtov xat& TOV 
H: 0 E dpa tov H nodAandacisoug tov I nemotnxev. crhrc 
uny Sia TO Ted toUTOV xal O A tov B roddanAaoidoug tov 
I nenotnxev. 6 toa éx té&v A, B iooc Eotl 16 Ex tév E, H. 
got toa wc O A npdc¢ tov E, 6 H med tov B. ot b¢ A, E 
TEGTOL, Ol SE TETOL xa EAYLOTOL, Ol bE EAAYLOTOL GoLNUOl 
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measures D the same number of times as B (measures) 
E [Prop. 7.15]. And the unit A measures D according to 
the units in it. Thus, B also measures F according to the 
units in D. Hence, the lesser (number) B measures the 
greater & according to some existing number among the 
proportional numbers (namely, D). 


Corollary 


And (it is) clear that what(ever relative) place the 
measuring (number) has from the unit, the (number) 
according to which it measures has the same (relative) 
place from the measured (number), in (the direction of 
the number) before it. (Which is) the very thing it was 
required to show. 


Proposition 12 


If any multitude whatsoever of numbers is continu- 
ously proportional, (starting) from a unit, then however 
many prime numbers the last (number) is measured by, 
the (number) next to the unit will also be measured by 
the same (prime numbers). 


a - -—— 
Bt -F FH 
C 1 Gt 


D SS H -———_ 

Let any multitude whatsoever of numbers, A, B, C, 
D, be (continuously) proportional, (starting) from a unit. 
I say that however many prime numbers D is measured 
by, A will also be measured by the same (prime numbers). 

For let D be measured by some prime number F. I 
say that # measures A. For (suppose it does) not. F is 
prime, and every prime number is prime to every num- 
ber which it does not measure [Prop. 7.29]. Thus, E 
and A are prime to one another. And since FE measures 
D, let it measure it according to F. Thus, & has made 
D (by) multiplying F. Again, since A measures D ac- 
cording to the units in C [Prop. 9.11 corr], A has thus 
made D (by) multiplying C. But, in fact, E has also 
made D (by) multiplying F. Thus, the (number cre- 
ated) from (multiplying) A, C is equal to the (number 
created) from (multiplying) E, F. Thus, as A is to E, 
(so) F (is) to C [Prop. 7.19]. And A and E (are) prime 
(to one another), and (numbers) prime (to one another 
are) also the least (of those numbers having the same ra- 
tio as them) [Prop. 7.21], and the least (numbers) mea- 
sure those (numbers) having the same ratio as them an 
equal number of times, the leading (measuring) the lead- 
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uETeoUal Tol TOV aUTOV AdYOV ExOVTAS AUTOIC iadkxIc O TE 
nyovuevog Tov NHyobuEvov xal O EmduEvog TOV ENdUEVOY' 
uetoet dou o E tov B. uetositw avtov xat& tov Oo E tow 
tov © nohdatAuoidoug tov B nenoinxev. GAAG WAY xal oO A 
EAUTOV ToAAaTAdoLdous TOV B nexotnxev’ O toa Ex Tév E, 
O ioog Eotl 16 &nd tot A. Eotw doa wc O Enpd¢ tov A,O A 
mTed¢ Tov O. ot bE A, E rediton, ot SE TEGTOL xa EAGYLOTOL, Ot 
d€ EAdYLoTOL UETEOUGL ToOb¢ TOV AUTOV Adyoy ExovTUc lodxIc 
6 NyobUEvos Tov NYOUUEVOY xXal O ENOUEVOS TOV ENOUEVOY' 
uetest doa 0 E tov A we HyowUevoc HyobUEVoOV. GAAG UAV 
nal ob uetest’ Step KSUVaTOV. OVX doa ot E, A meéstot TEd¢ 
dAAhovE ciatv. oUwieTtoL doa. ot BE oUWHETOL bd [TEwTOU] 
aeruod tio UstpobvTH. xol Exel O E noeditoc Undxettm, O 
d€ TedSto¢ UNO EtEeOU dood Ov UETeEEita 7} LY ExUTOD, O 
E dea tovc A, E uetest: dote o E tov A uetoet. uetoet 5é 
ual tov A: 0 E dea tobe A, A uetoet. Ouotwc 57 SelZouev, 
ott bY’ dowv a O A Te@twY doLONsY YETEFTH, UNO Tév 
autéy xa o A uetondnoeta Smee der SeiEa. 


ly’. 

"Edy &nd Yovddog Onocoloty dpruol E€fic avdAoyov 
@ow, O € UETa THY Lovdda Tedito¢ H, O UEYLOTOG UT’ 
ovdevdc [KAAOU] Uetendhoeta mapee tov Unapydvtwy Ev 
Toig avaroyov corouotc. 

"Eotwouy &nd yovadoc OnocoLovy deiNuol EEfjc avdAOyov 
oi A, B, T, A, 6 dé Yet& thy Lovdda 6 A Tedto¢g Eote 
MEYW, OTL O UEYLOTOg avToYV O A bn’ obdevdcg GAdOU UE- 
tondyoeta napee tév A, BL. 
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ing, and the following the following [Prop. 7.20]. Thus, 
E measures C’. Let it measure it according to G. Thus, 
E has made C (by) multiplying G. But, in fact, via the 
(proposition) before this, A has also made C (by) multi- 
plying B [Prop. 9.11 corr.]. Thus, the (number created) 
from (multiplying) A, B is equal to the (number created) 
from (multiplying) EL, G. Thus, as A is to FE, (so) G 
(is) to B [Prop. 7.19]. And A and FE (are) prime (to 
one another), and (numbers) prime (to one another are) 
also the least (of those numbers having the same ratio 
as them) [Prop. 7.21], and the least (numbers) measure 
those (numbers) having the same ratio as them an equal 
number of times, the leading (measuring) the leading, 
and the following the following [Prop. 7.20]. Thus, E 
measures B. Let it measure it according to H. Thus, 
E has made B (by) multiplying H. But, in fact, A has 
also made B (by) multiplying itself [Prop. 9.8]. Thus, 
the (number created) from (multiplying) EF, H is equal 
to the (square) on A. Thus, as F is to A, (so) A (Cis) 
to H [Prop. 7.19]. And A and F£ are prime (to one an- 
other), and (numbers) prime (to one another are) also 
the least (of those numbers having the same ratio as 
them) [Prop. 7.21], and the least (numbers) measure 
those (numbers) having the same ratio as them an equal 
number of times, the leading (measuring) the leading, 
and the following the following [Prop. 7.20]. Thus, E 
measures A, as the leading (measuring the) leading. But, 
in fact, (F) also does not measure (A). The very thing 
(is) impossible. Thus, & and A are not prime to one 
another. Thus, (they are) composite (to one another). 
And (numbers) composite (to one another) are (both) 
measured by some [prime] number [Def. 7.14]. And 
since F is assumed (to be) prime, and a prime (number) 
is not measured by another number (other) than itself 
[Def. 7.11], E thus measures (both) A and L. Hence, EL 
measures A. And it also measures D. Thus, & measures 
(both) A and D. So, similarly, we can show that however 
many prime numbers D is measured by, A will also be 
measured by the same (prime numbers). (Which is) the 
very thing it was required to show. 


Proposition 13 


If any multitude whatsoever of numbers is continu- 
ously proportional, (starting) from a unit, and the (num- 
ber) after the unit is prime, then the greatest (number) 
will be measured by no [other] (numbers) except (num- 
bers) existing among the proportional numbers. 

Let any multitude whatsoever of numbers, A, B, C, 
D, be continuously proportional, (starting) from a unit. 
And let the (number) after the unit, A, be prime. I say 
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Et yao Suvatéy, ueteciodw Uno tot E, xol o E undevi 
tOv A, B, PT gotw 6 adtd¢. pavepov 5H, 6tt O E mpéto¢ 
obx éotw. ci yuo O E noditd¢ Eott nal Uetest tov A, xal tov 
A peterost tedtov évta ui Ov avtés O abtd¢ Stee EoTiv 
adbvatov. obx dea o E meéitéc cotw. ovv0eto¢ doa. mic 
dé obvetog HOLDUOS UNO TEwTOL TIVdc KoLOUOD UEToEiTaL: 
0 E dea bn0 Tewtou two¢ dolWuUod UETeEitaL. AEyw dF, OTL 
Um’ ovdevdc GAAou TEWTOU LETONUHoETA TAY tov A. ei yuo 
v@’ Etépou Uetesita O E, 6 dé E tov A uetpet, xaxeivoc doa 
tov A yeteroer ote xal tov A yetefoet Teétov 6vta Ur 
®v avté 6 adtdc Sree Eotly &d0vatov. O A doa tov E 
ueteet. xal Enel O E tov A uetoet, uetoeitey avtTOV xATH TOV 
Z. MEY, Ott O Z ovdsevi tv A, B, P cotw 6 adtdc. et yuo 0 
Z evi tév A, B, TP eotw 6 abdtO¢ xal uetpet tov A xat& tov 
E, xal cic dou tév A, B, P tov A yeteet xat& tov E. dhAw 
cic tv A, B, TP tov A vetoet xaté& twa tv A, B, TP: xai 6 
E dou evi tev A, B, TP éotw 6 avtdc: 6nee ovY UNdxeELTAL. 
ovx tea 6 Z evi tv A, B, [ gotw 6 avtd¢. duotwc dh 
delEouev, Ott Ueteeita O Z Uno tov A, dSeimvbvtec néAw, 
ou 6 Z obx Eott TESTO. el yuo, xal UeToEt Tov A, xal Tov 
A peterost moedtov évta ui Ov avté O abtd¢° Stee EoTiv 
adbvatov' Obx doa TedTO¢ EotW O Z avVVETOG doa. Anac 
dé obWetO¢ KELOUd UNO TEAdTOU TIVdc KoLNUOD UETPEtTHL’ O 
Z doa UNO TEwTOV Tivos KoLOUOD UETEEitaAL. Ayu 6H, STL VG’ 
ETEPOU TEWTOU OV LETEnVYoETA TAY To A. ci yap EteEdc 
Tig Tedtocg tov Z yetoet, o 6 Z tov A uetost, xdxeivoc 
goa tov A yeteroet Hote xal tov A uetoroet Tedtov 6vta 
Un Ov ad O avtd¢: Step EoTlv adbvatov. O A dea tov Z 
uetoet. xal enel O E tov A uetpet xat& tov Z, 0 E dow tov 
Z no\rarrkaoidous tov A nenoinxev. GAAG Uy xal O A TOV 
T nodAandaoidoug tov A nenoinxev’ O dou ex tv A, TP 
loog Eotl 16 ex tv E, Z. avedoyov doa Eotlv wo O A Ted¢ 
tov E, ottw¢ 6 Z nepd¢ tov T. 6 6€ A tov E uetoet: xal 6 Z 
goa tov T ueteet. yetocitw avtov xat& tov H. ouoiwes 67 
de(ouev, 6tt O H ovdevi tHv A, B Eotw O avtdc, xal StL 
UETeeita UNO tov A. xal Enel o Z tov I yetoet xat& tov H, 
0 Z tea tov H nodAandacrdoug tov [ menotnxev. AAG ny 
xal 0 A tov B roddanAaoidoug tov I nenotnxev’ 6 &pa Ex 
tév A, B toog Eotl té5 ex tv Z, H. avddoyov boa Wo 6 A 
med¢ tov Z, O H medc¢ tov B. uetoet dé 6 A tov Z: yetpet 
doa xol © H tov B. uetoettw autov xat& tov O. oUolwc dH 
del€ouev, StL 6 O 16 A obx Zotw 6 adtd¢. xal Exel O H tov 
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that the greatest of them, D, will be measured by no other 
(numbers) except A, B, C. 


Ar Et—— 
Br—— Fr—— 
Cr—— Ge 
D | Ht— 


For, if possible, let it be measured by F, and let FE not 
be the same as one of A, B, C. So it is clear that F is 
not prime. For if F is prime, and measures D, then it will 
also measure A, (despite A) being prime (and) not being 
the same as it [Prop. 9.12]. The very thing is impossible. 
Thus, F is not prime. Thus, (it is) composite. And every 
composite number is measured by some prime number 
[Prop. 7.31]. Thus, E is measured by some prime num- 
ber. So I say that it will be measured by no other prime 
number than A. For if E is measured by another (prime 
number), and # measures D, then this (prime number) 
will thus also measure D. Hence, it will also measure A, 
(despite A) being prime (and) not being the same as it 
[Prop. 9.12]. The very thing is impossible. Thus, A mea- 
sures F. And since & measures D, let it measure it ac- 
cording to F’. I say that F is not the same as one of A, B, 
C. For if F is the same as one of A, B, C, and measures 
D according to FE, then one of A, B, C' thus also measures 
D according to E. But one of A, B, C (only) measures 
D according to some (one) of A, B, C [Prop. 9.11]. And 
thus £ is the same as one of A, B, C. The very oppo- 
site thing was assumed. Thus, F is not the same as one 
of A, B, C. Similarly, we can show that F' is measured 
by A, (by) again showing that F is not prime. For if (F 
is prime), and measures D, then it will also measure A, 
(despite A) being prime (and) not being the same as it 
[Prop. 9.12]. The very thing is impossible. Thus, F' is 
not prime. Thus, (it is) composite. And every composite 
number is measured by some prime number [Prop. 7.31]. 
Thus, F' is measured by some prime number. So I say 
that it will be measured by no other prime number than 
A. For if some other prime (number) measures F’, and 
F measures D, then this (prime number) will thus also 
measure D. Hence, it will also measure A, (despite A) 
being prime (and) not being the same as it [Prop. 9.12]. 
The very thing is impossible. Thus, A measures F’. And 
since & measures D according to F, EF has thus made 
D (by) multiplying F’. But, in fact, A has also made D 
(by) multiplying C [Prop. 9.11 corr.]. Thus, the (number 
created) from (multiplying) A, C is equal to the (number 
created) from (multiplying) E, F. Thus, proportionally, 
as Ais to E, so F (is) to C [Prop. 7.19]. And A measures 
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B yeteet xat& tov O, 0 H doa tov O noAAarAaordoug Tov 
B nenotnxev. GAAG UAV xal O A EauTOV TOAAaTAMOLdOUS 
tov B nenoinxev’ 6 dea Und O, H toog Eotl 14 and tot A 
TETOAYWVe’ Zot koa Wo O O npd¢ tov A, 6 A Ted¢ Tov H. 
uetpet 6¢ O A tov H: uetpet dou xal 6 O tov A neditov 6vtH 
UN) v avTd O aVTOc ONE &TOTOV. OLX Hea O UEYLOTOG O 
A 10 etépou aovuot ustendyjoeta napee tev A, B, T- 
oree Eder SetEau. 


10. 
‘Edy chdyiotocg dovWuoc UNO TEMTwY colUdY UETPEATAL, 
bn’ ovdevdg GAAOV TEaTOV doeIWUOD YETenIHoETH Taps 
TOV € doY fc UETCObVTOY. 


A 


"Eddyiotoc yee govyoc 0 A Un TEaTHY doIUdY THY 
B, T, A veteciodw AEyw, 611 O A On’ Ovdevdc HAoU 
TewtoOV gud UetenYYjoeta napee tév B, LT, A. 

Et yoo Suvatdév, ueteciodw Undo Tewtou tod E, xal o 
E undevi tv B, PT, A gotw 6 wotd¢. nol Exel O E tov 
A uetest, uetoeita avtov xata tov Z 6 E toa tov Z 
TodAatAaoidoug tov A menotnxev. xal uetestta O A Um 
Tewtwv covdydy tv B, LT, A. éav 5€ dvO deduol ToA- 
hardacidoavtes GAAHAOUS ToLdot Tia, TOV d€ YevdUEVOV 
&€ AUTOVY UETEF Tic TEdStOc Goud, nal Eva tHv E€ dpY‘ic 
uetofjoer ot B,D, A dea Eva té&v E, Z ueteroovuow. tov 
yev obv E ov ueterjoouow: 0 ydo E neéitéc cots xal ovdevl 
tév B, TP, A 6 avtdéc. tov Z dou yetpovow eAcooova 6vta 
tot A: énep dd0vatov. 6 yuo A bndxeita EXdyrotog LTO 
tv B,D, A ueteobuevoc. obx dea tov A Uetefoet meét0¢ 
govwoc Tape téHv B, TP, A> nee gder SetEa. 
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E. Thus, F also measures C’. Let it measure it according 
to G. So, similarly, we can show that G is not the same 
as one of A, B, and that it is measured by A. And since 
F measures C' according to G, F has thus made C' (by) 
multiplying G. But, in fact, A has also made C (by) mul- 
tiplying B [Prop. 9.11 corr.]. Thus, the (number created) 
from (multiplying) A, B is equal to the (number created) 
from (multiplying) F', G. Thus, proportionally, as A (is) 
to F, so G (is) to B [Prop. 7.19]. And A measures F’. 
Thus, G also measures B. Let it measure it according to 
H. So, similarly, we can show that H is not the same as 
A. And since G measures B according to H, G has thus 
made B (by) multiplying H. But, in fact, A has also made 
B (by) multiplying itself [Prop. 9.8]. Thus, the (number 
created) from (multiplying) H, G is equal to the square 
on A. Thus, as H is to A, (so) A (is) to G [Prop. 7.19]. 
And A measures G. Thus, H also measures A, (despite 
A) being prime (and) not being the same as it. The very 
thing (is) absurd. Thus, the greatest (number) D cannot 
be measured by another (number) except (one of) A, B, 
C. (Which is) the very thing it was required to show. 


Proposition 14 


If a least number is measured by (some) prime num- 
bers then it will not be measured by any other prime 
number except (one of) the original measuring (num- 
bers). 


A 


_E «+ 


FRC 

For let A be the least number measured by the prime 
numbers B, C, D. I say that A will not be measured by 
any other prime number except (one of) B, C, D. 

For, if possible, let it be measured by the prime (num- 
ber) H. And let £ not be the same as one of B, C, D. 
And since £ measures A, let it measure it according to F’. 
Thus, & has made A (by) multiplying F. And A is mea- 
sured by the prime numbers B, C, D. And if two num- 
bers make some (number by) multiplying one another, 
and some prime number measures the number created 
from them, then (the prime number) will also measure 
one of the original (numbers) [Prop. 7.30]. Thus, B, C, 
D will measure one of F, F’. In fact, they do not measure 
E. For E is prime, and not the same as one of B, C, D. 
Thus, they (all) measure F’, which is less than A. The 
very thing (is) impossible. For A was assumed (to be) the 
least (number) measured by B, C, D. Thus, no prime 
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fal 
le. 
"Edy tosic deol efic avdAoyOY Gow erdytotot tév 
TOV QUTOV AdYOV EXdVTWY avTOIc, 500 OTOLOLlOUV oUY- 
tedévtec TEOG TOV AOITOY TedSTO low. 


Z. 


"Eotwouvy tocic deol sfc dvddoyov EAdytotoL Tév 
Tov HUTOV Adyov EXOvTIWY avTOIc Ot A, B, Ps AEyw, Stu tov 
A, B, I 600 ézowowobv ovuvtedévtes TEd¢ TOV AoITOV TEGTOL 
ciow, ot uev A, B mod¢ tov I, ot d€ B, T med¢ tov A xa 
étt ot A, [’ medc tov B. 

EUnpdwoauv yuo cdayiotor cevtuol tév TOV avTOV 
OYov exydvtwv toic A, B, T d00 ot AE, EZ. avepov 
of, Ott O yev AE Eavutoy rodAarAaoidouc tov A neroinxey, 
tov 6¢ EZ rodAandaoidoug tov B renotnxev, xal Ett 0 EZ 
EavUTOYV ToAAaTAaoidous tov I’ nerotnxev. xol Exel ot AE, 
EZ ehdyiotoi elow, medstor med¢ GAAHAOUS clotv. Edy bé 
S00 doll TEdtoL MEdS HAAHAOUC How, xal CUvaLPdTEEOS 
Ted ExdTEPOV TEGTO¢ EoTW xal O AZ dow Med¢ Exd&tEPOV 
tv AE, EZ mpésté¢ Eotw. GAAd Unv xol 0 AE med¢ tov 
EZ nedité¢ Eotw: oi AZ, AE doa npd¢ tov EZ reé5tot ciow. 
eav O€ SVO0 doluol TEd¢ Twa GELOUOV TEdTOL Wow, xal O 
&€ avté&v yevOuevog Med¢ Tov AolMOV TEdSTOG EoTIV’ Hote 
o &x tév ZA, AE noed¢ tov EZ neditd¢ Eotw: Hote xal O 
ex té&v ZA, AE npd¢ tov &nd tod EZ npiité¢ Eotw. [Edv 
yee Sv0 dowWyol TedStoL MEed¢ GAANAOUC Bow, O Ex TOU Evdc 
autéy yevduevog TOS TOV AoLMOV TEdStTHS Eat]. GAA’ O 
éx tiv ZA, AE 6 &no tot AE éott uet& tod ex téHv AE, 
EZ: 6 épa and tod AE ueta tov ex tv AE, EZ med¢ tov 
ano tol EZ npéitéc¢ Eotw. xat Eotw 6 ev and tod AE 
o A, 0 5& ex tv AE, EZ 0 B, 6 6 and tot} EZ oT: ot 
A, B dpa ovuvtedévtec mpd¢ tov [ npétol ciow. duotw¢ 51 
del€ouev, dt xal ot B, [ med¢ tov A xpétot ciow. Eyw 
oF, Ott xal ot A, I ned¢ tov B xpé5tot ciow. Exel yap O AZ 
med¢ Exctepov tév AE, EZ meditdc eotw, xal 0 and tod 
AZ red¢ tov ex tév AE, EZ meésté¢ otw. HAAG TG ATO 
tot AZ toot ciolv ot and tév AE, EZ uet& tod dic éx tiv 
AE, EZ: xt ot and tév AE, EZ dou eta tod dic O16 tév 
AE, EZ ned¢ tov Und tév AE, EZ xpéitot [eiot]. SteAdvtt 
oi ano tTé&v AK, EZ vet tod d&nag tnd AE, EZ npd¢ tov 
ono AE, EZ rpéstot ciow. Ett SteAdvtt ot dnd tHv AE, EZ 
&ou Ted¢ tov Und AE, EZ xpéstot ciow. xat eotw O ev 


ELEMENTS BOOK 9 


number can measure A except (one of) B, C, D. (Which 
is) the very thing it was required to show. 


Proposition 15 


If three continuously proportional numbers are the 
least of those (numbers) having the same ratio as them 
then two (of them) added together in any way are prime 
to the remaining (one). 

D &E F 


At ] 


Let A, B, C be three continuously proportional num- 
bers (which are) the least of those (numbers) having the 
same ratio as them. I say that two of A, B, C' added to- 
gether in any way are prime to the remaining (one), (that 
is) A and B (prime) to C, B and C to A, and, further, A 
and C to B. 

Let the two least numbers, DE and FF, having the 
same ratio as A, B, C, have been taken [Prop. 8.2]. 
So it is clear that DE has made A (by) multiplying it- 
self, and has made B (by) multiplying EF, and, fur- 
ther, EF has made C (by) multiplying itself [Prop. 8.2]. 
And since DE, EF are the least (of those numbers hav- 
ing the same ratio as them), they are prime to one an- 
other [Prop. 7.22]. And if two numbers are prime to 
one another then the sum (of them) is also prime to each 
[Prop. 7.28]. Thus, DF is also prime to each of DE, EF. 
But, in fact, DE is also prime to EF. Thus, DF, DE 
are (both) prime to EF. And if two numbers are (both) 
prime to some number then the (number) created from 
(multiplying) them is also prime to the remaining (num- 
ber) [Prop. 7.24]. Hence, the (number created) from 
(multiplying) FD, DE is prime to EF’. Hence, the (num- 
ber created) from (multiplying) FD, DE is also prime 
to the (square) on EF [Prop. 7.25]. [For if two num- 
bers are prime to one another then the (number) created 
from (squaring) one of them is prime to the remaining 
(number).] But the (number created) from (multiplying) 
FD, DE is the (square) on DE plus the (number cre- 
ated) from (multiplying) DE, EF [Prop. 2.3]. Thus, the 
(square) on DE plus the (number created) from (multi- 
plying) DE, EF is prime to the (square) on EF. And 
the (square) on DE is A, and the (number created) from 
(multiplying) DE, EF (is) B, and the (square) on EF 
(is) C. Thus, A, B summed is prime to C. So, similarly, 
we can show that B, C (summed) is also prime to A. So 
I say that A, C (summed) is also prime to B. For since 
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ano tod AE o A, 6 dé bn tév AE, EZ 6 B, 6 5€ and tot 
EZ oT. ot A, TP dea ovvtedévtec med¢ tov B rpeéstot cicw: 
Onee Eder Setea. 
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DF is prime to each of DE, EF then the (square) on DF 
is also prime to the (number created) from (multiplying) 
DE, EF [Prop. 7.25]. But, the (sum of the squares) on 
DE, EF plus twice the (number created) from (multiply- 
ing) DE, EF is equal to the (square) on DF [Prop. 2.4]. 
And thus the (sum of the squares) on DE, E'F plus twice 
the (rectangle contained) by DE, EF [is] prime to the 
(rectangle contained) by DE, EF. By separation, the 
(sum of the squares) on DE, EF plus once the (rect- 
angle contained) by DE, EF is prime to the (rectangle 
contained) by DE, EF.' Again, by separation, the (sum 
of the squares) on DE, EF is prime to the (rectangle 
contained) by DE, EF. And the (square) on DE is A, 
and the (rectangle contained) by DE, EF (is) B, and 
the (square) on EF (is) C. Thus, A, C summed is prime 
to B. (Which is) the very thing it was required to show. 


} Since if a 8 measures a? + 32 + 2a then it also measures a? + 32 + a G, and vice versa. 


iT. 
‘Edy 800 aovuol Teditol Meds AAANAOUS Wow, Obx EoTHL 
@¢ O TEGtO¢g MEd TOV BeUTEPOV, OUTWS O SeUTECOC TEOC 
YAKOV TIveL. 
At ! 


Abo yde aevuol ot A, B npétot med¢ HAAHAOUC EoTA- 
oa’ AEYW, TL ODX EotW Wo O A TEd¢ Tov B, ottwe 6 B 
TES GAAov tive. 

Et yao duvatév, Zotw wo 6 A med¢ tov B, 6 B xpd¢ 
tov T. oft d& A, B xpéitot, of SE TEdStOL xa EAAYyLaTOL, Ot SE 
eAdyiotot gehuol uetoovot tobs Tov aUTOV AdYOV EyovTac 
lodig O Te HYOUUEVOS TOV HYOUUEVOYV xoll O EMdUEVOS TOV 
emOuevoy’ UEtTost dea O A tov B we Hyovuevoc Hyowwevoy. 
ueteet S€ xol Eautdv’ O A doa tobe A, B ueteet mewtouc 
Ovtag TEdS GAAHAOUG’ STEP &tOTOV. OOxX Kou EoTa Wo O A 
med¢ tov B, ottwe 6 B ned¢ tov I: Snep Eder SetEan. 


Cs 
"Edy Gow ooodynrotovy aoWuol Efj¢ avdAoyov, ot SE 
door avUTHY TETOL MEO HAAHAOUC Wow, OLX EOTH wd O 
TedTOSG MEd Tov SebtEEOV, OVTWC O Eoyatog MEO GAAOV 


Proposition 16 


If two numbers are prime to one another then as the 
first is to the second, so the second (will) not (be) to some 
other (number). 


For let the two numbers A and B be prime to one 
another. I say that as A is to B, so B is not to some other 
(number). 

For, if possible, let it be that as A (is) to B, (so) 
B (is) to C. And A and B (are) prime (to one an- 
other). And (numbers) prime (to one another are) also 
the least (of those numbers having the same ratio as 
them) [Prop. 7.21]. And the least numbers measure 
those (numbers) having the same ratio (as them) an 
equal number of times, the leading (measuring) the lead- 
ing, and the following the following [Prop. 7.20]. Thus, 
A measures B, as the leading (measuring) the leading. 
And (A) also measures itself. Thus, A measures A and B, 
which are prime to one another. The very thing (is) ab- 
surd. Thus, as A (is) to B, so B cannot be to C. (Which 
is) the very thing it was required to show. 


Proposition 17 


If any multitude whatsoever of numbers is continu- 
ously proportional, and the outermost of them are prime 
to one another, then as the first (is) to the second, so the 


267 


STOIXEION 0’. 


TIvd. 

"Eotwoav Oooldsnnotovy cevuol E€ijc avédoyov ot A, 
B,T, A, ot 8& &xpot adtév ot A, A mpdtot Ted¢ GAAHAOUC 
Eotwoay’ EY, StL OVX Zotw wo 6 A TEd¢ Tov B, oVtw¢ 6 
A ted¢ d&AAov twé. 

A —— 


B -— 
> --— 
A ] 


—E eR 


Et yee Buvatdy, Zotw we O A med¢ tov B, ottwo Oo A 
Ted¢ TOV Ev EvadAaE How Eotly Wo 6 A Ted¢ tov A, 6 B npd¢ 
tov E. ot bé A, A xpdtor, ot SE med TOL xal EAGYLOTOL, Ot SE 
eAdytotot gevluol uetoovot tobs Tov aUTOV AdYOV EyovTac 
todxic 6 te HyOUWUEVOS TOV NYOUUEVOY Xo O ENdUEVOS TOV 
eméuevov. yetest doa o A tov B. xat Eotw ac O A med¢ 
tov B, 0 B neoc tov T. xal 0 B doa tov T ueteet Hote 
xoal Oo A tov I uetpet. xal nel cotw wo 0 B npdc tov T, 
oT npdc tov A, uetoet dé 0 B tov I, uetoet dow xal o TP 
tov A. adh’ o A tov T euéteer Bote O A xal tov A yetoet. 
uetpet O€ xal Eautdv. O A dea tob¢ A, A uetest TEwtoOUC 
Ovtag MEO GAAAAOUG’ ONE EoTlY GSVVaTOV. OVX hoa EoTHL 
wc 0 A med¢ tov B, ottwe O A Ted¢ GAdov tive StEE Eder 
deicoau. 


# 
iy : 
Abo dowdy Sodevtwy Erroxéepaodat, et Svvatdv Eottv 
avtoic teitov avékovov Teoceupelv. 
et T ] 
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last will not be to some other (number). 

Let A, B, C, D be any multitude whatsoever of con- 
tinuously proportional numbers. And let the outermost 
of them, A and D, be prime to one another. I say that as 
A is to B, so D (is) not to some other (number). 


For, if possible, let it be that as A (is) to B, so D 
(is) to &. Thus, alternately, as A is to D, (so) B (is) 
to & [Prop. 7.13]. And A and D are prime (to one 
another). And (numbers) prime (to one another are) 
also the least (of those numbers having the same ra- 
tio as them) [Prop. 7.21]. And the least numbers mea- 
sure those (numbers) having the same ratio (as them) an 
equal number of times, the leading (measuring) the lead- 
ing, and the following the following [Prop. 7.20]. Thus, 
A measures B. And as A is to B, (so) B (is) to C. Thus, B 
also measures C’. And hence A measures C [Def. 7.20]. 
And since as B is to C, (so) C (is) to D, and B mea- 
sures C’, C thus also measures D [Def. 7.20]. But, A was 
(found to be) measuring C’. And hence A also measures 
D. And (A) also measures itself. Thus, A measures A 
and D, which are prime to one another. The very thing is 
impossible. Thus, as A (is) to B, so D cannot be to some 
other (number). (Which is) the very thing it was required 
to show. 


Proposition 18 


For two given numbers, to investigate whether it is 
possible to find a third (number) proportional to them. 
At——— C 


B ie ZN ! 

"Eowwoav ot do0Evtec SUO dovyoi ot A, B, xal 
déov Eotw EmtoxépaoVa, et Suvatdv got avtotc toettov 
averhOYOV TEOCELCELV. 

Ot 67 A, B tor nestor mEd¢ GAAHAOUS Eloly 7} Ov. xall Et 
TEGTOL TEOS GAARHAOUS Eloty, SéSerxTaHL, STL GSUVVATOV EoTLV 
avtoic teitov avédoyoy meoceupEty. 

AAG BY UA Eotwoav ot A, B npéitor ned GAAKAOUG, 
nal 0 B Eautov noAAanAaoidous tov I notettw. 6 A 54 tov 
IT frou yeteet f ov ueteet. Uetositw Tedtepov xaTt& tov A: 
0 A doa tov A noddkandaoidoug tov T nenotnxev. dhAa why 
xal o B Eautov nohAandaoiioac tov I’ nenotnxev’ 0 tow 


B D 

Let A and B be the two given numbers. And let it 
be required to investigate whether it is possible to find a 
third (number) proportional to them. 

So A and B are either prime to one another, or not. 
And if they are prime to one another then it has (already) 
been show that it is impossible to find a third (number) 
proportional to them [Prop. 9.16]. 

And so let A and B not be prime to one another. And 
let B make C (by) multiplying itself. So A either mea- 
sures, or does not measure, C’. Let it first of all measure 
(C) according to D. Thus, A has made C' (by) multiply- 
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éx tov A, A toog Eotl 16 and tot B. gotw dea wo O A 
med¢ tov B, 6 B ned¢ tov A: totic A, B dou teito¢ deud¢ 
a&véroyov Teoonventa 6 A. 

AAA& BY Ut UEtecittwa Oo A tov I: Aéyw, dtt toic A, B 
adOvaTtov EoTL TeITOV avdAOYOV TeOcEUPEIV aeLOUOV. El YcE 
duvatév, Teconverodw o A. 6 tea éx tév A, A toog éotl 
tT &nd tod B. 6 8é and tod B eotw OT 6 dou Ex tHv A, 
A ioog Eotl 1 T. Bote 6 A tov A roddathacidouc tov 
I’ nenotnxev' 6 A dea tov TP uetpet xate tov A. dA uy 
Unoxelton xl UA) UETedSv’ STEP &TOTOV. OLX doa SuVvaATdV 
éott toic A, B teitov avédhoyov nmeooeupsiv devuov, Stav 


0 A tov T un vetoes Onee Eder SeiFau. 


Wo’. 


Teidv deudy sodéviwy emoxébaoda, mote SUVatév 
EOTW AUTOIC TETUPTOV AVAOYOV TeOCEUPELV. 
| 


B 
TL 
A 


—E_ eR 


*Eowouy ot dovevtes tocic dovOuol ot A, B, I’, xal déov 
gow emoxepaova, mdte Suvatdv Eotlv aUTOIg TETAPTOV 
avédoyov TMeoceupEty. 

"Htot odv o0% low e€fic avédoyov, xal ot dxpot avtéy 
TeGtoL TEdS GAAYAOUC Eloly, 7 ECi¢ Elow avddoyvov, xal ol 
&xpor adTev Ox Eiot TEGTOL TEd¢ GAAHAOUG, fH OUTE Etfic 
cloly EVAAOYOY, OUTE Ol &xEOl AUTEY TEdTOL MEO HAAHAOUC 
cloly, 7 xal eCijc elow avédoyoy, xal ot dxeot MUTeY TeétoOL 
TES GAAAAOUS Eloly. 

Et yév odv ot A, B, T e€ic iow avédoyov, xal ot 
d&xpot avtév ot A, T npéstot mpd¢ GAA AOU ecioty, SéderxTHL, 
OTL ASbvaTOY EoTIV AUTOIC TETAETOV AVaEAOYOV TEOCGELEEIY 
gowudv. Un Eotwoay di) ot A, B, I e&%ic avddoyov tév 
aKedY THA O6VTWY TEATWY TEOG GAANAOUC. AEYW, OTL 
xa oUTW> adbvaTOYV EoTIy adTOIC TETUPTOV KVEAOYOV TOEO- 
oeupely. el Yue Suvatdv, TeEoGEVEHOVW O A, dote civat we 
tov A mpdc tov B, tov I npd¢ tov A, xal yeyovétw a> 6 B 
med¢ tov T', 6 A npd¢ tov E. ual enet Eotw w¢ ev O A med¢ 
tov B, oT npd¢ tov A, wo dé 6 B npd¢ tov T, 6 A ned¢ 
tov E, dv toov doa we 6 A npd¢ tov T', 6 T npd¢ tov E. ot 
dé A, TP npétor, ot dE Tedtor xal EAdyrotor, ot SE EAQYKLOTOL 
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ing D. But, in fact, B has also made C (by) multiplying 
itself. Thus, the (number created) from (multiplying) A, 
D is equal to the (square) on B. Thus, as A is to B, (so) 
B (is) to D [Prop. 7.19]. Thus, a third number has been 
found proportional to A, B, (namely) D. 

And so let A not measure C’.. I say that it is impossi- 
ble to find a third number proportional to A, B. For, if 
possible, let it have been found, (and let it be) D. Thus, 
the (number created) from (multiplying) A, D is equal to 
the (square) on B [Prop. 7.19]. And the (square) on B 
is C. Thus, the (number created) from (multiplying) A, 
D is equal to C. Hence, A has made C (by) multiplying 
D. Thus, A measures C’ according to D. But (A) was, in 
fact, also assumed (to be) not measuring (C). The very 
thing (is) absurd. Thus, it is not possible to find a third 
number proportional to A, B when A does not measure 
C. (Which is) the very thing it was required to show. 


Proposition 19% 


For three given numbers, to investigate when it is pos- 
sible to find a fourth (number) proportional to them. 
Ae 


B 
C 
D 


E ] 

Let A, B, C be the three given numbers. And let it be 
required to investigate when it is possible to find a fourth 
(number) proportional to them. 

In fact, (A, B, C) are either not continuously pro- 
portional and the outermost of them are prime to one 
another, or are continuously proportional and the outer- 
most of them are not prime to one another, or are neither 
continuously proportional nor are the outermost of them 
prime to one another, or are continuously proportional 
and the outermost of them are prime to one another. 

In fact, if A, B, C are continuously proportional, and 
the outermost of them, A and C, are prime to one an- 
other, (then) it has (already) been shown that it is im- 
possible to find a fourth number proportional to them 
[Prop. 9.17]. So let A, B, C not be continuously propor- 
tional, (with) the outermost of them again being prime to 
one another. I say that, in this case, it is also impossible 
to find a fourth (number) proportional to them. For, if 
possible, let it have been found, (and let it be) D. Hence, 
it will be that as A (is) to B, (so) C (is) to D. And let it be 
contrived that as B (is) to C, (so) D (is) to #. And since 
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, 


ueteovat tobs Tov avTOV AdYOV EyovTac 6 Te NYObUEVOS 
TOV NYOUUEVOY xa O EMOUEVOS TOV ENOUEVOY. LETEEt Hoa O 
A tov T &¢ Hyotuevoc nyobuevoyv. YEToet S€ xa EavTdV 
0 A éa tobe A, TI uetoet meatoug é6vta¢g mMed¢ GAAYAOUC: 
étEee Eotlv adbvatov. obx &ea toic A, B, T duvatdyv éott 
TETLOTOV AVEAOYOY TEOGEUPElY. 

AAA OF TéAW Eotwouy ot A, B, TP e&ic aveeoyov, ot dé 
A, T yh Eotwouy mpéstot med¢ GAAHAOUE. AEYO, StL BUVATOV 
EOTW AUTOIC TETAPTOV AVAAOYOYV TeOCELEEIV. O yee B tov 
TohAatAaoidous tov A notetta O A doa tov A ytoL YETpEt 
7) OU uetpel. Uetositw avVTOV TPdTEPOV xaTa TOV E: 6 A doa 
tov E noddaraAaoidoacg tov A renotnxev. GAd Uy xal O 
B tov I nod\dandacidoug tov A nenotnxev’ O hoa ex tiv 
A, E toog éotl 6 éx tév B, T. dvédoyov doa [Eotly] wc 6 
A med¢ tov B, OT med¢ tov E: tolc A, B, TP doa tétaptoc 
avédoyov Teoonventa o E. 

AAG 5H UA UETecitw 6 A tov A> AEYO, tL dSUVaTOV 
éott totic A, B, P tétaptov avéhoyov meooeupetv doWyov. 
ei yuo Suvatdyv, TpPOcEVEYHOVW O E 6 dow Ex té&v A, E tooc 
cotl té Ex tHv B, T. GAAd 0 Ex tv B, TP eotw 6 A: xa 
6 éx tév A, E &pa too oti 165 A. 6 A dpa tov E no\\oe 
TAaoidous tov A neroinxev’ 6 A doa tov A uetest xat& tov 
E: ote yetoet 6 A tov A. GAA xa Ob UETeEt OnE &tOTOY. 
ovx éoa Suvatoy Eott totic A, B, I tétaetov aveAoyov Te0- 
oeveely dorudv, Otav O A tov Aun Uetey. AAG S57 ot A, B, 
T une e€fic Eotwouv avédoyoy ute ot &xoot TEdITOL TEd¢ 
dAVAous. xal 6 B tov [ noddanraordoug tov A rotetto. 
Ouoturc 1) SetyOfoeta, StL ei WEV UeToEt O A tov A, dv- 
vatdv Eotly avUtoic aVeAOYOV TEOCGEUEEIV, El SE OD LETCEt, 
&Svvatov’ Step Eder Seiga. 
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as A is to B, (so) C (is) to D, and as B (is) to C, (so) D 
(is) to F, thus, via equality, as A (is) to C, (so) C (is) to E 
[Prop. 7.14]. And A and C (are) prime (to one another). 
And (numbers) prime (to one another are) also the least 
(numbers having the same ratio as them) [Prop. 7.21]. 
And the least (numbers) measure those numbers having 
the same ratio as them (the same number of times), the 
leading (measuring) the leading, and the following the 
following [Prop. 7.20]. Thus, A measures C, (as) the 
leading (measuring) the leading. And it also measures 
itself. Thus, A measures A and C, which are prime to 
one another. The very thing is impossible. Thus, it is not 
possible to find a fourth (number) proportional to A, B, 
C. 

And so let A, B, C again be continuously propor- 
tional, and let A and C not be prime to one another. I 
say that it is possible to find a fourth (number) propor- 
tional to them. For let B make D (by) multiplying C. 
Thus, A either measures or does not measure D. Let it, 
first of all, measure (D) according to E. Thus, A has 
made D (by) multiplying &. But, in fact, B has also made 
D (by) multiplying C. Thus, the (number created) from 
(multiplying) A, EF is equal to the (number created) from 
(multiplying) B, C. Thus, proportionally, as A [is] to B, 
(so) C' (is) to E [Prop. 7.19]. Thus, a fourth (number) 
proportional to A, B, C has been found, (namely) EF. 

And so let A not measure D. I say that it is impossible 
to find a fourth number proportional to A, B, C. For, if 
possible, let it have been found, (and let it be) &. Thus, 
the (number created) from (multiplying) A, FE is equal to 
the (number created) from (multiplying) B, C. But, the 
(number created) from (multiplying) B, C is D. And thus 
the (number created) from (multiplying) A, E is equal to 
D. Thus, A has made D (by) multiplying £. Thus, A 
measures D according to E. Hence, A measures D. But, 
it also does not measure (D). The very thing (is) absurd. 
Thus, it is not possible to find a fourth number propor- 
tional to A, B, C when A does not measure D. And so 
(let) A, B, C (be) neither continuously proportional, nor 
(let) the outermost of them (be) prime to one another. 
And let B make D (by) multiplying C. So, similarly, it 
can be show that if A measures D then it is possible to 
find a fourth (number) proportional to (A, B, C), and 
impossible if (A) does not measure (D). (Which is) the 
very thing it was required to show. 


+ The proof of this proposition is incorrect. There are, in fact, only two cases. Either A, B, C' are continuously proportional, with A and C' prime 


to one another, or not. In the first case, it is impossible to find a fourth proportional number. In the second case, it is possible to find a fourth 


proportional number provided that A measures B times C’.. Of the four cases considered by Euclid, the proof given in the second case is incorrect, 


since it only demonstrates that if A: B :: C : D then a number F cannot be found such that B : C :: D: E. The proofs given in the other three 
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cases are correct. 


x. 

Ot reditor corWuol mAciouc ciol avto¢ Tot neoteVEvtOC 

TAHVous TEOTWY HoLOUdy. 
Ar 


B 
LT | 
E Ac7 


"Eotwouv ol teoteVEevtec Teditor dovuol oi A, B, T° 
Eyw, Ott THv A, B, TP mAciouc eiot rpétor govdyot. 

El jovw yao 6 Und tév A, B, T eAdcyrotocg ueteovuevoc 
xat Eotw AE, xol neooxetodw 165 AE wovac 7 AZ. 6 54 EZ 
HtOL MEGtd¢ Cot OV. Ect TEdTEPOV TESTO: EvENLEVOL 
&ea ciol npdtor dovyoi ot A, B, P, EZ mAetouc tév A, B, 


Hr 


po 


AAG OF UA Eotw O EZ nedéitoc: bn6 Teadtou goa twwO¢ 
geuod Uetoeita. uetociow Und Towtou tot H: Aéyu, 
ou 6 H ovdevi tév A, B, T éotw 6 abdtdc. ci ydo Suvatév, 
éotw. ot dé A, B, [ tov AE yuetpovow: xal 6 H doa tov 
AE uetejoet. uetoet 5€ xal tov EZ: xat Aowhv thy AZ 
yovada uetenoet O H apd dv: One &tOTOV. Ox Gea O 
H evi tév A, B, TP gotw 6 avtéc. xal brdxerta meétoc. 
ELENLEVOL Goa ciol Tedtot coWuol mAEtouc Tob neoteVEVtTOC 
TAYVous tv A, B, T ot A, B, TP, H: dnep eer SetEon. 


, 


Xd. 


‘Edy dotiot derWyol Onocolotv ovuvteddow, O dAdo 


hetid¢ EoTwW. 

a : 

huyxciodwoav yao g&etiot dewWyol Onocotoby oi AB, 
BI, TA, AE: Eva, 6tt GAOg 6 AE hotid¢ Eotw. 

‘Enel yup Exaotoc tév AB, BL, TA, AE dotidé¢ Eotw, 
éyet Ueeoc ulou" ote xal dAoc O AE Eyet ugoog yutov. 
detiog dé dolludc EoTtW O Biya SiaieobUEvoc: ketIog hoa 
éotlv O AE: émep eden deigau. 
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Proposition 20 


The (set of all) prime numbers is more numerous than 
any assigned multitude of prime numbers. 


At G t+ 
B tT 

Ci 
} DF 


I 

Let A, B, C be the assigned prime numbers. I say that 
the (set of all) primes numbers is more numerous than A, 
B,C. 

For let the least number measured by A, B, C have 
been taken, and let it be DE [Prop. 7.36]. And let the 
unit DF have been added to DE. So EF is either prime, 
or not. Let it, first of all, be prime. Thus, the (set of) 
prime numbers A, B, C, EF, (which is) more numerous 
than A, B, C, has been found. 

And so let EF not be prime. Thus, it is measured by 
some prime number [Prop. 7.31]. Let it be measured by 
the prime (number) G. I say that G is not the same as 
any of A, B, C. For, if possible, let it be (the same). And 
A, B, C (all) measure DE. Thus, G will also measure 
DE. And it also measures EF. (So) G will also mea- 
sure the remainder, unit DF’, (despite) being a number 
[Prop. 7.28]. The very thing (is) absurd. Thus, G is not 
the same as one of A, B, C. And it was assumed (to be) 
prime. Thus, the (set of) prime numbers A, B, C, G, 
(which is) more numerous than the assigned multitude 
(of prime numbers), A, B, C, has been found. (Which is) 
the very thing it was required to show. 


Proposition 21 


If any multitude whatsoever of even numbers is added 
together then the whole is even. 

A B C D E 

f t t t 1 

For let any multitude whatsoever of even numbers, 
AB, BC, CD, DE, lie together. I say that the whole, 
AE, is even. 

For since everyone of AB, BC, CD, DE is even, it 
has a half part [Def. 7.6]. And hence the whole AF has 
a half part. And an even number is one (which can be) 
divided in half [Def. 7.6]. Thus, AF is even. (Which is) 
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, 
xB". 
‘Edy tepiccol aoevWyol Onocoloby ovvtediow, TO dé 
TAR VO¢ avTEY dotiov fH, O GAog Kotlog EoTAL. 


A B OT A E 

I t t t 1 

huyxeioVwoauvy yao neetocol deWuol dooldnnototyv 
&etiot TO TAHVoo ot AB, BY, TA, AE: déyw, dt SAO 
0 AE éoti6¢ Eotl. 

‘Enel yup Exaotoc tv AB, BI, TA, AE negitté¢ Eotw, 
apapetetong Uovddocg ap’ Exdotou Exaotog THv oinddy 
&etlog Eota’ Gote xal O ovuyxetuevoc E€ autév detioc 
gota. eott d€ xal TO TAVO Té&v Yovddwv dotIov. xall 
dhocg Goa O AE doetidc Eotw’ Sree Eder Seiga. 


, 
ny". 
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the very thing it was required to show. 


Proposition 22 


If any multitude whatsoever of odd numbers is added 
together, and the multitude of them is even, then the 
whole will be even. 

A BC D E 


-_ fp} + _f______ 

For let any even multitude whatsoever of odd num- 
bers, AB, BC, CD, DE, lie together. I say that the 
whole, AF, is even. 

For since everyone of AB, BC, CD, DE is odd then, a 
unit being subtracted from each, everyone of the remain- 
ders will be (made) even [Def. 7.7]. And hence the sum 
of them will be even [Prop. 9.21]. And the multitude 
of the units is even. Thus, the whole AF is also even 
[Prop. 9.21]. (Which is) the very thing it was required to 
show. 


Proposition 23 


If any multitude whatsoever of odd numbers is added 
together, and the multitude of them is odd, then the 
whole will also be odd. 

A B C E D 


[}_ $$. p+ 

For let any multitude whatsoever of odd numbers, 
AB, BC, CD, lie together, and let the multitude of them 
be odd. I say that the whole, AD, is also odd. 

For let the unit DE have been subtracted from CD. 
The remainder CF is thus even [Def. 7.7]. And CA 
is also even [Prop. 9.22]. Thus, the whole AEF is also 
even [Prop. 9.21]. And DE is a unit. Thus, AD is odd 
[Def. 7.7]. (Which is) the very thing it was required to 
show. 


Proposition 24 


If an even (number) is subtracted from an(other) even 
number then the remainder will be even. 

A C B 
(> 

For let the even (number) BC have been subtracted 
from the even number AB. I say that the remainder C'A 
is even. 

For since AB is even, it has a half part [Def. 7.6]. So, 
for the same (reasons), BC also has a half part. And 
hence the remainder [CA has a half part]. [Thus,] AC is 
even. (Which is) the very thing it was required to show. 
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Proposition 25 


If an odd (number) is subtracted from an even num- 
ber then the remainder will be odd. 


A Cc D B 


For let the odd (number) BC have been subtracted 
from the even number AB. I say that the remainder C'A 
is odd. 

For let the unit CD have been subtracted from BC. 
DB is thus even [Def. 7.7]. And AB is also even. And 
thus the remainder AD is even [Prop. 9.24]. And CD is 
a unit. Thus, C’A is odd [Def. 7.7]. (Which is) the very 
thing it was required to show. 


Proposition 26 


If an odd (number) is subtracted from an odd number 
then the remainder will be even. 
D B 


AC 

For let the odd (number) BC have been subtracted 
from the odd (number) AB. I say that the remainder C'A 
is even. 

For since AB is odd, let the unit BD have been 
subtracted (from it). Thus, the remainder AD is even 
[Def. 7.7]. So, for the same (reasons), CD is also 
even. And hence the remainder CA is even [Prop. 9.24]. 
(Which is) the very thing it was required to show. 


Proposition 27 


If an even (number) is subtracted from an odd num- 
ber then the remainder will be odd. 


AD @ B 


For let the even (number) BC have been subtracted 
from the odd (number) AB. I say that the remainder C'A 
is odd. 

[For] let the unit AD have been subtracted (from AB). 
DB is thus even [Def. 7.7]. And BC is also even. Thus, 
the remainder C’D is also even [Prop. 9.24]. CA (is) thus 
odd [Def. 7.7]. (Which is) the very thing it was required 
to show. 


Proposition 28 


If an odd number makes some (number by) multiply- 
ing an even (number) then the created (number) will be 
even. 
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At 
B! 
CA 


For let the odd number A make C (by) multiplying 
the even (number) B. I say that C is even. 

For since A has made C (by) multiplying B, C is thus 
composed out of so many (magnitudes) equal to B, as 
many as (there) are units in A [Def. 7.15]. And B is 
even. Thus, C' is composed out of even (numbers). And 
if any multitude whatsoever of even numbers is added 
together then the whole is even [Prop. 9.21]. Thus, C is 
even. (Which is) the very thing it was required to show. 


Proposition 29 


If an odd number makes some (number by) multiply- 
ing an odd (number) then the created (number) will be 
odd. 


For let the odd number A make C' (by) multiplying 
the odd (number) B. I say that C is odd. 

For since A has made C (by) multiplying B, C is thus 
composed out of so many (magnitudes) equal to B, as 
many as (there) are units in A [Def. 7.15]. And each 
of A, B is odd. Thus, C is composed out of odd (num- 
bers), (and) the multitude of them is odd. Hence C is odd 
[Prop. 9.23]. (Which is) the very thing it was required to 
show. 


Proposition 30 


If an odd number measures an even number then it 
will also measure (one) half of it. 
ae 


B! 
Ci 


For let the odd number A measure the even (number) 
B. I say that (A) will also measure (one) half of (B). 

For since A measures B, let it measure it according to 
C. I say that C is not odd. For, if possible, let it be (odd). 
And since A measures B according to C, A has thus made 
B (by) multiplying C. Thus, B is composed out of odd 
numbers, (and) the multitude of them is odd. B is thus 
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odd [Prop. 9.23]. The very thing (is) absurd. For (B) 
was assumed (to be) even. Thus, C' is not odd. Thus, C 
is even. Hence, A measures B an even number of times. 
So, on account of this, (A) will also measure (one) half 
of (B). (Which is) the very thing it was required to show. 


Proposition 31 


If an odd number is prime to some number then it will 
also be prime to its double. 


At 


For let the odd number A be prime to some number 
B. And let C be double B. I say that A is [also] prime to 
C. 

For if [A and C] are not prime (to one another) then 
some number will measure them. Let it measure (them), 
and let it be D. And A is odd. Thus, D (is) also odd. 
And since D, which is odd, measures C’,, and C is even, 
[D] will thus also measure half of C [Prop. 9.30]. And B 
is half of C. Thus, D measures B. And it also measures 
A. Thus, D measures (both) A and B, (despite) them 
being prime to one another. The very thing is impossible. 
Thus, A is not unprime to C. Thus, A and C are prime to 
one another. (Which is) the very thing it was required to 
show. 


Proposition 32 


Each of the numbers (which is continually) doubled, 
(starting) from a dyad, is an even-times-even (number) 
only. 


D! | 

For let any multitude of numbers whatsoever, B, C, 
D, have been (continually) doubled, (starting) from the 
dyad A. I say that B, C, D are even-times-even (num- 
bers) only. 

In fact, (it is) clear that each [of B, C, D] is an 
even-times-even (number). For it is doubled from a dyad 
[Def. 7.8]. I also say that (they are even-times-even num- 
bers) only. For let a unit be laid down. Therefore, since 
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any multitude of numbers whatsoever are continuously 
proportional, starting from a unit, and the (number) A af- 
ter the unit is prime, the greatest of A, B, C, D, (namely) 
D, will not be measured by any other (numbers) except 
A, B, C [Prop. 9.13]. And each of A, B, C is even. Thus, 
D is an even-time-even (number) only [Def. 7.8]. So, 
similarly, we can show that each of B, C is [also] an even- 
time-even (number) only. (Which is) the very thing it was 
required to show. 


Proposition 33 


If a number has an odd half then it is an even-time- 
odd (number) only. 

Al 

For let the number A have an odd half. I say that A is 
an even-times-odd (number) only. 

In fact, (it is) clear that (A) is an even-times-odd 
(number). For its half, being odd, measures it an even 
number of times [Def. 7.9]. So I also say that (it is 
an even-times-odd number) only. For if A is also an 
even-times-even (number) then it will be measured by an 
even (number) according to an even number [Def. 7.8]. 
Hence, its half will also be measured by an even number, 
(despite) being odd. The very thing is absurd. Thus, A 
is an even-times-odd (number) only. (Which is) the very 
thing it was required to show. 


Proposition 34 


If a number is neither (one) of the (numbers) doubled 
from a dyad, nor has an odd half, then it is (both) an 
even-times-even and an even-times-odd (number). 

Al 

For let the number A neither be (one) of the (num- 
bers) doubled from a dyad, nor let it have an odd half. 
I say that A is (both) an even-times-even and an even- 
times-odd (number). 

In fact, (it is) clear that A is an even-times-even (num- 
ber) [Def. 7.8]. For it does not have an odd half. So I 
say that it is also an even-times-odd (number). For if we 
cut A in half, and (then cut) its half in half, and we do 
this continually, then we will arrive at some odd num- 
ber which will measure A according to an even number. 
For if not, we will arrive at a dyad, and A will be (one) 
of the (numbers) doubled from a dyad. The very oppo- 
site thing (was) assumed. Hence, A is an even-times-odd 
(number) [Def. 7.9]. And it was also shown (to be) an 
even-times-even (number). Thus, A is (both) an even- 
times-even and an even-times-odd (number). (Which is) 
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+ This proposition allows us to sum a geometric series of the form a, 
(ar —a)/a = (ar” —a)/Sn. Hence, Sp = a(r™ — 1)/(r — 1). 
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the very thing it was required to show. 


Proposition 35? 


If there is any multitude whatsoever of continually 
proportional numbers, and (numbers) equal to the first 
are subtracted from (both) the second and the last, then 
as the excess of the second (number is) to the first, so the 
excess of the last will be to (the sum of) all those (num- 
bers) before it. 

A | 


B 


D! ] 
EL K H 


Let A, BC, D, EF be any multitude whatsoever of 
continuously proportional numbers, beginning from the 
least A. And let BG and FH, each equal to A, have been 
subtracted from BC and EF (respectively). I say that as 
GC is to A, so FH is to A, BC, D. 

For let FK be made equal to BC, and FL to D. And 
since F'K is equal to BC, of which F'H is equal to BG, 
the remainder HK is thus equal to the remainder GC. 
And since as EF is to D, so D (is) to BC, and BC to 
A [Prop. 7.13], and D (is) equal to FL, and BC to FK, 
and Ato FH, thus as EF is to FL, so LF (is) to PK, and 
FK to FH. By separation, as FL (is) to LF, so LK (is) 
to FK, and KH to FH [Props. 7.11, 7.13]. And thus as 
one of the leading (numbers) is to one of the following, 
so (the sum of) all of the leading (numbers is) to (the 
sum of) all of the following [Prop. 7.12]. Thus, as KH 
is to FH, so EL, LK, KH (are) to LF, FK, HF. And 
KH (is) equal to CG, and FH to A, and LF, FK, HF 
to D, BC, A. Thus, as CG is to A, so HA (is) to D, 
BC, A. Thus, as the excess of the second (number) is to 
the first, so the excess of the last (is) to (the sum of) all 
those (numbers) before it. (Which is) the very thing it 
was required to show. 


i n—1 


ar, ar’, ar?,---ar . According to Euclid, the sum S;, satisfies 


Proposition 36' 


If any multitude whatsoever of numbers is set out con- 
tinuously in a double proportion, (starting) from a unit, 
until the whole sum added together becomes prime, and 
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Ott O ZH téde1d¢ Eotty. 


Aw 


Or— 
J. [-——— 

“Ooo yd ciow ot A, B, PT, A tH TAHVer, tooobtor and 
tod E cikhpdwouy év tH SitAaotow avadoyig ot E, OK, A, 
M: &t’ toou doa Eotiv we O A mpd¢ tov A, odtwo 6 E ned¢ 
tov M. 6 doa ex tév E, A toog éoti 16 ex tév A, M. xat 
gov O x tév E, A 6 ZH: xal 6 ex tév A, M dou Eotlv 6 
ZH. 6 A &a tov M noddandaoidoug tov ZH nenoinxev’ 0 
M &a tov ZH vetost xat& tac ev 16) A yovddac. xat ott 
dud O A’ SitAdotog Gow Eotly O ZH tod M. iol dé xal ot M, 
A, OK, E e&f{¢ Sit douor DAKAwV: ot E, OK, A, M, ZH dea 
ECiic avedoyov ciow Ev TY} StmAaolow avadoyia. apnofodw 
d1 &nO tod Sevtéeou tot OK xat tod Eoyd&tov tod ZH 65 
TEMTH T6) E too¢g exdtepoc tév ON, ZE: gotw doa wc 7 
to deutéeou aero Umepo0y Ted¢ TOV TEdTOV, OUTWS 7 
tov coydtov UmEEOYT] TEd¢ TOUe TEO EaUTOD M&vTUC. EoTIV 
goa Wo 6 NK med¢ tov E, ottwo 6 EH med¢ tobe M, A, 
KO, E. xai ¢otw 6 NK tooc 165 Es xol 6 SH doa toog Eotl 
toic M, A, OK, E. got 5€ xol O ZE 16 E tooc, 6 5¢ E 
toic A, B, PT, A xat tH Uovddr. ddo¢ dow 6 ZH toog Eotl 
toic te E, OK, A, M xai totic A, B, DT, A xot tH ovddr 
xol YeTpeitoa Un avTdy. AEya, Ott xal O ZH Un’ ovdevdc 
d&Aov UEtonvyoeta napee tv A, B, T, A, E, OK, A, M 
xal Thc Wovddoc. el yuo Suvatdyv, UeTocitw tic tov ZH oO 
O, xal 6 O undevi tv A, B, PT, A, E, OK, A, M Zotw 6 


avtocg. “al Oodutc 0 O tov ZH uetpet, tooadtoa Yovadec 
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the sum multiplied into the last (number) makes some 
(number), then the (number so) created will be perfect. 

For let any multitude of numbers, A, B, C, D, be set 
out (continuouly) in a double proportion, until the whole 
sum added together is made prime. And let E’ be equal to 
the sum. And let E make FG (by) multiplying D. I say 
that F'G is a perfect (number). 


Pe 

Qr—— 

For as many as is the multitude of A, B, C, D, let so 
many (numbers), £, HK, L, M, have been taken in a 
double proportion, (starting) from E. Thus, via equal- 
ity, as A is to D, so E (is) to M [Prop. 7.14]. Thus, the 
(number created) from (multiplying) EF, D is equal to the 
(number created) from (multiplying) A, M@. And FG is 
the (number created) from (multiplying) FE, D. Thus, 
FG is also the (number created) from (multiplying) A, 
M [Prop. 7.19]. Thus, A has made F'G (by) multiplying 
M. Thus, M measures FG according to the units in A. 
And A is a dyad. Thus, FG is double M. And M, L, 
HK, E are also continuously double one another. Thus, 
E, HK, L, M, FG are continuously proportional in a 
double proportion. So let HN and FO, each equal to the 
first (number) FE, have been subtracted from the second 
(number) HK and the last FG (respectively). Thus, as 
the excess of the second number is to the first, so the ex- 
cess of the last (is) to (the sum of) all those (numbers) 
before it [Prop. 9.35]. Thus, as NK is to E, so OG (is) 
to M, L, KH, E. And NK is equal to E. And thus OG 
is equal to M, L, HK, E. And FO is also equal to E, 
and FE to A, B, C, D, and a unit. Thus, the whole of FG 
is equal to E, HK, L, M, and A, B, C, D, and a unit. 
And it is measured by them. I also say that F'G will be 
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éotwouy ev 6) IT 6 IT doa tov O nodAandacidoac tov ZH 
metotnxev. GAAd uyy xal Oo E tov A nodAarAacikoug tov 
ZH nenotnxev’ Eatw doa wo 0 E medc¢ tov II, 0 O med¢ tov 
A. xal enet and Lovadocg e€fic avédoyov ciow oi A, B, TP, 
A, 6A da br’ oddevdc &Aov aovWuod YeteNnDhoeta Tapes 
tv A, BT. xol brdxerta 6 O ovdevi tv A, B, [6 abvté<¢: 
ovx dea ueteyjoet 0 O tov A. dA’ Wo O O Ted¢ tov A, 6 
E ned¢ tov II ovde 6 E dpa tov II uetpet. xat eotw 0 E 
TEGO Nac SE TESTO Kod TEOS UMavVTA, OV UY UETPEt, 
nedstdc [Eott]. ot E, IT &px reéstor med¢ KAAHAOUC ciotv. ot 
dé TEGTOL Kal EAAYLOTOL, OL SE EAAYLOTOL UETEOVOL TOb¢ TOV 
avtov Adyov Exovtuc lodxic 6 Te NYOWUEVOs TOV NYObUEVOV 
nal 0 EnduEvOc TOV EMdUEVOV’ xa EotW wc O E ned¢ Tov II, 
0 O med¢ tov A. tod doa 6 E tov O Uetpet xal 6 II tov 
A. 6 6€ A br’ obdevec &AAOU UeTesita Tape tHv A, B, T° 
0 II dow evi téiv A, B, T otw 6 avtdéc. Zotw 16 B 6 avtdc. 
xa door ctolv ot B, T, A 16 rAHVet tooodtor ciAjpwouv 
ano tot E ot E, OK, A. xat ciow ot E, OK, A toic B, T, A 
év 16) aT ADYw" Bt’ foou pa Eotly Wo 6 B med¢ tov A, 6 
E medc¢ tov A. 6 dou éx tév B, A toog éoti 16 Ex tHv A, 
E: dA’ 0 ex tésv A, E tooc Eotl 165 Ex tév II, O- xal 6 Ex 
tov I, O dea toog Eoti 16 Ex tv B, A. Eotw dea we 6 I 
medc¢ tov B, 6 A npd¢ tov O. xat Eotw 6 I 16 B 6 avtdc: 
xal 0 A doa tw O Eotw 6 avtdc Step GSUvaTOV’ 6 Yue O 
UNOXELTOL UNSEVL TOV EXKEIUEVWY O WTO’ OLX dea Tov ZH 
uetenoet tic Gord napee tHv A, B,D, A, E, OK, A, M 
xal tig Yovddoc. xal edetyn O ZH toic A, B, T, A, E, OK, 
A, M xai tH woved: tooc. tédetog bE dowWYNd¢ Eott O TOC 
EAXUTOD UEpEoLW looc Hv’ TéAelog Goa cativ O ZH: bree eer 
deteou. 
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measured by no other (numbers) except A, B, C, D, E, 
HK, L, M, and a unit. For, if possible, let some (num- 
ber) P measure FG, and let P not be the same as any 
of A, B, C, D, E, HK, L, M. And as many times as P 
measures /'G, so many units let there be in Q. Thus, Q 
has made F'G (by) multiplying P. But, in fact, F has also 
made FG (by) multiplying D. Thus, as F is to Q, so P 
(is) to D [Prop. 7.19]. And since A, B, C, D are con- 
tinually proportional, (starting) from a unit, D will thus 
not be measured by any other numbers except A, B, C 
[Prop. 9.13]. And P was assumed not (to be) the same 
as any of A, B, C. Thus, P does not measure D. But, 
as P (is) to D, so E (is) to Q. Thus, & does not mea- 
sure Q either [Def. 7.20]. And E is a prime (number). 
And every prime number [is] prime to every (number) 
which it does not measure [Prop. 7.29]. Thus, £ and Q 
are prime to one another. And (numbers) prime (to one 
another are) also the least (of those numbers having the 
same ratio as them) [Prop. 7.21], and the least (num- 
bers) measure those (numbers) having the same ratio as 
them an equal number of times, the leading (measuring) 
the leading, and the following the following [Prop. 7.20]. 
And as F is to Q, (so) P (is) to D. Thus, EF measures P 
the same number of times as Q (measures) D. And D 
is not measured by any other (numbers) except A, B, C. 
Thus, Q is the same as one of A, B, C. Let it be the same 
as B. And as many as is the multitude of B, C, D, let so 
many (of the set out numbers) have been taken, (start- 
ing) from FE, (namely) £, HK, L. And E, HK, L are in 
the same ratio as B, C, D. Thus, via equality, as B (is) 
to D, (so) F (is) to L [Prop. 7.14]. Thus, the (number 
created) from (multiplying) B, L is equal to the (num- 
ber created) from multiplying D, FE [Prop. 7.19]. But, 
the (number created) from (multiplying) D, F is equal 
to the (number created) from (multiplying) Q, P. Thus, 
the (number created) from (multiplying) Q, P is equal 
to the (number created) from (multiplying) B, L. Thus, 
as Q is to B, (so) L (is) to P [Prop. 7.19]. And Q is the 
same as B. Thus, L is also the same as P. The very thing 
(is) impossible. For P was assumed not (to be) the same 
as any of the (numbers) set out. Thus, /G cannot be 
measured by any number except A, B, C, D, E, HK, L, 
M, and a unit. And FG was shown (to be) equal to (the 
sum of) A, B, C, D, E, HK, L, M, and a unit. Anda 
perfect number is one which is equal to (the sum of) its 
own parts [Def. 7.22]. Thus, F'G is a perfect (number). 
(Which is) the very thing it was required to show. 


+ This proposition demonstrates that perfect numbers take the form 2”—1 (2” — 1) provided that 2” — 1 is a prime number. The ancient Greeks 


knew of four perfect numbers: 6, 28, 496, and 8128, which correspond to n = 2, 3, 5, and 7, respectively. 
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Incommensurable Magnitudes! 


+The theory of incommensurable magntidues set out in this book is generally attributed to Theaetetus of Athens. In the footnotes throughout 
this book, k, k’, etc. stand for distinct ratios of positive integers. 
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“Oeo.. 

a’. Luuustea weyedn Agyetor Ta TG) aUTG WETeW UE- 
TOOUUEVA, HOVUUETOA OE, Gv UNSEV EVSEYETAL XOLVOV UETEOV 
vyeveova.. 

B’. Eovdeion Suvauer ovWUETeot Elow, OTA TH aT” HUTESY 
TETOCYOVA TE KUTE YwPlW YETET TAL, KoVUUETEOL SE, OTAV 
Tolg UN’ AUTH TETEAYOVOIC UNSEV Evd*EYNTAL yYwWElov XOLVOV 
ueteov yeveoVar. 

vy’. Tovtwv vroxeiuevoy Setxvutat, OTL TH Toeotedeion 
cuveta Undoyouow evdeioan TAHVEL dnetpot oOUUUETEO! TE xall 
QOUUMETEOL Ol MEV UAXEL UOVOY, att SE xa SUVdUEL. xareiote 
obv 1 Nev TooteVetow evVeta ENTH, xol at THUTY OULUETEOL 
e(te unxet Kol SuVauEl cite SUVdUEL UOvoy ONtal, ot SE TAITH 
QOUUUETEOL GAOYOL xaAstoDwoay. 

6’. Kol 16 uev ano tic Teotedetonc eudetuc tetodkyu- 
voy entov, xXal TH TOUTW OUUNETEX OTH, TH SE TOUTY 
aovuUNEToa dAoya xarcioVa, xal al SuvdMEva KUTA GAOYOL, 
el Uev TeTodywva etn, avTal at MAcveal, el be EteOd Tiva 
evOvypayUa, at lox avTOIc TeTOkywva avoryedpovoa. 
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Definitions 

1. Those magnitudes measured by the same measure 
are said (to be) commensurable, but (those) of which no 
(magnitude) admits to be a common measure (are said 
to be) incommensurable.' 

2. (Two) straight-lines are commensurable in square? 
when the squares on them are measured by the same 
area, but (are) incommensurable (in square) when no 
area admits to be a common measure of the squares on 
them.’ 

3. These things being assumed, it is proved that there 
exist an infinite multitude of straight-lines commensu- 
rable and incommensurable with an assigned straight- 
line—those (incommensurable) in length only, and those 
also (commensurable or incommensurable) in square.‘ 
Therefore, let the assigned straight-line be called ratio- 
nal. And (let) the (straight-lines) commensurable with it, 
either in length and square, or in square only, (also be 
called) rational. But let the (straight-lines) incommensu- 
rable with it be called irrational.* 

4. And let the square on the assigned straight-line be 
called rational. And (let areas) commensurable with it 
(also be called) rational. But (let areas) incommensu- 
rable with it (be called) irrational, and (let) their square- 
roots® (also be called) irrational—the sides themselves, if 
the (areas) are squares, and the (straight-lines) describ- 
ing squares equal to them, if the (areas) are some other 


rectilinear (figure). ! 


t In other words, two magnitudes a and G are commensurable if a : 3 :: 1 : k, and incommensurable otherwise. 


t Literally, “in power”. 


8 In other words, two straight-lines of length a and 3 are commensurable in square if a : G :: 1 : k1/2, and incommensurable in square otherwise. 


Likewise, the straight-lines are commensurable in length if a : @ :: 1 : k, and incommensurable in length otherwise. 


‘I To be more exact, straight-lines can either be commensurable in square only, incommensurable in length only, or commenusrable/incommensurable 


in both length and square, with an assigned straight-line. 


* Let the length of the assigned straight-line be unity. Then rational straight-lines have lengths expressible as k or k!/2, depending on whether 


the lengths are commensurable in length, or in square only, respectively, with unity. All other straight-lines are irrational. 


$ The square-root of an area is the length of the side of an equal area square. 


l The area of the square on the assigned straight-line is unity. Rational areas are expressible as k. All other areas are irrational. Thus, squares 


whose sides are of rational length have rational areas, and vice versa. 


a’. 

Ado ueyed&v aviowy exxewévon, Ev &nO tod UelCovoc 
apapeds ueiTov 7 TO Fuov xal tod xatadketmouevou UEtTov 
1] TO HuLov, xol toUto cel ytyvytoaL, AcipDhoetal ti Uevetoc, 
6 ota EAacooy Tov Exxewwevou EAdooovoc UEyeVouc. 

"Eotw dvo veyed dvioa ta AB, I, dv usiZov to AB: 


Proposition 1* 


If, from the greater of two unequal magnitudes 
(which are) laid out, (a part) greater than half is sub- 
tracted, and (if from) the remainder (a part) greater than 
half (is subtracted), and (if) this happens continually, 
then some magnitude will (eventually) be left which will 
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EY, StL, Eav dnd tod AB deaped7 uciCov H TO FULovU 
xal Tod xataermouevou UEiCov 7} TO Futov, xal tobto del 
ylyyyto, Acwpdhoetal th ueyedoc, 6 gota Ehacoov tot LT 
ueyevouc. 


iN ZL, H E 


To T yao noddandaow@duevoy gota mote tol AB 
usiGov. menodAardaoio0w, xal Eotw TO AE tod yev P 
TodAatAdoov, tov 5¢ AB ueiCov, xal Sinofjodw tO AE cic 
ta 16 TP tow te AZ, ZH, HE, xali aynejodw and yev tot 
AB ueifov 4 tO Hutov tO BO, and dé tod AO ueiCov 7} 10 
futov to OK, xat toto det yryvéodw, Ewe d& at ev 74 AB 
Statpgoetc toonAneic yEvevtat toc ev 165 AE diaipéocow. 

"Eotwoauy ov ai AK, KO, OB diapgoeic ioonAndetc 
ovoa. totic AZ, ZH, HE xat enel ueiCov Eott tO AE tov 
AB, xal apfenta and ev tot AE gkacooy tod juicews TO 
EH, &xo 5 tot AB yueiZov 7 tO Hutov 16 BO, Aoindv dea 
to HA dotnod tod OA usiZov Eotw. xal Enel ueiTov Eott TO 
HA tod OA, xal aphenta tot uev HA fuwou 6 HZ, tot 
dé OA uEiZov 7 TO FULov 16 OK, Aoindv doa to AZ Aorrod 
tot AK uciZév eotw. toov 6¢ 16 AZ 16 I xai 16 T dpa 
tot AK usci@év éotw. Ehacoov éea 10 AK 10d I. 

Katoreineta dow dnd tot AB ueyédouc 16 AK yeyedoc 
éAaoooyv Ov tod Exxeluevou EAchooovocg UEyeVouc tod I: 
bree Eder SetEoau.— Ouoluc Se SetyDhoeta, xav Hulon 7 TH 
OKeporoovwevat. 
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be less than the lesser laid out magnitude. 

Let AB and C be two unequal magnitudes, of which 
(let) AB (be) the greater. I say that if (a part) greater 
than half is subtracted from AB, and (if a part) greater 
than half (is subtracted) from the remainder, and (if) this 
happens continually, then some magnitude will (eventu- 
ally) be left which will be less than the magnitude C. 


AK H B 


a 
C r———— 


/_—_+—_+—_ 
D F G E 


For C,, when multiplied (by some number), will some- 
times be greater than AB [Def. 5.4]. Let it have been 
(so) multiplied. And let DE be (both) a multiple of C, 
and greater than AB. And let DE have been divided into 
the (divisions) DF, FG, GE, equal to C. And let BH, 
(which is) greater than half, have been subtracted from 
AB. And (let) HK, (which is) greater than half, (have 
been subtracted) from AH. And let this happen continu- 
ally, until the divisions in AB become equal in number to 
the divisions in DE. 

Therefore, let the divisions (in AB) be AK, KH, HB, 
being equal in number to DF’, FG, GE. And since DE is 
greater than AB, and EG, (which is) less than half, has 
been subtracted from DE, and BH, (which is) greater 
than half, from AB, the remainder GD is thus greater 
than the remainder HA. And since GD is greater than 
HA, and the half GF has been subtracted from GD, and 
HK, (which is) greater than half, from HA, the remain- 
der DF is thus greater than the remainder Ak. And DF 
(is) equal to C. C is thus also greater than Ak. Thus, 
AK (is) less than C. 

Thus, the magnitude AK, which is less than the lesser 
laid out magnitude C, is left over from the magnitude 
AB. (Which is) the very thing it was required to show. — 
(The theorem) can similarly be proved even if the (parts) 
subtracted are halves. 


+ This theorem is the basis of the so-called method of exhaustion, and is generally attributed to Eudoxus of Cnidus. 


B’. 


"Ey d00 yeyedOy [Exxewevor] dviowy dvdvg~arpoup~evou 


del to EAdooovoc &ndO tod UstTovoc TO xaTAAEIMdUEVOV 
UNSENOTE XATOUUETEF TO TOO EaUTOD, HoUUUETOA EoTH TH 
usyetn. 

Ato yao peyeddv éviwy dviowy tv AB, TA xi 
édooovog tol AB avdugapouuévou del tod EAcooovoc 
ano tod uetCovoc TO TeplAeiMOUEvoy UNndémoTE xKaATAUE- 


Proposition 2 


If the remainder of two unequal magnitudes (which 
are) [laid out] never measures the (magnitude) before it, 
(when) the lesser (magnitude is) continually subtracted 
in turn from the greater, then the (original) magnitudes 
will be incommensurable. 

For, AB and CD being two unequal magnitudes, and 
AB (being) the lesser, let the remainder never measure 
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Tositw TO TEO EauTOU: 


TA yeyedn. 


Ey, OTL dovUUETe& Eott ta AB, 


AH B 


-_He— 


i ZL A 

El yde cot OUUNETEA, WETOEYCEL TL HUTA UEveVOC. UE- 
tocitw, et dSuvatov, xal gotw TO E> xol to uev AB 10 ZA 
xaTavEeTteovy AgimETW ExUTOD EAaooov 10 TZ, 16 de PZ to 
BH xatauetootv Actnétw Eautod Ekacooyv tO AH, xal todto 
del yiweoVe, Ewe od Actpdh ti UEvedoc, 6 EoTW EAacooy TO 
E. yeyovétw, xal Acdciodw 16 AH Ekaocooy tod E. éxel odv 
to E to AB uetpet, dAAd tO AB 10 AZ ueteet, xal to E dow 
to ZA ueteroet. ueteet 5é xal dAov tO TA: xal Aotnov dea 
to TZ uetofjoe. ahaa t0 TZ to BH ueteet xal to E dow 
to BH ueteet. uetoet dé xal dAov 10 AB: xal Aoinov dea TO 
AH yeteroet, 16 ueiCov 16 ZAaocov’ Sree Eotly dd0vatov. 
ovx doa ta AB, TA veyed yeteroet tt yeyeVoc dovuUEtea 
dea gott te AB, TA ucyedn. 

"Edy dea 500 Yeyed&v aviowy, xol td EC fic. 


+ The fact that this will eventually occur is guaranteed by Prop. 10.1. 


, 
Y. 
Abdo ueyeBGv ouuvetowy SobEvtwy TO UEYLoTOV avToY 
XOlWOy UETEOV EveElV. 


A Z. t t 1 


A 


I t 
TE 
Ht 

"Eotw ta So0evta v0 Ucyé0n obuUetTea te AB, TA, 
av Ehacoov tO AB: det OF tév AB, TA 10 yeytotov xowov 
UETEOV ELEELV. 

To AB yap yéyedoo FAtot uetoet to TA Wf ov. et yev 
obyv ueteet, ueteet 5é xal Eautd, TO AB dow tHv AB, TA 
xolwov YETEOV EoTiv’ xa avepdv, OTL xal U€yLoTOV. UEiTov 
yoo tod AB ueyéVouc to AB ov uetoejoet. 

My vetositw 6) tO AB 16 TA. xal avdv~aeouyévou 
del to EAdooovog and tov yEtTovoc, TO MEELAELMOUEVOV 
UETEYACEL NOTE TO MEO EAUTOD Sie TO UV elvan GOVUUETOA TH 
AB, TA: xa 16 uev AB 10 EA xataueteoty Actrétw Eautod 
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the (magnitude) before it, (when) the lesser (magnitude 
is) continually subtracted in turn from the greater. I say 
that the magnitudes AB and CD are incommensurable. 


AG  _B 


| 


C F D 

For if they are commensurable then some magnitude 
will measure them (both). If possible, let it (so) measure 
(them), and let it be #. And let AB leave CF less than 
itself (in) measuring F'D, and let CF leave AG less than 
itself (in) measuring BG, and let this happen continually, 
until some magnitude which is less than F is left. Let 
(this) have occurred,’ and let AG, (which is) less than 
E, have been left. Therefore, since # measures AB, but 
AB measures DF, E will thus also measure /'D. And it 
also measures the whole (of) CD. Thus, it will also mea- 
sure the remainder CF. But, CF measures BG. Thus, E 
also measures BG. And it also measures the whole (of) 
AB. Thus, it will also measure the remainder AG, the 
greater (measuring) the lesser. The very thing is impos- 
sible. Thus, some magnitude cannot measure (both) the 
magnitudes AB and CD. Thus, the magnitudes AB and 
CD are incommensurable [Def. 10.1]. 

Thus, if... of two unequal magnitudes, and so on.... 


Proposition 3 


To find the greatest common measure of two given 
commensurable magnitudes. 
Kt 


Ht 


C E D 


Gr 

Let AB and CD be the two given magnitudes, of 
which (let) AB (be) the lesser. So, it is required to find 
the greatest common measure of AB and CD. 

For the magnitude AB either measures, or (does) not 
(measure), CD. Therefore, if it measures (CD), and 
(since) it also measures itself, AB is thus a common mea- 
sure of AB and CD. And (it is) clear that (it is) also (the) 
greatest. For a (magnitude) greater than magnitude AB 
cannot measure AB. 

So let AB not measure CD. And continually subtract- 
ing in turn the lesser (magnitude) from the greater, the 
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é\aoooyv tO ED’, to dé ED 10 ZB xatayeteotyv dAewméte 
Eautod EAaoooyv 10 AZ, 16 dé AZ 10 TE ueteeiw. 

‘Exel obv 16 AZ 16 TE uetpet, dAAd tO PE 10 ZB uetpet, 
xa t6 AZ dea to ZB ueteroet. yetoet 5é xol Eautd’ nal 
odov doa TO AB ueteroet to AZ. dAAG tO AB 16 AE vetoes? 
xa tO AZ doa to EA ueteroet. yetoet dé xal tO TE: xat 
dhov Goa TO TA uetpet: 16 AZ &ea tv AB, TA xowov 
uetooy cotiv. AEya SH, OTL xal UEYLOTOV. el yuo UN, EoTH 
tt uevyevoc UetCov to AZ, 6 uetorjoet ta AB, TA. éotw 16 
H. énel obv 10 H to AB uetoet, dAAG TO AB 10 EA uetost, 
ual to H dpa tO EA yetoryoet. yeteet dé xal dAov tO TA: 
xal Aotnov doa TO TE yeteyoet to H. aAAG tO TE 16 ZB 
usteet xol TO H dow to ZB ueteroet. uetoet Se xal dhov 
tO AB, xal Aownov 10 AZ yeteroet, 16 ueiTov TO EAaooov: 
dtEe Eotly GVvatov. ovxX dea UEiTdv Tt UEveVoo tod AZ 
ta AB, TA uetefoer 10 AZ dea tév AB, TA 16 ueytotov 
XOWOV LETEOV EOTIY. 

Avo dea yeyedGy ovuuuetewyv dodévtwy tév AB, TA 
TO UEYLOTOV XOLVOV LETEOYV nUENTAL OnEE Eder Seigau. 


IIde1cua. 


‘Ex 6) tobtov paveedy, OTL, cay Uevetoc 600 UcyEeDy 
UETET), Xl TO UEYLOTOV MUTOY XOLVOV LETOOV LETOTIOEL. 


0. 


Toeidv yseyetisy ovuuetowy dsovevtwy tO UsylotoV 
avtév xOWov UETEOV ELeElV. 


B ] 
T | 


A EZ 
"Eotw tu do0dévta tela useyé0n obuuetea ta A, B, IT: 
det 67 tHv A, B, [ 16 ueytotov xowdy uéteov eveeiv. 
E’joVw yao Svo0 tév A, B 16 uéytotov xowdy YetpoOY, 
xal goto TO A: 10 64 A tO T Htor yetoet 7 od [uetoei]. 
UETesitw Medtepov. Enel ov TO A 10 I yeteel, uetoet 5€ 
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remaining (magnitude) will (at) some time measure the 
(magnitude) before it, on account of AB and CD not be- 
ing incommensurable [Prop. 10.2]. And let AB leave EC 
less than itself (in) measuring ED, and let EC leave AF 
less than itself (in) measuring FB, and let AF measure 
CE. 

Therefore, since AF’ measures CE, but CE measures 
FB, AF will thus also measure F'B. And it also mea- 
sures itself. Thus, AF’ will also measure the whole (of) 
AB. But, AB measures DE. Thus, AF will also mea- 
sure ED. And it also measures CE. Thus, it also mea- 
sures the whole of CD. Thus, AF is a common measure 
of AB and CD. So I say that (it is) also (the) greatest 
(common measure). For, if not, there will be some mag- 
nitude, greater than AF’, which will measure (both) AB 
and CD. Let it be G. Therefore, since G measures AB, 
but AB measures ED, G will thus also measure ED. And 
it also measures the whole of CD. Thus, G will also mea- 
sure the remainder CE. But CE measures F'B. Thus, G 
will also measure /'B. And it also measures the whole 
(of) AB. And (so) it will measure the remainder AF, 
the greater (measuring) the lesser. The very thing is im- 
possible. Thus, some magnitude greater than AF’ cannot 
measure (both) AB and CD. Thus, AF is the greatest 
common measure of AB and CD. 

Thus, the greatest common measure of two given 
commensurable magnitudes, AB and CD, has been 
found. (Which is) the very thing it was required to show. 


Corollary 


So (it is) clear, from this, that if a magnitude measures 
two magnitudes then it will also measure their greatest 
common measure. 


Proposition 4 


To find the greatest common measure of three given 
commensurable magnitudes. 
A dod 


B 
C 


D E FF 


Let A, B, C be the three given commensurable mag- 
nitudes. So it is required to find the greatest common 
measure of A, B, C. 

For let the greatest common measure of the two (mag- 
nitudes) A and B have been taken [Prop. 10.3], and let it 
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nal ta A, B, 16 A doa ta A, B, T uetoet: 16 A doa tév A, 
B, T xowov yéteov cotiv. xal pavepdy, OTL xal UyLOTOV' 
usiCov yup tot A ueyédouc ta A, B ov uetoet. 

My? yetoette 54 10 A tO TL. AEyw Tedéstov, Sti ObUUETEK 
éott ta TD, A. Enel yoo ovuete& cott ta A, B, TP, uetojoer 
Te auTa evedoc, 6 SnAad} xal ta A, B eters ote 
xal to Tév A, B uéytotov xowodv ueteov tO A yeteroet. 
ustpet dé xa T6 I: ote tO cionuévov ueyedoc Ueto! TH 
I, A> obuuetea doa éotl TAT, A. ciAfdw odv adtév 10 
UEYLOTOV XOWWOV LETEOY, xal Eotw TO E. Exel obv TO E to 
A ueteet, dA TO A ta A, B ueteet, xal to E doa ta A, B 
uetenoet. Uetoet be xal tO DT. 10 E dou ta A, B, I vetoes 
to E doa tév A, B, TP xowdv got yétoov. AEyw OH, STL xa 
ueylotoyv. ei yoo Suvatdév, ~otw tt tov E yeifov yeyedoc 
tO Z, xol uetosttw te A, B,D. xol enet 16 Z ta A, BLT 
uetoet, xal tx A, B dow ueteroet xol 10 tév A, B uéytotoyv 
XOWwoyv UETEOYV UETEHOEL. TO dé Tv A, B yeytotov xowov 
uéteov éotl t0 A: 16 Z dea to A yuetpel. uetoet dé xal TO 
I. 16 Z doa ta T, A vetoet xai 16 tv T, A doa Ueytotov 
xOWOv YETEOV UETEHGEL TO Z. ott SE TO E: 10 Z doa tO E 
UETENOEL, TO UsiTov TO Ehacoov: SmEo EotTly GVvatOV. OVX 
dou weiTov tt tot E yeyedous [yévedoc] ta A, B, T uetoet: 
tO E dou tév A, B, TP 16 uéytotov xowwov UEeteov Eotty, Edv 
Ui uetey tO A 10 T, eav O€ uetey, adTO TO A. 

Toidv doa usyeVGv ouuuetoewy SoVEvtwy TO UsyLOTOV 
Mowoy YETEOYV NUENta [Smee Eder SeiZou]. 


TIde1cye. 
‘Ex 61 ToUtou waveedy, OTL, Exv Ueyedoc Teta Usyety 
UETET), Xl TO UEYLOTOV MUTOY XOLVOV UETOOV LETOTIOEL. 
‘Ouotus 87 xal Ext TAELOVev TO UEYLOTOV KOLVOV LETEOV 
Anpdroeta, xal TO NdpLloUAa TEOYWEHoEL. OnE Eder SetEau. 
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be D. So D either measures, or [does] not [measure], C. 
Let it, first of all, measure (C). Therefore, since D mea- 
sures C’, and it also measures A and B, D thus measures 
A, B, C. Thus, D is a common measure of A, B, C. And 
(it is) clear that (it is) also (the) greatest (common mea- 
sure). For no magnitude larger than D measures (both) 
Aand B. 

So let D not measure C’. I say, first, that C and D are 
commensurable. For if A, B, C are commensurable then 
some magnitude will measure them which will clearly 
also measure A and B. Hence, it will also measure D, the 
greatest common measure of A and B [Prop. 10.3 corr.]. 
And it also measures C’. Hence, the aforementioned mag- 
nitude will measure (both) C and D. Thus, C and D are 
commensurable [Def. 10.1]. Therefore, let their greatest 
common measure have been taken [Prop. 10.3], and let 
it be L. Therefore, since E measures D, but D measures 
(both) A and B, £ will thus also measure A and B. And 
it also measures C’. Thus, E measures A, B, C. Thus, E 
is acommon measure of A, B, C’. SoI say that (it is) also 
(the) greatest (Common measure). For, if possible, let F 
be some magnitude greater than F, and let it measure A, 
B, C. And since F' measures A, B, C, it will thus also 
measure A and B, and will (thus) measure the greatest 
common measure of A and B [Prop. 10.3 corr.]. And D 
is the greatest common measure of A and B. Thus, F 
measures D. And it also measures C.. Thus, F' measures 
(both) C and D. Thus, F will also measure the greatest 
common measure of C’ and D [Prop. 10.3 corr.]. And it is 
E. Thus, F will measure EF, the greater (measuring) the 
lesser. The very thing is impossible. Thus, some [magni- 
tude] greater than the magnitude F cannot measure A, 
B, C. Thus, if D does not measure C then E is the great- 
est common measure of A, B, C. And if it does measure 
(C) then D itself (is the greatest common measure). 

Thus, the greatest common measure of three given 
commensurable magnitudes has been found. [(Which is) 
the very thing it was required to show.] 


Corollary 


So (it is) clear, from this, that if a magnitude measures 
three magnitudes then it will also measure their greatest 
common measure. 

So, similarly, the greatest common measure of more 
(magnitudes) can also be taken, and the (above) corol- 
lary will go forward. (Which is) the very thing it was 
required to show. 
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, 


€. 


Ta ovuuetea yseyéedn medc GAANnAa AdYOV Exel, Ov 
dewudc Ted¢ dovOUdy. 


A 


A 


"Eotw obuueton yeyedn ta A, Be Ey, 6tt 10 A TOC 
tO B Adyov Exel, Ov dovdudc Ted aeLOUdy. 

‘Enel yao obuuetod cot. ta A, B, Ueteroer th wvTe 
ueyevoc. uetocitw, xal got TOT. xal oodmic to T to 
A yetpet, tooatita yovadec Eotwoayv ev 16) A, oodnic Sé 
10 I to B uetoet, tooadta wovadec Eotwouy ev 165 E. 

‘Enel o¥v 10 Tt A yetoet xat& tue Ev 165 A yovddac, 
uetpet Se xal y Yovac Tov A xat& tae Ev aUTE Lovddac, 
todxicg doa n Uovac tov A uetoet aowuov xal to TD uéyedoc 
tO As Zotw bea wo TOT npd¢ 16 A, ots A UOvacs TEd¢ 
tov A: avanodw goa, wo 16 A nepd¢ TOT, ottwo 6 A med¢ 
Thy povada. mé&dw enet to [ 10 B yetoet xate tac ev 65 
E povddac, ueteet S& xal N Wovac tov EB xat& tag Ev aUTES 
wovadac, ladxic doa i Yovac Tov E uetoet xal to T tO B: 
éotw doa wo 10 T ned¢ 10 B, ottw¢ NH Move Ted¢ Tov E. 
edetyOn SE xal ¢ TO A ned¢ TOT, 6 A ned¢ Thy YOVdda: 
dU toou dea Eotlv We TO A TEd¢ TO B, ovTwc O A deIdud¢ 
TeO¢ Tov E. 

Ta dea obuuetea Yeyedn ta A, B nedc¢ GAANAM AdYOV 
éyet, Ov aorudc 6 A nedc doWudv tov E: éneo Eder Seigau. 
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Proposition 5 


Commensurable magnitudes have to one another the 
ratio which (some) number (has) to (some) number. 


A B C 


D E 

Let A and B be commensurable magnitudes. I say 
that A has to B the ratio which (some) number (has) to 
(some) number. 

For if A and B are commensurable (magnitudes) then 
some magnitude will measure them. Let it (so) measure 
(them), and let it be C. And as many times as C' measures 
A, so many units let there be in D. And as many times as 
C measures B, so many units let there be in E. 

Therefore, since C' measures A according to the units 
in D, and a unit also measures D according to the units 
in it, a unit thus measures the number D as many times 
as the magnitude C (measures) A. Thus, as C is to A, 
so a unit (is) to D [Def. 7.20].' Thus, inversely, as A (is) 
to C, so D (is) to a unit [Prop. 5.7 corr.]. Again, since 
C measures B according to the units in EF, and a unit 
also measures F according to the units in it, a unit thus 
measures #) the same number of times that C' (measures) 
B. Thus, as C is to B, so a unit (is) to F [Def. 7.20]. And 
it was also shown that as A (is) to C, so D (is) to a unit. 
Thus, via equality, as A is to B, so the number D (is) to 
the (number) F [Prop. 5.22]. 

Thus, the commensurable magnitudes A and B have 
to one another the ratio which the number D (has) to the 
number £. (Which is) the very thing it was required to 
show. 


+ There is a slight logical gap here, since Def. 7.20 applies to four numbers, rather than two number and two magnitudes. 


, 


Tv. 


‘Ey d00 ueyédn med¢ GAANAa Adyov Eyn, Ov doludc 
TEOS aELOUdYV, OUUUETEA EoTUL TH UeyeDN. 


Bi 


;_,__-— 


[(-—4 oo 

Abo yao peyédn ta A, B npdc¢ &AANAa Adyov ExETW, Ov 
gorduoc 0 A redc¢ devWuov tov Ev Agyw, Gtr OUWUETES EOTL 
ta A, B ueyédn. 


"Oou yéo eiow év 16 A yovddec, cic tooatta tou 


Proposition 6 


If two magnitudes have to one another the ratio which 
(some) number (has) to (some) number then the magni- 
tudes will be commensurable. 


At 


Cr 

For let the two magnitudes A and B have to one an- 

other the ratio which the number D (has) to the number 

E. I say that the magnitudes A and B are commensu- 
rable. 
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dtnefjodw tO A, xal Evi adtév foov ~otw tO Ts dom dé 
clow év 16) E yovddec, x tooovtwv yeyedOv towyv 16 T 
ovyxeto0w TO Z. 

‘Enel obdv, dou ciolv ev 16 A yovddec, tooattd ior xal 
év 16) A peyedn toa 165 T', 6 boa wepoc Eotiv H Yovac tod 
A, tO abdt6 yéeog Eotl xal TO T tot A: Zotw doa wo 16 T 
mTed¢ TO A, OUTWS A Lovag MEd¢ Tov A. UETPEt bE A LOVac 
tov A dovyov' yetost doa xal tO TD to A. xol Enet Eotw 
ac ToT med¢ 10 A, ob tw¢ H UOvac TED TOV A [dordudy], 
averarw dea a¢ 10 A med¢ TOT, ottwo 6 A dowWyd¢ med¢ 
Thy Lovada. mé&Aww eret, dou cloly Ev 6) E yovddec, tooatté 
clot xal ev 16 Z toa 16) Ty Eotw doa wo tO I ned¢ 16 Z, 
ottws 7 Moves Ted¢ Tov E [dowdy]. edetyOn bE xal wc 
to A med¢ 10 T, otw¢ 6 A mpd¢ Thy Lovdda: bi’ toou dea 
gotly W¢ T6 A med¢ TO Z, oUtTwWo O A Ted¢ Tov E. GAA’ Ge 6 
A npd¢ tov E, ott Eotl TO A Ted¢ TO Be xa wo doa tO A 
mTed¢ TO B, ottw¢ xol mepd¢ TO Z. tO A tou MEd¢ ExdTtEPOV 
tv B, Z tov avtov Eyet Adyov: toov doa cotl 16 B 16 Z. 
ueteet be tO I’ to Z uetoet doa xal 16 B. Ad Hv xal TO 
A: 10 T doa ta A, B yetpet. obuuetpov doa éotl t6 A to 
B. 

"Ey dea S00 yeyedy TEd¢ HANA, nal TH EFfc. 


IIde1cue. 

‘Ex Of tovtou avepdy, Ott, Cav Got S00 colNuOl, ac 
oi A, E, xol cd0eia, ac 7 A, SUvaTdv EoTL Tolfjoa wo O 
A dewWyo¢ ted¢ tov E devudv, ottw>o thy edvVetav med¢ 
edvvetav. édv dé xal t&v A, Z uéon avédoyov Anods, ac 
B, gota wo 7 A Ted¢ Thy Z, ottwW¢ TO aNd Thc A Ted TO 
and thc B, toutéotw a¢ N TE@TH MEd THY ToeltHy, OUTS 
TO UNO Tig TEWTNS TEdS TO UNO Tic BeUTEEAC TO GUOLOV xa 
Ouotug avayeapduevoyv. GAA ac 7 A Ted THY Z, OUTWC 
éotlv 0 A daovuoc med¢ Tov E dewydv' yéyovev doa xatl 
wc 0 A dovydc Ted Tov E dovdudv, obtw> TO and Tic A 
evvetac med¢ TO and tii¢ B evVetuc Smee Eder SetEan. 


C. 
Ta govuuetea Ueyedn Teds GAANAa Adyov ovx Exel, Ov 
aewudoc Ted¢ dovUdy. 
"Eotw aovuuetea yeyedn ta A, Be Aéyon, Ott TO A TEC 
tO B Adyov ovux Exel, dv aovdyds TEd¢ dolOuUdy. 
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For, as many units as there are in D, let A have been 
divided into so many equal (divisions). And let C be 
equal to one of them. And as many units as there are 
in E, let F be the sum of so many magnitudes equal to 
C. 

Therefore, since as many units as there are in D, so 
many magnitudes equal to C are also in A, therefore 
whichever part a unit is of D, C is also the same part of 
A. Thus, as C is to A, so a unit (is) to D [Def. 7.20]. And 
a unit measures the number D. Thus, C' also measures 
A. And since as C is to A, so a unit (is) to the [number] 
D, thus, inversely, as A (is) to C, so the number D (is) 
to a unit [Prop. 5.7 corr.]. Again, since as many units as 
there are in EF, so many (magnitudes) equal to C are also 
in F’, thus as C is to F’, so a unit (is) to the [number] L 
[Def. 7.20]. And it was also shown that as A (is) to C, 
so D (is) to a unit. Thus, via equality, as A is to F', so D 
(is) to & [Prop. 5.22]. But, as D (is) to E, so A is to B. 
And thus as A (is) to B, so (it) also is to F [Prop. 5.11]. 
Thus, A has the same ratio to each of B and F’. Thus, B is 
equal to F [Prop. 5.9]. And C measures F’. Thus, it also 
measures B. But, in fact, (it) also (measures) A. Thus, 
C measures (both) A and B. Thus, A is commensurable 
with B [Def. 10.1]. 

Thus, if two magnitudes ...to one another, and so on 


Corollary 


So it is clear, from this, that if there are two numbers, 
like D and £, and a straight-line, like A, then it is possible 
to contrive that as the number D (is) to the number EL, 
so the straight-line (is) to (another) straight-line (7.e., F’). 
And if the mean proportion, (say) B, is taken of A and 
F, then as A is to F’, so the (square) on A (will be) to the 
(square) on B. That is to say, as the first (is) to the third, 
so the (figure) on the first (is) to the similar, and similarly 
described, (figure) on the second [Prop. 6.19 corr.]. But, 
as A (is) to F’, so the number D is to the number F. Thus, 
it has also been contrived that as the number D (is) to 
the number FE, so the (figure) on the straight-line A (is) 
to the (similar figure) on the straight-line B. (Which is) 
the very thing it was required to show. 


Proposition 7 


Incommensurable magnitudes do not have to one an- 
other the ratio which (some) number (has) to (some) 
number. 

Let A and B be incommensurable magnitudes. I say 
that A does not have to B the ratio which (some) number 
(has) to (some) number. 
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A 


Bree 


Et yuo éyer 10 A med¢ tO B Adyov, dv dovdude TEdG 
goody, obuUETeOV gota TO A 16) B. odx Eot SE OVX koa 
to A ted¢ tO B Adyov Eyer, Ov dovdwUOe TEd¢ doevDUdv. 

Ta doa dovuustea ueyeDy TMedc GAANAa AdYOV Ovx EEL, 
xal ta e€f\c. 


ue 
‘Edy 500 yeyedn Teds WANAa Adyov UY ExN, Ov KoWUds 
Teds aeLUdY, GovWUETeA Cota Ta UEyeDN. 


Al 


BR 


Abo yao ueye0n ta A, B med¢ HAANAa AdVOV UH EXETA, 
Ov doeIWUds TEd¢ doLOUdV: AEyw, StL dobUUETEd EoTL Ta A, 
B veyed. 

Et yao Eota obuuetoa, TO A mpd¢ tO B Adyov eet, dv 
dev0uoc Med¢ KolWUdy. OvxX Eyl bE. GOVUUETOA toa EoTl TH 
A, B ueyédn. 

"Ey doa S00 Ueyedy TEd¢ HANA, xal TH EEfjc. 


v0. 


Ta amd tév Unxel CUUUETPWY ebVELéy TeTEdywva 
TEOS GAANAX AOYOV Exel, Ov TEete&ywvoc aevOYOC TEd¢ 
TeTedywvov apOudv xal TH TeTEdyuva TH TEOS HAANAG 
AOYOV EYXOVTA, OV TeTE&ywvoc KoWUds TEdC TEeTE&ywvoV 
govuov, ual tac mAcvedc E€er ume ouUeteOUc. Th 
d€ ano THY UNxEL GOVUUETOWY cLVELGSV TeTEdkywva TEdC 
Anka AdyOV Ox Exel, OvmEO Tetedywvoc cKolWUdS TEdC 
TeTedywvov aovoudv? xal TH TeTEdywva TH TEOG HAANAA 
AOYOV UN) EXOVTA, OV TETEAYWVOS KELOLLOS TED TeTEYWVOV 
KOvOwov, OVSE Ta TACVEKS ECeL UNKEL OUUNETOEOUC. 


oS At— 

"Eotwouv yuo at A, B uxxet obuueteo A€yo, dtt TO 
ano tic A tetedywvov med¢ TO ano tic B tetekywvov 
oyoyv Eyel, Ov tetedywvoc doludc Ted TeTE&ywvov 
apvOUdov. 
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At’ 


B t———— 
For if A has to B the ratio which (some) number (has) 
to (some) number then A will be commensurable with B 
[Prop. 10.6]. But it is not. Thus, A does not have to B 
the ratio which (some) number (has) to (some) number. 
Thus, incommensurable numbers do not have to one 
another, and soon.... 


Proposition 8 


If two magnitudes do not have to one another the ra- 
tio which (some) number (has) to (some) number then 
the magnitudes will be incommensurable. 


A ’&-— 


B +—— 

For let the two magnitudes A and BP not have to one 
another the ratio which (some) number (has) to (some) 
number. I say that the magnitudes A and B are incom- 
mensurable. 

For if they are commensurable, A will have to B 
the ratio which (some) number (has) to (some) number 
[Prop. 10.5]. But it does not have (such a ratio). Thus, 
the magnitudes A and B are incommensurable. 

Thus, if two magnitudes ...to one another, and so on 


Proposition 9 


Squares on straight-lines (which are) commensurable 
in length have to one another the ratio which (some) 
square number (has) to (some) square number. And 
squares having to one another the ratio which (some) 
square number (has) to (some) square number will also 
have sides (which are) commensurable in length. But 
squares on straight-lines (which are) incommensurable 
in length do not have to one another the ratio which 
(some) square number (has) to (some) square number. 
And squares not having to one another the ratio which 
(some) square number (has) to (some) square number 
will not have sides (which are) commensurable in length 
either. 


A} ' B 


Cr 


[/-— 


Dt—— 

For let A and B be (straight-lines which are) commen- 
surable in length. I say that the square on A has to the 
square on B the ratio which (some) square number (has) 
to (some) square number. 
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‘Emel ye obuuetedc cot 1 A tH Burnet, 7 A doa med¢ 
thy B hdyov Eyet, Ov aovdyUoc TMed¢ GolNUdy. EXETW, OV O 
I nodc tov A. Enel ov Eotw wc HA Ted¢ Thy B, oUt 6 
T nepd¢ tov A, GAAG Tod Uev tic A med¢ THY B Adyou B- 
TAdotwv Eotiv 6 tod and Tic A TeTOXYaVOU TEdC TO ENO TH\¢ 
B tetexywvov' Ta yuo GuOLa GyAYATa Ev ditAaciow Adyw 
Eotl THv OUOAdYwV TAELEGV: Tob Sé tod T [dewWyod] med¢ 
tov A [aovdudy] Adyou SimAaotwy Eotly o tod and tod T 
TETOEAyWVOU Ted TOV &no Tot A tetTe&ywvov: d0o yu TE- 
TOAyYHOVUY HOLY cic UECOS aAVaAOYOV EoTWV dolNUdc, xatl 
6 tete&ywvosg Ted TOV Tete&ywvoy [KoVOUdY] SitAAotova. 
doyoy Exel, AMEE N TACVEX TEOC THY TAEVEdY’ EoTIV deE 
nal G¢ TO and tic A tetekywvov Ted¢ TO and tic B 
TETEAYWVOY, OUTS O &nd TOD T tetekywvoc [dovdudc] TEd¢ 
tov and tot A [aovuot] tetedywvov [dovudy]. 

AAG BY EoTH Wo TO ano Tic A TetTE&kywvov TEd¢ TO 
and thc B, obtwo 6 and tot T tetekywvog med¢ Tov aNO 
tov A [tetekywvoy]: Aéyw, StL aWUETEdS EotW 7H A tH B 
UAXEL. 

‘Enel yuo Eotw G¢ TO &nd tic A tetekywvoyv Ted¢ tO 
ano tic B [tetedywvoy], obtw> 6 dnd tod T tetedywvoc 
TEOS TOV ard to A [tetedywvoy], GAA’ 6 YEv TOD dnd Tc 
A teteayavou med¢ TO and tic B [tetekywvov] Adyo> St- 
TAaotwy Eotl tod tic A med¢ thy B Adyou, 6 5é tod and 
tov T [devduot] tetowyavou [deWyob] med¢ tov and tot A 
[deo] tetokywvov [“ovudv] Adyoc SitAactwv Eoti tod 
tov T [ée10uobd] med¢ tov A [dovdudv] Adyou, Zotw goa 
xal ac h A medc thy B, odtw¢ 6 T [deryd<¢] med¢ tov A 
[aorudv]. 7 A doa med¢ tH B Adyov Eyet, dv dovudc 6 T 
Ted¢ aeLOUdv tov A> obuUETeOS dow Eotlv H A tH B urmer. 

AAA& BY KoUUUETeOS Eotw H A TH Buyer Ayu, STL 
tO &nd tic A tetedywvov ned¢ TO and tij¢ B [tetekywvov| 
Ovoy ovux Exel, OV TeTEaywvoc aeLYUOS TEOC TeTE&ywvoV 
aevUdov. 

Et yuo éyet tO and tic A teteckywvov mpd¢ TO and 
tic B [tetekywvov] Advov, Ov tetekywvoc derluds TEd¢ 
TeTEdywvoyv dowdy, oWUUETeOS Cota. A A tH B. ovx got 
dé 00x Goa TO and tic A tetedkywvov Ted¢ TO aNO Tic 
B [tetedywvov] Adyov ~yet, Ov tetedywvoc dovuos TEd¢ 
TETORYWVOY HOLOUOY. 

IIldAw oh tO ano tic A tetekywvov Ted¢ TO aNO Tic 
B [tetedywvoy] Adyov uh EET, OV TetTEkywvoc deLvuUd> 
TENS TETEKYWVOV GELOUOV’ AEYO, OTL davWUETEdC EoTIV HV A 
th B urxet. 

Et ydo éott obuuetpoc H A tH B, e€ect 16 and tic A 
TENS TO aNO thc B Adyov, dv tete&kywvoc colds TEd¢ 
TETEAYWVOV Goldy. Ox Exel bE OLX hoa OUUUETEOS EOTIV 
n A th Buyer. 

Td dea and TOV UKE GUUNETOWY, Kol TH EFC. 
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For since A is commensurable in length with B, A 
thus has to B the ratio which (some) number (has) to 
(some) number [Prop. 10.5]. Let it have (that) which 
C (has) to D. Therefore, since as A is to B, so C (is) 
to D. But the (ratio) of the square on A to the square 
on B is the square of the ratio of A to B. For similar 
figures are in the squared ratio of (their) corresponding 
sides [Prop. 6.20 corr.]. And the (ratio) of the square 
on C to the square on D is the square of the ratio of 
the [number] C to the [number] D. For there exits one 
number in mean proportion to two square numbers, and 
(one) square (number) has to the (other) square [num- 
ber] a squared ratio with respect to (that) the side (of the 
former has) to the side (of the latter) [Prop. 8.11]. And, 
thus, as the square on A is to the square on B, so the 
square [number] on the (number) C’ (is) to the square 
[number] on the [number] D.* 

And so let the square on A be to the (square) on B as 
the square (number) on C’ (is) to the [square] (number) 
on D. I say that A is commensurable in length with B. 

For since as the square on A is to the [square] on B, so 
the square (number) on C (is) to the [square] (number) 
on D. But, the ratio of the square on A to the (square) 
on B is the square of the (ratio) of A to B [Prop. 6.20 
corr.]. And the (ratio) of the square [number] on the 
[number] C to the square [number] on the [number] D is 
the square of the ratio of the [number] C to the [number] 
D [Prop. 8.11]. Thus, as A is to B, so the [number] C 
also (is) to the [number] D. A, thus, has to B the ratio 
which the number C has to the number D. Thus, A is 
commensurable in length with B [Prop. 10.6].+ 

And so let A be incommensurable in length with B. I 
say that the square on A does not have to the [square] on 
B the ratio which (some) square number (has) to (some) 
square number. 

For if the square on A has to the [square] on B the ra- 
tio which (some) square number (has) to (some) square 
number then A will be commensurable (in length) with 
B. But it is not. Thus, the square on A does not have 
to the [square] on the B the ratio which (some) square 
number (has) to (some) square number. 

So, again, let the square on A not have to the [square] 
on B the ratio which (some) square number (has) to 
(some) square number. I say that A is incommensurable 
in length with B. 

For if A is commensurable (in length) with B then 
the (square) on A will have to the (square) on B the ra- 
tio which (some) square number (has) to (some) square 
number. But it does not have (such a ratio). Thus, A is 
not commensurable in length with B. 

Thus, (squares) on (straight-lines which are) com- 
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TIdeicya. 


Kot maveooy ex té&v Sedetyuevwv Eota, STL al UAKEL 
OUUUETEOL TdvTO xa SUVaUEL, at SE SUVdEL OD MdvTE< xatl 
UYXEL. 
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mensurable in length, and so on.... 


Corollary 


And it will be clear, from (what) has been demon- 
strated, that (straight-lines) commensurable in length 
(are) always also (commensurable) in square, but (straight- 
lines commensurable) in square (are) not always also 
(commensurable) in length. 


t+ There is an unstated assumption here that if a : 3 :: y: 6 then a? : 6? :: y? : 62. 


t There is an unstated assumption here that if a? : 6? :: y? : 6? thena: B:: 7:6. 


, 


U. 


Tf rooteveton cvdeia meooeupety 600 euietac KOUUUET- 
C0UC, THY UEV UNXEL UOVOY, Tv OE xal SUVdUEL. 


A: | 


_--- 


Ai 


Br 


[> 

"How 1 meoteveion evdeta i A’ Set 54 tH A TeOcEUPEtV 
S00 cbVelacg HoUUUETEOUG, THY UeV UNXEL UOvoY, Thy SE xatl 
SUVAUEL. 

‘ExxeioQwoay yao Svo0 aevOyol ot B, P med¢ aAAAouc 
OYoY UY EXOVTEC, Ov TeTEdYWVOG HoLOOS TEdS TEeTE&YWVOV 
ageoudyv, touTéotL UN OuoLot Exinedot, xol YEYOVETW WC O 
B red¢ tov T, otw¢ TO and tic A tetekywvov TEd¢ TO 
and tic A tetecywvov: eucédouev yéo obuUetTeov dea 
TO ano tic A té and tic A. xat Exel 0 B mod¢ tov T 
OYoy oux EXEL, OV TeTEdywvoc KELOUOS TEOC TeTE&YwWVOV 
gewudv, 000’ doa TO and tic A Ted TO and Tic A Adyov 
éyel, Ov Tetedywvoc dowudc TEdO¢ TeTEdywvov dolOyUdy: 
Kovuetoos doa cotly n A ty A ure. ciAjgpdw tév A, A 
ueor avédoyov 7 E: gotw dea wc H A ted¢ THY A, ovtW- 
TO and tic A tetekywvoyv Ted¢ TO ano Tic E. dovUUETEOS 
dé cotw 7 A tH A urxer dobuUEteov koa EoTl xal TO and 
tic A tetepkywvov 16 and tic E tetpayave dovuueteoc 
dea cotiv 4 A tH E duveuer. 

TH doa npotedeton edv0eta tH A meooebenvta do 
evveioan dobuueteot at A, E, ufxer uev wovov 7 A, duvduer 
d& ual urxer SNAASY HE [Snee Eder Sete cu]. 


Proposition 10' 


To find two straight-lines incommensurable with a 
given straight-line, the one (incommensurable) in length 
only, the other also (incommensurable) in square. 


Al ] 


—E_ e+ 


Dt 
B t———4 


C 

Let A be the given straight-line. So it is required to 
find two straight-lines incommensurable with A, the one 
(incommensurable) in length only, the other also (incom- 
mensurable) in square. 

For let two numbers, B and C, not having to one 
another the ratio which (some) square number (has) to 
(some) square number—that is to say, not (being) simi- 
lar plane (numbers)—have been taken. And let it be con- 
trived that as B (is) to C, so the square on A (is) to the 
square on D. For we learned (how to do this) [Prop. 10.6 
corr.]. Thus, the (square) on A (is) commensurable with 
the (square) on D [Prop. 10.6]. And since B does not 
have to C the ratio which (some) square number (has) to 
(some) square number, the (square) on A thus does not 
have to the (square) on D the ratio which (some) square 
number (has) to (some) square number either. Thus, A 
is incommensurable in length with D [Prop. 10.9]. Let 
the (straight-line) E (which is) in mean proportion to A 
and D have been taken [Prop. 6.13]. Thus, as A is to D, 
so the square on A (is) to the (square) on EF [Def. 5.9]. 
And A is incommensurable in length with D. Thus, the 
square on A is also incommensurble with the square on 
E [Prop. 10.11]. Thus, A is incommensurable in square 
with LE. 
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Thus, two straight-lines, D and EF, (which are) in- 
commensurable with the given straight-line A, have been 
found, the one, D, (incommensurable) in length only, the 
other, #, (incommensurable) in square, and, clearly, also 
in length. [(Which is) the very thing it was required to 
show. ] 


} This whole proposition is regarded by Heiberg as an interpolation into the original text. 


tor’. 

‘Edy técowpa yeye0n avadoyov fh, TO d€ TedStov Té 
deUTEOEW GUUUETOOY f, Xa TO TeitoOV Té TeThOTW OLUUETEOV 
EoTa’ xaV TO TEdSTOV 16) SeuTEEW AoUUUETEOV 7H, xal TO 
tottoy 16) tetuETW HOLUUETEOV EOTAL. 


Al i 8B 


1 ie At-— 

"Eotwouv técouea veyedn avidoyov ta A, B, T, A, 
w¢ To A nod¢ 10 B, ottw¢ 16 I npd¢ 16 A, tO A dé T6 
B ovuyetpov gotw A€Yw, Ott xal TO TD 16 A obuueteov 
EOTAL. 

‘Enel yuo obuuetedy Eott TO A 16 B, 16 A dou med¢ TO 
B héyov Eyet, Ov Gods TEd¢ deLUdY. Kal EoTv a¢ TO A 
mTed¢ TO B, oUtw¢ 10 T med¢ to A: xa 160 T dou med¢ t6 A 
oyoy Exel, Ov dolOyds TEd¢ aoLOUdV’ GUUUETEOV hoa EoTl 
tol tH A. 

AAA& BY 10 A 16 B dovueteov Eotw’ AEYO, OTL xa TO 
I té A dovuueteov gota. Enel yap doUUUETOdv Eott TO A 
16) B, 160 A dea med¢ TO B Adyov ovx Eyer, Ov dovdUd¢ TEd¢ 
dowdy. xal got Wo TO A npd¢ TO B, ote 16 I ned¢ 10 
A: ovdé 16 T dea med¢ 10 A ddyov Eyet, Ov dorduds TOG 
gewWudv’ dovuuEtpoyv dou Eoti TOT 165 A. 

"Edy dea téooupa yeyedn, xal Te E€fhc. 


Ds 

Ta 16 avté yeyéeder obuuEtox xol GAAAOIc EoTl 
OUUUETEM. 

“Exdtepoyv yoo tv A, B 16 TP gotw obuueteov. Agyu, 
ou xal tO A 6 B got obuUETPOV. 

‘Enel yuo ovuUEtedv cot, TO A 16H TD, 10 A doa med¢ 
to T Adyov éyet, dv dprduds Ted¢ deIUdV. EyéTW, OVO A 
Ted TOV E. néAw, Enel obuNETedv Eott TO [165 B, 10 T’ how 
Teds TO B Adyov Eyer, Ov aovdyds Ted KoUdy. EyéTW, Ov 
o Z neocg tov H. xal Adywv SoVEvtTwY ONODWVOUY TOD Te, 
dv éyet 6 A npdc¢ tov E, xal 6 Z med¢ tov H cidnpdwoav 
gowuol e€fi¢ Ev toic SoVEIon Adyotc Of O, K, Av Bote civan 


Proposition 11 


If four magnitudes are proportional, and the first is 
commensurable with the second, then the third will also 
be commensurable with the fourth. And if the first is in- 
commensurable with the second, then the third will also 
be incommensurable with the fourth. 


Ci 

Let A, B, C, D be four proportional magnitudes, 
(such that) as A (is) to B, so C (is) to D. And let A 
be commensurable with B. I say that C' will also be com- 
mensurable with D. 

For since A is commensurable with B, A thus has to B 
the ratio which (some) number (has) to (some) number 
[Prop. 10.5]. And as A is to B, so C (is) to D. Thus, 
C also has to D the ratio which (some) number (has) 
to (some) number. Thus, C is commensurable with D 
[Prop. 10.6]. 

And so let A be incommensurable with B. I say that 
C will also be incommensurable with D. For since A 
is incommensurable with B, A thus does not have to B 
the ratio which (some) number (has) to (some) number 
[Prop. 10.7]. And as A is to B, so C (is) to D. Thus, C 
does not have to D the ratio which (some) number (has) 
to (some) number either. Thus, C is incommensurable 
with D [Prop. 10.8]. 

Thus, if four magnitudes, and so on.... 


Proposition 12 


(Magnitudes) commensurable with the same magni- 
tude are also commensurable with one another. 

For let A and B each be commensurable with C. I say 
that A is also commensurable with B. 

For since A is commensurable with C, A thus has 
to C the ratio which (some) number (has) to (some) 
number [Prop. 10.5]. Let it have (the ratio) which D 
(has) to E. Again, since C is commensurable with B, 
C thus has to B the ratio which (some) number (has) 
to (some) number [Prop. 10.5]. Let it have (the ratio) 
which F' (has) to G. And for any multitude whatsoever 
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a> Uv tov A medc¢ tov E, ottwe tov O med¢ tov K, we é 
tov Z med¢ tov H, ottwe tov K med¢ tov A. 


A T B 
At @r— 

Er—— Kr— 

Lia Ls 

H 


‘Enel ov Eotw wo TO A npd¢ 10 T, o'tw¢o 6 A Ted¢ 
tov E, gd’ wo 0 A npdc¢ tov E, ottw¢ 6 O med¢ tov K, 
gow doa xal Wo TO A med¢ TOT’, ote 6 O Ted¢ Tov K. 
TUAW, Enel Cotw wc TOT ned¢ tO B, ovtw¢ O Z Ted tOv 
H, dA’ we 6 Z nedc¢ tov H, [ottw<] 6 K med¢ tov A, xa 
wc dea tO [T npd¢ 16 B, otw¢ 6 K med¢ tov A. ott bE Kal 
w>¢ 10 A npd¢ 16 T, ottw¢ 6 O Ted¢ tov K: Bt toou dea 
éotlv We T6 A med¢ tO B, ottwe 6 O npd¢ Tov A. TO A dea 
med¢ TO B ddyov Eyer, Ov dovwud¢ 6 O Ted¢ devOUdv tov A- 
ovuUETepOV doa Eotl TO A 16) B. 

Ta dou té wvTES UcyeDeL OVUUETEA xa GAAAOIC EOTl 
ovuuEtoa’ Smee det Seiga. 

ly’. 

‘Ey f, O00 Ueyedn obuUEtoa, TO be Etepov aUTéy 
usyevet Til KOUUUETEOV 7, Xa TO AOLTOV TES MUTE HOUUNETO- 
ov €oTa. 


A 


[> 


B 

"Eotw 500 ueyé0n obuuetea ta A, B, 10 d€ Etepov 
avtév T6 A dAdw tei 16 DP dobuueteov gotw Aéyoo, Ott 
xal TO Aotnov TO B 165 PT aovuuetedy eotw. 

Et yuo got obuNetpov 16 B 16H Ty WAG xal TO A 6S 
B obuuetedy éotw, xal 16 A goa 16 TP obuuetedv éotw. 
GAA xa GOVUUETEOV’ OTEO ASVVATOY. OLX ea OUUUETEOV 
éott To B 16) I: aovuueteov doa. 

"Eay dea 7, 600 yeyédn obuUETEA, xal TH EFC. 


Afiuua. 
Avo So00eoGv cvdev dviowy eveeiv, ti usiCov 
Svvatat H UElCov tic EAdooovOS. 
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of given ratios—(namely,) those which D has to E, and 
F to G—let the numbers H, K, L (which are) contin- 
uously (proportional) in the(se) given ratios have been 
taken [Prop. 8.4]. Hence, as D is to E, so H (is) to K, 
and as F (is) to G, so K (is) to L. 

1 CC) 


A B: 
Dr——4 Hr— 
Er—— Kr— 


FH 
Gr 
Therefore, since as A is to C, so D (is) to E, but as 
D (is) to EF, so H (is) to K, thus also as A is to C, so H 
(is) to K [Prop. 5.11]. Again, since as C is to B, so F 
(is) to G, but as F’ (is) to G, [so] K (is) to L, thus also 
as C (is) to B, so K (is) to L [Prop. 5.11]. And also as A 
is to C, so H (is) to kK. Thus, via equality, as A is to B, 
so H (is) to L [Prop. 5.22]. Thus, A has to B the ratio 
which the number H (has) to the number L. Thus, A is 
commensurable with B [Prop. 10.6]. 
Thus, (magnitudes) commensurable with the same 
magnitude are also commensurable with one another. 
(Which is) the very thing it was required to show. 


Proposition 13 


If two magnitudes are commensurable, and one of 
them is incommensurable with some magnitude, then 
the remaining (magnitude) will also be incommensurable 


with it. 
A 


C r———— 


B a | 

Let A and B be two commensurable magnitudes, and 
let one of them, A, be incommensurable with some other 
(magnitude), C. I say that the remaining (magnitude), 
B, is also incommensurable with C. 

For if B is commensurable with C, but A is also com- 
mensurable with B, A is thus also commensurable with 
C [Prop. 10.12]. But, (it is) also incommensurable (with 
C). The very thing (is) impossible. Thus, B is not com- 
mensurable with C’.. Thus, (it is) incommensurable. 

Thus, if two magnitudes are commensurable, and so 
on.... 


Lemma 


For two given unequal straight-lines, to find by (the 
square on) which (straight-line) the square on the greater 
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A B 


"Eotwoav at So0eicn 00 goat cdVein of AB, T, dv 
ueitav gotw 7 AB: det dH cbpeiv, tim ueitov Sbvata 7 AB 
thc T. 

Teyedpte ent tic AB numxdxAvov 6 AAB, xol cic witO 
évnpuoodw tH TL ion n AA, xal exeTevyDw 7 AB. pavepodv 
of, Ott 6ENH Eotw FH VTd AAB yovia, xal 6tt 7 AB tic 
AA, toutéott tij¢ T, ueiFov S0vatan tH AB. 

‘Quoiwe 6€ xol 600 SoVELoHv euderdv H Suvayevn avTAC 
eveloxetat OUTS. 

"Eotwoay at soveion b0o evdeia ot AA, AB, xai dé0v 
zotw evpeiv Thy SuvauevHY auTd&c. xEloNWouv yde, ote 
opdhy yoviav nepiéyety thy Und AA, AB, xat eneTedyDa 
n AB: gavepov néAw, dtt 7 tac AA, AB Suvauevn Eotly H 
AB: énep ede Seigu. 


+ That is, if a and @ are the lengths of two given straight-lines, with 
a? = 6? + 7”. Similarly, we can also find y such that 7? = a? + 6?. 


10’. 


‘Edy téoougec evtetan avédoyov Wow, Sdvntu dé 7 
TOOTH Thc Sevtéeac yeiCov TH dnd oUUUETEOU EQUTH 
[unxet], xol A toity tic tet&OtHC UciZov SUVAoEta TH NO 
OUUMETPOU EaUT# [UAnxel]. xal Edv A METH Tio SeuteEac 
ueiTov Sbvnta TG dnd dovUNETEOV EaUTH [UAxel], xal 7 
toltn tic tetheTHS UsiZov SuvAcETH TE dnd doUWLETEOU 
eaurtyy [uyxer]. 

"Hotwouyv téooaupes evetar avédoyov at A, B, T, A, 
a> 7 A medc¢ thy B, ottwc HT npd¢ thy A, xai n A yev 
tic B uciZov Suvdodw 16 and tic E, 9 6e T tic A uciZov 
duvdoVw 6 ano Thc Z A€yw, Ot, elte oVWUETEdC EOTIV 
7 A th E, obuyetedc cott xo nT th Z, cite cobuuetedc 
gow n A tH E, dovuyetedc¢ cout xal oT t7¥ Z. 
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(straight-line is) larger than (the square on) the lesser.‘ 


C 


D 


A B 


Let AB and C be the two given unequal straight-lines, 
and let AB be the greater of them. So it is required to 
find by (the square on) which (straight-line) the square 
on AB (is) greater than (the square on) C. 

Let the semi-circle ADB have been described on AB. 
And let AD, equal to C, have been inserted into it 
[Prop. 4.1]. And let DB have been joined. So (it is) clear 
that the angle ADB is a right-angle [Prop. 3.31], and 
that the square on AB (is) greater than (the square on) 
AD—that is to say, (the square on) C—by (the square 
on) DB [Prop. 1.47]. 

And, similarly, the square-root of (the sum of the 
squares on) two given straight-lines is also found likeso. 

Let AD and DB be the two given straight-lines. And 
let it be necessary to find the square-root of (the sum 
of the squares on) them. For let them have been laid 
down such as to encompass a right-angle—(namely), that 
(angle encompassed) by AD and DB. And let AB have 
been joined. (it is) again clear that AB is the square-root 
of (the sum of the squares on) AD and DB [Prop. 1.47]. 
(Which is) the very thing it was required to show. 


a being greater than G, to find a straight-line of length y such that 


Proposition 14 


If four straight-lines are proportional, and the square 
on the first is greater than (the square on) the sec- 
ond by the (square) on (some straight-line) commen- 
surable [in length] with the first, then the square on 
the third will also be greater than (the square on) the 
fourth by the (square) on (some straight-line) commen- 
surable [in length] with the third. And if the square on 
the first is greater than (the square on) the second by 
the (square) on (some straight-line) incommensurable 
[in length] with the first, then the square on the third 
will also be greater than (the square on) the fourth by 
the (square) on (some straight-line) incommensurable 
[in length] with the third. 

Let A, B, C, D be four proportional straight-lines, 
(such that) as A (is) to B, so C (is) to D. And let the 
square on A be greater than (the square on) PB by the 
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A BE. I AZ 


‘Enel ydo cotw wo n A ted¢ thy B, odtw¢ HT ned¢ thy 
A, éotw dpa xal We TO and Tic A TEd¢ TO and Tic B, OTC 
tO dno tic T mpd¢ tO and tic A. HAAG TH YEV and Tio A 
fou cotl ta and Tov E, B, 16 6 and tic T tow cotl ta ano 


tév A, Z. gotw doa Oc Ta dnd TOV E, B ned¢ 16 and tic 
B, obtw¢ Tk and tév A, Z npd¢ 16 ANO Tic A’ SiedAdvtt Kom 
Eotly Wo TO &NO Thc E med¢ tO ano tH¢ B, oUtTwWC TO ano 
tiic Z mpd¢ 16 and tic Av Zotw doa xal wo HE ned¢ thy 
B, o¥tw¢ HZ med¢ Thy A’ avarnadw dea Eotlv wo HB med¢ 
thy E, ottw¢ H A med¢ thy Z. Zot 5E xa Wo HA TEdS THY 
B, obtw¢ WT npd¢ thy A: 8 toou doa Eotiv we H A Ted¢ 
thy E, obtw¢ HT mpd¢ thy Z. cite obv obuuEtedc Eotww HW A 
th E, ovpyetedc cot xol nT tH Z, cite covwuetedc Eotw 
n A th E, dobuyetedc cot xat WT tH Z. 
"Edy doa, xol te EF Fc. 


1s. 

‘Eay 600 usyéetn obuuetex ovvtetY}, xal TO dAov 
EXATEEW AUTEY OLUUETEOV EOTAL’ XV TO OAOV Evl HUTOY 
OUUNETEOY 7}, xal TH EE hoyAc UeyedN OUUNETEA EoTaL. 

Luyxetodo yao vo veyed obuuetea ta AB, BI: AEyaa, 
ou xa dAov tO AT Exatéoew tev AB, BI éott obuyetpov. 
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(square) on EF, and let the square on C be greater than 
(the square on) D by the (square) on F. I say that A 
is either commensurable (in length) with EF, and C is 
also commensurable with fF’, or A is incommensurable 
(in length) with FE, and C is also incommensurable with 
Fe 


| 


ABECODE 


For since as A is to B, so C (is) to D, thus as the 
(square) on A is to the (square) on B, so the (square) on 
C (is) to the (square) on D [Prop. 6.22]. But the (sum 
of the squares) on F& and B is equal to the (square) on 
A, and the (sum of the squares) on D and F is equal 
to the (square) on C.. Thus, as the (sum of the squares) 
on £ and B is to the (square) on B, so the (sum of the 
squares) on D and F (is) to the (square) on D. Thus, 
via separation, as the (square) on F is to the (square) 
on B, so the (square) on F (is) to the (square) on D 
[Prop. 5.17]. Thus, also, as FE is to B, so F (is) to D 
[Prop. 6.22]. Thus, inversely, as B is to EF, so D Cis) 
to F [Prop. 5.7 corr.]. But, as A is to B, so C also (is) 
to D. Thus, via equality, as A is to E, so C (is) to F 
[Prop. 5.22]. Therefore, A is either commensurable (in 
length) with E, and C is also commensurable with F’, or 
A is incommensurable (in length) with EF, and C is also 
incommensurable with F' [Prop. 10.11]. 

Thus, if, and soon.... 


Proposition 15 


If two commensurable magnitudes are added together 
then the whole will also be commensurable with each of 
them. And if the whole is commensurable with one of 
them then the original magnitudes will also be commen- 
surable (with one another). 

For let the two commensurable magnitudes AB and 
BC be laid down together. I say that the whole AC is 
also commensurable with each of AB and BC. 
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A B ik 


Ate— 

‘Enel yuo ovuuete& cott te AB, BI, yeterjoe: te wote 
uevedoc. uetosita, xal Eotw TO A. éxet obv tO A t& AB, 
BI ueteet, xat dAkov 10 AL Uetoyoet. uetpet dé xa ta AB, 
BI. 16 A goa te AB, BI, AT uetest: obuyetpov tea Eotl 
to AD exatéew tv AB, BY. 

AdA& OF tO AD Eotw ovyUEteov T65 AB’ éEvw 5H, STL 
xa ta AB, BI’ obuueted& cot. 

‘Enel yuo ovuuete& €ott ta AT, AB, vetoroet ti wvte 
uevyevoc. Yeteeitw, xal Eotw TO A. Enel odv 10 A 14 TA, 
AB ueteet, xal Aotmdv doa TO BI uetoyoet. yetpet 5& xa 
to AB: 16 A doa ta AB, BI uetofoet obuuetea tea Eotl 
ta AB, BI. 

"Ey dea S00 yeyedn, xal Te E€fhc. 


, 


Iv. 


‘Eay 600 uevedn aobuuetox ovuvtedD fj, xal TO dAov 
EXATEOW AVTEOVY HOLUUETEOV COTA’ KAV TO OAOV Evl AUTH 
KOVUUETOOY 7}, xal TH EE hoyc UeyENN dovUNETEA EoTaL. 


A B v 


At-——— 

Luyxeto0w yup svo usyéUn cobuuetea te AB, BI: 
AEYw, Ott xal OAov TO AT Exatéew tv AB, BI dovuyetoedv 
ET. 

Et yoo un gotw cobuuetea ta TA, AB, uetoyoer tt 
[auté] yéyeDoc. uetpsite, et Suvatdy, xal Zotw TO A. Enel 
odv 76 A ta TA, AB veteei, xal Aotndv doa To BI uetohoet. 
uetoeet é xal tT AB’ 10 A doa ta AB, BI yeteet. obuuetea 
&ea éotl ta AB, BI: bréxewto b& xol dobuuetoa dre 
éotly adbvatov. obx dea te TA, AB uetoeyoet tt weyeVoc: 
govuVeton doa cott ta TA, AB. Ouolwe Sf SeiGouev, dtu xaul 
ta AD, [TB dovuueted cotw. 10 AT dpa Exatépw tév AB, 
BI aobuuetedyv Eotw. 

AAG 5H TO AT Evi tv AB, BI dovuusteov Eotw. 
éotw Sf Tedtepov 16 AB: éyw, Ott xal te AB, BP 
QOUUMETES EOTIY. El YXO EOTHL OUUUETEA, UETONOEL TL AUTH 
uevetoc. uetositw, xal Eotw TO A. excel obv tO A t& AB, 
BI uetpet, xal Ghov doa tO AT yeteroet. wetoet 5é xal TO 
AB: to A &éa 14 TA, AB uetpet. otuyetoa doa éoti Te 
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A B C 


Dt 

For since AB and BC are commensurable, some mag- 
nitude will measure them. Let it (so) measure (them), 
and let it be D. Therefore, since D measures (both) AB 
and BC, it will also measure the whole AC. And it also 
measures AB and BC. Thus, D measures AB, BC, and 
AC’. Thus, AC is commensurable with each of AB and 
BC [Def. 10.1]. 

And so let AC be commensurable with AB. I say that 
AB and BC are also commensurable. 

For since AC and AB are commensurable, some mag- 
nitude will measure them. Let it (so) measure (them), 
and let it be D. Therefore, since D measures (both) CA 
and AB, it will thus also measure the remainder BC. 
And it also measures AB. Thus, D will measure (both) 
AB and BC. Thus, AB and BC are commensurable 
[Def. 10.1]. 

Thus, if two magnitudes, and so on.... 


Proposition 16 


If two incommensurable magnitudes are added to- 
gether then the whole will also be incommensurable with 
each of them. And if the whole is incommensurable with 
one of them then the original magnitudes will also be in- 
commensurable (with one another). 


A B G 
$A 


Dt 

For let the two incommensurable magnitudes AB and 
BC be laid down together. I say that that the whole AC 
is also incommensurable with each of AB and BC. 

For if CA and AB are not incommensurable then 
some magnitude will measure [them]. If possible, let it 
(so) measure (them), and let it be D. Therefore, since 
D measures (both) CA and AB, it will thus also mea- 
sure the remainder BC. And it also measures AB. Thus, 
D measures (both) AB and BC. Thus, AB and BC are 
commensurable [Def. 10.1]. But they were also assumed 
(to be) incommensurable. The very thing is impossible. 
Thus, some magnitude cannot measure (both) C'A and 
AB. Thus, CA and AB are incommensurable [Def. 10.1]. 
So, similarly, we can show that AC and CB are also 
incommensurable. Thus, AC is incommensurable with 
each of AB and BC. 

And so let AC be incommensurable with one of AB 
and BC. So let it, first of all, be incommensurable with 


296 


STOIXEION v’. 


TA, AB: bréxeito 5€ xal dobuuetea Stee EoTly KSUvaTOV. 
ovx dea te AB, BI ueteyoe: tt ueyedoc dobuetoa doa 
éoti tz AB, BY. 

"Eay dea S00 yeyedn, xal Te E€f\c. 


Afiuua. 
‘Edy raed twa cvdetav napaBAndh naoarrAnAdyeauUov 
cAAEinoy eldet TEeTONYOVY, TO TACABANVEY toov Eotl 16) UNO 
TOV Ex Thc TaPABOAS YEVOUEVWY TUNUdTY Tic cbVelac. 


A 


A rT B 


Tlaogk yoo evdeiav thy AB rapoPeBAfotw maoad- 
Anddoyeauoy tO AA édacinov etder tetepayava té AB- 
hEYw, Ott toov Eotl TO AA 7165 bnd téHv AT, TB. 

Kat cotw avtédev pavepdv: emel yoo tetekywvov Eott 
to AB, ton gotlv 7 AT tH TB, xat ott to AA 16 O26 téSV 
AT, TA, tovtéot 16 bn6 tv AT, TB. 

"Ey Soa Taek tia edbVetav, xal Te etic. 


+ Note that this lemma only applies to rectangular parallelograms. 


IC. 

‘Edy Got S00 cvVeian aviool, 6 SE TeTedtw UEpEl 
tov ano Tic EAdooovOs toov Tap& THY UEiTova TapaBANOY; 
eAAcinoy eldel TeTOAyMVE Kal cic COOUNETEA AUTHY SiMoy) 
uryxet, AN yelCwv tic EAcooovoc UciTov Suvioeta TG) and 
OUPWETOL EauTh [urrxet]. xal Exv nH yelCov tic EAcooovoc 
ueiCov Sbvnta TG dnd CUVUUETEOUV EaUTH [Urnel], TH dE 
TeTodete tol ano tic EAcooovoc toov Tape thy UEtTova 
TapaBANnO, EdAcinov eldet TetTePAYHVW, Eic OUNUETEA WUTHY 
Stoupet UN}XEL. 

"Eotwouy S00 cdVeia gvoot ai A, BI, &v veilwv 
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AB. I say that AB and BC are also incommensurable. 
For if they are commensurable then some magnitude will 
measure them. Let it (so) measure (them), and let it be 
D. Therefore, since D measures (both) AB and BC, it 
will thus also measure the whole AC. And it also mea- 
sures AB. Thus, D measures (both) CA and AB. Thus, 
CA and AB are commensurable [Def. 10.1]. But they 
were also assumed (to be) incommensurable. The very 
thing is impossible. Thus, some magnitude cannot mea- 
sure (both) AB and BC. Thus, AB and BC are incom- 
mensurable [Def. 10.1]. 
Thus, if two... magnitudes, and so on.... 


Lemma 


If a parallelogram,' falling short by a square figure, is 
applied to some straight-line then the applied (parallelo- 
gram) is equal (in area) to the (rectangle contained) by 
the pieces of the straight-line created via the application 
(of the parallelogram). 

D 


A C B 


For let the parallelogram AD, falling short by the 
square figure DB, have been applied to the straight-line 
AB. I say that AD is equal to the (rectangle contained) 
by AC and CB. 

And it is immediately obvious. For since DB is a 
square, DC is equal to CB. And AD is the (rectangle 
contained) by AC’ and CD—that is to say, by AC and 
CB. 

Thus, if ...to some straight-line, and so on.... 


Proposition 17? 


If there are two unequal straight-lines, and a (rect- 
angle) equal to the fourth part of the (square) on the 
lesser, falling short by a square figure, is applied to the 
greater, and divides it into (parts which are) commen- 
surable in length, then the square on the greater will be 
larger than (the square on) the lesser by the (square) 
on (some straight-line) commensurable [in length] with 
the greater. And if the square on the greater is larger 
than (the square on) the lesser by the (square) on 
(some straight-line) commensurable [in length] with the 
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BI, 1t@ 5€ tetedetw ugeet tod and Ekdooovoc tijc A, 
TOUTEOTL TES AMO Tio AUtoelac tic A, loov nap& thy BI 
TrapaBeBAnodw cAdcinov eldet TeTOAYOVY, xal EoTw TO LTO 
tév BA, AT, obuueteoc 6€ Eotw H BA tH AT uryner AEyoo, 
out 7 BI tic A ysiZov Sbvato té and CUUUETEOU EaUTH}. 


t t 1 
B Z E AT 

Tetujovw yao 7 BI Stya xat& 16 E onusiov, xa xetodw 
tf, AE ion A EZ. Aownh Goa 7 AT ton eoti tH BZ. xat enei 
evveia n BI tétunto cic ev toa xata TO EH, cic 6 &vicw 
xata to A, tO bea Und BA, AT nxepetyouevov dpdoyaviov 
yEeTa Tov dno tic EA teteaywvou toov Eotl té ano TH\¢ 
ED tetoayavay’ xol Tx TeTeATAdoLA TO doa TeTEdmIc LTO 
tév BA, AT yet& tot tetpatAactou tot ano tic AE toov 
Eotl TG) tetedxic ano tho ED tetoewyavea. aAAd TE YEV 
tetoartAaoty tod tnd tév BA, AT toov éotl 16 ano tic 
A tetecywvov, 16 b€ teteatAaotw tot and tific AE itoov 
éotl 16 ano tic AZ tetpkywvov: SinAactwy yéo cotw Hn AZ 
tiic AE. 16 5€ tetoutAactw tot dnd tic ED toov éotl 16 
and tii¢ BI tetedywvov’ SitAactwy ydo ott néAw H BI 
tic TE. t& doa and tév A, AZ tetepdyova tow gotl 16 ano 
tic BI tetodywva Bote 16 and tH¢ BL tot ano tic A 
usi@ov cott 16 and thc AZ: yn BI da t¥}¢ A uciTov SOvata 
th, AZ. Sevxetéov, Sti xal obUNETed¢ Eotw H BI tH AZ. 
émel yuo obuUETed¢ Eotw H BA th AT une, obuueteoc 
goa éotl xal WY BY t¥ TA uhmer. GAG H TA toiic TA, BZ 
EoTl OUUNETEOS UMxEL’ ton yoo Eotw ATA tH BZ. xot y BP 
doa GUUUNETEd> EoTL Toic BZ, TA urxer Bote xat Aownf} tH 
ZA ovuuetedc cot 7 BI uhxer n BI dea tic A uciZov 
SUVATAL TE AMO CUUNETEOL EQUTH}. 

AAAG 67 4 BI tic A yeiZov Suvdéo0w 16 dno ovUUETEOU 
ENUTY, TG SE tete&tOW ToD and tic A toov nap& thy BE 
rapaBeBAnodw eArcinov elder TetePAyOVH, xal EoTW TO UMO 
tév BA, AT. detxtéov, Sti oWWUETed¢ Eotw H BA tH AT 
UnXeL. 

Tév yuo avtiv xataoxevacdevtwv duotwc SetEouey, 
out H BI tij¢ A veiCov Sbvata 165 dnd tio ZA. Sbvatat dé H 
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greater, and a (rectangle) equal to the fourth (part) of the 
(square) on the lesser, falling short by a square figure, is 
applied to the greater, then it divides it into (parts which 
are) commensurable in length. 

Let A and BC be two unequal straight-lines, of which 
(let) BC (be) the greater. And let a (rectangle) equal to 
the fourth part of the (square) on the lesser, A—that is, 
(equal) to the (square) on half of A—falling short by a 
square figure, have been applied to BC. And let it be 
the (rectangle contained) by BD and DC [see previous 
lemma]. And let BD be commensurable in length with 
DC. 1 say that that the square on BC is greater than 
the (square on) A by (the square on some straight-line) 
commensurable (in length) with (BC). 


B F E DC 

For let BC have been cut in half at the point E [Prop. 
1.10]. And let EF be made equal to DE [Prop. 1.3]. 
Thus, the remainder DC is equal to BF. And since the 
straight-line BC has been cut into equal (pieces) at E, 
and into unequal (pieces) at D, the rectangle contained 
by BD and DC, plus the square on ED, is thus equal to 
the square on EC [Prop. 2.5]. (The same) also (for) the 
quadruples. Thus, four times the (rectangle contained) 
by BD and DC, plus the quadruple of the (square) on 
DE, is equal to four times the square on EC. But, the 
square on A is equal to the quadruple of the (rectangle 
contained) by BD and DC, and the square on DF is 
equal to the quadruple of the (square) on DE. For DF 
is double DE. And the square on BC is equal to the 
quadruple of the (square) on EC. For, again, BC is dou- 
ble CE. Thus, the (sum of the) squares on A and DF is 
equal to the square on BC. Hence, the (square) on BC 
is greater than the (square) on A by the (square) on DF. 
Thus, BC is greater in square than A by DF. It must 
also be shown that BC is commensurable (in length) 
with DF. For since BD is commensurable in length 
with DC, BC is thus also commensurable in length with 
CD [Prop. 10.15]. But, CD is commensurable in length 
with CD plus BF. For CD is equal to BF [Prop. 10.6]. 
Thus, BC is also commensurable in length with BF plus 
CD [Prop. 10.12]. Hence, BC is also commensurable 
in length with the remainder F'D [Prop. 10.15]. Thus, 
the square on BC is greater than (the square on) A by 
the (square) on (some straight-line) commensurable (in 
length) with (BC). 
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BI tic A usiFov 16 and ovUUETEOU EaUTH. obUUETEOC koa 
éotlv 7 BI th ZA unxer Bote xal Aon, ovvayrpotéew TH 
BZ, AT obyyetedc cotw 7 BY uhxer. GAAX oUvapdtepog 
7 BZ, AT obuueted¢ cot tA AT [uhxet]. Gote xai A BI 
tf DA obuuetedc gots unxer xal SteAdvtt doa H BA tH AT 
EOTL OUUNETEOS UAXEL. 

"Edy doa Gor Vo cvdetoan avicot, xal TH EEFjc. 
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And so let the square on BC be greater than the 
(square on) A by the (square) on (some straight-line) 
commensurable (in length) with (BC). And let a (rect- 
angle) equal to the fourth (part) of the (square) on A, 
falling short by a square figure, have been applied to BC. 
And let it be the (rectangle contained) by BD and DC. It 
must be shown that BD is commensurable in length with 
DC. 

For, similarly, by the same construction, we can show 
that the square on BC is greater than the (square on) A 
by the (square) on FD. And the square on BC is greater 
than the (square on) A by the (square) on (some straight- 
line) commensurable (in length) with (BC). Thus, BC 
is commensurable in length with FD. Hence, BC is 
also commensurable in length with the remaining sum 
of BF and DC [Prop. 10.15]. But, the sum of BF and 
DC is commensurable [in length] with DC [Prop. 10.6]. 
Hence, BC is also commensurable in length with CD 
[Prop. 10.12]. Thus, via separation, BD is also commen- 
surable in length with DC [Prop. 10.15]. 

Thus, if there are two unequal straight-lines, and so 
on.... 


+ This proposition states that if ax — x? = 67/4 (where a = BC, x = DC, and 8 = A) then a and \/a2 — 2 are commensurable when a — x 


are x are commensurable, and vice versa. 


ne 

‘Edy Got S00 cvdeian aviool, 6 SE tethoTW UEpPEl 
tov &nO tic EAdaoOvOs toov Taped THY UEiTova TapaBANOY; 
eAAeinoy elder TeTOAyAVW, Kal cic COLUUETOA AUTHY Siaoey) 
luAxet], A uctZwv tic EAdcooovoc UEiTov SuvfoETH TH &NO 
KOUUNETOOY EaUTA. nal Eav 7H UetTwv tic EAdooOVOS UEiTov 
SUVITAL TES AMO HOVUUETOOY EQUTH, TE OE TeTEHOTHW TOD ATO 
Tic EAcooovog toov Taped tiv UstTova TapaBANDY EAAcinov 
eldeL TEeTEAYOVYD, Eic dOLUUETEA WUTHY Stolost [UrxeL]. 

"Eotwouy d00 evdeta &vioot at A, BI, Sv uetCwv n BI, 
tG S& tetéete [UcoEt] too dnd Tic EAdhooOvOs tic A toov 
rapa thy BI rapoBeBanode eAcinov elder tetoxyave, xatl 
éot TO UNO tHv BAT, dobuueteocg S€ Eot 7 BA tH 
AT uve AEyo, 611 H BE tic A yeiZov Sbvatm 16 and 
QOUUUETOOU EQXUTH}. 


Proposition 18* 


If there are two unequal straight-lines, and a (rect- 
angle) equal to the fourth part of the (square) on the 
lesser, falling short by a square figure, is applied to the 
greater, and divides it into (parts which are) incom- 
mensurable [in length], then the square on the greater 
will be larger than the (square on the) lesser by the 
(square) on (some straight-line) incommensurable (in 
length) with the greater. And if the square on the 
greater is larger than the (square on the) lesser by the 
(square) on (some straight-line) incommensurable (in 
length) with the greater, and a (rectangle) equal to the 
fourth (part) of the (square) on the lesser, falling short by 
a square figure, is applied to the greater, then it divides it 
into (parts which are) incommensurable [in length]. 

Let A and BC be two unequal straight-lines, of which 
(let) BC (be) the greater. And let a (rectangle) equal to 
the fourth [part] of the (square) on the lesser, A, falling 
short by a square figure, have been applied to BC. And 
let it be the (rectangle contained) by BDC. And let BD 
be incommensurable in length with DC. I say that that 
the square on BC is greater than the (square on) A by 
the (square) on (some straight-line) incommensurable 
(in length) with (BC). 
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Atm 


B 242 E A T 


Tv yuo aUTHY xatTaoxevADVEVTOY TE TEdTEPOV OLOLWC 
det€ouev, 6tt H BI tic A uciZov Svvatou té and tic ZA. 
detxtéov [ody], dtt davUETeEd>¢ Eotly A BI tH AZ ure. 
éttel YUE dovUUETEds Eotw H BA tH AT urxet, dovUEteoc¢ 
goa cott xol 1 BY tH TA pret. GAAG H AT obueted¢ Eott 
ovvayotépacg toic BZ, AT: xai 7 BI doa dovuuetedc¢ 
Eotl ovvauotéoaig toic BZ, AT. ote xol Aown# tH ZA 
govuuetodc got 4 BI uhmer. xat A BI tic A uciCov 
Svvatat TH and tH¢ ZA: A BI Spa tic A YEiTov SUvaton Té8 
ONO UOUUUETOOU EXUTT}. 

Avyéodw oi naw 7 BI tic A yeiCov 16 dnd douete- 
ov EautH, TG SE tetHOTH Tod dnd tic A toov nap& thy BP 
rapaBeBAnodw eAdcinov elder TetTPA~OVH, xol EoTW TO UMO 
tév BA, ATL. devxtéov, Sti dobUUETed¢ Eotw A BA tH AT 
UnXEL. 

Tév yao avtiv xataoxevacdevtwy duolwc SetEouey, 
ow n BI tic A Yeifov Sbvatm té and thc ZA. GAA 
n BI tic A yeiCov Svvata 6 &NO doUUUETEOU EaUTH}. 
govuNetoos doa cotly y BI th ZA wher ote xal Aownyj 
ovvanpotéew tH BZ, AP dobuuetedc cotw A BI. dAAX ov- 
va.dtepoc 7 BZ, AT tA AT ovyuetedc Eotr Urner xal A 
BI dea tH AT cobuuetedc Eott Urner’ Hote xal Seddvet 
BA t7 AT dobuueted¢ Eot uyxer. 

"Eay dea Got dbo evdeto, xal ta e€ic. 
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[_ $$ ++ 


BF E D C 


For, similarly, by the same construction as before, we 
can show that the square on BC is greater than the 
(square on) A by the (square) on FD. [Therefore] it 
must be shown that BC is incommensurable in length 
with DF. For since BD is incommensurable in length 
with DC, BC is thus also incommensurable in length 
with C'D [Prop. 10.16]. But, DC is commensurable (in 
length) with the sum of BF and DC [Prop. 10.6]. And, 
thus, BC is incommensurable (in length) with the sum of 
BF and DC [Prop. 10.13]. Hence, BC is also incommen- 
surable in length with the remainder FD [Prop. 10.16]. 
And the square on BC is greater than the (square on) 
A by the (square) on F'D. Thus, the square on BC is 
greater than the (square on) A by the (square) on (some 
straight-line) incommensurable (in length) with (BC). 

So, again, let the square on BC be greater than the 
(square on) A by the (square) on (some straight-line) in- 
commensurable (in length) with (BC). And let a (rect- 
angle) equal to the fourth [part] of the (square) on A, 
falling short by a square figure, have been applied to BC. 
And let it be the (rectangle contained) by BD and DC. 
It must be shown that BD is incommensurable in length 
with DC. 

For, similarly, by the same construction, we can show 
that the square on BC is greater than the (square) on 
A by the (square) on FD. But, the square on BC is 
greater than the (square) on A by the (square) on (some 
straight-line) incommensurable (in length) with (BC). 
Thus, BC is incommensurable in length with FD. Hence, 
BC is also incommensurable (in length) with the re- 
maining sum of BF and DC [Prop. 10.16]. But, the 
sum of BF and DC is commensurable in length with 
DC [Prop. 10.6]. Thus, BC is also incommensurable 
in length with DC [Prop. 10.13]. Hence, via separa- 
tion, BD is also incommensurable in length with DC 
[Prop. 10.16]. 

Thus, if there are two ...straight-lines, and so on.... 


+ This proposition states that if az — 2? = 87/4 (where a = BC, x = DC, and 6 = A) then a and \/a? — 8? are incommensurable when 


a — x are x are incommensurable, and vice versa. 
* 
Wy’. 
To U70 ontéy uyxer OUUUETEWY EvVELOY TECLEeyOUEVOYV 


OpVoYMviov ENTOV EoTLV. 
“Tro yoo ENnt&yv urKEt OVUUETOWY EvVELév THv AB, BP 


Proposition 19 


The rectangle contained by rational straight-lines 
(which are) commensurable in length is rational. 
For let the rectangle AC have been enclosed by the 
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opVoyouov nepteyeodw TO AT: héEyw, Ott PNTOV EoTL TO 
AT. 


A 


A B 

Avayeyedpvw yuo and tic AB tetedywvov 10 AA: 
entov toa Eotl T6 AA. xol Enel obUUETed¢ Eotw 7H AB tH 
BI urxet, fon 5é Eotw H AB tH BA, obuUeteo¢ dea Eotiv 
n BA tH BI ure. xat Eotw wc 7 BA red¢ thy BI, obtw<¢ 
to AA nod¢ 16 AD. obuuetoov bea Eotl T6 AA 16 AT. 
ontov dé to AA: Ontov doa gott xal tO AT. 

To doa Uno PNté&v ur et ovuUETEwWY, xal TH EFfc. 


, 


Xx. 


‘Edy ontoyv raed ENTHY TAEABANDH, TA&TOS Totet ENTHYY 
xall OOUUETEOY TH, TAP” Hy Tapdxettou, UAXKEL. 


A 


T 

‘Pytov yoo to AT nape entiy thy AB napaBeBAnodu 

TAdtOg Tolovy thy BI’ Agéyw, dtr ENtH cotw 7H BI xo 
ovuuEeteos TY} BA urxer. 

Avayeyeapdw yuo and tic AB tetedywvov 10 AA: 

ontov doa cott To AA. pntov dé xal TO AT: otUUEteOV dea 
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rational straight-lines AB and BC (which are) commen- 
surable in length. I say that AC is rational. 


D 


A B 

For let the square AD have been described on AB. 
AD is thus rational [Def. 10.4]. And since AB is com- 
mensurable in length with BC, and AB is equal to BD, 
BD is thus commensurable in length with BC. And as 
BD is to BC, so DA (is) to AC [Prop. 6.1]. Thus, DA 
is commensurable with AC [Prop. 10.11]. And DA Cis) 
rational. Thus, AC is also rational [Def. 10.4]. Thus, 
the ...by rational straight-lines ...commensurable, and 
soon.... 


Proposition 20 


If a rational (area) is applied to a rational (straight- 
line) then it produces as breadth a (straight-line which is) 
rational, and commensurable in length with the (straight- 
line) to which it is applied. 


D 


C 


For let the rational (area) AC have been applied to the 
rational (straight-line) AB, producing the (straight-line) 
BC as breadth. I say that BC is rational, and commen- 
surable in length with BA. 

For let the square AD have been described on AB. 
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gotl 10 AA té5 AT. xat ott ac 10 AA npd¢ 16 AT, od TW 
n AB xpdc thy BI. obuyeteog hou Eotl xat y AB t# BI: 
ton dé 7 AB tf BA: obyueteoc doa xol 7 AB tH BI. onty 
dé cotw H AB: pnth dea Eoti xal 7 BI xat obuueteoc tH 
AB wraet. 

"Edy oa PNTOV TaEd ENTHY TaPOBANDH, xal ta EC¥c. 


, 


Xd. 
TO UnO pty Suvdel UOvov OUUUETEWY eULDELGY TeE- 
elexduevoy dpdoyowoy doydéy cotty, xal 7 SUVaEVN AOTO 
doydc Eotw, xarelodw dé UEOnN,. 


T 

“Tro yoo ENnTédyY SuUVdUEL UOVOY CUUUETOWV ELDELOY TOY 
AB, BI ép0oyauoy mepieyéo0w 10 AT: AEyo, 6tt HAOYOV 
éott to AT, xal A Suvayevn avTO GAroydc Eotw, xaretoVu 
dé LEON. 

Avayeyeapvw yuo and tic AB tetedywvov 10 AA: 
entov &oa gott TO AA. xol Enel dovuUeted¢ Eotw H AB 
th BI ufxer Suvduer yee Udvoyv UNdxelwta obUUETEOL ton 
dé 7 AB ti BA, dobuueteoc doa Eotl xat 7H AB tH BI 
uyxer. xat ott ac A AB npdc¢ thy BI, ottwo 16 AA 
med¢ TO AI: dovuetoov dou [Eotl] to AA té5 AT. OytOv 
dé 10 AA: &hoyoy Sou Eoti 16 AT: Hote xal H SuvaEVY TO 
AT [toutéotw n toov avtés tetekywvov Suvauevy] dAoYdc 
éotv, xarelodw Se ugon Sree Eder Seiten. 


+ Thus, a medial straight-line has a length expressible as k!/4. 


ELEMENTS BOOK 10 


AD is thus rational [Def. 10.4]. And AC (is) also ratio- 
nal. DA is thus commensurable with AC. And as DA 
is to AC, so DB (is) to BC [Prop. 6.1]. Thus, DB is 
also commensurable (in length) with BC [Prop. 10.11]. 
And DB (is) equal to BA. Thus, AB (is) also commen- 
surable (in length) with BC. And AB is rational. Thus, 
BC is also rational, and commensurable in length with 
AB [Def. 10.3]. 

Thus, if a rational (area) is applied to a rational 
(straight-line), and soon.... 


Proposition 21 


The rectangle contained by rational straight-lines 
(which are) commensurable in square only is irrational, 
and its square-root is irrational—let it be called medial.‘ 


D 


C 


For let the rectangle AC be contained by the rational 
straight-lines AB and BC (which are) commensurable in 
square only. I say that AC is irrational, and its square- 
root is irrational—let it be called medial. 

For let the square AD have been described on AB. 
AD is thus rational [Def. 10.4]. And since AB is incom- 
mensurable in length with BC. For they were assumed 
to be commensurable in square only. And AB (is) equal 
to BD. DB is thus also incommensurable in length with 
BC. And as DB is to BC, so AD (is) to AC [Prop. 6.1]. 
Thus, DA [is] incommensurable with AC [Prop. 10.11]. 
And DA (is) rational. Thus, AC is irrational [Def. 10.4]. 
Hence, its square-root [that is to say, the square-root of 
the square equal to it] is also irrational [Def. 10.4]—let 
it be called medial. (Which is) the very thing it was re- 
quired to show. 
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Afiuo. 
‘Edy Wow S00 evdeia, Eotw O¢ H TEWTH TMEdS THY 
deUTEEAYV, OUTWS TO UNO TH¢ TETHS MEO TO UMNO TéV BVO 


evVELdy. 
Z, E H 


A 


"Kotwoay dvo evveta at ZE, EH. Aéyo, Ott Cotly Wo 
ZE ned¢ thy EH, ottw¢ tO and tic ZE med¢ TO UNO TéSV 
ZE, EH. 

Avayeyedpvw yuo ano tic ZE tetedywvov t6 AZ, xol 
ouuretAnepwmoda tO HA. éenei obv gotw w¢ H ZE ned¢ thy 
EH, ottw¢ t6 ZA ted¢ tO AH, xat Eott 16 ev ZA tO ano 
tiic ZE, 16 6 AH 16 Ono tév AE, EH, toutéot: 16 bn 
tOv ZE, EH, éotw tea wc y ZE nedc thy EH, ottw<¢ tO 
and tij¢ ZE med¢ 10 Und tév ZE, EH. Ouotwe 6€ xal a¢ TO 
bno tév HE, EZ npd¢ 16 ano tic EZ, toutéotw wc 16 HA 
med¢ tO ZA, otttwe 1 HE medc¢ thy EZ: drep eer Seiten. 


xB". 
To and LEON Tapa ENTHY TapaBarAAdUEvoy TA&TOS TotEt 
ONTHY xa HOUUUETEOY TH, TAP” Hy Napdxetton, UAXEL. 


B 


A TF A EK Z 
"Eotw wéon wev 7 A, nth sé HTB, xol 16 and ric 
A toov nrap& thy BL rapaBeBarodw ywetov deVo0yavoy TO 
BA rAdtog novobv thy TA: Aéyoo, Sts ONTH Eotw H TA xa 
gouuueteoc tH IB unxet. 
‘Enel yuo ueon Eotlv H A, S0vata ywpeiov mepieyduEvov 
Uno ENtéyv SuvduEl UOVOY CUUUNETEWV. SUvdoDW tO HZ. 
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Lemma 


If there are two straight-lines then as the first is to the 
second, so the (square) on the first (is) to the (rectangle 
contained) by the two straight-lines. 


F E G 


D 


Let FE and EG be two straight-lines. I say that as 
FE is to EG, so the (square) on FE (is) to the (rectangle 
contained) by FE and EG. 

For let the square DF have been described on F'E. 
And let GD have been completed. Therefore, since as 
FE is to EG, so FD (is) to DG [Prop. 6.1], and FD is 
the (square) on F'E, and DG the (rectangle contained) 
by DE and EG—that is to say, the (rectangle contained) 
by FE and EG—thus as FE is to EG, so the (square) 
on F'F (is) to the (rectangle contained) by FE and EG. 
And also, similarly, as the (rectangle contained) by GE 
and EF is to the (square on) # F—that is to say, as GD 
(is) to F D—so GE (is) to EF. (Which is) the very thing 
it was required to show. 


Proposition 22 


The square on a medial (straight-line), being ap- 
plied to a rational (straight-line), produces as breadth a 
(straight-line which is) rational, and incommensurable in 
length with the (straight-line) to which it is applied. 


B 


A GCG D E F 
Let A be a medial (straight-line), and C'B a rational 
(straight-line), and let the rectangular area BD, equal to 
the (square) on A, have been applied to BC, producing 
CD as breadth. I say that CD is rational, and incommen- 
surable in length with CB. 
For since A is medial, the square on it is equal to a 
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dvvata 5é xal TO BA: toov dow goti T6 BA 16 HZ. got 5é 
AdTES Kal looYaVOV’ Tév Se towy Te xal looywvlwY TaAEaA- 
ANAOYESUUWY avtiTETdvVaoW ol TATUVEAL ot Teel TAC toac 
ywviac avédhoyoy doa cotly wc W BI red thy EH, odtwe 
1 EZ nodc thy TA. Eotw doa xal @¢ 16 and tic BI ned¢ 
TO &nO Tic EH, ottw¢ tO and tig EZ ned¢ tO and tij¢ TA. 
OUUUETEOY O€ OTL TO aNO TH¢ TB 165 and th¢ EH: onth yuo 
COTW EXATECA AUTEV: OVUNETEOV Goa EoTl xal TO ANO Tic 
EZ 1@ ano tij¢ TA. ontov bé Eott 10 and tic EZ: Ontov 
dou Eotl xa TO and tic TA: onth doa Eotiv H TA. xal enet 
gouuuETtedc cotw 7 EZ tH EH uhxer Suvduer yoo wovov 
clol ouuUETeo > 5é N EZ noedc thy EH, ottw¢ 16 ano 
tic EZ npd¢ tO Und tv ZE, EH, dobuuetpov doa [Eotl| 
TO and tic EZ 16) Ono tév ZH, EH. wAd 165 UEV ano Tic 
EZ obuuetedy éott 16 and tic TA: Ontal yée cion Suvéuet 
wt 6 Und THv ZE, EH obuyetedv got 16 Und tév AT, 
TB: fou yéo Eott 165 nd tic A’ doUUUETEOV koa EoTL xall 
tO and tij¢ TA 16 vnd téHv AT, PB. wo 5€ 10 dnd thc TA 
med¢ TO On THV AT, TB, ottw¢ Eotlv A AT mpd¢ thy TB: 
govuuEteos tea cotiv n AL tH UB yrxer. nth hoa cotiv H 
TA xal dobupeteoc th TB ure oneo Eder SeiZau. 


i Literally, “rational”. 


ee 

“H t¥j weon obuUEteos YEON Eotly. 

"Eotw véon 7 A, xal tH A obuuetooc Eotw HB: AEvu, 
ott xal 7 B yéon Eotty. 

‘Exxciodw yoo pnty 7 TA, xat 16 uev ano tic A 
foov nap& thy TA xapaSeBAjodw ywetov dedoyawov tO 
TE mAd&tog nowotyv thy EA: onth doa gotiv A EA xa 
govuueteos tH TA unmet. 16 Se dnd tic B toov nape 
thy TA ropoBeBAfodw ywelov dedoyawoyv t6 PZ nAc&toc 
novodv tiv AZ. énel odv obuuetedc Eotw 7H A TH B, 
OUUNETEOV EOTL xa TO and Tic A TG and Tic B. GAA 
TG ev and tij¢ A toov goti 10 ET, 16 5€ and tic B 
loov gott to TZ: ovuueteov doa cotl 10 ED 165 PZ. xatt 
got wo to ED noedc 16 TZ, ottw¢o NH EA med¢ thy AZ: 
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(rectangular) area contained by rational (straight-lines 
which are) commensurable in square only [Prop. 10.21]. 
Let the square on (A) be equal to GF’. And the square on 
(A) is also equal to BD. Thus, BD is equal to GF’. And 
(BD) is also equiangular with (GF). And for equal and 
equiangular parallelograms, the sides about the equal an- 
gles are reciprocally proportional [Prop. 6.14]. Thus, pro- 
portionally, as BC is to EG, so EF (is) to CD. And, also, 
as the (square) on BC is to the (square) on EG, so the 
(square) on EF (is) to the (square) on C'D [Prop. 6.22]. 
And the (square) on CB is commensurable with the 
(square) on EG. For they are each rational. Thus, the 
(square) on EF is also commensurable with the (square) 
on CD [Prop. 10.11]. And the (square) on FF is ratio- 
nal. Thus, the (square) on C’D is also rational [Def. 10.4]. 
Thus, CD is rational. And since EF is incommensurable 
in length with EG. For they are commensurable in square 
only. And as EF (is) to EG, so the (square) on EF (is) 
to the (rectangle contained) by FE and EG [see previ- 
ous lemma]. The (square) on FF’ [is] thus incommen- 
surable with the (rectangle contained) by FE and EG 
[Prop. 10.11]. But, the (square) on CD is commensu- 
rable with the (square) on FF’. For they are rational in 
square. And the (rectangle contained) by DC and CB 
is commensurable with the (rectangle contained) by FE 
and &G. For they are (both) equal to the (square) on A. 
Thus, the (square) on C’D is also incommensurable with 
the (rectangle contained) by DC and CB [Prop. 10.13]. 
And as the (square) on C’'D (is) to the (rectangle con- 
tained) by DC and CB, so DC is to CB [see previous 
lemma]. Thus, DC is incommensurable in length with 
CB [Prop. 10.11]. Thus, CD is rational, and incommen- 
surable in length with CB. (Which is) the very thing it 
was required to show. 


Proposition 23 


A (straight-line) commensurable with a medial (straight- 


line) is medial. 

Let A be a medial (straight-line), and let B be com- 
mensurable with A. I say that B is also a medial (staight- 
line). 

Let the rational (straight-line) C'D be set out, and let 
the rectangular area CE, equal to the (square) on A, 
have been applied to CD, producing ED as width. ED 
is thus rational, and incommensurable in length with CD 
[Prop. 10.22]. And let the rectangular area CF, equal 
to the (square) on B, have been applied to CD, produc- 
ing DF as width. Therefore, since A is commensurable 
with B, the (square) on A is also commensurable with 
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ovUNETeO Goa éotiv Nn EA tH AZ urmer. onth sé cotw 
n EA xol gobuuetpoc tH AT urxer onty doa Eotl xal H 
AZ xoi covuyeteos tH AL uhmer ot TA, AZ doa ontat 
cio SuUvdUEL WOVOY OUVUUETEOL. 7 SE TO UNO ENTOY SuVduEL 
UOVOV OUUUNETEWY SUVALEVY UEON EOTlV. 7 doa TO UNO Tov 
TA, AZ dvuvayévyn weon cotiv: xal Sbvata TO Un THY TA, 
AZ 7 B: yéon dow Eotlv 7H B. 


E A Z 


IIdetcua. 
‘Ex Of TOUTOU Gavepdy, OTL TO TE LESH YWElW GUULETE- 
ov Uéoov Eotiy. 
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the (square) on B. But, EC is equal to the (square) on A, 
and CF is equal to the (square) on B. Thus, EC is com- 
mensurable with CF’. And as EC is to CF’, so E'D (is) to 
DF [Prop. 6.1]. Thus, ED is commensurable in length 
with DF [Prop. 10.11]. And FD is rational, and incom- 
mensurable in length with CD. DF is thus also ratio- 
nal [Def. 10.3], and incommensurable in length with DC 
[Prop. 10.13]. Thus, CD and DF are rational, and com- 
mensurable in square only. And the square-root of a (rect- 
angle contained) by rational (straight-lines which are) 
commensurable in square only is medial [Prop. 10.21]. 
Thus, the square-root of the (rectangle contained) by CD 
and DF is medial. And the square on B is equal to the 
(rectangle contained) by CD and DF. Thus, B is a me- 
dial (straight-line). 


A 1 Bt 
C 
E D F 
Corollary 


And (it is) clear, from this, that an (area) commensu- 
rable with a medial area‘ is medial. 


+ A medial area is equal to the square on some medial straight-line. Hence, a medial area is expressible as k1/2. 


xo’. 


TO Un6 UEowV UYXEL OUUUETOWY ELDELBV TEpLeyOUEVOV 
opdoyavoyv Yécov cotiv. 

“Tn0 yao UEC UNxel OUUUETOWY ELDELyv THv AB, BI 
nepteyéovw detoywmvoy 10 AIT: Aéyw, 6t1 tO AT yeoov 
éotty. 

Avayeyeapdw yuo and tic AB tetedywvov 10 AA: 
ueoov &pa Eotl tO AA. xat Enel obuueted¢ Eotw 7H AB tH 
BI uhxet, ton 5é 7 AB th BA, obuueteo¢ dea Eotl xal H 
AB tf BI urer dote xal 16 AA 16 AD obuyetodv Eo. 
uéooy 6 10 AA: uécov dou xal to AI: émep eer Seigaun. 


Proposition 24 


A rectangle contained by medial straight-lines (which 
are) commensurable in length is medial. 

For let the rectangle AC be contained by the medial 
straight-lines AB and BC (which are) commensurable in 
length. I say that AC is medial. 

For let the square AD have been described on AB. 
AD is thus medial [see previous footnote]. And since 
AB is commensurable in length with BC, and AB (is) 
equal to BD, DB is thus also commensurable in length 
with BC. Hence, DA is also commensurable with AC 
[Props. 6.1, 10.11]. And DA (is) medial. Thus, AC Cis) 
also medial [Prop. 10.23 corr.]. (Which is) the very thing 
it was required to show. 


305 


STOIXEION v’. 


A 


, 


XE. 


To Un Ueowy SuvduEL WOVOY OUUUETOEWY ELDELOV Te- 
pleyouevoy CpVoYaVoy ATO! ENTOV 7 UECOV EoTIV. 


A Z H 
A B = 2) M 
aay. °K N 

A 


“Tro yuo Ugowy SuvauEl WOVOY OUUUNETEWY EUDELOY TOY 
AB, BI épdoyauoy nepieyeodw 16 AT: Evo, 611 TO AT 
HTOL ONTOV 7 UEOOV EoTIV. 

Avayeyedpvw yuo and tv AB, BI tetedyova ta AA, 
BE: uéoov dou gotiv exdtepov tév AA, BE. xat exxetod 
enty A ZH, xol 16 yev AA ioov napa thy ZH rapa 
BeBAhoVw dpVoyaviov TapaAkANnAdyeauov TO HO mAc&to¢ 
novobdy thy ZO, 16 dé AT toov nape thy OM rapaBeBrAnodu 
OpVoYavioy TAESAAANACYEaUUOV TO MK rAd&to¢g novobv tH 
OK, xol Ett 16 BE toov ouoiwc napa thy KN rapa 
BeBAnodw tO NA mAd&to¢g rovotiv thy KA: én’ cdVetac dow 
cio at ZO, OK, KA. énet odv ugoov Eotly Exdtepov Tév 
AA, BE, xat ott toov 16 yev AA 16 HO, 16 5¢ BE 165 
NA, véoov doa xal exdtepov tév HO, NA. xat napa enti 
thy ZH ropdxertau enti dea cotlv exatéoa tev ZO, KA xa 
dgovuetoos ti} ZH uyxer. xo Enel obUUEtedv ott TO AA 
16) BE, ovuueteov doa cot xal TO HO 165 NA. xat Eotw we 
tO HO npd¢ 16 NA, obtwe n ZO ned¢ thy KA: obuUEteO¢ 
goa cotlv y ZO tH KA ure. at ZO, KA dow ontat cior 
Unxer OUUUETEOL ENTOV doa EoTl TO UNO THv ZO, KA. xa 
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C 


D 


Proposition 25 


The rectangle contained by medial straight-lines 
(which are) commensurable in square only is either ra- 
tional or medial. 


A F G 
C 
D B H M 
s— COCK N 
i 


For let the rectangle AC be contained by the medial 
straight-lines AB and BC (which are) commensurable in 
square only. I say that AC is either rational or medial. 

For let the squares AD and BE have been described 
on (the straight-lines) AB and BC (respectively). AD 
and BE are thus each medial. And let the rational 
(straight-line) F'G be laid out. And let the rectangular 
parallelogram GH, equal to AD, have been applied to 
FG, producing F'H as breadth. And let the rectangular 
parallelogram Mk, equal to AC, have been applied to 
HM, producing HK as breadth. And, finally, let NL, 
equal to BE, have similarly been applied to KN, pro- 
ducing KL as breadth. Thus, FH, HK, and KL are in 
a straight-line. Therefore, since AD and BE are each 
medial, and AD is equal to GH, and BE to NL, GH 
and NL (are) thus each also medial. And they are ap- 
plied to the rational (straight-line) FG. FH and KL are 
thus each rational, and incommensurable in length with 
FG [Prop. 10.22]. And since AD is commensurable with 
BE, GH is thus also commensurable with NL. And as 


306 


STOIXEION v’. 


él ton cotiv 4 yev AB tj BA, 4 5é EB tH BI, éotw dea 
a> h AB npdc thy BI, odtw¢ 7 AB med¢ Thy BE. HAN’ we 
uev 7 AB npdc thy BI, odtw¢ t6 AA ned¢ 16 AL: Wc E H 
AB med¢ thy BE, ottw¢ 16 AT npd¢ 16 TE: Eotw dea we 
to AA npd¢ 16 AT, ot tw 16 AT med¢ 16 TE. toov bé Eott 
to uev AA 16 HO, to de AT 16 MK, 16 6¢ T= 16 NA: 
éotw doa wo TO HO med¢ 10 MK, otwo tO MK zed¢ tO 
NA: gotw doa xal ac H ZO ned¢ thy OK, ottwe¢ n OK med¢ 
thy KA: 16 doa tnd tév ZO, KA ioov Eotl 16 and tic OK. 
entov dé TO dnd téHv ZO, KA: Ontov doa Eotl xal TO aN 
thc OK: entry doa cotly n OK. xal et uev ovuUETed¢ Cot 
th, ZH urxet, ontov Eott TO ON: et SE GobUUETEdC EOTL TH 
ZH uryxet, at KO, OM ontat cio Suvduet Udvov obUUETEOL 
uéacov doa TO ON. to ON dpa ytor ENTOv Ff UETOV EoTiv. 
tooy d¢ t6 ON 165 AT: 16 AT doa Ft01 OnTOV Ff UETOY Eotiv. 

TO dea UNO U~OWY SUvdUEL UOVOY OUUMETOWY, Kol TH 
ecijc. 


y 


XT. 


Méooy uéoou ovy Umepeyel ENTE). 


A Z. E 
A EF 

BK H 

© 


Et yao Suvatdéy, Ueoov to AB yéoou tod AT bnepeyetw 
onré 16 AB, ual exxetodw entry 7 EZ, xol 16 AB toov nape 
thy EZ napoBePrAnodw naparAnrdypaov opdoyavov TO 
ZO rAd&tog notobv thy EO, 16 6é AL toov aprefodw 16 
ZH: doindv dea To BA doin 16 KO Eotw toov. Entov 5é 
éott To AB: 6ntov &pa Eotl xal TO KO. Enel odv UEoov Eotiv 
exctepoy tv AB, AT, xat €ott 16 uev AB 16 ZO ioov, 10 
dé AT 16 ZH, yéoov doa xal exdtepov tv ZO, ZH. xa 
Taek ENTHY THY EZ napdxertou ONTH dea cotiv exatéoa Tov 
OE, EH xal aobueteoc tH EZ ufxer. xol emel pntov cotr 
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GH isto NL, so FH (is) to KL [Prop. 6.1]. Thus, FA is 
commensurable in length with KL [Prop. 10.11]. Thus, 
FH and KT are rational (straight-lines which are) com- 
mensurable in length. Thus, the (rectangle contained) by 
FH and KL is rational [Prop. 10.19]. And since DB is 
equal to BA, and OB to BC, thus as DB is to BC, so 
AB (is) to BO. But, as DB (is) to BC, so DA (is) to 
AC [Props. 6.1]. And as AB (is) to BO, so AC (is) to 
CO [Prop. 6.1]. Thus, as DA is to AC, so AC (is) to 
CO. And AD is equal to GH, and AC to MK, and CO 
to NL. Thus, as GH isto MK,so MK (is) to NL. Thus, 
also, as FH is to HK, so HK (is) to KL [Props. 6.1, 
5.11]. Thus, the (rectangle contained) by FH and KL 
is equal to the (square) on HK [Prop. 6.17]. And the 
(rectangle contained) by FH and KL (is) rational. Thus, 
the (square) on HK is also rational. Thus, HK is ratio- 
nal. And if it is commensurable in length with FG then 
HIN is rational [Prop. 10.19]. And if it is incommensu- 
rable in length with FG then KH and HM are rational 
(straight-lines which are) commensurable in square only: 
thus, HN is medial [Prop. 10.21]. Thus, HN is either ra- 
tional or medial. And HN (is) equal to AC. Thus, AC is 
either rational or medial. 

Thus, the... by medial straight-lines (which are) com- 
mensurable in square only, and so on.... 


Proposition 26 


A medial (area) does not exceed a medial (area) by a 
rational (area).? 


A F E 
D C 

B K G 

H 


For, if possible, let the medial (area) AB exceed the 
medial (area) AC by the rational (area) DB. And let 
the rational (straight-line) EF be laid down. And let the 
rectangular parallelogram FH, equal to AB, have been 
applied to to EF’, producing F'H as breadth. And let FG, 
equal to AC, have been cut off (from FH). Thus, the 
remainder BD is equal to the remainder KH. And DB 
is rational. Thus, KH is also rational. Therefore, since 
AB and AC are each medial, and AB is equal to FH, 
and AC to FG, FH and FG are thus each also medial. 
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to AB xat eotw toov 16 KO, dntov dea Eotl xal To KO. 
xoal Taped ENThy thy EZ nopd&xertou nth dea cotlv 7 HO 
xol oWUUETEOS TH EZ uhxer. GAAd xo 1 EH onty cott xo 
govuUETteos TH EZ uhxer aobuueteoc doa cotly y EH ti 
HO ufxer. xat cotw wc 7 EH medc¢ thy HO, obtw¢ 16 ano 
thc EH medc 16 bn0 tv EH, HO: covuueteov dea Eotl TO 
and thc EH 165 bn tv EH, HO. add 165 wev and tij¢ EH 
oUUNETE& Cot TK Und THv EH, HO tetedywva enta yuo 
aupotepa’ 6 dé Uno tTév EH, HO obuuetoedv cot tO dic 
vno tév EH, HO: SitAdcovov ye Eotw adtod: aobuUETea 
doa cotl Ta dnd Tv EH, HO 16) dic Und tev EH, HO: xott 
OVVAUPOTEOA Gow Ta te ano TéHv EH, HO xal to dic Uno 
t6v EH, HO, onee cotl to ano tic EO, covuuetoedyv cot 
toic ano Tv EH, HO. onta de ta and tv EH, HO: &dovyov 
koa TO ano tic EO. dAoyoc dou cotlv n EO. chAc xal ener: 
OnEe EoTly AdOVaTOV. 

Méooy dpa ugoou ovy Unepéyet ENTE: Sree Eder SeiEa. 


t In other words, /k — Vk’ £4 k”. 


xO, 


Méouc eveciv Suvdusl Udvov GUUNETPOUC ONTOV TE- 


eieyovouc. 
ABET A 


‘Exxciodwoay dvo ental Suvduet Udvoy obUUETEOL at A, 
B, xol ctAjodw tv A, B uéon avédoyov nT, xal yeyovétw 
a> h A med¢ thy B, ottw¢ HT med¢ thy A. 
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And they are applied to the rational (straight-line) EF. 
Thus, HE and EG are each rational, and incommensu- 
rable in length with EF [Prop. 10.22]. And since DB 
is rational, and is equal to KH, KH is thus also ratio- 
nal. And (KH) is applied to the rational (straight-line) 
EF. GH is thus rational, and commensurable in length 
with EF [Prop. 10.20]. But, FG is also rational, and in- 
commensurable in length with EF. Thus, EG is incom- 
mensurable in length with GH [Prop. 10.13]. And as 
EG is to GH, so the (square) on EG (is) to the (rectan- 
gle contained) by EG and GH [Prop. 10.13 lem.]. Thus, 
the (square) on HG is incommensurable with the (rect- 
angle contained) by EG and GH [Prop. 10.11]. But, the 
(sum of the) squares on EG and GH is commensurable 
with the (square) on EG. For (EG and GH are) both 
rational. And twice the (rectangle contained) by EG and 
GH is commensurable with the (rectangle contained) by 
EG and GH [Prop. 10.6]. For (the former) is double 
the latter. Thus, the (sum of the squares) on EG and 
GH is incommensurable with twice the (rectangle con- 
tained) by EG and GH [Prop. 10.13]. And thus the sum 
of the (squares) on £G and GH plus twice the (rectan- 
gle contained) by EG and GH, that is the (square) on 
EH [Prop. 2.4], is incommensurable with the (sum of 
the squares) on EG and GH [Prop. 10.16]. And the (sum 
of the squares) on EG and GH (is) rational. Thus, the 
(square) on FA is irrational [Def. 10.4]. Thus, EA is 
irrational [Def. 10.4]. But, (it is) also rational. The very 
thing is impossible. 

Thus, a medial (area) does not exceed a medial (area) 
by a rational (area). (Which is) the very thing it was 
required to show. 


Proposition 27 


To find (two) medial (straight-lines), containing a ra- 
tional (area), (which are) commensurable in square only. 


ABCD 


Let the two rational (straight-lines) A and B, (which 
are) commensurable in square only, be laid down. And let 
C—the mean proportional (straight-line) to A and B— 
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Kot exet at A, B ontat ctor Suvduer Udvov ovUUETEOL, 
tO doa Und Tév A, B, toutéott 16 and tic T', ueéoov Eotiv. 
véon toa HT. xat enet Eotw wo H A ned thy B, [odte<] AT 
meds thy A, at 6¢ A, B duvduer ydvov [eiol] ovueteot, xall 
aT, A doa Suvduer Udvov ciol obuNEteOL. xal EoTL UEON H 
I won doa xa HA. ot TP, A doa ugom elol duvduer Udvov 
OUUNETEOL. AEYW, OTL xa ONTOV TEELeyoUOL. Emel yuo FOTW 
a> 7 A nmed¢ thy B, ottw¢ 7 T med¢ thy A, Evade doa 
éotlv ac H A todo thy T, HB med¢ thy A. GAM Go HA 
nmedg THY T, HT neoc thy B: xal we doa n TI nedc thy B, 
odtw> 7 B ned¢ thy A: 16 doa Und tév T, A toov Eotl 165 
dno tic B. Ontov Sé 16 and tic Be ONTOV dou [EotI] xal TO 
ono tav T, A. 

Hvenvtan doa wéoou Suvduet Wdvov oUUMETOEOL ENTOV 
mepleyovoat Step Eder SetEau. 
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have been taken [Prop. 6.13]. And let it be contrived 
that as A (is) to B, so C (is) to D [Prop. 6.12]. 

And since the rational (straight-lines) A and B 
are commensurable in square only, the (rectangle con- 
tained) by A and B—that is to say, the (square) on C 
[Prop. 6.17]—is thus medial [Prop 10.21]. Thus, C is 
medial [Prop. 10.21]. And since as A is to B, [so] C (is) 
to D, and A and B [are] commensurable in square only, 
C and D are thus also commensurable in square only 
[Prop. 10.11]. And C is medial. Thus, D is also medial 
[Prop. 10.23]. Thus, C' and D are medial (straight-lines 
which are) commensurable in square only. I say that they 
also contain a rational (area). For since as A is to B, so 
C (is) to D, thus, alternately, as A is to C’, so B (is) to 
D [Prop. 5.16]. But, as A (is) to C, (so) C (is) to B. 
And thus as C (is) to B, so B (is) to D [Prop. 5.11]. 
Thus, the (rectangle contained) by C and D is equal to 
the (square) on B [Prop. 6.17]. And the (square) on B 
(is) rational. Thus, the (rectangle contained) by C' and 
D [is] also rational. 

Thus, (two) medial (straight-lines, C and D), con- 
taining a rational (area), (which are) commensurable in 
square only, have been found.’ (Which is) the very thing 
it was required to show. 


+ Cand D have lengths k!/4 and k?/¢ times that of A, respectively, where the length of B is k!/2 times that of A. 


cA 


x1) - 
Méouc cteetv buvdel UOvOoV GUUUETEOUC UEOOV TEl- 
eieyovouc. 
— A 
B ] E ] 
ia 


“Exxetodwoar [teeic] ontal Suvduer Udvov abuuEtpoL atl 
A, B, T, xai ciAjodw tHv A, B yéorn avddoyov y A, xa 
yeyoveta O¢ 7 B ned¢ thy T, 7 A ted¢ thy E. 

‘Enel at A, B ortat ciot Suvdet Udvov OUUUETEOL, TO Kom 
vno tev A, B, toutéott tO and tig A, uéoov Eotlv. UEon 
dou n A. xol eet at B, P duvduer ydvov eiol ovwueteot, xa 
éotw ¢ 7 B npd¢ THVT, H A ted¢ thy E, xol at A, E doa 
duvduet YOvoy ciol obuUETeoL. UEon dé H A’ LEON koa xal H 
E: at A, E dpa uéom etol Suvduer Udvov obUNETEOL. AEyW 
dH, OTL xa U€ooV TEpleyouoW. Enel yao Eotw wc HB ned 
thy DT, 7 A medc thy BE, EvodArdE Koa We HW B mpd thy A, H 
T ned¢ thy E. we 6€ H B npdc¢ thy A, 4 A med¢ Thy A> xa 
a> gea h A toed¢ thy A, HT npd¢ thy E- 10 dea Und téHv 
A, T toov gotl 16 Und tév A, E. yéoov 5é 16 Und tév A, 
I: ueooy tea xal To bn tév A, E. 

‘Hvenvia dea uéou Suvduer UOvov OUUUETEOL UECOV 


Proposition 28 


To find (two) medial (straight-lines), containing a me- 
dial (area), (which are) commensurable in square only. 


At—— D ] 
B E | 
C 


Let the [three] rational (straight-lines) A, B, and C, 
(which are) commensurable in square only, be laid down. 
And let, D, the mean proportional (straight-line) to A 
and B, have been taken [Prop. 6.13]. And let it be con- 
trived that as B (is) to C, (so) D (is) to E [Prop. 6.12]. 

Since the rational (straight-lines) A and B are com- 
mensurable in square only, the (rectangle contained) by 
A and B—that is to say, the (square) on D [Prop. 6.17]— 
is medial [Prop. 10.21]. Thus, D (is) medial [Prop. 10.21]. 
And since B and C are commensurable in square only, 
and as B is to C, (so) D (is) to FE, D and EF are thus com- 
mensurable in square only [Prop. 10.11]. And D (is) me- 
dial. E (is) thus also medial [Prop. 10.23]. Thus, D and 
E are medial (straight-lines which are) commensurable 
in square only. So, I say that they also enclose a medial 
(area). For since as B is to C, (so) D (is) to F, thus, 
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alternately, as B (is) to D, (so) C (is) to E [Prop. 5.16]. 
And as B (is) to D, (so) D (is) to A. And thus as D (is) to 
A, (so) C (is) to E. Thus, the (rectangle contained) by A 
and C is equal to the (rectangle contained) by D and E 
[Prop. 6.16]. And the (rectangle contained) by A and C 
is medial [Prop. 10.21]. Thus, the (rectangle contained) 
by D and E (is) also medial. 

Thus, (two) medial (straight-lines, D and F), con- 
taining a medial (area), (which are) commensurable in 
square only, have been found. (Which is) the very thing 
it was required to show. 


+ D and E have lengths k1/4 and k/!/2/k1/4 times that of A, respectively, where the lengths of B and C are k1/? and k/1/2 times that of A, 


respectively. 


ind , 
Afuua a’. 
Kveew S00 teteaywvoucg dapituobc, Bote xal TOV 
ouyxeiuevoyv €€ autéy elvar teteckywvov. 
L i 
T T 


t 1 
A A I B 

"Exxetodwoav dvo devOuol ot AB, BI, gotwouy be Ftor 
&etiol H MEplttol. xal Enel, edv Te AMO Kotiov deTIOg HAPpau- 
cedf}, edv Te UNO TeCLocOd MEpLoodc, O AOLNOG HeTLd¢ EOTIY, 
0 hotdog Goa O AT dotid¢ Eottv. tetuUAoVw O AT Stya xate 
to A. Zotwouv 6é xal ot AB, BI’ tor door Entredor 7 
TeTodywvot, ol xal avtol OuoLot Elow Eentmedor O doa Ex 
tév AB, BI peta tod and [tot] TA teteaxyavou ico Eoti 
16 and tol BA teteayove. xal Eot TetOkywvog O Ex TOV 
AB, BI, énewWyneo cdetyOn, Ott, xv 500 SuoLor Exinedor 
ToAAaTAUCLouvTES GAANAOUG TOLdoL Tlva, O YEVOUEVOS 
TeTedywvdc eotlv. eVenvta dea dvo TeTedywvor colduol 
6 te ex téHv AB, BE xl 6 &xd tot TA, of ovvtedévtec 
Tovovot tov dnd tol BA tete&ywvov. 

Kal pavepdyv, ott eVenvta méAty SV0 TeTEdkywvol O TE 
ano tod BA xal 6 &xd tot TA, Gote thy brepoyhy avtév 
tov uno AB, BI civ tetokzywvov, dtav ot AB, BI duotor 
@ow entredor. Otay S€ Un Bow uotot exinedor, eVenvtat 
dvo tetep&ywvot 6 te and tol BA xal 6 dnd tot AT, Gv 
1 Unepoy? O Und tv AB, BI ovx Eott tetedywvoc Sree 
Eet Seizau. 


Lemma I 


To find two square numbers such that the sum of them 
is also square. 


A D Cc 6B 


Let the two numbers AB and BC be laid down. And 
let them be either (both) even or (both) odd. And since, if 
an even (number) is subtracted from an even (number), 
or if an odd (number is subtracted) from an odd (num- 
ber), then the remainder is even [Props. 9.24, 9.26], the 
remainder AC is thus even. Let AC have been cut in 
half at D. And let AB and BC also be either similar 
plane (numbers), or square (numbers)—which are them- 
selves also similar plane (numbers). Thus, the (num- 
ber created) from (multiplying) AB and BC, plus the 
square on CD, is equal to the square on BD [Prop. 2.6]. 
And the (number created) from (multiplying) AB and 
BC is square—inasmuch as it was shown that if two 
similar plane (numbers) make some (number) by mul- 
tiplying one another then the (number so) created is 
square [Prop. 9.1]. Thus, two square numbers have 
been found—(namely,) the (number created) from (mul- 
tiplying) AB and BC, and the (square) on CD—which, 
(when) added (together), make the square on BD. 

And (it is) clear that two square (numbers) have again 
been found—(namely,) the (square) on BD, and the 
(square) on C_D—such that their difference—(namely,) 
the (rectangle) contained by AB and BC—is square 
whenever AB and BC are similar plane (numbers). But, 
when they are not similar plane numbers, two square 
(numbers) have been found—(namely,) the (square) 
on BD, and the (square) on DC—between which the 
difference—(namely,) the (rectangle) contained by AB 
and BC—is not square. (Which is) the very thing it was 
required to show. 
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Ajuus. 6 

Eveeiv 500 tetpayavoucg coWyovtc, dote tov E& aviv 
Ovyxelwevoyv UX Elva Tetecywvoy. 

AH, AZ TB 


© E 

"How yuo 6 ex tév AB, BI, a¢ épauev, tetekywvoc, 
nal getiog 6 TA, xal teturodw o TA dtya 16 A. pavepov 
df, Ott O Ex téHv AB, BI tetedywvoc yete tot and [tod] 
TA teteayavou ico¢g goth té and [tod] BA tetoxyove. 
aenoenjodw wovac 7 AE: 6 dea ex tév AB, BP yet& tot 
ano [tod] TE éAdoowv Eotl tot and [tot] BA teteayovou. 
EY ody, StL 6 Ex THV AB, BI tetedywvoc Uet& tod and 
[tod] TE obx goto tetekywvoc. 

Ei yao gota tetekywvoc, yitot too¢ Eotl té and [tod] 
BE 7 €Adoowy tot &nd [tot] BE, obxétt dé xal ueiTov, tva 
un tund A Yovdc. Eotw, el SuVATOV, TEOTEPOV O EX TOV 
AB, BI yet& tod dnd TE ioocg 16 and BE, xat gow tic 
AE ypovédog SitAactwy O HA. énet otv ddkoc O AT 6dou 
tov TA éott Stirdkaotwv, Sv Oo AH tot AE cot dinAaclwy, 
xal Aoind¢g gow O HT Aowrod tod EL cots ditAaotwv: Siya 
doa tétuntoa oO HIT 16 E. 6 dou ex tv HB, BI yeta tod 
ano TE toog cotl 165 ano BE tetpayave. GAAd ual O Ex 
tév AB, BP yet& tot and TE tooc trdéxerta 165 dnd [tod] 
BE tetoayove 0 doa ex tév HB, BI yeta tod ano TE 
foog ott 16 éx tv AB, BI vet& tot and TE. xat xowod 
&papsVEvtog tov and TE ovvéeyeta 6 AB tooc 16) HB: 
bree &tonov. ovx doa 6 ex tv AB, BI yet& tot and [tod] 
TE too¢ cotl 16 ano BE. Ey OH, StL OSE EAdoOWY TOD 
and BE. et yao buvatév, gotw 65 and BZ tooc, xal tod 
AZ Sirdaotwv 6 OA. xal ovvayDhoeta méAw SitAdolwv 6 
OL tod PZ: dote xat tov TO diya tetyHoda xate to Z, 
xal Sia tobto tov éx tév OB, BI ueta to¥ and ZT toov 
yiveoVu tH and BZ. bréxerta dé xal O ex tv AB, BP 
yete tod and TE tooc 16 and BZ. Hote xal 0 ex tév OB, 
BI uet& tot and [Z toog ota 16 ex tv AB, BI veta 
tot dno TE: énep &tonov. obx dou 6 éx tv AB, BL eta 
tov dnd TE toog éotl [16] EAdooow tod &nd BE. edetydn 
d€, StL OVSE [wUTES] TES dnd BE. obx doa o Ex tév AB, BI 
usta tov dnd TE tetedywvdc cot. dmep Eder Seigau. 
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Lemma II 


To find two square numbers such that the sum of them 
is not square. 


AG-- De 8 


H E 

For let the (number created) from (multiplying) AB 
and BC, as we said, be square. And (let) C'A (be) even. 
And let C'A have been cut in half at D. So it is clear 
that the square (number created) from (multiplying) AB 
and BC, plus the square on CD, is equal to the square 
on BD [see previous lemma]. Let the unit DE have 
been subtracted (from BD). Thus, the (number created) 
from (multiplying) AB and BC, plus the (square) on 
CE, is less than the square on BD. I say, therefore, that 
the square (number created) from (multiplying) AB and 
BC, plus the (square) on CE, is not square. 

For if it is square, it is either equal to the (square) 
on BE, or less than the (square) on BE, but cannot any 
more be greater (than the square on BE), lest the unit be 
divided. First of all, if possible, let the (number created) 
from (multiplying) AB and BC, plus the (square) on CE, 
be equal to the (square) on BE. And let GA be double 
the unit DE. Therefore, since the whole of AC is double 
the whole of CD, of which AG is double DE, the remain- 
der GC is thus double the remainder EC. Thus, GC has 
been cut in half at H. Thus, the (number created) from 
(multiplying) GB and BC, plus the (square) on CE, is 
equal to the square on BE [Prop. 2.6]. But, the (num- 
ber created) from (multiplying) AB and BC, plus the 
(square) on C‘E, was also assumed (to be) equal to the 
square on BE. Thus, the (number created) from (multi- 
plying) GB and BC, plus the (square) on CE, is equal 
to the (number created) from (multiplying) AB and BC, 
plus the (square) on C'E. And subtracting the (square) on 
CE from both, AB is inferred (to be) equal to GB. The 
very thing is absurd. Thus, the (number created) from 
(multiplying) AB and BC, plus the (square) on CE, is 
not equal to the (square) on BE. So I say that (it is) not 
less than the (square) on BE either. For, if possible, let it 
be equal to the (square) on BF’. And (let) HA (be) dou- 
ble DF. And it can again be inferred that HC (is) double 
CF. Hence, CH has also been cut in half at F. And, on 
account of this, the (number created) from (multiplying) 
HB and BC, plus the (square) on F'C, becomes equal to 
the (square) on BF [Prop. 2.6]. And the (number cre- 
ated) from (multiplying) AB and BC, plus the (square) 
on CE, was also assumed (to be) equal to the (square) 
on BF. Hence, the (number created) from (multiplying) 
HB and BC, plus the (square) on CF, will also be equal 
to the (number created) from (multiplying) AB and BC, 
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xv. 
Hueeiv 600 Entdc SuveuEt UOvoY OUUUETEOUC, OTE THY 
ustCova tic €Akooovos UEiCov SOvaoVa TG dnd OUUUETEOU 
EQUTY) UAKEL. 


Z. 


A B 


rT EB A 


‘Exxetodw yuo tic enth A AB xal S00 tetedywvor 
gewuol ot TA, AE, ote thy brepoyty abvtév tov TE yh 
elvot teto&ywvov, xal yeyedgtw ent tic AB nuxdxdLov TO 
AZB, xai nexoijodw a¢ 6 AT ned¢ tov TE, ottw¢ 16 and 
tic BA tetedywvov med¢ 16 and tic AZ tetedywvov, xa 
ereCevy0u A ZB. 

‘Enel [ov] Eotw wc 16 and thc BA med¢ TO &nd Tic AZ, 
o’tw>o 6 AT ned¢ tov TE, tO and tic BA doa Ted TO an 
tic AZ doyov Eyer, dv dowd 6 AT med¢ devOudov tov TE: 
OUUUETEOV doa EoTl TO and Tic BA 16 and tic AZ. Ontov 
dé TO and tic AB’ OntoOv dou xal 16 and Tic AZ NTH koa 
xoal n AZ. xal exnet oO AT med¢ tov TE Adyov ob Eyer, dv 
TETEaYWVOS HOLDUOS TEC TETEaYWVOV GELDUOYV, OSE TO ATO 
tiic BA dou med¢ 16 and Thc AZ hOyovy Eyet, Ov tetekywvoc 
apd Teds TeTEdYWVOV GELULLOV’ KoUUUETEOS oa EoTiv 7 
AB tf AZ ufxev ot BA, AZ doa ontat ciot Suvduer Udvoyv 
obuuetpo.. xal enet [ott] ac o AT npd¢ tov TE, obtw< 
TO ano Tic BA ned¢ 10 and Tic AZ, avaotestavtr doa w¢ 
6 TA xpd¢ tov AE, ottw¢ 16 and tij¢ AB ted¢ 16 and 
tic BZ. 6 dé TA med¢ tov AE ddyov Eyer, dv tetekywvoc 
dowWuds Teds TetTEdywvov GoVOUdV’ xa TO and Tic AB dea 
TENS TO ANO Tho BZ dovov Eyer, Ov tetexywvoc cowWudc 
Ted¢ TeTEkywvov dpLuUdv’ obUUETeOG koa gotiv Hn AB tH 
BZ uve. xat ott tO and tic AB toov toic and tév AZ, 
ZB: 7 AB doa tic AZ uciCov dSbvatm tH BZ ovupyéetow 
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plus the (square) on C‘E. The very thing is absurd. Thus, 
the (number created) from (multiplying) AB and BC, 
plus the (square) on CE, is not equal to less than the 
(square) on BE. And it was shown that (is it) not equal 
to the (square) on BE either. Thus, the (number created) 
from (multiplying) AB and BC, plus the square on CE, 
is not square. (Which is) the very thing it was required to 
show. 


Proposition 29 


To find two rational (straight-lines which are) com- 
mensurable in square only, such that the square on the 
greater is larger than the (square on the) lesser by the 
(square) on (some straight-line which is) commensurable 
in length with the greater. 


F 


A B 


C E D 


For let some rational (straight-line) AB be laid down, 
and two square numbers, C'D and DE, such that the dif- 
ference between them, CF, is not square [Prop. 10.28 
lem. I]. And let the semi-circle AFB have been drawn on 
AB. And let it be contrived that as DC (is) to CE, so the 
square on BA (is) to the square on AF [Prop. 10.6 corr.]. 
And let F'B have been joined. 

[Therefore,] since as the (square) on BA is to the 
(square) on AF, so DC (is) to CE, the (square) on 
BA thus has to the (square) on AF the ratio which 
the number DC (has) to the number CE. Thus, the 
(square) on BA is commensurable with the (square) on 
AF [Prop. 10.6]. And the (square) on AB (is) rational 
[Def. 10.4]. Thus, the (square) on AF (is) also ratio- 
nal. Thus, AF (is) also rational. And since DC does 
not have to CE the ratio which (some) square num- 
ber (has) to (some) square number, the (square) on 
BA thus does not have to the (square) on AF' the ra- 
tio which (some) square number has to (some) square 
number either. Thus, AB is incommensurable in length 
with AF [Prop. 10.9]. Thus, the rational (straight-lines) 
BA and AF are commensurable in square only. And 
since as DC [is] to CE, so the (square) on BA (is) to 
the (square) on AF’, thus, via conversion, as C'D (is) 
to DE, so the (square) on AB (is) to the (square) on 
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EQUTH}. 

Evenvra dea 500 Ental Suvduet Udvoy ovUNETeO! at BA, 
AZ, ote thy UeiCova thy AB tii¢ EAkooovos tij¢ AZ uciZov 
dvvacVa 16 and thc BZ ouuyeteou eautf urxer Once eer 
Seteou. 
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BF [Props. 5.19 corr., 3.31, 1.47]. And CD has to DE 
the ratio which (some) square number (has) to (some) 
square number. Thus, the (square) on AB also has to the 
(square) on BF the ratio which (some) square number 
has to (some) square number. AB is thus commensu- 
rable in length with BF [Prop. 10.9]. And the (square) 
on AB is equal to the (sum of the squares) on AF’ and 
FB [Prop. 1.47]. Thus, the square on AB is greater than 
(the square on) AF by (the square on) BF’, (which is) 
commensurable (in length) with (AB). 

Thus, two rational (straight-lines), BA and AF, com- 
mensurable in square only, have been found such that the 
square on the greater, AB, is larger than (the square on) 
the lesser, AF’, by the (square) on BF’, (which is) com- 
mensurable in length with (AB).' (Which is) the very 
thing it was required to show. 


+ BA and AF have lengths 1 and /1 — k? times that of AB, respectively, where k = ,/DE/CD. 


Ke 
BKueeiv 600 entdc SuvéuEt UOvoy OUVUUETEOUC, OTE THY 
uetCova tic EAcooovoc UciZov SbvaoDat TE and doUUUETEOU 
EQUTY) UAKEL. 


Z. 


a B 


T EB A 


‘Exxeiodw onty 7 AB xal d00 teted&ywvor covOuol ot 
TE, EA, dote tov ovyxetuevoy e€ adtév tov TA un civan 
TeTedywvoy, xal yeyodpde ent tic AB nuxvxAtov to AZB, 
nal metoijodw aco 6 AT npd¢ tov TE, ottw¢ 16 and Tic 
BA med¢ 10 &nd tio AZ, xol exeTebyDu 7 ZB. 

‘Ouotwc 57 Seifouev 16 TPO tovTOV, dt ai BA, AZ 
Entat clot SuvduEL UOvoyv OLUNETEOL. xa Emel EOTIV WC O 
AT ned¢ tov TE, obtw¢ TO and Ti\¢ BA ned¢ TO aNd Tic 
AZ, &vaoteébavtt dpa wc O TA ned¢ tov AE, ottw¢ 10 
ano thc AB npd¢ 16 and tic BZ. 6 6 TA mpd¢ tov AE 
Ovoy oux Exel, OV TeTEaywvoc KeLYUOS TEOC TeTE&ywvov 
goudv: 00d’ Goa 10 and Thc AB ned¢ 10 and TH}¢ BZ Adyov 
éyel, OV Tetedywvocg dowWuUds TEdO¢ TeTEdywvov dolNudy: 
géovuuEteos doa éotly 7 AB tH BZ uhmer. nol d0vata 
AB tic AZ ueiCov 16 and tic ZB covuveteou Eavutf}. 


Proposition 30 


To find two rational (straight-lines which are) com- 
mensurable in square only, such that the square on the 
greater is larger than the (the square on) lesser by the 
(square) on (some straight-line which is) incommensu- 
rable in length with the greater. 


F 


A B 


C E D 


Let the rational (straight-line) AB be laid out, and the 
two square numbers, CE and ED, such that the sum of 
them, CD, is not square [Prop. 10.28 lem. II]. And let the 
semi-circle AF'B have been drawn on AB. And let it be 
contrived that as DC (is) to C'E, so the (square) on BA 
(is) to the (square) on AF [Prop. 10.6 corr]. And let FB 
have been joined. 

So, similarly to the (proposition) before this, we can 
show that BA and AF are rational (straight-lines which 
are) commensurable in square only. And since as DC is 
to CE, so the (square) on BA (is) to the (square) on AF, 
thus, via conversion, as C'D (is) to DE, so the (square) on 
AB (is) to the (square) on BF [Props. 5.19 corr., 3.31, 
1.47]. And CD does not have to DE the ratio which 
(some) square number (has) to (some) square number. 
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Ai AB, AZ dou ontat clot Suvduet WOvov obuUETPOL, xa 
n AB tic AZ uciZov Svvata T6 dnd thc ZB aouueteou 
EQUTY UNer’ OnEO Eder Seiga. 
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Thus, the (square) on AB does not have to the (square) 
on BF the ratio which (some) square number has to 
(some) square number either. Thus, AB is incommensu- 
rable in length with BF [Prop. 10.9]. And the square on 
AB is greater than the (square on) AF’ by the (square) on 
FB [Prop. 1.47], (which is) incommensurable (in length) 
with (AB). 

Thus, AB and AF are rational (straight-lines which 
are) commensurable in square only, and the square on 
AB is greater than (the square on) AF’ by the (square) on 
FB, (which is) incommensurable (in length) with (AB).' 
(Which is) the very thing it was required to show. 


+ AB and AF have lengths 1 and 1//1 + k2 times that of AB, respectively, where k = \/DE/CE. 


ha’. 


Bueeiv 600 Ueouc SuvdeL UYOVOV OUUUETEOUC PTOV 
Tepleyovuouc, ote thy uctTova tic EAcooovoc usiTov 
SvvaAoVEL TE UNO OUUUETOOU EXUTH UNXEL. 


A B T A 


‘Exxciodwoay dvo ental Suvduet Udvoy obUUETEOL at A, 
B, ote thy A ueiTova otoay tic EAdooovos tic B uciZov 
SvvaoVEL TE AMO OUUUETEOL EAUTH UAKEL. xa TES UMO TOV 
A, B toov éotw 16 ano tij¢ TP. ugoov 6é 16 On tov A, B- 
Ueaov doa xal TO ano tic Ts eon tow xal HT. 165 be ano 
tic B toov Eotw 16 Und téHv T, A pytov dé TO and ti¢ B- 
entoyv doa xal 16 UNO TOVT, A. nal Enet Eotw we n A TEd¢ 
thy B, ottwe 10 O16 tév A, B npd¢ 16 &nO Tic B, HAAG TH 
uev Und tév A, B ioov éotl 16 and tic I, 1 SE and tic 
B ioov 16 vnd téHv TP, A, wo hoa 7 A med¢ thy B, ottw¢ 
tO dno tic [ ned¢ 16 Und tev T, A. we BE tO and THe T 
med¢ TO Und THVT, A, ottw¢ HP npd¢ thy A> xal ac koa 
n A npedc thy B, otwo HT npd¢ thy A. obuueteos 5é A 
tf} B duvéuer wovov’ obuUeteoc dow xat 7D tH A Suveuer 
Uovoy. xat ott uEon HT: ugon doa xol n A. xol Enet Eotw 
a> i A mods thy B, HT npdc thy A, 7 6é A tic B uciZov 
SUvaTaL TE AMO GUUNETOY EauTy, xal AT doa tic A ueiZov 
SUVAaTAL TE) AMO CUUNETEOL EAUTH}. 

Evoenvto dea S00 Ugo Suvdwer Wdvov ovUUETeOL atl T’, 


Proposition 31 


To find two medial (straight-lines), commensurable in 
square only, (and) containing a rational (area), such that 
the square on the greater is larger than the (square on 
the) lesser by the (square) on (some straight-line) com- 
mensurable in length with the greater. 


AB Cc D 

Let two rational (straight-lines), A and B, commensu- 
rable in square only, be laid out, such that the square on 
the greater A is larger than the (square on the) lesser B 
by the (square) on (some straight-line) commensurable 
in length with (A) [Prop. 10.29]. And let the (square) 
on C be equal to the (rectangle contained) by A and B. 
And the (rectangle contained by) A and B (is) medial 
[Prop. 10.21]. Thus, the (square) on C (is) also medial. 
Thus, C’ (is) also medial [Prop. 10.21]. And let the (rect- 
angle contained) by C' and D be equal to the (square) 
on B. And the (square) on B (is) rational. Thus, the 
(rectangle contained) by C and D (is) also rational. And 
since as A is to B, so the (rectangle contained) by A and 
B (is) to the (square) on B [Prop. 10.21 lem.], but the 
(square) on C' is equal to the (rectangle contained) by 
A and B, and the (rectangle contained) by C and D to 
the (square) on B, thus as A (is) to B, so the (square) 
on C (is) to the (rectangle contained) by C and D. And 
as the (square) on C’ (is) to the (rectangle contained) by 
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A prov nepieyovoat, xal 7 T tic A usiZov duvet 16 ad 
OUUUNETEOL ENUTY WXEL. 

‘Quotas dH SeryDhoeta xal TE UNO HoUUUETEOL, STAY 
A tic B uciZov Sbvyta t6 and GoUUUETEOU EaUTH}. 


ELEMENTS BOOK 10 


C and D, so C (is) to D [Prop. 10.21 lem.]. And thus 
as A (is) to B, so C (is) to D. And A is commensurable 
in square only with B. Thus, C (is) also commensurable 
in square only with D [Prop. 10.11]. And C is medial. 
Thus, D (is) also medial [Prop. 10.23]. And since as A is 
to B, (so) C (is) to D, and the square on A is greater than 
(the square on) B by the (square) on (some straight-line) 
commensurable (in length) with (A), the square on C is 
thus also greater than (the square on) D by the (square) 
on (some straight-line) commensurable (in length) with 
(C) [Prop. 10.14]. 

Thus, two medial (straight-lines), C and D, commen- 
surable in square only, (and) containing a rational (area), 
have been found. And the square on C is greater than 
(the square on) D by the (square) on (some straight-line) 
commensurable in length with (C).* 

So, similarly, (the proposition) can also be demon- 
strated for (some straight-line) incommensurable (in 
length with C), provided that the square on A is greater 
than (the square on B) by the (square) on (some 
straight-line) incommensurable (in length) with (A) 
[Prop. 10.30].+ 


t Cand D have lengths (1 — k?)1/4 and (1 — k?)3/4 times that of A, respectively, where k is defined in the footnote to Prop. 10.29. 


* C and D would have lengths 1/(1 + k?)1/4 and 1/(1 + k?)3/4 times that of A, respectively, where k is defined in the footnote to Prop. 10.30. 


INC 
Eueeiv 600 Ugouc SuvéuEt UOvOY OUUUETEOUC UECOV 
Tepleyovuouc, ote thy uctTova tic EAcooovoc uEiTov 
dvvacVa TE ATO GUULETEOU EQUTH}. 


A ] 
B 


[> _-—4 

‘Exxetodwoay teeic ental Suvduet UOvoy OUUUETEOL att 
A, B, T, dote thy A tic TI uciCov dbvaocdm 16 ano 
OUUNETEOL EXUTH, xal TG UEV UNO THY A, B toov Eotw 10 
ano tho A. ueoov doa TO dnd Tic A> ual n A how Ueon 
cotiv. té dé Und tév B, T icov Zotw tO Und tév A, E. 
xal énet Eotw Wo TO UT Tév A, B npd¢ 16 Und tév B, T, 
otws HA ned¢ THY T, HAAG TH YEV ONO tév A, B ioov 
gotl tO and tic A, 16 Se Und tHv B, T toov tO b1n0 téHv 
A, E, gotw doa ao W A ted¢ TAY T, ott TO dnd Tic A 
Ted¢ TO UNO tev A, E. wo SE 16 and tic A Ted¢ TO TO 
tév A, E, ottw¢ 7 A med¢ thy E: xal wc toa n A med¢ thy 
I, ottw¢ 7 A nedc thy E. obuyeteos d€ 7 A THT Suveuer 
[udvoy]. obuueteoc doa xat A A tH E Suvéuer udvoyv. uéon 


Proposition 32 


To find two medial (straight-lines), commensurable in 
square only, (and) containing a medial (area), such that 
the square on the greater is larger than the (square on 
the) lesser by the (square) on (some straight-line) com- 
mensurable (in length) with the greater. 

A ——— D | 


Let three rational (straight-lines), A, B and C, com- 
mensurable in square only, be laid out such that the 
square on A is greater than (the square on C) by the 
(square) on (some straight-line) commensurable (in 
length) with (A) [Prop. 10.29]. And let the (square) 
on D be equal to the (rectangle contained) by A and B. 
Thus, the (square) on D (is) medial. Thus, D is also me- 
dial [Prop. 10.21]. And let the (rectangle contained) by 
D and E be equal to the (rectangle contained) by B and 
C. And since as the (rectangle contained) by A and B 
is to the (rectangle contained) by B and C, so A (is) to 
C [Prop. 10.21 lem.], but the (square) on D is equal to 
the (rectangle contained) by A and B, and the (rectangle 
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d¢ 7 A: uEon dea xal NE. xol enet Eotw ao n A TEd¢ Thy 
T, 7 A npdc thy E, 4 Se A tic TP yeiZov Svvata 165 and 
OUUNETOOL EaUTH, xal HA doa tic E ueiFov duvioetat té5 
ONO OUUUETEOL EQUTH. AEYw OH, STL xal UECOV EoTL TO LTO 
tév A, E. énet ye toov gotl 16 Und tév B, TP 16 nd téHv 
A, E, péoov 6€ 16 Und tHV B,T [ai yoo B, T Oytat cion 
duvéuet Udvov ovuUETeOL], UECOV doa xal 16 Und Tov A, E. 

Evoenvto dea dbo Yeoo SuvduEL UOVOY GUUNETEOL atl 
A, E péoov repiéyovoa, dote thy uetTova tij¢ EAkooovoc 
uciCov SbvaoVa TG Ano CUUUETEOU EAUTH}. 

‘Ouoiws Of TéAW SteydDfoeto xal TG Ano doUUUETEOU, 
otav 4 A tic TP usiZov Svvyto 16 and KovUUETEOU EaUTY. 
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contained) by D and EF to the (rectangle contained) by 
B and C, thus as A is to C, so the (square) on D (is) 
to the (rectangle contained) by D and FE. And as the 
(square) on D (is) to the (rectangle contained) by D and 
E, so D (is) to E [Prop. 10.21 lem.]. And thus as A 
(is) to C, so D (is) to #. And A (is) commensurable in 
square [only] with C. Thus, D (is) also commensurable 
in square only with FE [Prop. 10.11]. And D (is) me- 
dial. Thus, FE (is) also medial [Prop. 10.23]. And since 
as A is to C, (so) D (is) to &, and the square on A is 
greater than (the square on) C by the (square) on (some 
straight-line) commensurable (in length) with (A), the 
square on D will thus also be greater than (the square 
on) FE by the (square) on (some straight-line) commen- 
surable (in length) with (D) [Prop. 10.14]. So, I also 
say that the (rectangle contained) by D and EF is medial. 
For since the (rectangle contained) by B and C is equal 
to the (rectangle contained) by D and FE, and the (rect- 
angle contained) by B and C (is) medial [for B and C 
are rational (straight-lines which are) commensurable in 
square only] [Prop. 10.21], the (rectangle contained) by 
D and E (is) thus also medial. 

Thus, two medial (straight-lines), D and E, commen- 
surable in square only, (and) containing a medial (area), 
have been found such that the square on the greater is 
larger than the (square on the) lesser by the (square) on 
(some straight-line) commensurable (in length) with the 
greater.'. 

So, similarly, (the proposition) can again also be 
demonstrated for (some straight-line) incommensurable 
(in length with the greater), provided that the square on 
A is greater than (the square on) C’ by the (square) on 
(some straight-line) incommensurable (in length) with 
(A) [Prop. 10.30].? 


+ D and E have lengths k’!/4 and k’1/4,/1 — k? times that of A, respectively, where the length of B is k/!/2 times that of A, and k is defined in 


the footnote to Prop. 10.29. 


t D and E would have lengths k’!/4 and k!1/4/,/1 + k? times that of A, respectively, where the length of B is k/1/2 times that of A, and k is 


defined in the footnote to Prop. 10.30. 


Afiuua. 
"How tetywvov devoymwov t6 ABI dedyy ~yov thy 
A, xal HyVw xadetoc 1 AA: Aye, StL TO UEV UNO THvV PBA 
toov Eotl té and tic BA, 10 5¢ Und tHv BIA ‘oov 165 and 
tic TA, xal 16 bnd tHv BA, AT ioov 165 and tig AA, xa 
étt tO Und tv BI, AA iooy [eoti] 16 Und tHv BA, AT. 
Kal noeéstov, étt tO bn6 tév TBA toov [Eotl] t6 &nd 


tiic BA. 


Lemma 


Let ABC be a right-angled triangle having the (an- 
gle) A a right-angle. And let the perpendicular AD have 
been drawn. I say that the (rectangle contained) by CBD 
is equal to the (square) on BA, and the (rectangle con- 
tained) by BCD (is) equal to the (square) on CA, and 
the (rectangle contained) by BD and DC (is) equal to the 
(square) on AD, and, further, the (rectangle contained) 
by BC and AD [is] equal to the (rectangle contained) by 
BA and AC. 
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And, first of all, (let us prove) that the (rectangle con- 
tained) by CBD [is] equal to the (square) on BA. 


‘Enel yao év deVoywviw Telryava ano Tic CoD c Ywvlac 
emt thy Bdow xddetog Auta nA AA, te ABA, AAT doa 
totywva Guoid got TE te Chw TH ABT xa dAANAOIC. xall 
émel OUoLoyv ott TO ABT totywvov 16 ABA totyove, Eotw 
goa w¢ A TB npd¢ thy BA, ottwo A BA med¢ thy BA: 10 
dea tnd tév TBA itoov éoti té and tic AB. 

Ad TH HOTA 5H Kal TO UNS THY BIA ‘oov Eotl 16 and 
tic AT. 

Kai énet, av ev dptoywvia Teryava ano Tic COPD 
ywvlac ent thy Baow xaVetoc aydh, A ayVeiow tév tic 
Baoews TUNUaTOV LEON avédoyov EoTIY, EoTW doa ac WH BA 
medc¢ thy AA, odtw>o A AA npdc thy AT: 16 doa bnd tév 
BA, AT ioov goti 16 ano tig AA. 

Aéyw, 611 xal tO Und tv BI, AA itoov Eotl té8 Und 
tév BA, AD. ene yup, @¢ Epauev, Suordv ott tO ABT té5 
ABA, éotw &pa Ge A BI roed¢ thy TA, ottw> 7 BA med¢ 
thy AA. 16 doa dnd tev BL, AA toov Eotl 16 Und tov 


BA, AIT> énep gder Seton. 


hy’. 

BKueeiv 600 cvdetac SuvduEL HoUUUETECOUC ToLOboUC TO 
UEV OLVYXELEVOV EX TOV AN XUTHY TETEAYMVOV ONTOY, TO 
0 Un’ adtéyv UscoV. 

‘Exxetodwoay 600 ental Suvder YOvoy OUUUETEOL atl 
AB, BI, dote thy ustCova thy AB tij¢ EAchooovoc tic BI 
uciCov SbvaoDan t6 dnd douLETEOU EaUTY, xal TetUHOVE A 
BI diya xate to A, xal 16 dey’ Onotépac TéHv BA, AT ioov 
nmap% thy AB napaSeBAjodw naparAnrdyepauuov eAdEinov 
eldet TeTPAYHOVW, Xal Eotw TO UNO THv AEB, xol yeyododw 
én tHj¢ AB nuxdxdtov 16 AZB, xal Hydw tH AB ned¢ 


For since AD has been drawn from the right-angle in 
a right-angled triangle, perpendicular to the base, ABD 
and ADC are thus triangles (which are) similar to the 
whole, ABC, and to one another [Prop. 6.8]. And since 
triangle ABC is similar to triangle ABD, thus as C’'B is 
to BA, so BA (is) to BD [Prop. 6.4]. Thus, the (rectan- 
gle contained) by C'BD is equal to the (square) on AB 
[Prop. 6.17]. 

So, for the same (reasons), the (rectangle contained) 
by BCD is also equal to the (square) on AC. 

And since if a (straight-line) is drawn from the right- 
angle in a right-angled triangle, perpendicular to the 
base, the (straight-line so) drawn is the mean propor- 
tional to the pieces of the base [Prop. 6.8 corr.], thus as 
BD is to DA, so AD (is) to DC. Thus, the (rectangle 
contained) by BD and DC is equal to the (square) on 
DA [Prop. 6.17]. 

I also say that the (rectangle contained) by BC’ and 
AD is equal to the (rectangle contained) by BA and AC. 
For since, as we said, ABC is similar to ABD, thus as BC 
is to CA, so BA (is) to AD [Prop. 6.4]. Thus, the (rectan- 
gle contained) by BC and AD is equal to the (rectangle 
contained) by BA and AC [Prop. 6.16]. (Which is) the 
very thing it was required to show. 


Proposition 33 


To find two straight-lines (which are) incommensu- 
rable in square, making the sum of the squares on them 
rational, and the (rectangle contained) by them medial. 

Let the two rational (straight-lines) AB and BC, 
(which are) commensurable in square only, be laid out 
such that the square on the greater, AB, is larger than 
(the square on) the lesser, BC’, by the (square) on (some 
straight-line which is) incommensurable (in length) with 
(AB) [Prop. 10.30]. And let BC have been cut in half at 
D. And let a parallelogram equal to the (square) on ei- 
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opvac 7 EZ, xol exneTevyJwoav at AZ, ZB. 


A E B A Tr 

Kal énel [600] ev0eta avooi ciow ai AB, BI, xat 7 
AB tiic BY yusiCov Sbvata 16 and douUNEeTEOL EaUTyi, 
16) 5€ tetéetw tod and thc BI, toutéot 16 and tic 
Nutostac adic, toov naep& thy AB ropoBEeBAnta tapar- 
Anddyeauoyv ehAginov eldet tetoxyave xal MoLet TO LTO 
tv AEB, dovuueteo¢ &ea Eotiv W AE t7j EB. xat cotw we 
n AE npdc EB, ottw>¢ 10 tnd tév BA, AE med¢ 10 bn 
tév AB, BE, ioov dé 16 uév On6 tev BA, AE 16 0 tic 
AZ, 16 6€ 0nd THv AB, BE 16 and tij¢ BZ: dobuueteov 
goa Eotl 160 and thc AZ 16H and tic ZB’ ai AZ, ZB dea 
duvduet clolv dobuUETeOL. xol Exel n AB Onty Eotw, ONtOV 
doa gotl xal TO and tic AB: ote xal 10 ovyxeivevoyv Ex 
tv and tv AZ, ZB ontov gotw. xol Enel néAw tO UnO 
tév AE, EB ioov éotl 16 and tij\¢ EZ, brdéxerta dé TO UnO 
tév AE, EB xal 163 and tic BA toov, ton dou gotiv n ZE 
th BA? dif doa 7 BY the ZE* ote xol 16 Und téHv AB, 
BI obuuetedv Eott té Und tHv AB, EZ. uéoov dé 16 UO 
tév AB, BI: yéoov &pa xat to bnd téHv AB, EZ. toov dé 
tO Ono Tév AB, EZ 16 tnd tév AZ, ZB: yeoov dpa xal tO 
uno tév AZ, ZB. edetydn SE xal ONTovV TO CVYxElUEvoy Ex 
TOV UT MUTEY TEeTOAYaOvEY. 

Evenvra dea S00 evdeioa Suvduer dobuueteot atl AZ, ZB 
TOLOVOL TO UEV OUYXEIUEVOV EX TOV AM AUTHV TETEAY OVO 
Ontov, TO dé UN’ HUTHV UEoOV’ SrEE Eder SetEau. 
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ther of BD or DC, (and) falling short by a square figure, 
have been applied to AB [Prop. 6.28], and let it be the 
(rectangle contained) by AEB. And let the semi-circle 
AFB have been drawn on AB. And let EF have been 
drawn at right-angles to AB. And let AF and FB have 
been joined. 


F 


A E B D Le 

And since AB and BC are [two] unequal straight- 
lines, and the square on AB is greater than (the square 
on) BC by the (square) on (some straight-line which is) 
incommensurable (in length) with (AB). And a paral- 
lelogram, equal to one quarter of the (square) on BC— 
that is to say, (equal) to the (square) on half of it—(and) 
falling short by a square figure, has been applied to AB, 
and makes the (rectangle contained) by AFB. AE is thus 
incommensurable (in length) with EB [Prop. 10.18]. 
And as AF is to EB, so the (rectangle contained) by BA 
and AF (is) to the (rectangle contained) by AB and BE. 
And the (rectangle contained) by BA and AF (is) equal 
to the (square) on AF’, and the (rectangle contained) by 
AB and BE to the (square) on BF [Prop. 10.32 lem.]. 
The (square) on AF is thus incommensurable with the 
(square) on F'B [Prop. 10.11]. Thus, AF and FB are in- 
commensurable in square. And since AB is rational, the 
(square) on AB is also rational. Hence, the sum of the 
(squares) on AF and FB is also rational [Prop. 1.47]. 
And, again, since the (rectangle contained) by AE and 
EB is equal to the (square) on EF, and the (rectangle 
contained) by AF and EB was assumed (to be) equal to 
the (square) on BD, FE is thus equal to BD. Thus, BC 
is double FE. And hence the (rectangle contained) by 
AB and BC is commensurable with the (rectangle con- 
tained) by AB and EF [Prop. 10.6]. And the (rectan- 
gle contained) by AB and BC (is) medial [Prop. 10.21]. 
Thus, the (rectangle contained) by AB and EF (is) also 
medial [Prop. 10.23 corr.]. And the (rectangle contained) 
by AB and EF (is) equal to the (rectangle contained) by 
AF and F'B [Prop. 10.32 lem.]. Thus, the (rectangle con- 
tained) by AF and F'B (is) also medial. And the sum of 
the squares on them was also shown (to be) rational. 

Thus, the two straight-lines, AF’ and FB, (which are) 
incommensurable in square, have been found, making 
the sum of the squares on them rational, and the (rectan- 
gle contained) by them medial. (Which is) the very thing 
it was required to show. 
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+ AF and FB have lengths 
footnote to Prop. 10.30. 


[1 ++ k/(1 + k?)1/2]/2 and 


dO’. 


Eueeiv 600 cvdetac SuvduEL HoUUUETCOUC ToLObOUC TO 
uev ouyxeivuevoy ex Ty am’ avTEY TeTEAyaVUY UECOV, TO 
Oo Un’ adtéyv entov. 


A 


A Z B E T 

‘Exxetodwoay ovo Ugoo Suvduet Udvov OUUUETEOL atl 
AB, BI ontov nepreyovom tO bn’ avtév, Gote Thy AB 
thc BI ueiFov d0vacda 16 and dovueteoU EaUTy, xall 
yeyedp0e ent tic AB 16 AAB nuxdxdtov, xol tetujodu 
n BI diya xata to E, xol rapaBeBrjodw nape thy AB 
16) and tic BE toov napadAndrdyeayoy EAAcinov eldet te- 
Toeayovy tO bro tév AZB: dovuueteos &ea [Eotiv] 7 AZ 
th ZB uyxer. xal HyVw and tod Z tH AB npd¢ dedac 7 ZA, 
nal eneTevy0woav at AA, AB. 

‘Enel dovuuetedc totw 4 AZ t7j ZB, dovuueteov doa 
éotl xal TO Und THv BA, AZ 16 bro tév AB, BZ. tcov dé 
TO uev UNO Tv BA, AZ 16 and tij¢ AA, 16 dé nO TOV 
AB, BZ 16 and tic AB’ dovuyEteov doa ot xal TO anO 
tiic AA 16 and tic AB. xal Enel u~oov Eotl TO ano Tic 
AB, uéoov dea xal TO ovyxeiuevoy ex TOV ano tév AA, 
AB. xol énel SinAf Eotw 7 BI tij¢ AZ, ditAdovov dea xat 
to Uno THv AB, BI tod b16 téHv AB, ZA. Ontov be tO bn 
tév AB, BI: éntov doa xal 16 Und tév AB, ZA. 10 Se bn 
tv AB, ZA icoy 16 bnd tev AA, AB: ote xol tO Und 
tév AA, AB éntdév éotw. 

Evenvta dea d0o0 cvdetan Suvduer dovUYEToot at AA, 
AB rotovtoa tO [ev] ovyxetuevoy ex tév an’ avtéy Te- 
TEAYWVOV UEOOY, TO 5’ Um’ adTov ENTdv’ Sree Eder Seigau. 
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[1 — k/(1 + k?)1/2]/2 times that of AB, respectively, where k is defined in the 


Proposition 34 


To find two straight-lines (which are) incommensu- 
rable in square, making the sum of the squares on them 
medial, and the (rectangle contained) by them rational. 


D 


A F B E C 

Let the two medial (straight-lines) AB and BC, 
(which are) commensurable in square only, be laid out 
having the (rectangle contained) by them rational, (and) 
such that the square on AB is greater than (the square 
on) BC by the (square) on (some straight-line) incom- 
mensurable (in length) with (AB) [Prop. 10.31]. And 
let the semi-circle ADB have been drawn on AB. And 
let BC have been cut in half at E. And let a (rectangu- 
lar) parallelogram equal to the (square) on BE, (and) 
falling short by a square figure, have been applied to 
AB, (and let it be) the (rectangle contained by) AFB 
[Prop. 6.28]. Thus, AF [is] incommensurable in length 
with FB [Prop. 10.18]. And let F.D have been drawn 
from F at right-angles to AB. And let AD and DB have 
been joined. 

Since AF is incommensurable (in length) with FB, 
the (rectangle contained) by BA and AF is thus also 
incommensurable with the (rectangle contained) by AB 
and BF [Prop. 10.11]. And the (rectangle contained) by 
BA and AF (is) equal to the (square) on AD, and the 
(rectangle contained) by AB and BF to the (square) on 
DB (Prop. 10.32 lem.]. Thus, the (square) on AD is also 
incommensurable with the (square) on DB. And since 
the (square) on AB is medial, the sum of the (squares) 
on AD and DB (is) thus also medial [Props. 3.31, 1.47]. 
And since BC is double DF [see previous proposition], 
the (rectangle contained) by AB and BC (is) thus also 
double the (rectangle contained) by AB and FD. And 
the (rectangle contained) by AB and BC (is) rational. 
Thus, the (rectangle contained) by AB and F'D (is) also 
rational [Prop. 10.6, Def. 10.4]. And the (rectangle con- 
tained) by AB and F'D (is) equal to the (rectangle con- 
tained) by AD and DB [Prop. 10.32 lem.]. And hence 
the (rectangle contained) by AD and DB is rational. 

Thus, two straight-lines, AD and DB, (which are) in- 
commensurable in square, have been found, making the 
sum of the squares on them medial, and the (rectangle 
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+ AD and DB have lengths ,/[(1 + k2)1/2 + k]/[2 (1 + k2)] and 
defined in the footnote to Prop. 10.29. 


Ke’. 


BKueeiv 600 evdetac SuvduEL HoUUUETCOUC TOLOboUC TO 
Te OVYXELUEVOY EX TOY an’ ATHY TeTEAYwVUV UEOOY xall 
TO UN aUTadY UECOY xal ETL HOUUUETOOY TH) OUYKEILEVU) EX 
TOV UT MUTOY TETOAYAOVE. 


A 


A Z B E T 

‘Exxetodwoay ovo Ugou Suvduet UOvov OUUUETEOL atl 
AB, BI uéoov repiéyouom, dote thy AB tij¢ BI uciZov 
SvvAoVEL TH ATO HOVUUETEOL EAUTH, xal yeyedpde Ent thc 
AB fuuxdxdtov To AAB, xal ta Aoim& Yeyovetw Toig Exdcver 
ouotwe. 

Kot enet dovuuetedc cotw 7 AZ tH ZB ure, aobuuete- 
6¢ cout xa H AA t¥ AB Suvduer. nal Exel ueoov goth TO 
ano tic AB, ugoov dow xal TO ovyxeiuevov Ex THY ano 
tov AA, AB. xal Exel 10 O26 tév AZ, ZB toov gott 16 de’ 
exatéoac téiv BE, AZ, ion dpa Eotlv WH BE tH AZ: did 
goa Hn BI tic ZA’ Hote xai 16 dnd tHv AB, BI ditAdordv 
got tov Un tév AB, ZA. uéoov Sé 16 Und téHv AB, BI: 
ueoov oa xal TO Und tév AB, ZA. xat Eotw toov 16 bn 
tév AA, AB: yéoov toa xal 16 On6 téSv AA, AB. xol Enel 
govuvetods éotw n AB tf BI uhxet, obuyeteoc dé n PB 
tf, BE, aobuueteoc doa xat 7 AB tY BE urner ote xal TO 
ano tij¢ AB 16 bn0 téHv AB, BE covuuetody gotw. GAA 
TG) UEV ano tic AB tow cot ta and téHv AA, AB, 16 dé 
ono tv AB, BE iooy Eoti tO Und téHv AB, ZA, toutéott 
tO Un0 tév AA, AB: dovuueteov dea goth 16 cuyxetuevov 
éx TOV and tév AA, AB té5 Ur tev AA, AB. 

Evenvra dea sv0 evvetat oat AA, AB duvduer dovueteot 
Tolovou TO Te ouyxeivevov Ex THV an’ aAvTEY UECOV xall 
TO UN auTady UEooY xal ETL OUUUETOOV TO OUYKEILEVUD EX 
TOV AN’ KUTV TeTEXYOVWY' STE Eder SetEau. 
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contained) by them rational.* (Which is) the very thing it 
was required to show. 


[((1 + k?)1/2 — k]/[2 (1 + k?)] times that of AB, respectively, where k is 


Proposition 35 


To find two straight-lines (which are) incommensu- 
rable in square, making the sum of the squares on them 
medial, and the (rectangle contained) by them medial, 
and, moreover, incommensurable with the sum of the 
squares on them. 


D 


A FB E C 

Let the two medial (straight-lines) AB and BC, 
(which are) commensurable in square only, be laid out 
containing a medial (area), such that the square on AB 
is greater than (the square on) BC by the (square) on 
(some straight-line) incommensurable (in length) with 
(AB) [Prop. 10.32]. And let the semi-circle ADB have 
been drawn on AB. And let the remainder (of the figure) 
be generated similarly to the above (proposition). 

And since AF is incommensurable in length with F'B 
[Prop. 10.18], AD is also incommensurable in square 
with DB [Prop. 10.11]. And since the (square) on AB 
is medial, the sum of the (squares) on AD and DB (is) 
thus also medial [Props. 3.31, 1.47]. And since the (rect- 
angle contained) by AF and F'B is equal to the (square) 
on each of BE and DF, BE is thus equal to DF. Thus, 
BC (is) double FD. And hence the (rectangle contained) 
by AB and BC is double the (rectangle) contained by 
AB and FD. And the (rectangle contained) by AB and 
BC (is) medial. Thus, the (rectangle contained) by AB 
and F'D (is) also medial. And it is equal to the (rectan- 
gle contained) by AD and DB [Prop. 10.32 lem.]. Thus, 
the (rectangle contained) by AD and DB (is) also me- 
dial. And since AB is incommensurable in length with 
BC, and C'B (is) commensurable (in length) with BE, 
AB (is) thus also incommensurable in length with BE 
[Prop. 10.13]. And hence the (square) on AB is also 
incommensurable with the (rectangle contained) by AB 
and BE [Prop. 10.11]. But the (sum of the squares) on 
AD and DB is equal to the (square) on AB [Prop. 1.47]. 
And the (rectangle contained) by AB and F D—that is to 
say, the (rectangle contained) by AD and DB—is equal 
to the (rectangle contained) by AB and BE. Thus, the 
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sum of the (squares) on AD and DB is incommensurable 
with the (rectangle contained) by AD and DB. 

Thus, two straight-lines, AD and DB, (which are) in- 
commensurable in square, have been found, making the 
sum of the (squares) on them medial, and the (rectangle 
contained) by them medial, and, moreover, incommensu- 
rable with the sum of the squares on them.’ (Which is) 
the very thing it was required to show. 


+ AD and DB have lengths K1/4/ 0 +k/(1 + k2)!/2]/2 and K1/4/ —k/(1+ k?)1/2]/2 times that of AB, respectively, where k and k’ are 


defined in the footnote to Prop. 10.32. 
Ao. 


‘Edy 600 e7ntol Suvduet WOvoy ovUETEOL OUvTEdéoW, 7 
OAN GAOYO¢ EoTLV, xaAcloDu bE Ex OVO OvOUdTWV. 


t t 1 
A B T 

Luyxetodwoay yao svo Eytal SuvdeL U6vVOY OUUUETEOL 
at AB, BI’ AEyw, Str 6AN H AT KAoydc Eotw. 

‘Emel yuo cobuuetedc éotw 7 AB ti BI uyxer Suvduer 
yoo Udvoy ciolt obuUEteOL Gc 5é H AB nedc thy BI, od tw 
tO Und THv ABT npd¢ 16 and tic BI’, dobuUEteOV doa EoTl 
to bn Tv AB, BI té ano ti¢ BI. GAAd 16 ev UNO TéV 
AB, BI otuyetedv gott 10 dic Un0 tev AB, BI, 16 5 ano 
tic BL otuyete& got: te and tev AB, BI: of yao AB, BP 
ental cio Suvdet UOvov OUUNETEOL’ GOUUUETEOY doa EoTl TO 
dic UnO tév AB, BI tote and tév AB, BI. xa cuvdévt tO 
dic Und tev AB, BI usta tHv dnd tev AB, BI, toutéot 
TO dno tY¢ AD, dovuUEtTedv EoTL TH OVYKEIWEVW Ex TOV 
ano tv AB, BI: ontov b€ tO cuyxetuevov Ex TéHv ano 
tév AB, BI: doyov dex [Eotl] tO dnd ti¢ AT: Bote xa H 
AT &oydc¢ Eotw, xareiodw 5é Ex SVO Ovoudtuv’ 6tEP Eder 
Seteou. 


t Literally, “from two names”. 


Proposition 36 


If two rational (straight-lines which are) commensu- 
rable in square only are added together then the whole 
(straight-line) is irrational—let it be called a binomial 
(straight-line)." 

i t 1 
A B C 

For let the two rational (straight-lines), AB and BC, 
(which are) commensurable in square only, be laid down 
together. I say that the whole (straight-line), AC, is irra- 
tional. For since AB is incommensurable in length with 
BC—for they are commensurable in square only—and as 
AB (is) to BC, so the (rectangle contained) by ABC (is) 
to the (square) on BC, the (rectangle contained) by AB 
and BC is thus incommensurable with the (square) on 
BC [Prop. 10.11]. But, twice the (rectangle contained) 
by AB and BC is commensurable with the (rectangle 
contained) by AB and BC [Prop. 10.6]. And (the sum 
of) the (squares) on AB and BC is commensurable with 
the (square) on BC—for the rational (straight-lines) AB 
and BC are commensurable in square only [Prop. 10.15]. 
Thus, twice the (rectangle contained) by AB and BC is 
incommensurable with (the sum of) the (squares) on AB 
and BC [Prop. 10.13]. And, via composition, twice the 
(rectangle contained) by AB and BC, plus (the sum of) 
the (squares) on AB and BC—that is to say, the (square) 
on AC [Prop. 2.4]—is incommensurable with the sum of 
the (squares) on AB and BC [Prop. 10.16]. And the sum 
of the (squares) on AB and BC (is) rational. Thus, the 
(square) on AC [is] irrational [Def. 10.4]. Hence, AC 
is also irrational [Def. 10.4]—let it be called a binomial 
(straight-line).t (Which is) the very thing it was required 
to show. 


t Thus, a binomial straight-line has a length expressible as 1 + k!/2 [or, more generally, p(1 + k!/2), where p is rational—the same proviso 


applies to the definitions in the following propositions]. The binomial and the corresponding apotome, whose length is expressible as 1 — k!/2 
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(see Prop. 10.73), are the positive roots of the quartic «* — 2 (1+k) ee + (1 -— k)? =0. 


NG 
‘Eay 600 Ugo Suvdel “WOvov OUUUETEOL oULYTEDGoL 
OENTOV TeeleyovoMm, fH CAN &AoYdc EoTW, xaAclodw bE Ex 
S00 UEOWY TEWTN. 


A B it 


Luyxetodwoay yuo S00 eco SUVdUEL LOVOV OUUUETOOL 
at AB, BI ontov repiéyouoa AEya, 6tt GAH HAT Hovde 
EOTLY. 

‘Emel yuo dovuetodc cotw 7 AB ti BI ure, xol te 
ano tv AB, BI doa gobvuuete& Eott 16 Sic Und tév AB, 
BI xol ouv0evt ta and tHv AB, BI yet& tod dic O16 téHv 
AB, BI, énep éoti 16 and tic AT, cobuetodv ott 165 UnO 
tév AB, BIL. éntov dé 16 Und tev AB, BI brdxewta yao 
at AB, BL pntov nepiéyouom droyov doa tO and tH¢ AT: 
d&rhoyocg boa WH AT, xarclodw 6é Ex 500 UEOWY TEWTH’ STEP 
EOet Seieau. 


+ Literally, “first from two medials”. 


Proposition 37 


If two medial (straight-lines), commensurable in 
square only, which contain a rational (area), are added 
together then the whole (straight-line) is irrational—let 
it be called a first bimedial (straight-line).' 

ooo 
A B C 

For let the two medial (straight-lines), AB and BC, 
commensurable in square only, (and) containing a ratio- 
nal (area), be laid down together. I say that the whole 
(straight-line), AC, is irrational. 

For since AB is incommensurable in length with BC, 
(the sum of) the (squares) on AB and BC is thus also in- 
commensurable with twice the (rectangle contained) by 
AB and BC [see previous proposition]. And, via com- 
position, (the sum of) the (squares) on AB and BC, 
plus twice the (rectangle contained) by AB and BC— 
that is, the (square) on AC [Prop. 2.4]—is incommen- 
surable with the (rectangle contained) by AB and BC 
[Prop. 10.16]. And the (rectangle contained) by AB and 
BC (is) rational—for AB and BC were assumed to en- 
close a rational (area). Thus, the (square) on AC (is) 
irrational. Thus, AC (is) irrational [Def. 10.4]—let it be 
called a first bimedial (straight-line). (Which is) the very 
thing it was required to show. 


Thus, a first bimedial straight-line has a length expressible as k!/4 + k3/4. The first bimedial and the corresponding first apotome of a medial, 


whose length is expressible as k!/4 — k3/4 (see Prop. 10.74), are the positive roots of the quartic «+ — 2Vk (1+k)a? 4 


Mr 
‘Eay 600 Ugo Suvdwel WOvov OUUUETEOL oULYTEDGoL 
UEGOV TEpleyovoaL, N OAN GAoydc Eot, xadrcloDw bE Ex 
S00 UEOWY OuUETEEA. 


A B T 


A 


E Z 


Luyxetodwoay yuo S00 yeoa SuVdUEL LOVOV OUUUETOOL 
at AB, BI uéoov repiéyouom AEyw, Sti dAoyd¢ EoTw H 


k)? =0. 


k(A 


Proposition 38 


If two medial (straight-lines), commensurable in square 
only, which contain a medial (area), are added together 
then the whole (straight-line) is irrational—let it be 
called a second bimedial (straight-line). 


A B C 
D H G 
E F 


For let the two medial (straight-lines), AB and BC, 
commensurable in square only, (and) containing a medial 
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AY. 

"Exxetodo yao ont? 7 AE, xal 16 and tij¢ AT toov nape 
thy AE rapopeBafotu to AZ rAc&tog novotiv thy AH. xa 
émel TO and tij¢ AT toov Eoti toic te and TéHv AB, BI xl 165 
dic Un tev AB, BI, napaBbeBAKodw Sh toic and tév AB, 
BI nap& thy AE ioov 16 EO: Aoindyv dea t0 OZ toov Eotl 
16) dic UNO THv AB, BI. xat Enet won Eotlv Exatéea tov 
AB, BI, yéou dou Eotl xal ta and téiv AB, BI. yéoov dé 
UnOxEItat xal TO Sic UNS Tév AB, BI. xat got toic yev and 
tv AB, BI toov 16 EO, 16 5€ Sic Und tHv AB, BI icov 
tO ZO: ugoov doa Exdtepov Tév EO, OZ. xal naed entyy 
thy AE ropdxertau ont doa cotiv exatéoa téiv AO, OH 
xal dobuetooc tH AE ure. eel odv dobuuetedc EotW H 
AB t¥ BE uhxet, xat Eotw wo 7 AB npd¢ thy BI, ottwe 16 
ano tij¢ AB med¢ 16 Und THv AB, BI, dobuueteov dpa Eotl 
tO ano tic AB 16 0nd tHv AB, BL. GAAd 16 YE &NO Tic 
AB obuuetedyv got TO ouyxeiuevoyv x THv ano tév AB, 
BI tetoayovwy, 16 5¢ bn tév AB, BI obuuetedv got tO 
dic bro tv AB, BI. dobuueteov beau Eotl 16 cuyxetuevov 
éx Tv and tv AB, BI 1G bic Ord téHv AB, BI. GAAG 
toig uev and tv AB, BI toov goti 10 EO, 16 dé Sic Und 
tév AB, BI tooy éotl 16 OZ. dovuuEteov tea Eotl 16 EO 
t6 OZ ote xal 7 AO tH OH eotw cobueteoc uyxer. atl 
AO, OH doa pntat ciot Suvduet Udvoy obUUETEOL. HoTE A 
AH tdoyd¢ Eotw. ony 5é n AE: 16 Sé Ord GAdyou xal 
ONtis Nepleyouevoy opVoyawoy sAoydv Eotw: GAOYOV toa 
gotl to AZ ywoltov, xal  Suvayevn [avtd] KAoydc Eotw. 
dvvatat dé TO AZ 7H AT: GAoyos doa Eotiv H AT, xaretotu 
d€ €x OVO Lowy SeUTépA. Oreo Edel Seta. 


} Literally, “second from two medials”. 
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(area), be laid down together [Prop. 10.28]. I say that 
AC is irrational. 

For let the rational (straight-line) DE be laid down, 
and let (the rectangle) DF, equal to the (square) on 
AC, have been applied to DE, making DG as breadth 
[Prop. 1.44]. And since the (square) on AC is equal to 
(the sum of) the (squares) on AB and BC, plus twice 
the (rectangle contained) by AB and BC [Prop. 2.4], so 
let (the rectangle) EH, equal to (the sum of) the squares 
on AB and BC, have been applied to DE. The remain- 
der HF is thus equal to twice the (rectangle contained) 
by AB and BC. And since AB and BC are each me- 
dial, (the sum of) the squares on AB and BC is thus also 
medial.‘ And twice the (rectangle contained) by AB and 
BC was also assumed (to be) medial. And FH is equal 
to (the sum of) the squares on AB and BC, and FH (is) 
equal to twice the (rectangle contained) by AB and BC. 
Thus, #H and HF (are) each medial. And they were ap- 
plied to the rational (straight-line) DE. Thus, DH and 
HG are each rational, and incommensurable in length 
with DE [Prop. 10.22]. Therefore, since AB is incom- 
mensurable in length with BC, and as AB is to BC, so 
the (square) on AB (is) to the (rectangle contained) by 
AB and BC [Prop. 10.21 lem.], the (square) on AB is 
thus incommensurable with the (rectangle contained) by 
AB and BC [Prop. 10.11]. But, the sum of the squares 
on AB and BC is commensurable with the (square) on 
AB [Prop. 10.15], and twice the (rectangle contained) by 
AB and BC is commensurable with the (rectangle con- 
tained) by AB and BC [Prop. 10.6]. Thus, the sum of the 
(squares) on AB and BC is incommensurable with twice 
the (rectangle contained) by AB and BC [Prop. 10.13]. 
But, A is equal to (the sum of) the squares on AB and 
BC, and HF is equal to twice the (rectangle) contained 
by AB and BC. Thus, EH is incommensurable with 
HF. Hence, DH is also incommensurable in length with 
HG [Props. 6.1, 10.11]. Thus, DH and HG are ratio- 
nal (straight-lines which are) commensurable in square 
only. Hence, DG is irrational [Prop. 10.36]. And DE Cis) 
rational. And the rectangle contained by irrational and 
rational (straight-lines) is irrational [Prop. 10.20]. The 
area DF is thus irrational, and (so) the square-root [of 
it] is irrational [Def. 10.4]. And AC is the square-root 
of DF. AC is thus irrational—let it be called a second 
bimedial (straight-line).° (Which is) the very thing it was 
required to show. 


* Since, by hypothesis, the squares on AB and BC are commensurable—see Props. 10.15, 10.23. 


8 Thus, a second bimedial straight-line has a length expressible as k!/4 + k/1/2 /k*/4, The second bimedial and the corresponding second apotome 
of a medial, whose length is expressible as k!/4 — k/1/2/k1/4 (see Prop. 10.75), are the positive roots of the quartic 24 — 2[(k + k’)/Wk] a? + 
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[(k — k’)?/k] = 0. 
dy’ 
‘Easy 600 evdetou Suvder dobUUETEOL OVYTEDGOL ToLoUc- 
Ol TO UEV OVYXELEVOV EX THY AT’ AUTEY TETOAYMVOV ONTOV, 


10 8 br avtéy Eso, fH OAN evVEla GAoyd¢ EotW, xaArcioVu 
d€ UiZwv. 


f t 1 
AX B T 
huyxeioVwoav yuo 600 evdeton Suvduer GovUUETEOL at 
AB, BI nowotom tx npoxeiueva’ Aéyo, dtt HAoydc Eotw H 
AT. 

‘Enel yuo 10 Und tv AB, BI uéooy Eotiv, xal 16 dic 
[Kou] Und tv AB, BI ueoov Eottv. tO 5& ouyxetuevov Ex 
tv and tv AB, BI éytév' gobueteov bea Eotl tO Bic 
ono tév AB, BI 16 ovyxeweve éx tv and téiv AB, BI: 
Hote xa ta dnd Tv AB, BI ueta tot dic Und téHv AB, BI, 
Onee Cott tO ano tic AT, dovUUETOdv ott 16 oUYxeevY 
ex tTHv and tév AB, BI [6ntdv b¢ tO ovyuEtuevoy ex Tov 
ano tév AB, BI]: doyov &pa Eotl 16 &nd tc AT. Gote 
xa n AD &hoydc Eotw, xarclobw b& UciTwv. Sree Eder 
deicou. 
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Proposition 39 


If two straight-lines (which are) incommensurable in 
square, making the sum of the squares on them rational, 
and the (rectangle contained) by them medial, are added 
together then the whole straight-line is irrational—let it 
be called a major (straight-line). 

k t 1 
A B C 

For let the two straight-lines, AB and BC, incommen- 
surable in square, and fulfilling the prescribed (condi- 
tions), be laid down together [Prop. 10.33]. I say that 
AC is irrational. 

For since the (rectangle contained) by AB and BC is 
medial, twice the (rectangle contained) by AB and BC 
is [thus] also medial [Props. 10.6, 10.23 corr.]. And the 
sum of the (squares) on AB and BC (is) rational. Thus, 
twice the (rectangle contained) by AB and BC is incom- 
mensurable with the sum of the (squares) on AB and 
BC [Def. 10.4]. Hence, (the sum of) the squares on AB 
and BC, plus twice the (rectangle contained) by AB and 
BC—that is, the (square) on AC [Prop. 2.4]—is also in- 
commensurable with the sum of the (squares) on AB and 
BC [Prop. 10.16] [and the sum of the (squares) on AB 
and BC (is) rational]. Thus, the (square) on AC is irra- 
tional. Hence, AC is also irrational [Def. 10.4]—let it be 
called a major (straight-line).‘ (Which is) the very thing 
it was required to show. 


t Thus, a major straight-line has a length expressible as ,/[1 + k/(1 + k2)!/2]/2 + ,/[1 — k/(1 + k2)!/2]/2. The major and the corresponding 


minor, whose length is expressible as Ju +k/(1 + k?)1/2]/2 — Ju —k/(1 + k?)1/2]/2 (see Prop. 10.76), are the positive roots of the quartic 


at — 2a? 4k?/(1+k?) =0. 
, 
‘Easy 600 evdetoau Suvduer dobUUETEOL OVYTEDGoL ToLoUc- 
Ol TO UEV OVYXELUEVOV EX TOY UT’ MUTHYV TETOAYOVUY UECOV, 
TO 8 Un adTéY ENTOV, 7 CAN EvVEIA GAOYd¢ EoTW, xaArcioDu 
d€ ENTOV xal UEoOY BUVaLEN. 


f t 1 

A B T 
huyxeioVwoav yuo 600 evudeton Suvduer GovUUETEOL at 
AB, BI novottom tk npoxeiueva’ Aéyo, dtr HAoydc EoTw H 

AT. 

‘Enel yuo TO ovyxeluevov éx tév and tv AB, BI 
ueoov éotty, TO dé Sic Und TéHv AB, BI pyntdv, dovUUETeEOV 
&ou Eotl TO ovyYxeiuevoy Ex Tv dnd téHv AB, BI 16 Bic 


Proposition 40 


If two straight-lines (which are) incommensurable 
in square, making the sum of the squares on them 
medial, and the (rectangle contained) by them ratio- 
nal, are added together then the whole straight-line is 
irrational—let it be called the square-root of a rational 
plus a medial (area). 

f t 1 
A B C 

For let the two straight-lines, AB and BC, incommen- 
surable in square, (and) fulfilling the prescribed (condi- 
tions), be laid down together [Prop. 10.34]. I say that 
AC is irrational. 

For since the sum of the (squares) on AB and BC is 
medial, and twice the (rectangle contained) by AB and 
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vno tv AB, BI’ ote xal 16 and tic AP dovuetedv Eott 
16) dic bnO tév AB, BI. Ontov dé 10 dic Un tév AB, BI: 
d&dhoyov doa tO and tig AD. &Aoyos doa H AT, xaretodu dé 
entov xal ugoov Suvayevy. Smee Cer Seta. 
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BC (is) rational, the sum of the (squares) on AB and 
BC is thus incommensurable with twice the (rectangle 
contained) by AB and BC. Hence, the (square) on AC 
is also incommensurable with twice the (rectangle con- 
tained) by AB and BC [Prop. 10.16]. And twice the 
(rectangle contained) by AB and BC (is) rational. The 
(square) on AC (is) thus irrational. Thus, AC (is) irra- 
tional [Def. 10.4]—let it be called the square-root of a 
rational plus a medial (area).' (Which is) the very thing 
it was required to show. 


+ Thus, the square-root of a rational plus a medial (area) has a length expressible as ,/[(1 + k2)1/2 + k]/[2(1 + k2)]+4/[(1 + k?)1/2 — k]/[2 (1 + k?)]. 


This and the corresponding irrational with a minus sign, whose length is expressible as Via + k?)1/2 4 k]/[2(1 + k?)] Jia + k2)1/2 _ k]/[2(1 + k?)] 


(see Prop. 10.77), are the positive roots of the quartic «+ — (2/V/1+ k?) a2 + k?/(1 + k?)? = 0. 


Uo’. 
‘Edy d00 evdeton dSuvduer dovWUUETEOL OUVTEDGoL TOLODc- 
a TO Te OUYXEiUEVOY Ex THY aT’ HUTOY TETOAyYHVUY LECOV 
xal TO UT’ ATHY UECOY xa ETL AOUUUETEOV TE OUYXEILEVYD 
ex THY AN’ HUToY TeTOEAyOVUY, H OAN cvVEta doydc EoTLY, 
xaActovw dé 600 Ugow SUVAEVN. 


K © 
At 

H ZL 
B ke 
| Gian EB 


huyxeioVwoauv yuo 600 eudeton Suvduer GovUUETEOL at 
AB, BI rovotiom tk npoxeiueva’ AEyo, ott H AD Hroydc 
EOTLY. 

"Exxetodw enti 7 AE, xat napoBeBAfodw napd thy AE 
toig uev and tév AB, BI toov 16 AZ, 16 Se dic UNO tév 
AB, BI toov 16 HO: dédov &pa 16 AO iooy Eotl té and 
tiic AT tetowyove. xal Emel ugoov Eotl TO ouyxeiuevov 
éx Tv and tev AB, BI, xat cotw ioov 16 AZ, ueoov toa 
éotl xal to AZ. xal nap& Enthy thy AE napdxertou ontr 
goa éotiv 7 AH xal dovuuetoos tH AE urxer. duce te wvTe 
on ual n HK onth Eott xal Kovuuetoeoc tH HZ, toutéot tH; 
AE, wher. xal enel dovueted cout ta dnd tTHv AB, BI 
16) dic bnd téHv AB, BI, dobuuetedv eott to AZ 16 HO- 


Proposition 41 


If two straight-lines (which are) incommensurable in 
square, making the sum of the squares on them me- 
dial, and the (rectangle contained) by them medial, and, 
moreover, incommensurable with the sum of the squares 
on them, are added together then the whole straight-line 
is irrational—tlet it be called the square-root of (the sum 
of) two medial (areas). 


K H 
At 

G F 
Br 
C- D E 


For let the two straight-lines, AB and BC, incommen- 
surable in square, (and) fulfilling the prescribed (condi- 
tions), be laid down together [Prop. 10.35]. I say that 
AC is irrational. 

Let the rational (straight-line) DE be laid out, and let 
(the rectangle) DF’, equal to (the sum of) the (squares) 
on AB and BC, and (the rectangle) GH, equal to twice 
the (rectangle contained) by AB and BC, have been ap- 
plied to DE. Thus, the whole of DH is equal to the 
square on AC [Prop. 2.4]. And since the sum of the 
(squares) on AB and BC is medial, and is equal to DF, 
DF is thus also medial. And it is applied to the rational 
(straight-line) DE. Thus, DG is rational, and incommen- 
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Bote xo 7 AH tH HK dovuyetodc got. nal clot orntat> att 
AH, HK dpa ontat ciot Suvduer WOvov ovUNETEOL GAOyo> 
dea cotiv H AK nH xadkouyevy ex SVO Svoudtwv. PNT dE H 
AE: é&dovov dpa Cott TO AO xal H SLvauEewN wdTO Hoydc 
gottv. Sbvata b¢ 16 OA A AT- Koyo dou Eotiv H AT, 
xaretodu dé 500 Ueoa SuvaNEVN. OmEo det SetEa. 
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surable in length with DE [Prop. 10.22]. So, for the same 
(reasons), GK is also rational, and incommensurable in 
length with GF—that is to say, DE. And since (the sum 
of) the (squares) on AB and BC is incommensurable 
with twice the (rectangle contained) by AB and BC, 
DF is incommensurable with GH. Hence, DG is also in- 
commensurable (in length) with GK [Props. 6.1, 10.11]. 
And they are rational. Thus, DG and GK are rational 
(straight-lines which are) commensurable in square only. 
Thus, DK is irrational, and that (straight-line which is) 
called binomial [Prop. 10.36]. And DE (is) rational. 
Thus, DH is irrational, and its square-root is irrational 
[Def. 10.4]. And AC (is) the square-root of HD. Thus, 
AC is irrational—let it be called the square-root of (the 
sum of) two medial (areas).' (Which is) the very thing it 
was required to show. 


+ Thus, the square-root of (the sum of) two medial (areas) has a length expressible as k/!/4 ( /[L4+k/(1 + k?)1/2]/2+4/[1—k/1+ K)173]/2) : 


This and the corresponding irrational with a minus sign, whose length is expressible as k/!/4 ( /[L+k/(1 + k?)1/2]/2 —4/[1 —k/(+ )179]/2) 
(see Prop. 10.78), are the positive roots of the quartic «4 — 2k!1/2 a2 + k’ k?/(1 +k?) = 0. 


Ayjupo. 
"Ou SE al clonucva dAoyot Uovay dss Strarpo¥vtoau sic Thc 
evvetac, €€ Gv obyxewta Nolovody ta meoxetueva etdn, 
detEouev Hon mecexVeuevot AnuUdTIOV ToLOUTOV" 


A 


B 


AE LT 
t t t 

‘Exxciodw evdeta 7 AB xat tetujodw n OAN cic dvioe 
xad’ exdtepov tv T, A, troxetodw 5é yei@wv A AT tic 
AB: Ey, 6tt Ta dnd TH AT, TB yeiZove eotr tév ano 
tév AA, AB. 

Tetuyjodvu yoo 7 AB diya xat& 16 E. xol enel ucttwv 
cot n AT tic AB, xowy denofodw A AT: AoA Goa HA AA 
Aoinfic tij¢ TB uct@wv eottv. ton dé 7 AE tH EB: eddttwv 
goa W AE tic ED: ta T, A dou onueia obx toov anéyouot 
tic Styotoutac. xal Exel TO Und THv AT, [TB yet& tod and 
thc ED toov éotl 16 ano tic EB, aAA& uy xa TO UNO THY 
AA, AB yvet& tot &nd AE ioov éotl 16 and tic EB, 10 
goa Ono THv AT, PB uet& tod and tic ED toov éotl 16 
bono té&v AA, AB yvet& tod and tij¢ AE’ Gv tO and tic 
AE é\aoodv Eott tot and tic ED xat Aoimdv koa TO UNO 
tev AT, TB é\acody Eott tod Und tév AA, AB. ote xat 
tO bic UnO TOV AT, TB édacody éott tot dic UrO thy AA, 
AB. xal Aoimdv dea TO oUyxetuevoy Ex THVv and THv AT, 
TB usi@ov Eott tod ovyxewuévou Ex THv dnd tév AA, AB. 
Onee Eder Setea. 


Lemma 


We will now demonstrate that the aforementioned 
irrational (straight-lines) are uniquely divided into the 
straight-lines of which they are the sum, and which pro- 
duce the prescribed types, (after) setting forth the follow- 
ing lemma. 

A DE ¢ B 

Let the straight-line AB be laid out, and let the whole 
(straight-line) have been cut into unequal parts at each 
of the (points) C and D. And let AC be assumed (to be) 
greater than DB. I say that (the sum of) the (squares) on 
AC and CB is greater than (the sum of) the (squares) on 
AD and DB. 

For let AB have been cut in half at E. And since AC is 
greater than DB, let DC have been subtracted from both. 
Thus, the remainder AD is greater than the remainder 
CB. And AE (is) equal to EB. Thus, DE (is) less than 
EC. Thus, points C and D are not equally far from the 
point of bisection. And since the (rectangle contained) 
by AC and CB, plus the (square) on EC, is equal to the 
(square) on EB [Prop. 2.5], but, moreover, the (rectan- 
gle contained) by AD and DB, plus the (square) on DE, 
is also equal to the (square) on EB [Prop. 2.5], the (rect- 
angle contained) by AC and CB, plus the (square) on 
EC, is thus equal to the (rectangle contained) by AD and 
DB, plus the (square) on DF. And, of these, the (square) 
on DE is less than the (square) on EC. And, thus, the 
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remaining (rectangle contained) by AC and CB is less 
than the (rectangle contained) by AD and DB. And, 
hence, twice the (rectangle contained) by AC and CB 
is less than twice the (rectangle contained) by AD and 
DB. And thus the remaining sum of the (squares) on AC 
and CB is greater than the sum of the (squares) on AD 
and DB.' (Which is) the very thing it was required to 
show. 


+ Since, AC? + CB? +2 ACCB = AD? + DB? +2ADDB = AB”. 


B" 
“H ex 500 ovoudtwv xat& Ev Udvov oNUEloy StoLeettoL 
cig TA OVONATA. 


A B 


"Eotw &x 500 dvoudtwv 7 AB dinenuévy cic te OvOUaTaL 
wate tO Ts a AL, TB dow ontat eto. Suvéuer Udvov 
OvUNETOL. AEyw, OTL 7 AB xat’ GAAO onUEtov od Siaupettat 
cic 600 ENTd&S SUvdEL UOVOV OUUUETEOUC. 

Et yao Suvatév, Sijofotw nal xat& to A, ote xal tac 
AA, AB pnd elvan Suvduet Udvov GUUUETEOUC. MavEe—pdv 
of, 611 H AL tH AB odx Eotw 7H adtH. Et yuo Suvatdv, 
got. Eotat sh xal n AA tH TB H wdth xal ota we n AP 
med¢ thy TB, ottw>o 7 BA medc thy AA, xa ota 7 AB 
KATA TO AUTO TH xata TOT Sroupeoer Srapedeion ual xate 
to A: Onep oby Undxetta. ovx doa A AT tH AB éotw H 
auth. Sia sf totto xal ta T, A onucia ovx toov anéyouor 
Tiic Styotouiac. G dow drapéest ta and tv AT, TB tév 
ano tév AA, AB, tobvtw Siapeoet xal TO Sic Und tev AA, 
AB tod bic Und tHv AT, TB && tO xol ta ard téSv AT, 
TB yet& tod dic bnd tHv AD, TB xai ta dnd téHv AA, AB 
yeta tod dic Und tév AA, AB to civ 16 and tic AB. 
GAd ta dnd THv AT, TB tév and tev AA, AB bdragéeper 
ENTS ENTX yuo GUPdtEoA xal TO Sic doa Und THv AA, AB 
tov dic Und tev AT, TB dtapéeper one yeou dvta Smee 
&tonov’ UeGov YUE ECOL OLY UTES Yel ONTOS. 

Ovy dea f Ex SVO OvoUdTwY XAT’ GAAO xa GAAO ONUEIOV 
Staupeitar xa’ Ev dou Udvov’ Oreo Eder Seiga. 


Proposition 42 


A binomial (straight-line) can be divided into its (compo- 
nent) terms at one point only." 
AD ¢_ =&B 

Let AB be a binomial (straight-line) which has been 
divided into its (component) terms at C. AC and CB are 
thus rational (straight-lines which are) commensurable 
in square only [Prop. 10.36]. I say that AB cannot be 
divided at another point into two rational (straight-lines 
which are) commensurable in square only. 

For, if possible, let it also have been divided at D, such 
that AD and DB are also rational (straight-lines which 
are) commensurable in square only. So, (it is) clear that 
AC is not the same as DB. For, if possible, let it be (the 
same). So, AD will also be the same as CB. And as 
AC will be to CB, so BD (will be) to DA. And AB will 
(thus) also be divided at D in the same (manner) as the 
division at C. The very opposite was assumed. Thus, AC 
is not the same as DB. So, on account of this, points 
C and D are not equally far from the point of bisection. 
Thus, by whatever (amount the sum of) the (squares) on 
AC and CB differs from (the sum of) the (squares) on 
AD and DB, twice the (rectangle contained) by AD and 
DB also differs from twice the (rectangle contained) by 
AC and CB by this (same amount)—on account of both 
(the sum of) the (squares) on AC and CB, plus twice the 
(rectangle contained) by AC and CB, and (the sum of) 
the (squares) on AD and DB, plus twice the (rectangle 
contained) by AD and DB, being equal to the (square) 
on AB [Prop. 2.4]. But, (the sum of) the (squares) on AC’ 
and C’B differs from (the sum of) the (squares) on AD 
and DB by a rational (area). For (they are) both rational 
(areas). Thus, twice the (rectangle contained) by AD 
and DB also differs from twice the (rectangle contained) 
by AC and CB by a rational (area, despite both) being 
medial (areas) [Prop. 10.21]. The very thing is absurd. 
For a medial (area) cannot exceed a medial (area) by a 
rational (area) [Prop. 10.26]. 
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Thus, a binomial (straight-line) cannot be divided 
(into its component terms) at different points. Thus, (it 
can be so divided) at one point only. (Which is) the very 
thing it was required to show. 


+ In other words, k + k!!/2 = k” + k’”"/2 has only one solution: ie., k” = k and k’” = k’. Likewise, k!/? + k/1/2 = k/1/2 + k/’"/2 has only 
one solution: ie., k/’ = k and k’”” = k’ (or, equivalently, k” = k’ and k’” = k). 


vd 


UY 


“H €x 500 UEowV TEaTH Xa Ev LOVOV ONUELOV StoesitHL. 


A T B 


"Eotw €x 00 Ugowy TeaTH 7 AB Sinenyevn xata to TL, 
wote tac AD, TB yéouc civan Suvduer WOvov ovUUETEOUG 
Ontov nepleyovouc’ AEYwW, tt YH AB xat’ &AAO onustov ob 
Stapetta. 

Et yao Suvatéyv Sinefodw xol xata TO A, ote xal tac 
AA, AB yéoag elvan Suvduet WOvov GUUNETEOUC ENTOV TE- 
eleyobouc. Emel odv, @ Siapgoet TO dic Und téHv AA, AB 
tov dic Und THv AD, TB, tobtw Stapéoet ta dnd tev AT, 
TB tév dnd téHv AA, AB, onté Se Stapéper tO dic Und 
tév AA, AB tod dic bn0 tHv AT, PB: 6nta yap qupdtepa: 
ENTS Goa Srapgoer xal ta and tv AD, [TB tHv and tiv 
AA, AB péou 6vta Sree &toTov. 

Ovx dea H Ex 600 UEOwWV TEwTH xaT GAO xa GAO 
ONUEtov Siampetto cic TH OvOUaTA xad’ Ev doa Udvov’ STEP 
Z0eu Seicoau. 


Proposition 43 


A first bimedial (straight-line) can be divided (into its 
component terms) at one point only.' 


A D C B 


+> 


Let AB be a first bimedial (straight-line) which has 
been divided at C, such that AC and C'B are medial 
(straight-lines), commensurable in square only, (and) 
containing a rational (area) [Prop. 10.37]. I say that AB 
cannot be (so) divided at another point. 

For, if possible, let it also have been divided at D, 
such that AD and DB are also medial (straight-lines), 
commensurable in square only, (and) containing a ratio- 
nal (area). Since, therefore, by whatever (amount) twice 
the (rectangle contained) by AD and DB differs from 
twice the (rectangle contained) by AC and CB, (the sum 
of) the (squares) on AC and C’'B differs from (the sum 
of) the (squares) on AD and DB by this (same amount) 
[Prop. 10.41 lem.]. And twice the (rectangle contained) 
by AD and DB differs from twice the (rectangle con- 
tained) by AC and CB by a rational (area). For (they 
are) both rational (areas). (The sum of) the (squares) on 
AC and CB thus differs from (the sum of) the (squares) 
on AD and DB by a rational (area, despite both) being 
medial (areas). The very thing is absurd [Prop. 10.26]. 

Thus, a first bimedial (straight-line) cannot be divided 
into its (component) terms at different points. Thus, (it 
can be so divided) at one point only. (Which is) the very 
thing it was required to show. 


+ In other words, k!/4 + k3/4 = k/1/4 + &/3/4 has only one solution: ie., k’ = k. 


Ud’. 

“H ex 600 Ugowv SeuTéoa “ad” Ev Wdvov onElov 
Stowoeita. 

"Eotw éx 00 Uéowv Seutéoa 7 AB dinonyevn xat& tO 
T, ote tac AD, PB péoug civon Suvduer Udvov cuUUETEOUC 
UeGOYV TEpleyovouc’ ~avepov Sf, OTL TO T ovx Eotr xaTH 
Thc Styotoutac, 6tL Om ciol UAxEL GUUUETEOL. A€yw, OTL 7 
AB xat’ HAo onusiov od dtatpsito. 


Proposition 44 


A second bimedial (straight-line) can be divided (into 
its component terms) at one point only. 

Let AB be a second bimedial (straight-line) which 
has been divided at C, so that AC and BC are medial 
(straight-lines), commensurable in square only, (and) 
containing a medial (area) [Prop. 10.38]. So, (it is) clear 
that C is not (located) at the point of bisection, since (AC 
and BC) are not commensurable in length. I say that AB 
cannot be (so) divided at another point. 


328 


STOIXEION v’. 


A At B 
E M_ © N 
Ze AH K 


Et yao Suvatdyv, Sinefjodw xoal xata TO A, Hote thy 
AT ti AB yy eivon thy adtyy, GAG YelTova xd’ UndVEoWw 
thy AT- dijdov bY, tt nol Ta dnd TOV AA, AB, we excver 
edeiZauev, EAcooova tv and tév AD, TB: xai tac AA, AB 
ueoac etvo SuVdUEL UOVOV OUUMETEOUC UEDOV TEpleyoUouc. 
nal ExxetoVo pnt? n EZ, nal 1 wéev and tic AB toov nape 
thy EZ naparAnddyeauuoy dovoyawoyv napaBeBAnode TO 
EK, toic 5¢ and tév AT, PB toov apyehodw to EH: Xownov 
&ea T6 OK tooy Eotl 16 bic Un0 tHV AT, TB. rédw 8% toic 
and tév AA, AB, &neo EAdooova edetydn THv and TéHv 
AT, TB, toov apnpjodw 16 EA: xol Aowndv doa TO MK 
toov 16 dic Und tév AA, AB. xat Enel ugou Eotl ta and 
tév AT, TB, yéoov &ex [xal] to EH. xol nap& dythy thy 
EZ rapdxertau entry dea cotiv 7 EO xal aovuueteoc tH EZ 
uyxer. Sid Te HUTA OH xal YON Ont Cott xol KovUWUETEOC 
th EZ unxer. xol enet at AP, PB ugoo ciol Suvduer Udvov 
OUUUETEOL, KOUUUETOS doa Eotlv HAT tH PB pret. wc 5€ 
n AD redc¢ thy TB, ottwe 16 &nd tij¢ AD ned¢ 16 On6 tH 
AT, TB: dovuueteov tou goti t6 and tic AD 16 Ond tov 
AT, TB. OA& 16 yev dnd thc AT obuUETEd EoTL TH ATO ToV 
AT, TB: duvduer yée eiot obuetoot at AL, PB. 16 6€ Un 
tOv AL, PB otuyetedv got 10 dic bn téHv AT, PB. xot te 
ano tv AT, PB &pa covuuete& Eott 16H dic UNO tév AT, 
TB. GAA& toic uv dnd téiv AT, TB toov éotl to EH, té5 8 
dic Und téHv AD, PB toov 16 OK: dovuueteov doa ott TO 
EH 16 OK: dote xal 7 EO tH ON aobuuetedc cot unet. 
xa ciot erntat: at EO, ON doa pntat cio duvd&uet Uovov 
OUUUETEOL. Edv SE OVO ENTOL SUVdUEL UOVOY OUUUETEOL OUY- 
teVBow, N OAN Khoydc Eotl H XAAOVUEVY EX SVO OVOUATWV" 
17 EN dea Ex 500 dvoudtwv Eotl SinEnuevN xaTa TO O. xaTH 
TH HUTA OH SetyDhoovta xol ao EM, MN ontol duvduer 
u“dovoy ovUUETeOL xal Eotat NY EN ex 500 dvoudtwov “aT 
AAO Kol GAO SineNEV TO Te O xal tO M, xal ovx Eotw 
n EO tH MN 4 avr, ott te and téHv AT, TB uctZove cot 
tv and tiv AA, AB. dAAw Ta and THv AA, AB uciZoveé 
Eott Tov dic Und AA, AB TodAG dow xal ta and tév AT, 
TB, toutéott 16 EH, yetZov éott to dic Und tév AA, AB, 
toutéott toU MK: dote xal 7 EO tic MN ueiCwv eottv. 7 
goa EO t7 MN ovx gotw fh adty: One Eder SeiEu. 
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For, if possible, let it also have been (so) divided at 
D, so that AC is not the same as DB, but AC (is), 
by hypothesis, greater. So, (it is) clear that (the sum 
of) the (squares) on AD and DB is also less than (the 
sum of) the (squares) on AC’ and C’'B, as we showed 
above [Prop. 10.41 lem.]. And AD and DB are medial 
(straight-lines), commensurable in square only, (and) 
containing a medial (area). And let the rational (straight- 
line) EF be laid down. And let the rectangular paral- 
lelogram EK, equal to the (square) on AB, have been 
applied to EF. And let EG, equal to (the sum of) the 
(squares) on AC and CB, have been cut off (from EK). 
Thus, the remainder, HK, is equal to twice the (rectan- 
gle contained) by AC and CB [Prop. 2.4]. So, again, 
let EL, equal to (the sum of) the (squares) on AD and 
DB—which was shown (to be) less than (the sum of) the 
(squares) on AC’ and CB—have been cut off (from EK). 
And, thus, the remainder, WK, (is) equal to twice the 
(rectangle contained) by AD and DB. And since (the 
sum of) the (squares) on AC and CB is medial, EG 
(is) thus [also] medial. And it is applied to the ratio- 
nal (straight-line) EF’. Thus, FH is rational, and incom- 
mensurable in length with EF [Prop. 10.22]. So, for the 
same (reasons), HN is also rational, and incommensu- 
rable in length with EF. And since AC and CB are me- 
dial (straight-lines which are) commensurable in square 
only, AC is thus incommensurable in length with CB. 
And as AC (is) to C'B, so the (square) on AC (is) to the 
(rectangle contained) by AC and C’B [Prop. 10.21 lem.]. 
Thus, the (square) on AC is incommensurable with the 
(rectangle contained) by AC and C’B [Prop. 10.11]. But, 
(the sum of) the (squares) on AC and C’B is commensu- 
rable with the (square) on AC. For, AC and C’B are com- 
mensurable in square [Prop. 10.15]. And twice the (rect- 
angle contained) by AC and CB is commensurable with 
the (rectangle contained) by AC and CB [Prop. 10.6]. 
And thus (the sum of) the squares on AC and CB is in- 
commensurable with twice the (rectangle contained) by 
AC and CB [Prop. 10.13]. But, EG is equal to (the sum 
of) the (squares) on AC and C’B, and HK equal to twice 
the (rectangle contained) by AC and CB. Thus, EG is 
incommensurable with Hk. Hence, FH is also incom- 
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mensurable in length with HN [Props. 6.1, 10.11]. And 
(they are) rational (straight-lines). Thus, EH and HN 
are rational (straight-lines which are) commensurable in 
square only. And if two rational (straight-lines which 
are) commensurable in square only are added together 
then the whole (straight-line) is that irrational called bi- 
nomial [Prop. 10.36]. Thus, EN is a binomial (straight- 
line) which has been divided (into its component terms) 
at H. So, according to the same (reasoning), EM and 
MN can be shown (to be) rational (straight-lines which 
are) commensurable in square only. And EN will (thus) 
be a binomial (straight-line) which has been divided (into 
its component terms) at the different (points) H and M 
(which is absurd [Prop. 10.42]). And EA is not the same 
as MN, since (the sum of) the (squares) on AC and CB 
is greater than (the sum of) the (squares) on AD and 
DB. But, (the sum of) the (squares) on AD and DB is 
greater than twice the (rectangle contained) by AD and 
DB [Prop. 10.59 lem.]. Thus, (the sum of) the (squares) 
on AC and CB—that is to say, EG—is also much greater 
than twice the (rectangle contained) by AD and DB— 
that is to say, Mk. Hence, FH is also greater than MN 
[Prop. 6.1]. Thus, EA is not the same as MN. (Which 
is) the very thing it was required to show. 


+ In other words, k1/4 + k/1/2/k1/4 = p/1/4 4 41/2 /K/1/4 has only one solution: ie., k’” = k and k!” = k’. 


, 


Ue. 


“H usi@ov xate TO AUTO Udvov oNEtov StaLpettaL. 


A A T B 


"Eotw usitov n AB dinenuevn xate 160 TP, dote tac AT, 
T'B dvuvduet douUUETEOUC Elva TOLOVOAC TO UEV OUYXELLEVOV 
éx tév and tév AD, [TB tetoxyovwv pntdv, to 8° bro 
tév AD, TB yéoov' AEyw, 6tt 7 AB xat’ Ado onusiov 
ov dtoapeita. 

Et yoo duvatdv, Sinefotw xual xata to A, dote xal 
tac AA, AB dvvduer dovueteouc elvan motovoac TO Wev 
ouyxeiuevov éx Tv and tHv AA, AB pntdv, tO 8 Un’ 
autéy ugooy. xal Exel, G Siapgoer ta dnd THv AD, PB tév 
ano tv AA, AB, tovtw diapéeoet xal TO dic bnd tv AA, 
AB tod die tnd téHyv AT, TB, GAA& ta and tv AT, TB 
tov ano tév AA, AB brepéyet Onté ONnta yuo dupdtepa 
nal to Sic Und tHv AA, AB doa tod dic Und tev AT, PB 
UNECEYXEL ENTE UEC Ovta STEE EoTly GVvatov. Ox doa H 
uei@av xat’ dAAO xa GAO ONLELOV Stoosttau KAT TO ADTO 
doa Udvov Staipettau Smee Eder Seigau. 


Proposition 45 


A major (straight-line) can only be divided (into its 
component terms) at the same point.' 


A D C B 


[}]_ A 

Let AB be a major (straight-line) which has been di- 
vided at C, so that AC and CB are incommensurable in 
square, making the sum of the squares on AC’ and CB 
rational, and the (rectangle contained) by AC and CD 
medial [Prop. 10.39]. I say that AB cannot be (so) di- 
vided at another point. 

For, if possible, let it also have been divided at D, such 
that AD and DB are also incommensurable in square, 
making the sum of the (squares) on AD and DB ratio- 
nal, and the (rectangle contained) by them medial. And 
since, by whatever (amount the sum of) the (squares) on 
AC and CB differs from (the sum of) the (squares) on 
AD and DB, twice the (rectangle contained) by AD and 
DB also differs from twice the (rectangle contained) by 
AC and CB by this (same amount). But, (the sum of) 
the (squares) on AC and CB exceeds (the sum of) the 
(squares) on AD and DB by a rational (area). For (they 
are) both rational (areas). Thus, twice the (rectangle 
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t In other words, 
solution: i.e., k’ = k. 
, 
Ur. 


“H entoyv xol Ueoov Suvayevn xd’ Ev Udvoy onUElov 
Stoweetta. 


A B 


"Eotw entov xal ueoov Suvauevy H AB Sinonuevy xat& 
tO DT, dote tac AD, PB duvduer dovuueteouc ivan rovovoac 
TO Uev ovyxetuevoy Ex THv and tév AT, IB yeooy, tO sé 
dic Und tHv AT, TB ontéov: AEyw, Stt 7H AB xat’ GAO 
ONMEIoV Ob Siampetta. 

Et yoo duvatdyv, Sinefotw xual xata to A, dote nal 
tac AA, AB duvduer covuueteouc eivar molovouc tO Lev 
ovuyxeiuevov éx té&v and tév AA, AB uéooy, 16 bé Bic 
uno té&v AA, AB pntdv. Enel ody, & Stapéper TO Sic UNO 
tév AT, PB tod dic O16 tév AA, AB, tovtw diapéper xa 
te ano tév AA, AB tév and tv AT, TB, 10 5 dic Und 
tév AT, TB tot dic Und téHv AA, AB brepéyer Onte, xa 
ta dnd téHv AA, AB dpa téHv and tv AT, TB brepéyer 
Ente Usou dvta Onee Eotly adbvaTOV. OUX hoa N ENTOV 
xal UECoV SuvaEeVH XAT GAO xall GAAO oNUEiov Staupeiton. 
xata Ev doa onueiov diaesitor dmep Eder Sein. 
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contained) by AD and DB also exceeds twice the (rect- 
angle contained) by AC and CB by a rational (area), 
(despite both) being medial (areas). The very thing is 
impossible [Prop. 10.26]. Thus, a major (straight-line) 
cannot be divided (into its component terms) at differ- 
ent points. Thus, it can only be (so) divided at the same 
(point). (Which is) the very thing it was required to show. 


[1+ k/(1 + k?)1/2]/2 + 4/[1—k/(. + k?)1/2]/2 = y/[1 + k!/(1 + k/?)1/2]/2 + 4/[1 — k’/(1 + k/?)1/2]/2 has only one 


Proposition 46 


The square-root of a rational plus a medial (area) can be 
divided (into its component terms) at one point only." 


A D C B 


{}_ Aa 


Let AB be the square-root of a rational plus a medial 
(area) which has been divided at C, so that AC and CB 
are incommensurable in square, making the sum of the 
(squares) on AC and CB medial, and twice the (rectan- 
gle contained) by AC and CB rational [Prop. 10.40]. I 
say that AB cannot be (so) divided at another point. 

For, if possible, let it also have been divided at D, so 
that AD and DB are also incommensurable in square, 
making the sum of the (squares) on AD and DB medial, 
and twice the (rectangle contained) by AD and DB ra- 
tional. Therefore, since by whatever (amount) twice the 
(rectangle contained) by AC and CB differs from twice 
the (rectangle contained) by AD and DB, (the sum of) 
the (squares) on AD and DB also differs from (the sum 
of) the (squares) on AC and CB by this (same amount). 
And twice the (rectangle contained) by AC and CB ex- 
ceeds twice the (rectangle contained) by AD and DB by 
a rational (area). (The sum of) the (squares) on AD and 
DB thus also exceeds (the sum of) the (squares) on AC 
and CB by a rational (area), (despite both) being medial 
(areas). The very thing is impossible [Prop. 10.26]. Thus, 
the square-root of a rational plus a medial (area) cannot 
be divided (into its component terms) at different points. 
Thus, it can be (so) divided at one point (only). (Which 
is) the very thing it was required to show. 


+ In other words, 4/[(1 + k2)1/2 + k]/[2 (1 + k2)] + y/[(1 + &2)1/2 — k]/[2(1 + k2)] = f(A + )1/2 + bY/[2 (1 + b?)] 


+4/[(1 + k’?)1/2 — k’]/[2 (1 + k’2)] has only one solution: ie., k’ = k. 


uc’. 


“H 600 veo Suvauevn xad” Ev Udvoyv onustov Stoeetto. 


Proposition 47 


The square-root of (the sum of) two medial (areas) 
can be divided (into its component terms) at one point 
only. 
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A A r B 
E Z. 
M A 
© H 
N K 


"Eotw [600 uéou Suvauevy] 7 AB Sinenuevn xat& 16 
T, ote tac AT, PB Svuvduer covuyeteouc civoar norovoac 
TO te ovyxetuevoy ex Tv and tv AD, PB yéoov xal 16 
uno tév AD, IB ugoov xa Ett dobuUEteov Té ouyxetueved 
éx TOV dn’ avutév. AEyw, Stt 7 AB xat’ GAAO onuEtov ob 
Staupeita MoLlovoa Ta TeOXEtWEva. 

Et yao Suvatév, diyefodw xata 10 A, Bote téAw Sy- 
dhovow thy ALT tH AB yh eivou thy avtyy, dAAd ystTova 
xad’ brdVeow thy AT, xal exxetow onty n EZ, xol napa 
BeBrAhodw nape thy EZ toic yev and Hv AT, TB toov 16 
EH, 16 6€ dic Und tHv AT, PB toov 16 OK: Gdov doa 16 
EK toov goti té dnd tij¢ AB tetowyove. méAw di TAA 
BeBAhod tae& thy EZ toic and tév AA, AB toov to EA: 
hoinov doa TO dic UNO téHv AA, AB doinés 165 MK ioov 
gouty. xo Emel UCOOV UMOxELTAL TO OUYXEiUEVOY EX TOY ATO 
tOv AT, TB, uéooy dou oti xal 16 EH. xal mapd& eythy thy 
EZ rapdxertou onty dea cotlv 7 OE xal aovuueteoc tH EZ 
urxer. Sid TH HUTA OH xal NY ON Oth Cott xol KovUWUETEOC 
th EZ uymet. xol Emel dovuetedv Eott TO ovYxElUEvov 
éx tOv and tév AT, [TB 16 dic Ord tHv AT, TB, xal to 
EH dea 16 HN aobuuetedy eotw: dote xal 7 EO th ON 
GovUMETed EoTLV. xa clot PNTat al HO, ON doa Onto cior 
duvauEl WOvoy ovUUETEOL 7 EN dow Ex SVO0 Ovoudtwv EoTl 
dinenyevn xat& tO O. Ouotws S17 SeiGouev, Str xal xaTa TO 
M difenta. xal obx Eotw 7 EO tH MN 7 wot 7 hoa Ex vO 
OVOUTWY XAT GAAO xal GAAO ONLElov Sifentau dmee cotiv 
&tonov. 00x dea 7H SVO UEoA SLVANEVN XAT GAAO xal GAO 
onuciov Siapeita xad’ Ev dou Udvov [onuetoy] Sioupeitan. 
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A D C B 
E F 
M L 
H G 
N K 


Let AB be [the square-root of (the sum of) two me- 
dial (areas)] which has been divided at C, such that AC 
and CB are incommensurable in square, making the sum 
of the (squares) on AC’ and C'B medial, and the (rect- 
angle contained) by AC’ and C’B medial, and, moreover, 
incommensurable with the sum of the (squares) on (AC 
and CB) [Prop. 10.41]. I say that AB cannot be divided 
at another point fulfilling the prescribed (conditions). 

For, if possible, let it have been divided at D, such that 
AC is again manifestly not the same as DB, but AC (is), 
by hypothesis, greater. And let the rational (straight-line) 
EF be laid down. And let EG, equal to (the sum of) the 
(squares) on AC and CB, and HK, equal to twice the 
(rectangle contained) by AC and CB, have been applied 
to EF. Thus, the whole of EK is equal to the square on 
AB [Prop. 2.4]. So, again, let EL, equal to (the sum of) 
the (squares) on AD and DB, have been applied to EF. 
Thus, the remainder—twice the (rectangle contained) by 
AD and DB—is equal to the remainder, Mk. And since 
the sum of the (squares) on AC and C'B was assumed 
(to be) medial, EG is also medial. And it is applied to 
the rational (straight-line) EF’. HE is thus rational, and 
incommensurable in length with EF [Prop. 10.22]. So, 
for the same (reasons), HN is also rational, and incom- 
mensurable in length with EF. And since the sum of 
the (squares) on AC and CB is incommensurable with 
twice the (rectangle contained) by AC and CB, EG is 
thus also incommensurable with GN. Hence, FH is also 
incommensurable with HN [Props. 6.1, 10.11]. And 
they are (both) rational (straight-lines). Thus, £H and 
HN are rational (straight-lines which are) commensu- 
rable in square only. Thus, EN is a binomial (straight- 
line) which has been divided (into its component terms) 
at H [Prop. 10.36]. So, similarly, we can show that it has 
also been (so) divided at 17. And FH is not the same as 
MN. Thus, a binomial (straight-line) has been divided 
(into its component terms) at different points. The very 
thing is absurd [Prop. 10.42]. Thus, the square-root of 
(the sum of) two medial (areas) cannot be divided (into 
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its component terms) at different points. Thus, it can be 
(so) divided at one [point] only. 


t In other words, k//44/[1 + k/(1 + k2)1/2]/2 + b4/44/[1 — k/(1 + 2) 1/2] /2 = b/4 4 [4 ke /(1 + 2) 1/2] /2 


+K1/4/ (1 — ki!" /(1 + k/2)1/2] /2 has only one solution: ie., k/’ = k and k’” = k’. 


“Opot devtEpot. 

e’. “Ynoxewéevnc entijc uol thc ex S00 dvoudtwy 
dinenvevncs cic tae Ovduata, fic TO UstCov d6voua tot 
éhdooovoc UEiCov SOvatat TH AMO CUUUETEOU EAUTH UAxEL, 
éav UEV TO UEiCov Svoua OVUUETEOY Ff UNxeEL TH Exxewevy 
onth, xarctode [fF GAN] Ex S00 dvoudtwY TEOTH. 

¢. Ey 6€ tO Ehdoooy Ovoua OUUMETOOY 7) UNKEL TH 
EXXELUEVY ONTH, xaActoVw ex SVO Ovoudtwv SeuTeoa. 

C’. “Ey b€ undétepov Tv dvoudtwv ObUUETEOY Fh UA KEL 
TH EXXEWMEVY ONTH, xaAcloVw ex SVO OVOUATOY TEITH. 

1. cw 54 e&y tO ueiFov 6voua [tot EAdooovoc] usiTov 
SUV TH TH UNO HOUUUETEOU EMUTH WxEL, Eav UEV TO UEtTov 
OvOUd OOUUETEOY 7} UNXEL TH ExxelWevy ONTH, xaArctodw Ex 
S00 OvoUdTwWY TETHOTH. 

0’. Eavy 6€ TO Ehacooy, TEUTTN. 

V. Ey 6€ undéteooy, Extn. 


, 
Es 

EKveety thy €x 600 OvoUdTwoV TEWTHY. 

‘ExxcioVwoay dvo dewWuol ot AT, TB, aote tov 
ovyxeiuevov é€ avtév tov AB rod¢ yév tov BI Adyov 
éyely, OV tetekywvoc covdudc Med¢ TeTedywvoyv colNUdy, 
medc¢ Se tov TA Adyov uh Eyew, Ov tetekywvoc doeudc 
Ted TetTe&YHVoV GoLNdy, xal ExxetoVw tic ENTH HA, xa 
tf, A obuuetpoc Eotw unxet 7 EZ. onty doa oti xol 
EZ. xal yeyovéta wo 0 BA devuoc med¢ tov AT, otw< 
TO and Tic EZ npd¢ 16 ano tic ZH. 6 5€ AB nedc¢ tov 
AT hoyov éyet, dv dowydc mpd¢ doWydv xal TO aNO Tic 
EZ tea med¢ TO and tic ZH Advov Eye, Ov HolWudos TEd¢ 
aeroUdv? WOTE GUUUETOOYV EOTL TO ano Tic EZ 163 ano tic 


Definitions II 


5. Given a rational (straight-line), and a binomial 
(straight-line) which has been divided into its (compo- 
nent) terms, of which the square on the greater term is 
larger than (the square on) the lesser by the (square) 
on (some straight-line) commensurable in length with 
(the greater) then, if the greater term is commensurable 
in length with the rational (straight-line previously) laid 
out, let [the whole] (straight-line) be called a first bino- 
mial (straight-line). 

6. And if the lesser term is commensurable in length 
with the rational (straight-line previously) laid out then 
let (the whole straight-line) be called a second binomial 
(straight-line). 

7. And if neither of the terms is commensurable in 
length with the rational (straight-line previously) laid out 
then let (the whole straight-line) be called a third bino- 
mial (straight-line). 

8. So, again, if the square on the greater term is 
larger than (the square on) [the lesser] by the (square) 
on (some straight-line) incommensurable in length with 
(the greater) then, if the greater term is commensurable 
in length with the rational (straight-line previously) laid 
out, let (the whole straight-line) be called a fourth bino- 
mial (straight-line). 

9. And if the lesser (term is commensurable), a fifth 
(binomial straight-line). 

10. And if neither (term is commensurable), a sixth 
(binomial straight-line). 


Proposition 48 


To find a first binomial (straight-line). 

Let two numbers AC and CB be laid down such that 
their sum AB has to BC the ratio which (some) square 
number (has) to (some) square number, and does not 
have to CA the ratio which (some) square number (has) 
to (some) square number [Prop. 10.28 lem. I]. And let 
some rational (straight-line) D be laid down. And let EF 
be commensurable in length with D. EF is thus also ra- 
tional [Def. 10.3]. And let it have been contrived that as 
the number BA (is) to AC, so the (square) on FF (is) 
to the (square) on FG [Prop. 10.6 corr.]. And AB has to 
AC the ratio which (some) number (has) to (some) num- 
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ZH. xo cot. entry 7 EZ: enth doa xal n ZH. xol ene o 
BA med¢ tov AT ddyoy ovx Eyet, Ov tetekywvoc dowWydc 
TEOS TeTEdcywvov deLOUdy, OVSE TO ANO Tic EZ doa ned¢ 
TO and tic ZH Adyoyv Eyet, Ov tetekywvocg aevOuoc Ted¢ 
TeTtedywvoy dolludv’ aovUUETeOS dea cotlv n EZ ty ZH 
uyxet. ot EZ, ZH doa ontat cior Suvdwer Udvov OUUUETEOL 
éx 500 doa dvoudtwy cotlv i EH. Aéywo, Sti “ol MECTH. 


A T B 


‘Enel yép cotw wo 6 BA dewydc ted¢ tov AT, ob tw¢ TO 
ano ti\¢ EZ npd¢ 16 and ti¢ ZH, yet@wv 6€ 0 BA tod AT, 
usiCov doa xal T6 and TH\¢ EZ tod ano tic ZH. Eotw obv 165 
ano ti\¢ EZ tow te and tév ZH, O. xal Exet Eotw Wc 6 BA 
medc¢ tov AT, ottw¢ tO and tij¢ EZ nod¢ 16 and tic ZH, 
avaoteedavtt doa gotiv wo O AB med¢ tov BI, ottwe¢ 16 
ano tig EZ ned¢ 16 and tYj¢ O. 6 8E AB med¢ tov BT Adyov 
Exel, OV TeTEAYWvos KoLWUSS MEDS TeTEAYWVOV GOLOUOY. xatl 
TO ano tic EZ dea ned¢ TO aNd Tc O Aodyov Eyel, dv 
TeTedywvoc deludc TEOC TeTEdYWVOY deLOUdV. ObUUETEOS 
dou cotlv H EZ tH O urner 4H EZ doa tic ZH ueiTov Sbvata 
TG) UNO CUUMETEOL EaUTH. xal clot Ontal at EZ, ZH, xa 
ovuuetoos A EZ ty A urxer. 

‘H EH dea ex S00 dvoudtwv Eotl Tewtn Sree det 
deicoau. 
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ber. Thus, the (square) on EF also has to the (square) 
on FG the ratio which (some) number (has) to (some) 
number. Hence, the (square) on EF is commensurable 
with the (square) on FG [Prop. 10.6]. And EF is ra- 
tional. Thus, /'G (is) also rational. And since BA does 
not have to AC the ratio which (some) square number 
(has) to (some) square number, thus the (square) on EF 
does not have to the (square) on FG the ratio which 
(some) square number (has) to (some) square number 
either. Thus, FF is incommensurable in length with FG 
[Prop 10.9]. EF and FG are thus rational (straight-lines 
which are) commensurable in square only. Thus, EG is 
a binomial (straight-line) [Prop. 10.36]. I say that (it is) 
also a first (binomial straight-line). 
Dte——1 Ht“ 


E F G 


A C B 

For since as the number BA is to AC, so the (square) 
on EF (is) to the (square) on FG, and BA (is) greater 
than AC, the (square) on FF (is) thus also greater than 
the (square) on FG [Prop. 5.14]. Therefore, let (the sum 
of) the (squares) on F'G and H be equal to the (square) 
on FF. And since as BA is to AC, so the (square) 
on FEF (is) to the (square) on FG, thus, via conver- 
sion, as AB is to BC, so the (square) on FF (is) to the 
(square) on H [Prop. 5.19 corr]. And AB has to BC 
the ratio which (some) square number (has) to (some) 
square number. Thus, the (square) on EF also has to 
the (square) on H the ratio which (some) square number 
(has) to (some) square number. Thus, £F' is commensu- 
rable in length with H [Prop. 10.9]. Thus, the square on 
EF is greater than (the square on) F'G by the (square) 
on (some straight-line) commensurable (in length) with 
(EF). And EF and FG are rational (straight-lines). And 
EF (is) commensurable in length with D. 

Thus, EG is a first binomial (straight-line) [Def. 10.5]. 
(Which is) the very thing it was required to show. 


TIf the rational straight-line has unit length then the length of a first binomial straight-line is k + k\/1 — k’2. This, and the first apotome, whose 
length is k — k\/1— k’2 [Prop. 10.85], are the roots of x2 —2ka+k?k’? =0. 


uv’. 


BKueeiv thy €x 600 ovoudtwy SeuTépay. 


Proposition 49 


To find a second binomial (straight-line). 
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‘ExxcioVwoay dvo deWuol ot AT, TB, aote tov 
ovuyxeiuevov é€ adt&v tov AB nodc yev tov BI Adyov 
éyely, OV teteaywvoc covoudc Ted¢ TetTedywvoyv cody, 
medc¢ b€ tov AT Adyov uh Eyetv, dv tetedywvoc dowWydc 
TEOS TeTEaYWVOY dOLNLOY, xal Exxciodw onth HA, xol tH A 
OUUUETEOS ECoTW H EZ urxer ONth dea cotlv 7 EZ. yeyovetw 
OF wal ac O TA dowd med¢ tov AB, ovtw¢ 16 dnd Tic EZ 
TEOS TO ano Tic ZH: obuUETEoV doa Eotl TO aNd Thc EZ t65 
ano tij¢ ZH. ont &ea Eotl xa n ZH. xat Exel o TA dewWydc 
med¢ tov AB AOyov ovx Exel, Ov Tetekywvoc deLIUdS TEdG 
TETEaYWVOYV HOLOUdY, OLdE TO aNO THi¢ EZ ned¢ TO UNO THe 
ZH doyov Exel, Ov tetedywvoc devo Med TeTEcYwvov 
dewudv. dobuueteoc dea cotly 7 EZ tH ZH urxer ot EZ, 
ZH tea ontai clo. duvauet Udvov ovUUETeOL Ex dUO doa 
Ovoudtwy éotly 7 EH. detxtéov 54, Ott ual SeutEpa. 

"Enel yap avanadty cotw wo O BA dov0udc ned¢ tov AT, 
obtws TO dnd ti}¢ HZ ned¢ tO and tic ZE, yet@wv 5¢ 6 BA 
tov AT, usiZov doa [xat] 16 dnd tio HZ tot and tic ZE. 
Eotw Té ano tio HZ tou ta and tév EZ, O° avaotesdbavtt 
&ea eotiv wc O AB xpd¢ tov BI, ottw¢ 16 and tiH¢ ZH 
TEV TO AN Tic O. HAA’ O AB zpd¢ tov BL Adyov Eye, dv 
TeTtedywvoc aovwwUoc Tedc TeTE&ywvoy aoLOUdv: xal TO ATO 
tic ZH toa med¢ TO and Tic O Adyov Eyet, Ov TeTEkywvoc 
dev0uoc Ted Tete&ywvov doWuUdyv. obUUETEOS dea EoTlv 7 
ZH th O urxer ote A ZH tic ZE veiTov Sbvata 6 and 
OUUNETEOL EaUTY. xal clot ontol at ZH, ZE duvawer udvov 
ovuNETPOL, xal TO EZ EdXacoov Svoue tf; exxewevn enty 
oOUUUETEOV EoTt TH A Urner. 

“H EH doa ex S00 dvoudtwv cotl Seutéea Sree Eder 
Seteou. 
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H+———_ D 1 
E F G 
$_ At 
A C B 


Let the two numbers AC and C’B be laid down such 
that their sum AB has to BC the ratio which (some) 
square number (has) to (some) square number, and does 
not have to AC the ratio which (some) square number 
(has) to (some) square number [Prop. 10.28 lem. I]. And 
let the rational (straight-line) D be laid down. And let 
EF be commensurable in length with D. EF is thus a 
rational (straight-line). So, let it also have been contrived 
that as the number C’A (is) to AB, so the (square) on EF 
(is) to the (square) on F'G [Prop. 10.6 corr.]. Thus, the 
(square) on EF is commensurable with the (square) on 
FG [Prop. 10.6]. Thus, FG is also a rational (straight- 
line). And since the number C’A does not have to AB 
the ratio which (some) square number (has) to (some) 
square number, the (square) on EF does not have to the 
(square) on FG the ratio which (some) square number 
(has) to (some) square number either. Thus, EF is in- 
commensurable in length with FG [Prop. 10.9]. EF and 
FG are thus rational (straight-lines which are) commen- 
surable in square only. Thus, EG is a binomial (straight- 
line) [Prop. 10.36]. So, we must show that (it is) also a 
second (binomial straight-line). 

For since, inversely, as the number BA is to AC, so 
the (square) on GF (is) to the (square) on FE [Prop. 5.7 
corr.], and BA (is) greater than AC, the (square) on 
GF (is) thus [also] greater than the (square) on FE 
[Prop. 5.14]. Let (the sum of) the (squares) on EF and 
H be equal to the (square) on GF’. Thus, via conver- 
sion, as AB is to BC, so the (square) on FG (is) to the 
(square) on H [Prop. 5.19 corr.]. But, AB has to BC 
the ratio which (some) square number (has) to (some) 
square number. Thus, the (square) on FG also has to 
the (square) on H the ratio which (some) square number 
(has) to (some) square number. Thus, /'G is commensu- 
rable in length with H [Prop. 10.9]. Hence, the square on 
FG is greater than (the square on) F'E by the (square) on 
(some straight-line) commensurable in length with (FG). 
And FG and FE are rational (straight-lines which are) 
commensurable in square only. And the lesser term EF 
is commensurable in length with the rational (straight- 
line) D (previously) laid down. 

Thus, &G is a second binomial (straight-line) [Def. 
10.6].' (Which is) the very thing it was required to show. 


¥ If the rational straight-line has unit length then the length of a second binomial straight-line is k//1 — k’2 + k. This, and the second apotome, 
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whose length is k//1 — k’2 — k [Prop. 10.86], are the roots of 2? — (2k/V1— k’”) a + k? [k’?/(1 — k’?)] = 0. 
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Vv. 


Kveety thy ex 600 Ovoudtov Teithy. 


A rT B 


Bb -—— Kt» k=$ 4 


Z H © 


‘ExxcioVwoay dvo dewWuol ot AT, TB, aote tov 
ovyxeiuevov €€ adt&v tov AB nodc yév tov BI Adyov 
éyely, OV tetTeEKywvoc colOuUdc TEd¢ TeTEdywvoy colNUdY, 
med¢ b€ tov AT Adyov uh Exel, Ov tetedywvoc dowWydc 
TEOS TETEaywvoyv aelWUdy. ExxeloDu bE Tic Kol GAAOS UH 
tetokywvoc aovuoc O A, xal med¢ Exdtepov tv BA, AT 
OYOV UN EXETW, OV TeTEAYwWVOS KELOLLOS MEDS TeTE&YwWVOV 
dovudv: xal exxetodu tic ENnth evdeia n HE, xol yeyoveta 
a>o 0 A mpd¢ tov AB, ows 16 and tic E npd¢ 16 ano 
thc ZH: obuueteov doa cotl to and tic E 16 ano tih¢ ZH. 
xat cout ENtH HE: Ent dpa eotl xal WH ZH. wal exci o A 
med¢ tov AB Adéyov ovx Exel, Ov tetTekywvoc doWUds TEd¢ 
TeTeEdywvoy dovudy, OVE TO ANd Thc E med¢ TO aNO Tic 
ZH doyov éxet, Ov tetedywvocg apo MEd TEeTEcywvov 
gewudov' dovuUETeos dea cotly 7H E tf ZH uhxer. yeyovetw 
oF TéAW @¢ BA dovuds med¢ tov AT, otto 16 NO Tic 
ZH npd¢ 10 ano tij¢ HO: cbuueteov doa Eotl TO AKO TH\¢ 
ZH 16 and tij¢ HO. onth dé n ZH’ enty doa xo nH HO. xott 
émet O BA mpdc¢ tov AT ddyov ovx yet, Ov tetekywvoc 
aeduocg TeO¢ TeTEdywvov dolUdy, OVSE TO ano thc ZH 
TENS TO UNO Tic OH Adyov Eyer, dv tetekywvog cowWuUdc 
TENS TeTeE&ywvov aevOUdv’ aobUUETeO¢ hoa Eotly n ZH 
th, HO uyxer. at ZH, HO doa ontat cio duvduet wovov 
ovuueteor 7 ZO doa ex S00 Ovoudtwv cotiv. Eye 5H, OTL 
xo TetTH. 

‘Enel ydo cotw wo O A med¢ tov AB, ottw¢ 16 &NO Tic 
E ned 16 and tic ZH, ac 6 O BA npd¢ tov AT, ottw< 
TO ano tic ZH ned¢ TO ano thc HO, dv toov doa Eotlvy we 
0 A xed¢ tov AT, ottw¢ TO and tic E ned¢ 16 ano Tic 
HO. 6 dé A npdc tov AT Adyov ovx Eye, dv tetekywvoc 
apwoudc Ted TetTEkywvoy Goldy’ OSE TO aNd Ti}¢ E how 
TENS TO ANd Tic HO ddyov Eyer, dv tetekywvog coud 
TENS TEeTE&ywWVOV GoeLWUdV’ KovUUETEOS doa cotiv n E ty 
HO ure. xol enet Eotty Wc 6 BA medc tov AT, ottw< 
tO and tij¢ ZH ned 16 and tic HO, uciCov boa 16 and 
thc ZH tot ano tic HO. Eotw odv 165 and ti\¢ ZH tow ta 
ano tv HO, K: dvaoteétbavtt how [Eotiv] ac 6 AB ned¢ 
tov BI, ottw¢ TO and th¢ ZH ned 16 ano tic K. 0 dé 
AB npd¢ tov BL Adyovy Eyer, Ov tetekywvos cKovIUO> TEd¢ 


Proposition 50 


To find a third binomial (straight-line). 


A Cc B 


E 1 K 1 Dp 
F G H 


Let the two numbers AC and C’B be laid down such 
that their sum AB has to BC the ratio which (some) 
square number (has) to (some) square number, and does 
not have to AC the ratio which (some) square number 
(has) to (some) square number. And let some other non- 
square number D also be laid down, and let it not have 
to each of BA and AC the ratio which (some) square 
number (has) to (some) square number. And let some ra- 
tional straight-line E be laid down, and let it have been 
contrived that as D (is) to AB, so the (square) on E 
(is) to the (square) on F'G [Prop. 10.6 corr.]. Thus, the 
(square) on F is commensurable with the (square) on 
FG [Prop. 10.6]. And £ is a rational (straight-line). 
Thus, FG is also a rational (straight-line). And since 
D does not have to AB the ratio which (some) square 
number has to (some) square number, the (square) on 
E does not have to the (square) on FG the ratio which 
(some) square number (has) to (some) square number 
either. EF is thus incommensurable in length with FG 
[Prop. 10.9]. So, again, let it have been contrived that 
as the number BA (is) to AC, so the (square) on FG 
(is) to the (square) on GH [Prop. 10.6 corr.]. Thus, the 
(square) on FG is commensurable with the (square) on 
GH [Prop. 10.6]. And FG (is) a rational (straight-line). 
Thus, GH (is) also a rational (straight-line). And since 
BA does not have to AC the ratio which (some) square 
number (has) to (some) square number, the (square) on 
FG does not have to the (square) on HG the ratio which 
(some) square number (has) to (some) square number 
either. Thus, /’G is incommensurable in length with GH 
[Prop. 10.9]. FG and GH are thus rational (straight- 
lines which are) commensurable in square only. Thus, 
FH is a binomial (straight-line) [Prop. 10.36]. So, I say 
that (it is) also a third (binomial straight-line). 

For since as D is to AB, so the (square) on F (is) 
to the (square) on FG, and as BA (is) to AC, so the 
(square) on FG (is) to the (square) on GH, thus, via 
equality, as D (is) to AC, so the (square) on FE (is) 
to the (square) on GH [Prop. 5.22]. And D does not 
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TeTeEdywvoy dovudv: xal TO and thc ZH dea med¢ TO AMO 
thc K Adyov Eye, Ov tetecywvoc Koluds MEd¢ TeTEaYwWVOV 
govudv: obuueteos toa [Early] 7 ZH tH K yyxer. 7 ZH dow 
tic HO yeiCov Sbvata 16 dnd uUNEeTEOL EaUTH. xal elow 
at ZH, HO ental Suvduer Udvov obuUEtoeot, xal ovdetépa 
avtéy obuUETeds Eotl TH E uhxer. 

“H ZO dou €x S00 dvoudtwv Eotl teitn’ Smee Eder Seizau. 
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have to AC the ratio which (some) square number (has) 
to (some) square number. Thus, the (square) on E 
does not have to the (square) on GH the ratio which 
(some) square number (has) to (some) square number 
either. Thus, E is incommensurable in length with GH 
[Prop. 10.9]. And since as BA is to AC, so the (square) 
on FG (is) to the (square) on GH, the (square) on FG 
(is) thus greater than the (square) on GH [Prop. 5.14]. 
Therefore, let (the sum of) the (squares) on GH and 
K be equal to the (square) on FG. Thus, via conver- 
sion, as AB [is] to BC, so the (square) on FG (is) 
to the (square) on K [Prop. 5.19 corr.]. And AB has 
to BC the ratio which (some) square number (has) to 
(some) square number. Thus, the (square) on FG also 
has to the (square) on K the ratio which (some) square 
number (has) to (some) square number. Thus, FG [is] 
commensurable in length with AK [Prop. 10.9]. Thus, 
the square on FG is greater than (the square on) GH 
by the (square) on (some straight-line) commensurable 
(in length) with (FG). And FG and GH are rational 
(straight-lines which are) commensurable in square only, 
and neither of them is commensurable in length with F. 

Thus, F'H is a third binomial (straight-line) [Def. 
10.7].' (Which is) the very thing it was required to show. 


t If the rational straight-line has unit length then the length of a third binomial straight-line is k!/2 (1 + V1 — k’2). This, and the third apotome, 
whose length is k1/2 (1 — V1 — k’2) [Prop. 10.87], are the roots of 22 — 2k1/224+4+kk’? =0. 
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Vo. 


BKueeiv thy €x 600 dvoudtwy TetuOTHY. 


EB : Ai 
A .@—s 
A TB 


‘Exxetodwoav dvo dowyol ot AT, TB, ote tov AB 
medc tov BI Adyov uh Eyew ute why medc tov AT, 
Ov teTe&ywvoc apvOyds TEOC TeTE&ywvov aoeVvOUdv. xall 
exxetodu entry nA, xat tH A obuueteoc Eotw unxet 7 EZ: 
entry &ea Eotl xal n EZ. xal yeyovetw ac 0 BA dowd 
medc¢ tov ALT, ottw¢ tO and tic EZ red¢ 16 and tic ZH 
OUUUETEOY Goa Cot TO and TH\¢ EZ 65 and tic ZH: oth hoa 
éotl xal A ZH. xal Exel 0 BA med¢ tov AT Adyov ovx Eye, 
Ov TeTEkywvos Golds Ted TeTEdYWVOV aELOULOYV, OVSE TO 
and tic EZ ned¢ 16 and ti\¢ ZH Adyov Eyer, Ov tetokywvoc 
apd Teds TeTEdYWVOY GELULLOV’ KoUUUETEOS Hoa EoTiv 7 
EZ th ZH uhxer. at EZ, ZH doa orytat cto. duvéuet wovov 
ovuueteor ote i EH éx S00 Ovoudtwv cotiv. Eye 6%, 


Proposition 51 


To find a fourth binomial (straight-line). 


E F G 
D 1 Ht 
A Cc OB 


Let the two numbers AC and CB be laid down 
such that AB does not have to BC, or to AC either, 
the ratio which (some) square number (has) to (some) 
square number [Prop. 10.28 lem. I]. And let the rational 
(straight-line) D be laid down. And let EF be com- 
mensurable in length with D. Thus, FF is also a ratio- 
nal (straight-line). And let it have been contrived that 
as the number BA (is) to AC, so the (square) on EF 
(is) to the (square) on F'G [Prop. 10.6 corr.]. Thus, the 
(square) on EF is commensurable with the (square) on 
FG [Prop. 10.6]. Thus, FG is also a rational (straight- 
line). And since BA does not have to AC the ratio which 
(some) square number (has) to (some) square number, 
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OTL XL TETAOTH. 

‘Enel yao totw wo 0 BA medc¢ tov AT, ottw¢ 16 &nO 
tic EZ ned¢ 16 and tic ZH [ye(Cwv 5€ 6 BA tod AT, 
usiGov dou T6 &nd tic EZ tod and tij¢ ZH. Eotw odv 16 
ano tij¢ EZ tou ta and tv ZH, O° avacteébavtt kpa we 
0 AB dpidudc med¢ tov BI, otw¢ tO dnd tic EZ ned¢ 
TO &NO Tic O. 6 d& AB ned¢ tov BLT Adyov ovx Eyer, dv 
TeTEaywvoc KolOUds TEdS TEeTEcYWVOV doLOUdV: 00d’ Gea TO 
and tic EZ ned¢ tO and tic O Adyov Eyet, Ov TeTEkywvoc 
apOuoc Ted TeTEdywWVOoYV deELUUOV. aoUUUNETeOS Gea EoTly 
n EZ th O ufxer 7 EZ dpa tic HZ uciZov Sbvato té ano 
QOUUUETEOU EaUTA. xat clow al EZ, ZH orntol Suvduet wovov 
ovuNETeoL, xol 7 EZ t7¥ A obuuetedc Eott uyxer. 

“H EH doa ex S00 dvoudtwv Eotl tetheTH Oreo Eder 
deicoau. 


ELEMENTS BOOK 10 


the (square) on EF does not have to the (square) on FG 
the ratio which (some) square number (has) to (some) 
square number either. Thus, EF is incommensurable 
in length with FG [Prop. 10.9]. Thus, EF and FG 
are rational (straight-lines which are) commensurable 
in square only. Hence, F/G is a binomial (straight-line) 
[Prop. 10.36]. So, I say that (it is) also a fourth (binomial 
straight-line). 

For since as BA is to AC, so the (square) on FF (is) to 
the (square) on FG [and BA (is) greater than AC], the 
(square) on FF (is) thus greater than the (square) on FG 
[Prop. 5.14]. Therefore, let (the sum of) the squares on 
FG and H be equal to the (square) on EF’. Thus, via con- 
version, as the number AB (is) to BC, so the (square) on 
EF (is) to the (square) on H [Prop. 5.19 corr.]. And AB 
does not have to BC the ratio which (some) square num- 
ber (has) to (some) square number. Thus, the (square) on 
EF does not have to the (square) on H the ratio which 
(some) square number (has) to (some) square number 
either. Thus, EF is incommensurable in length with H 
[Prop. 10.9]. Thus, the square on FF is greater than (the 
square on) G'F by the (square) on (some straight-line) in- 
commensurable (in length) with (EF). And EF and FG 
are rational (straight-lines which are) commensurable in 
square only. And FF is commensurable in length with D. 

Thus, EG is a fourth binomial (straight-line) [Def. 
10.8].' (Which is) the very thing it was required to show. 


+ If the rational straight-line has unit length then the length of a fourth binomial straight-line is k (1 + 1/./1 + k’). This, and the fourth apotome, 
whose length is k (1 — 1//1 +k’) [Prop. 10.88], are the roots of 2 — 2ka+k?k’/(1+k’) =0. 
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BKueeiv thy x 600 Ovoudtwy NEURTHY. 
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‘Exxetodwoav dvo doewyol ot AT, TB, ote tov AB 
TEOS ExdTEPOV AVTGV AdYOV UN EyeElv, OV TETE&ywvoc 
aed Medc TeTOkXywvov dolwWydy, xal ExxcioVe NTH Tic 
ev0eta n A, xat tH A obuuetpoc gotw [ute] 7 EZ: entry 
goa W EZ. xal yeyovétw @¢ 6 TA mpd¢ tov AB, ottw¢ 10 
ano tic EZ npd¢ 10 and tic ZH. 6 5¢ TA npd¢ tov AB 
AOYOV ovux Exel, OV TetTecywvoc deLOUOS TOC TeTE&ywvoV 
dov0udv: ob6€ TO &NO Tic EZ dou MEd¢ TO aNd TiH{¢ ZH Adyov 
Exel, OV TetTekyWvos AELONOS Ted TeETEdYWVOV GOLDY. ott 


Proposition 52 
To find a fifth binomial straight-line. 


E F G 
D | Hi ! 
ie =e B 


Let the two numbers AC and CB be laid down such 
that AB does not have to either of them the ratio which 
(some) square number (has) to (some) square number 
[Prop. 10.38 lem.]. And let some rational straight-line 
D be laid down. And let EF be commensurable [in 
length] with D. Thus, EF (is) a rational (straight- 
line). And let it have been contrived that as CA (is) to 
AB, so the (square) on EF (is) to the (square) on FG 
[Prop. 10.6 corr.]. And C'A does not have to AB the ra- 
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EZ, ZH dpa ontat cior Suvdwer Udvov ovUUETeoL’ Ex dVO 
doa Ovoudtwv cotly 7 EH. Agyeo OH, Ott xal MEuTTY. 

‘Enel yoo Eotw wc O TA mpdc¢ tov AB, ottw¢ 16 dnd 
tic EZ npd¢ 16 and thc ZH, avanodw wo 6 BA npd¢ tov 
AT, ottw¢ tO and thc ZH ned¢ 16 and tic ZE uciZov 
goa tO and th¢ HZ tod and tic ZE. ~otw odv 16 aN 
tic HZ tou t& and tv EZ, O° avactestavt doa Eotly we 
0 AB deiWud¢ ted¢ tov BI, ottw¢ TO and tH¢ HZ ned¢ 
TO &NO Tic O. 6 d& AB ned¢ tov BLT Adyov ovx Eyer, dv 
TeTEdywvoc KolOUds TEdS TEeTEcYWVOV doLOUdV: 00d’ Gea TO 
and tic ZH ned¢ T6 and tic O Adyov Eyel, Ov TeTEkywvoc 
aprouoc Ted TeTeEdywvoyv deL\UUOV. aoUUUNETEOS Gea EoTly 
n ZH th O ner Bote n ZH tic ZE veiCov Sbvata 685 
and GOVUNETPOL EaUTH. xai clow al HZ, ZE eytat Suvduer 
wovoy GUNUETEOL, xal TO EZ Ehattov 6voum GUUUETEOV EOTL 
TH Exxewevy Ontyl tH A urmer. 

“H EH doa ex 500 dvoudtwy cotl néuntyn Once eet 
Seteou. 
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tio which (some) square number (has) to (some) square 
number. Thus, the (square) on FF’ does not have to the 
(square) on FG the ratio which (some) square number 
(has) to (some) square number either. Thus, EF and 
FG are rational (straight-lines which are) commensu- 
rable in square only [Prop. 10.9]. Thus, EG is a binomial 
(straight-line) [Prop. 10.36]. So, I say that (it is) also a 
fifth (binomial straight-line). 

For since as C'A is to AB, so the (square) on EF 
(is) to the (square) on FG, inversely, as BA (is) to 
AC, so the (square) on FG (is) to the (square) on FE 
[Prop. 5.7 corr.]. Thus, the (square) on GF (is) greater 
than the (square) on F'E [Prop. 5.14]. Therefore, let 
(the sum of) the (squares) on EF and H be equal to 
the (square) on GF’. Thus, via conversion, as the number 
AB is to BC, so the (square) on GF (is) to the (square) 
on H [Prop. 5.19 corr.]. And AB does not have to BC 
the ratio which (some) square number (has) to (some) 
square number. Thus, the (square) on FG does not have 
to the (square) on A the ratio which (some) square num- 
ber (has) to (some) square number either. Thus, FG is 
incommensurable in length with H [Prop. 10.9]. Hence, 
the square on FG is greater than (the square on) FE 
by the (square) on (some straight-line) incommensurable 
(in length) with (FG). And GF and FE are rational 
(straight-lines which are) commensurable in square only. 
And the lesser term EF is commensurable in length with 
the rational (straight-line previously) laid down, D. 

Thus, EG is a fifth binomial (straight-line). (Which 
is) the very thing it was required to show. 


t If the rational straight-line has unit length then the length of a fifth binomial straight-line is k (\/I + k’ + 1). This, and the fifth apotome, whose 
length is k (1 + k’ — 1) [Prop. 10.89], are the roots of 2? —-2k VI +k’ a+k?k’ =0. 
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‘Exxetodwoav dvo doewyol ot AT, TB, ote tov AB 
TEOS ExdTEPOV AUTEVY AdYOV UN EyElv, OV TETE&ywvoc 
devuog TeO¢ TeTed&ywvov aevOydv’ Eotw be xal Eteeoc 
gerduoc 0 A un tetekywvoc Ov unde nEdC ExdtEEOV 
tév BA, AT ddyov Eywv, Ov tetekywvoc aevluds med¢ 
Tetodywvov covyov xal ExxeioVu tic ENT cudeta 7H EH, 
nal yeyoveta @c 0 A mpd¢ tov AB, ottwe¢ TO and tic E 
TEOS TO ANd Tic ZH: cvUUETEOV doa TO and ti\¢ E 16) ano 


Proposition 53 
To find a sixth binomial (straight-line). 


EK + K 

F G H 
D , 
A C B 


Ee 

Let the two numbers AC and C’'B be laid down such 
that AB does not have to each of them the ratio which 
(some) square number (has) to (some) square number. 
And let D also be another number, which is not square, 
and does not have to each of BA and AC the ratio which 
(some) square number (has) to (some) square number ei- 
ther [Prop. 10.28 lem. I]. And let some rational straight- 
line £ be laid down. And let it have been contrived that 
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thc ZH. xat cott Entry HE ont dow xal n ZH. xo eret 
ovx éyet 6 A mpdc¢ tov AB déyov, dv tetekywvoc deiudc 
TEOS TETEkyWVov HOLWUdY, OLdE TO AMO Tic E dea TEd¢ 
TO and thc ZH Adyov Eyet, Ov tetokywvocg devOudc TEd¢ 
TETEdywWvov doelwUdv' dovUUETeoc doa i E tH ZH urxer. 
yeyovetw bi) mdAw ac 6 BA npdc¢ tov AT, ottw¢ tO and 
thc ZH ned¢ 10 and thc HO. obuueteov dea to and th¢ ZH 
TG) and tic OH. entov doa to and tH}¢ OH: entry doa n OH. 
xal Enel 0 BA red¢ tov AT Adyov ovbx Eyet, Ov tetekywWvOc 
aed Ted TeTeEdywvov dolWUdy, ObSE TO ano th¢ ZH 
TENS TO ANd Tic HO ddyov Eyer, dv tetekywvog cowWuUdc 
TENS TeTeE&kywvov aevOy"dv’ aobUUETeO¢ hoa Eotly n ZH 
th, HO ure. at ZH, HO doa ontat cio duvduet wovov 
OUUUETEOL Ex SUO doa Ovoudtwy cotlv H ZO. Seixtéov 64, 
OTL Kol EXT. 

‘Enel yap cotw ac O A mpd¢ tov AB, odtw¢ TO and 
tic E npdc 16 and tij¢ ZH, ott SE xal Wo O BA mpd¢ 
tov AT, ottws¢ 16 ano tic ZH npd¢ 10 and tic HO, bv 
toov dea Eotilv wc O A npd¢ tov AT, ottw¢ TO ano Tic E 
Ted¢ TO and thc HO. 6 6é A ned¢ tov AT Adyov ovx 
éyel, Ov tetedywvocg dowWudoc TEd¢ TeTE&ywvov dolOydy: 
ovde TO and thc E doa mpoc tO ano thc HO ddyov 
éyel, OV Tetedcywvoc doiwWuds TEdOG TeTEdywvov dolOyudv: 
govuuusteoc doa cotly 7 E th HO unmet. edetydn dé xa 
th ZH aobuyeteoc exatéoea toa tv ZH, HO aobvwuetedc 
éott tH E unxet. xol enet cotty wc O BA medc tov AT, 
otw>s TO and tic ZH ned¢ 10 and tic HO, uciCov dea 
tO &nO tic ZH tod and tic HO. ~otw odv 16 &nO [tc] 
ZH toa ta and tv HO, K- avaoteédbavts doa wo O AB 
nedc¢ BI, ottw¢ 16 and ZH ned¢ 16 and tic K. 6 dE AB 
med¢ tov BI Adyov ovx Eyet, Ov tete&kywvoc aeruoc MEd¢ 
TETEaYWVOV AELOUdV’ Bote ovde TO ano ZH ned TO aNO 
thc K Adyov Eye, Ov tetedywvoc Holds MEdG TeTE&YwWVOV 
dgeoudyv. aobuUstoeos doa cotly n ZH th K unxer n ZH tow 
tic HO uciZov Sbvatou TG dnd douUUETEOU EaUTA. “al elow 
at ZH, HO ental Svvduer Udvov obuUEtoeot, xal ovdetépa 
AUTHY GUUNETEDS EOTL UNXEL TH Exxeuevy ONtH Th E. 

“H ZO doa ex S00 dvoudtwv Eotiv Extn’ OTE Eder Seta. 
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as D (is) to AB, so the (square) on F (is) to the (square) 
on FG [Prop. 10.6 corr.]. Thus, the (square) on F (is) 
commensurable with the (square) on F'G [Prop. 10.6]. 
And F£ is rational. Thus, FG (is) also rational. And since 
D does not have to AB the ratio which (some) square 
number (has) to (some) square number, the (square) on 
E thus does not have to the (square) on FG the ra- 
tio which (some) square number (has) to (some) square 
number either. Thus, — (is) incommensurable in length 
with FG [Prop. 10.9]. So, again, let it have be contrived 
that as BA (is) to AC, so the (square) on FG (is) to 
the (square) on GA [Prop. 10.6 corr.]. The (square) on 
FG (is) thus commensurable with the (square) on HG 
[Prop. 10.6]. The (square) on HG (is) thus rational. 
Thus, HG (is) rational. And since BA does not have 
to AC the ratio which (some) square number (has) to 
(some) square number, the (square) on FG does not have 
to the (square) on GH the ratio which (some) square 
number (has) to (some) square number either. Thus, 
FG is incommensurable in length with G'H [Prop. 10.9]. 
Thus, FG and GH are rational (straight-lines which are) 
commensurable in square only. Thus, F'H is a binomial 
(straight-line) [Prop. 10.36]. So, we must show that (it 
is) also a sixth (binomial straight-line). 

For since as D is to AB, so the (square) on F (is) 
to the (square) on FG, and also as BA is to AC, so 
the (square) on FG (is) to the (square) on GH, thus, 
via equality, as D is to AC, so the (square) on F (is) 
to the (square) on GH [Prop. 5.22]. And D does not 
have to AC the ratio which (some) square number (has) 
to (some) square number. Thus, the (square) on E 
does not have to the (square) on GH the ratio which 
(some) square number (has) to (some) square number 
either. FE is thus incommensurable in length with GH 
[Prop. 10.9]. And (£) was also shown (to be) incom- 
mensurable (in length) with FG. Thus, FG and GH 
are each incommensurable in length with &. And since 
as BA is to AC, so the (square) on FG (is) to the 
(square) on GH, the (square) on FG (is) thus greater 
than the (square) on GH [Prop. 5.14]. Therefore, let 
(the sum of) the (squares) on GH and K be equal to 
the (square) on FG. Thus, via conversion, as AB (is) 
to BC, so the (square) on FG (is) to the (square) on kK 
[Prop. 5.19 corr.]. And AB does not have to BC the ra- 
tio which (some) square number (has) to (some) square 
number. Hence, the (square) on F'G does not have to 
the (square) on K the ratio which (some) square num- 
ber (has) to (some) square number either. Thus, FG is 
incommensurable in length with kK [Prop. 10.9]. The 
square on FG is thus greater than (the square on) GH 
by the (square) on (some straight-line which is) incom- 
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mensurable (in length) with (FG). And FG and GH 
are rational (straight-lines which are) commensurable 
in square only, and neither of them is commensurable 
in length with the rational (straight-line) E (previously) 
laid down. 

Thus, FH is a sixth binomial (straight-line) [Def. 
10.10].' (Which is) the very thing it was required to 
show. 


+ If the rational straight-line has unit length then the length of a sixth binomial straight-line is /k + Vk’. This, and the sixth apotome, whose 
length is /k — Vk’ [Prop. 10.90], are the roots of x? — 2 Vkat+ (k—k’) =0. 


Afiuo. 

"Eotww 500 tetokywva te AB, BI’ xat xetoVwouv Sote 
én’ evVetac etvar thy AB tf) BE: én’ edvVetac &pa ott xal H 
ZB ti BH. xol ovuunenAnpwodw to AT naparAnrdyeauwov 
EYW, OTL Tetedywvdv got. TO AD, wal dt tv AB, BI 
ueoov avédoyov éott to AH, xal Eu tv AT, TB yéoov 
avéroydov got, tO AT. 


K HT 
A B E 
A Zz 0 


‘Exel yoo ton cotlv 7 uev AB t7j BZ, 74 6é BE tf BH, 
orn Kea Nn AE OAy tH ZH Eotw ton. Gd’ H YEv AE exatéea 
tév AO, KT éotw ion, n 6é ZH exatéeg tv AK, OL éotw 
fon xal exatépa doa tv AO, KT exatéeg tv AK, OL 
got ton. todmAcvpoyv dea Eotl to AT napadkAnAdyeauov: 
Zot 5& xal doeVoyavov’ tetokywvoyv dea cotl to AT. 

Kat énet €ottv ac W ZB med¢ thy BH, ottw¢ 7 AB med¢ 
thy BE, aA’ ac uév A ZB ned¢ thy BH, o}tw¢ 16 AB med¢ 
to AH, ac 5¢ 7 AB med¢ thy BE, ottwo 16 AH ted¢ 10 
BI, xat @¢ &pa 16 AB mpd¢ 10 AH, ottwe t6 AH med¢ 10 
BI. tév AB, BI doa wéoov avadoydv got tO AH. 

Aéyo dh, Ott xa tv AT, TB yeoov avédoydv [Eott] tO 
AT. 

‘Enel yoo cotw ac 7 AA mpd¢ thy AK, ottwo A KH 
meds thy HI: ton ydo [Eotw] Exatéou exatéeg xal ovvbevtt 
ws n AK ted¢ KA, ottw¢ 4 KT redo TH, dX’ wc yev n AK 
med¢ KA, ottwe¢ 10 AT med¢ 16 TA, we 5é A KT ned¢ TH, 
obtws tO AT red¢ TB, xa wc Koa 16 AT nepd¢ AT, ottw 
to AD noed¢ t6 BY. tv AT, TB dou yeésov avddoydv Eott 
to AI’ & npoexerto SetEan. 


Lemma 


Let AB and BC be two squares, and let them be laid 
down such that DB is straight-on to BE. F'B is, thus, 
also straight-on to BG. And let the parallelogram AC 
have been completed. I say that AC is a square, and 
that DG is the mean proportional to AB and BC, and, 
moreover, DC is the mean proportional to AC and CB. 


K GC 
D B E 
A F H 


For since DB is equal to BF, and BE to BG, the 
whole of DE is thus equal to the whole of FG. But DE 
is equal to each of AH and KC, and FG is equal to each 
of AK and HC [Prop. 1.34]. Thus, AH and KC are also 
equal to AK and HC, respectively. Thus, the parallel- 
ogram AC is equilateral. And (it is) also right-angled. 
Thus, AC is a square. 

And since as F'B is to BG, so DB (is) to BE, but 
as F’'B (is) to BG, so AB (is) to DG, and as DB (is) to 
BE, so DG (is) to BC [Prop. 6.1], thus also as AB Cis) 
to DG, so DG (is) to BC [Prop. 5.11]. Thus, DG is the 
mean proportional to AB and BC. 

So I also say that DC [is] the mean proportional to 
AC and CB. 

For since as AD is to DK, so KG (is) to GC. For [they 
are] respectively equal. And, via composition, as AK (is) 
to KD, so KC (is) to CG [Prop. 5.18]. But as AK (is) 
to kD, so AC (is) to CD, and as KC (is) to CG, so DC 
(is) to CB [Prop. 6.1]. Thus, also, as AC (is) to DC, 
so DC (is) to BC [Prop. 5.11]. Thus, DC is the mean 
proportional to AC and C'B. Which (is the very thing) it 
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vo’. 
‘Eay ywpiov meoléynto Und ONtic “al tic ex d0o 
OVOUATWY TEHTIC, YN TO ywelov Suvaevn GAOYd¢ EoTIV 
1] KaAovUUEV Ex 500 OvoUdTV. 


A HE ZA PTI 
M N a 
B Ok A T 
ys O 


Xwpiov yee t6 AT nepieyéodw vn ENtiis tic AB xa 
tic Ex BVO dvoudtwv TeaTHS Tic AA: AéEyw, StL A TO 
AT ywpiov Suvayévn dAoydc Eotty A xakouuEVN Ex dO 
OVOUATWY. 

‘Emel yoo éx 600 Ovoudtwv ott repwty 7 AA, dinefodw 
cic TH OvOuata xate TO E, xal Eotw tO yeiCov dSvoue 
to AE. gavepdyv of, ott at AE, EA ontot clot duvéuer 
uovoy obuUEteot, xal 1 AE tijc EA uciCov Sbvato T65 an 
OUUNETEOL EauTH, xol Nn AE obuuetedc ott TH Exxewwevy 
ent tH AB uyxer. tetufjodw 54 A EA diya xata tO Z 
onysiov. xol exet y AE tic EA ueiGov dbvata 16 and 
OUUNETEOL EQAUTH, EXV Goa TES TeTHOTW UEPEL TOD ANd Tc 
EAdOoOVOS, TOUTEOTL TH) ATO tij¢ EZ, toov napd& thy ystTova 
thy AE rapoBandy, e\Acinov elder tetoayavey, cic obUUETEa 
QUTHY Stopet. TapaBeBAroVu odv rao& thy AE té8 ano tic 
EZ ioov 16 tnd AH, HE: obuyeteoc &pa eotiv y AH ti 
EH uyxer. xal HyDwoav and tév H, E, Z onotépa téiv AB, 
TA ropdddnrot ot HO, EK, ZA> xot 16 ev AO napadAn- 
oOYEdUUG toov Tetedywvov ovveotdétw TO UN, té5 de HK 
loov tO NII, xat xetodw dote en’ evdetac civ thy MN 
th NE: en’ evdetac tow eotl xal A PN tH NO. xat ovp- 
TeTAnOMoVW tO UIT naparrAnrdyeayov’ tetedkywvoy tea 
éotl tO SII. xal exet tO Ono téHv AH, HE ioov Eotl t6 ano 
tic EZ, éotw toa Oo 7 AH nmed¢ EZ, ottwe n ZE ned¢ 
EH: xal @¢ doa 16 AO npd¢ EA, 10 EA medc¢ KH: tév 
AO, HK doa uéoov avédoyov Eott 10 EA. GAG TO UEV AO 
loov cotl 65 UN, 16 6¢ HK toov 165 NIT: tév UN, NIT dow 
ueoov avéhoyoyv éott 10 EA. got b€ THv adtév Tov UN, 
NII péoov avadoyov xal t6 MP: toov dow got To EA 765 
MP: dote xal té OF toov Eotiv. got be xal te AO, HK 
toic UN, NII toa ddov &pa 16 AT toov Eotlv dw 165 UIT, 
TOUTEOTL TH) AMO Tic ME tetoaxyove 16 AT &ea SOvataU H 
ME. dEvo, Ott } ME €x 500 dvoudtwv cotiv. 

‘Enel yup obuuetedc cotw A AH tf HE, obuueteds cot 
xol 7 AE exatéeg tév AH, HE. bndxerta dé xal A AE tH 
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was prescribed to show. 


Proposition 54 


If an area is contained by a rational (straight-line) 
and a first binomial (straight-line) then the square-root 
of the area is the irrational (straight-line which is) called 
binomial.’ 


A GE FD RQ 
M woe 
B HK L Cc 
S P 


For let the area AC’ be contained by the rational 
(straight-line) AB and by the first binomial (straight- 
line) AD. I say that square-root of area AC is the ir- 
rational (straight-line which is) called binomial. 

For since AD is a first binomial (straight-line), let it 
have been divided into its (component) terms at /, and 
let AF be the greater term. So, (it is) clear that AE and 
ED are rational (straight-lines which are) commensu- 
rable in square only, and that the square on AF is greater 
than (the square on) ED by the (square) on (some 
straight-line) commensurable (in length) with (AF), and 
that AF is commensurable (in length) with the rational 
(straight-line) ABP (first) laid out [Def. 10.5]. So, let ED 
have been cut in half at point F’. And since the square on 
AE is greater than (the square on) ED by the (square) 
on (some straight-line) commensurable (in length) with 
(AEF), thus if a (rectangle) equal to the fourth part of the 
(square) on the lesser (term)—that is to say, the (square) 
on £F—falling short by a square figure, is applied to the 
greater (term) AZ, then it divides it into (terms which 
are) commensurable (in length) [Prop 10.17]. Therefore, 
let the (rectangle contained) by AG and GE, equal to the 
(square) on EF’, have been applied to AE. AG is thus 
commensurable in length with EG. And let GH, EK, 
and F'L have been drawn from (points) G, E, and F (re- 
spectively), parallel to either of AB or CD. And let the 
square SN, equal to the parallelogram AH, have been 
constructed, and (the square) NQ, equal to (the parallel- 
ogram) GK [Prop. 2.14]. And let WN be laid down so 
as to be straight-on to NO. RN is thus also straight-on 
to NP. And let the parallelogram SQ have been com- 
pleted. SQ is thus a square [Prop. 10.53 lem.]. And since 
the (rectangle contained) by AG and GE is equal to the 
(square) on EF’, thus as AG is to EF, so F'E (is) to EG 
[Prop. 6.17]. And thus as AH (is) to EL, (so) EL Cis) 
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AB otuyeteoc: xal at AH, HE dea 17) AB obuuetpoi ciow. 
xat cout OntH HW AB: Onth koa coti xal Exatéoea tv AH, HE: 
entov doa éotlv exdtepov tv AO, HK, xat got obuueteov 
to AO 16 HK. dAAw 16 yEv AO 165 UN toov Eotiv, 10 dé 
HK 165) NIT: xl ta UN, NIT dea, toutéots te and tév MN, 
NE, ont& cott xol oVUUETOA. xo Emel HOVWUETEdC EOTLV H 
AE tf EA urmet, dad’ 7 uev AE tH AH éott otuueteoc, 
7 b¢ AE ti EZ obuueteoc, cobuueteoc doa xal A AH ti 
EZ: Sote xai t6 AO 16 EA &ovuuetedv Eottv. GAA TO LEV 
AO té UN Eotw toov, to be EA té3 MP: xal 16 UN doa 
16) MP covuuetedv cotw. GAM’ wo TO UN nreo¢ MP, n ON 
Ted¢ THY NP: covuUeteoc tea cotly 7 ON tH NP. ton be 7 
yev ON tH MN, 7 6€ NP th NE: aobuueteoc doa eotiv 7 
MN ti NE. xat cott tO and thc MN obuuEteov T6 ano Tic 
NE, xol pntov exateoov’ al MN, N= doa ontat cio. Suvduer 
UOVOY OUUUETEOL. 

‘H ME doa ex S00 dvoudtwyv Eotl xal Sbvata tO AT 
Onee Eder Setea. 
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to KG [Prop. 6.1]. Thus, EL is the mean proportional to 
AH and GK. But, AH is equal to SN, and GK (is) equal 
to NQ. EL is thus the mean proportional to SN and NQ. 
And MR is also the mean proportional to the same— 
(namely), SN and NQ [Prop. 10.53 lem.]. EL is thus 
equal to MR. Hence, it is also equal to PO [Prop. 1.43]. 
And AH plus GK is equal to SN plus NQ. Thus, the 
whole of AC is equal to the whole of S@—that is to say, 
to the square on MO. Thus, MO (is) the square-root of 
(area) AC. I say that MO is a binomial (straight-line). 

For since AG is commensurable (in length) with GE, 
AE is also commensurable (in length) with each of AG 
and GE [Prop. 10.15]. And AF was also assumed (to 
be) commensurable (in length) with AB. Thus, AG 
and GE are also commensurable (in length) with AB 
[Prop. 10.12]. And AB is rational. AG and GE are 
thus each also rational. Thus, 4H and GK are each 
rational (areas), and AH is commensurable with Gk 
[Prop. 10.19]. But, AH is equal to SN, and GK to NQ. 
SN and NQ—that is to say, the (squares) on MN and 
NO (respectively)—are thus also rational and commen- 
surable. And since AF is incommensurable in length 
with ED, but AF is commensurable (in length) with 
AG, and DE (is) commensurable (in length) with EF, 
AG (is) thus also incommensurable (in length) with EF 
[Prop. 10.13]. Hence, AH is also incommensurable with 
EL [Props. 6.1, 10.11]. But, AH is equal to SN, and 
EL to MR. Thus, SN is also incommensurable with 
MR. But, as SN (is) to MR, (so) PN (is) to NR 
[Prop. 6.1]. PN is thus incommensurable (in length) 
with NR [Prop. 10.11]. And PN (is) equal to MN, and 
NR to NO. Thus, MN is incommensurable (in length) 
with NO. And the (square) on MN is commensurable 
with the (square) on NO, and each (is) rational. MN 
and NO are thus rational (straight-lines which are) com- 
mensurable in square only. 

Thus, MO is (both) a binomial (straight-line) [Prop. 
10.36], and the square-root of AC’. (Which is) the very 
thing it was required to show. 


+ If the rational straight-line has unit length then this proposition states that the square-root of a first binomial straight-line is a binomial straight- 


line: ie., a first binomial straight-line has a length k + k /1 — k’2 whose square-root can be written p (1 + Vk’), where p = 


k (1+ k’)/2 and 


kl” = (1—k’)/(1 +k’). This is the length of a binomial straight-line (see Prop. 10.36), since p is rational. 


ve’. 
‘Edy yoptov mepiéynta UnO ents xol tic ex SvO 
OVOUATOY SEUTEPAC, TO YWElov SUVaLEVH GAOYdc¢ EoTIV 
1 xakovvEevy Ex 600 UESWY TOOTH. 


Proposition 55 


If an area is contained by a rational (straight-line) and 
a second binomial (straight-line) then the square-root of 
the area is the irrational (straight-line which is) called 
first bimedial.' 
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A HE ZA PTI 
M N co) 
B Ok A T 
x O 


Ilepueyeo0w yao ywetov 16 ABTA bn Entiic tij¢ AB 
xal tic €x 6VO dvoudtwv SvEetépac Thc AA: Aéyoo, 6tt H TO 
AT ywotov duvayevn éx 500 ugowy TEATH EoTiy. 

‘Enel yoo ex b00 Ovoudtwy deutépa eotiv yn AA, 
dinehodw cic tk Ovdyata wate TO E, Hote tO uEiTov 
dvoua civ. tO AE: at AE, EA doa pntat cior Suvéuer 
uovoy obuUETeot, xal 1 AE tijc EA uciCov Sbvaton t65 and 
OUUNETOOL EAU}, xal TO EAattov 6voua 7 EA obuuetedv 
cot th AB uyxer. tetufjotw ny EA dtya xata to Z, xa 
TH dnd th\¢ EZ toov raed thy AE napaBeBAnode erdcinov 
eldel TeTOEN~YOV TO UNO THv AHE: ovwueteoc doa A AH 
th HE ure. xal dd Tv H, E, Z rapdddndor HyVwoav 
taic AB, TA a HO, EK, ZA, xol 16 yév AO napadAn- 
oYEdUUG toov Tetedywvov ovveotdétw TO UN, té5 de HK 
loov tetexywvov tO NIT, xat xetodw wote en’ cdVetac civ 
thy MN ti NE: en’ cv¥etac doa [Earl] xal 7 PN t¥ NO. xa 
ouureTAne@oVw tO UIT tetexywvov wavesdv bj Ex TOU 
Teodedetyyuevovu, dtt TO MP uéoov avadoyoy Eot tév UN, 
NI, xot toov 16 EA, xal 611 16 AT ywotov Sbvato A ME. 
detxtéov 6H, OTL N ME ex S00 UEowv Eotl NETH. 

‘Emel dovuuetodc cotw 7 AE th EA urnet, obuueteoc 
d¢ y EA tf AB, cobuueteoc dea 7 AE tY AB. xol Exel 
ovuueTeds cot A AH ty EH, obuyetedc got xol 7 AE 
exatéog tév AH, HE. akAu nH AE dovuuetooc 17 AB ure 
xo ot AH, HE déea cobuuetpot ciot tH AB. a BA, AH, 
HE do prtat elo. SuvduEl UOVOV GUUNETEOL OTE UECOV 
éotly exdtepov téiv AO, HK. dote xal exdtepov tv UN, 
NII pécov cottv. xol ot MN, NE doa uso cictv. xa 
énel ovuetooc 7 AH ti HE une, ovuuetedv eott xatl 
tO AO 16 HK, toutéott t6 UN 1é NI, toutéot: tO ano 
tic MN té and thc NE [ote Suvéuer ciot avupeTteot ail 
MN, NE]. xat exet dovueteds Eotw 7 AE ti EA pyxet, 
GAM’ HY uev AE ovuuetedc éott tH AH, 4 de EA tH EZ 
ovUUETCOS, dobUUETeoc doa n AH ti EZ: Bote xal 10 
AO +té EA dovuuetedv Eotw, toutéott TO UN 16 MP, 
toutéotw 0 ON ti NP, toutéotw 7 MN ti NE aobvuuetedc 
cot unxet. edetyOnoav dé al MN, NE xal ues otc xa 
duvduet obUUETeot at MN, NE dea ueoo ciol Suvdet Wovov 
OUUUETEOL. AEY SY, OTL Kal ONTOV TEELEYOUOW. Eel Yao H 
AE broxerta exatéog tv AB, EZ obuyeteoc, ovuUEteO¢ 
goa xal EZ th EK. xol entry exatéea adtéiv Entov toa 
tO EA, toutéott to MP: to 6 MP Eott tO On0 tv MNE. 
éav Se 600 Ugo SUvdLEL WOVOV OUUNETEOL CUVTEDEOL ONTOV 
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A GE FD RQ 
M NI 1° 
B Hike lL € 
S P 


For let the area ABC'D be contained by the rational 
(straight-line) AB and by the second binomial (straight- 
line) AD. I say that the square-root of area AC is a first 
bimedial (straight-line). 

For since AD is a second binomial (straight-line), let it 
have been divided into its (component) terms at /, such 
that AF is the greater term. Thus, AF and ED are ratio- 
nal (straight-lines which are) commensurable in square 
only, and the square on AF is greater than (the square 
on) ED by the (square) on (some straight-line) commen- 
surable (in length) with (AZ), and the lesser term ED 
is commensurable in length with AB [Def. 10.6]. Let 
ED have been cut in half at F. And let the (rectan- 
gle contained) by AGE, equal to the (square) on EF, 
have been applied to AF, falling short by a square fig- 
ure. AG (is) thus commensurable in length with GE 
[Prop. 10.17]. And let GH, EK, and FL have been 
drawn through (points) G, FE, and F (respectively), par- 
allel to AB and CD. And let the square SN, equal to 
the parallelogram AH, have been constructed, and the 
square VQ, equal to GK. And let WN be laid down so 
as to be straight-on to NO. Thus, RN [is] also straight-on 
to NP. And let the square SQ have been completed. So, 
(it is) clear from what has been previously demonstrated 
[Prop. 10.53 lem.] that 17 R is the mean proportional to 
SN and NQ, and (is) equal to EL, and that MO is the 
square-root of the area AC’. So, we must show that MO 
is a first bimedial (straight-line). 

Since AF is incommensurable in length with ED, 
and ED (is) commensurable (in length) with AB, 
AE (is) thus incommensurable (in length) with AB 
[Prop. 10.13]. And since AG is commensurable (in 
length) with EG, AE is also commensurable (in length) 
with each of AG and GE [Prop. 10.15]. But, AZ is in- 
commensurable in length with AB. Thus, AG and GE 
are also (both) incommensurable (in length) with AB 
[Prop. 10.13]. Thus, BA, AG, and (BA, and) GE are 
(pairs of) rational (straight-lines which are) commensu- 
rable in square only. And, hence, each of AH and GK 
is a medial (area) [Prop. 10.21]. Hence, each of SN 
and NQ is also a medial (area). Thus, MN and NO 
are medial (straight-lines). And since AG (is) commen- 
surable in length with GE, AH is also commensurable 


344 


STOIXEION v’. 


TMEpLeyovoal, N OAN HAoydc Eotw, xaAcita Se Ex S00 UEDWV 
TOOTH. 
“H dea ME éx S00 UEowy Eotl rewty’ Omee ESer SeiGau. 


ELEMENTS BOOK 10 


with GA—that is to say, SN with NQ—that is to say, 
the (square) on MN with the (square) on NO [hence, 
MN and NO are commensurable in square] [Props. 6.1, 
10.11]. And since AF is incommensurable in length with 
ED, but AE is commensurable (in length) with AG, and 
ED commensurable (in length) with EF, AG (is) thus 
incommensurable (in length) with EF [Prop. 10.13]. 
Hence, AH is also incommensurable with /L—that is 
to say, SN with M R—that is to say, PN with N R—that 
is to say, MN is incommensurable in length with NO 
[Props. 6.1, 10.11]. But MN and NO have also been 
shown to be medial (straight-lines) which are commensu- 
rable in square. Thus, MN and NO are medial (straight- 
lines which are) commensurable in square only. So, I say 
that they also contain a rational (area). For since DE was 
assumed (to be) commensurable (in length) with each of 
AB and EF, EF (is) thus also commensurable with EK 
[Prop. 10.12]. And they (are) each rational. Thus, £ [— 
that is to say, 1M R—(is) rational [Prop. 10.19]. And MR 
is the (rectangle contained) by MNO. And if two medial 
(straight-lines), commensurable in square only, which 
contain a rational (area), are added together, then the 
whole is (that) irrational (straight-line which is) called 
first bimedial [Prop. 10.37]. 

Thus, MO is a first bimedial (straight-line). (Which 
is) the very thing it was required to show. 


t If the rational straight-line has unit length then this proposition states that the square-root of a second binomial straight-line is a first bimedial 
straight-line: i.e., a second binomial straight-line has a length k//1 — k’2 + k whose square-root can be written p (k'1/4 + k1/3/4), where 
p= V(k/2) 1+ k’)/ — k’) and kk” = (1—k’)/(1 +k’). This is the length of a first bimedial straight-line (see Prop. 10.37), since p is rational. 


ve". 
‘Edy yootov mepéynta UnO ents xol tic ex dvO 
OVOUaTOY TeiTHC, RTO ywelov Suvaevy GAoYd> EotW 7 
XAXAOVUEVY Ex S00 UEOWY SeLTEPA. 


A HE ZA PTI 
M NI1= 
B Ok A T 
x O 


Xwptov yao 10 ABTA repreyéodw Und OTHH<¢ thc AB 
nal. tic Ex S5bo0 Gvoudtov toithns Thc AA Sinonuevne cic TH 
ovouata xat& tO E, Gv ysiZov Eott tO AE éyw, Ott H 
to AD ywptov Suvayévn dAoydc Eotw FH xadouuEevN Ex VO 
Ueowy SeuTeoa. 


Kateoxevdéodw yuo Ta avte toic MedtTEpOV. xal Emel 


Proposition 56 


If an area is contained by a rational (straight-line) and 
a third binomial (straight-line) then the square-root of 
the area is the irrational (straight-line which is) called 
second bimedial.' 


A GE FD RQ 
M NI 1° 
B HK L C 
S P 


For let the area ABC'D be contained by the rational 
(straight-line) AB and by the third binomial (straight- 
line) AD, which has been divided into its (component) 
terms at FL, of which AF is the greater. I say that the 
square-root of area AC is the irrational (straight-line 
which is) called second bimedial. 
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devuTepa. 
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éytat cio. SuvéyeLr WOvov OUUUETEOL. YEoov doa [Eotl] tO 
EA, toutéott to MP> xat meoréyeto Und tév MNE: yéoov 
doa cotl TO Ud Tov MNE. 
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For let the same construction be made as previously. 
And since AD is a third binomial (straight-line), AF and 
ED are thus rational (straight-lines which are) commen- 
surable in square only, and the square on AF is greater 
than (the square on) ED by the (square) on (some 
straight-line) commensurable (in length) with (AF), and 
neither of AF and ED [is] commensurable in length with 
AB [Def. 10.7]. So, similarly to that which has been 
previously demonstrated, we can show that MO is the 
square-root of area AC, and MN and NO are medial 
(straight-lines which are) commensurable in square only. 
Hence, MO is bimedial. So, we must show that (it is) 
also second (bimedial). 

[And] since DE is incommensurable in length with 
AB —that is to say, with EK—and DE (is) commensu- 
rable (in length) with EF’, EF is thus incommensurable 
in length with EK [Prop. 10.13]. And they are (both) 
rational (straight-lines). Thus, FE and EK are rational 
(straight-lines which are) commensurable in square only. 
EL—that is to say, M R—[is] thus medial [Prop. 10.21]. 
And it is contained by 1/ NO. Thus, the (rectangle con- 
tained) by M NO is medial. 

Thus, MO is a second bimedial (straight-line) [Prop. 
10.38]. (Which is) the very thing it was required to show. 


t If the rational straight-line has unit length then this proposition states that the square-root of a third binomial straight-line is a second bimedial 
straight-line: i.e., a third binomial straight-line has a length k!/2 (1 + V1 — k’”) whose square-root can be written p (k!/4 + k/1/2/k1/4), where 


p= 


vO. 
‘Eay ywpiov meoiéyntoa Und ONtic ual tic ex d0o 
OVOUATWY TETHOTHC, 7 TO ywelov dSuvauevn GAoydc EotTIV 
N xoAoupevy Usi@ov. 
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Xwpiov yee t6 AT nepieyéodw Ond ENtijs tic AB xa 
Tic Ex S00 Gvoudtwv tetéeTYs Thc AA Sinenuevne cic TH 
ovouata xate TO E, dv ueiCov Zotw 16 AE AEyo, tt H TO 
AT ywotov duvayevn dAoydc Eotw N xaAOUUEVH UEtTov. 

‘Exel yuo 1 AA ex d00 dvoudtwv Eotl teté&eTH, at AE, 
EA dea pntat cio. Suvduer Udvoy obuUETeoL, xal A AE tic 
EA usifov dbvata 16 dnd dovupeteoU Eaut#, xal 7 AE 
tf AB ovuyetedc [Eott] uhxer. tetujodw n AE dtya xat& 


(1+k’)/2 andk” =k(1—k’)/(1 +k’). This is the length of a second bimedial straight-line (see Prop. 10.38), since p is rational. 


Proposition 57 


If an area is contained by a rational (straight-line) and 
a fourth binomial (straight-line) then the square-root of 
the area is the irrational (straight-line which is) called 


major.! 
A GR Yeo RQ 
M N O 
B HK L Cc 
S P 


For let the area AC be contained by the rational 
(straight-line) AB and the fourth binomial (straight-line) 
AD, which has been divided into its (component) terms 
at E, of which let AE be the greater. I say that the square- 
root of AC is the irrational (straight-line which is) called 
major. 

For since AD is a fourth binomial (straight-line), AE 
and £D are thus rational (straight-lines which are) com- 
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doa orntat ctor Suvduet Udvoy oUUUETEOL’ UEcov dea tO AB, 
toutéott TO MP. xal neoiéyeta Uno tov MN, NE: yéoov 
doa Eotl TO Und tév MN, NE. xal ontdov tO [ovyxetuevoy] 
éx Tv and tév MN, NE, xat ciow covuueteot at MN, NE 
duvduel. cay bE VO evel SuVduEL HoUUUETEOL OUVTEDEOL 
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mensurable in square only, and the square on AF is 
greater than (the square on) FD by the (square) on 
(some straight-line) incommensurable (in length) with 
(AE), and AF [is] commensurable in length with AB 
[Def. 10.8]. Let DE have been cut in half at F’, and let 
the parallelogram (contained by) AG and GE, equal to 
the (square) on FF’, (and falling short by a square figure) 
have been applied to AF. AG is thus incommensurable 
in length with GE [Prop. 10.18]. Let GH, EK, and FL 
have been drawn parallel to AB, and let the rest (of the 
construction) have been made the same as the (proposi- 
tion) before this. So, it is clear that MO is the square-root 
of area AC. So, we must show that MO is the irrational 
(straight-line which is) called major. 

Since AG is incommensurable in length with EG, AH 
is also incommensurable with Gk—that is to say, SN 
with NQ [Props. 6.1, 10.11]. Thus, MN and NO are 
incommensurable in square. And since AF is commensu- 
rable in length with AB, AK is rational [Prop. 10.19]. 
And it is equal to the (sum of the squares) on MN 
and NO. Thus, the sum of the (squares) on MN and 
NO [is] also rational. And since DE [is] incommensu- 
rable in length with AB [Prop. 10.13]—that is to say, 
with FkK—but DE is commensurable (in length) with 
EF, EF (is) thus incommensurable in length with Ek 
[Prop. 10.13]. Thus, EK and EF are rational (straight- 
lines which are) commensurable in square only. LE— 
that is to say, 1M R—C(is) thus medial [Prop. 10.21]. And it 
is contained by MN and NO. The (rectangle contained) 
by MN and NO is thus medial. And the [sum] of the 
(squares) on MN and NO (is) rational, and MN and 
NO are incommensurable in square. And if two straight- 
lines (which are) incommensurable in square, making the 
sum of the squares on them rational, and the (rectangle 
contained) by them medial, are added together, then the 
whole is the irrational (straight-line which is) called ma- 
jor [Prop. 10.39]. 

Thus, MO is the irrational (straight-line which is) 
called major. And (it is) the square-root of area AC. 
(Which is) the very thing it was required to show. 


t If the rational straight-line has unit length then this proposition states that the square-root of a fourth binomial straight-line is a major straight- 


line: ie., a fourth binomial straight-line has a length k(1 + 1//1 +k’) whose square-root can be written p,/[1 +k” /(1 + k’"2)!/2]/2 + 
p Ju —k"/(1+k’2)1/2]/2, where p = Vk and k'’? = k’. This is the length of a major straight-line (see Prop. 10.39), since p is rational. 


vr. 

‘Eay ywpiov meoléyntoa Und ONtic “al tic ex dVo 
OVOUATOY TEUMTIC, N TO ywetov Suvaevn GAoyOo Eottw 
1] KAAOVUEVY ENTOV Kal UEGOV SUVALEYN. 

Xwpiov yee 16 AT nepieyéodw ond ENtijs tic AB xa 


Proposition 58 


If an area is contained by a rational (straight-line) and 
a fifth binomial (straight-line) then the square-root of the 
area is the irrational (straight-line which is) called the 
square-root of a rational plus a medial (area)./ 
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For let the area AC be contained by the rational 
(straight-line) AB and the fifth binomial (straight-line) 
AD, which has been divided into its (component) terms 
at E, such that AF is the greater term. [So] I say that 
the square-root of area AC is the irrational (straight-line 
which is) called the square-root of a rational plus a me- 
dial (area). 


A GE FD RQ 
M oe 
B HK L Cc 
S P 


For let the same construction be made as that shown 
previously. So, (it is) clear that WO is the square-root of 
area AC. So, we must show that MO is the square-root 
of a rational plus a medial (area). 

For since AG is incommensurable (in length) with 
GE [Prop. 10.18], AH is thus also incommensurable 
with H &—that is to say, the (square) on MN with the 
(square) on NO [Props. 6.1, 10.11]. Thus, MN and 
NO are incommensurable in square. And since AD is 
a fifth binomial (straight-line), and ED [is] its lesser seg- 
ment, /D (is) thus commensurable in length with AB 
[Def. 10.9]. But, AF is incommensurable (in length) 
with ED. Thus, AB is also incommensurable in length 
with AF [BA and AF are rational (straight-lines which 
are) commensurable in square only] [Prop. 10.13]. Thus, 
AK—that is to say, the sum of the (squares) on MN 
and NO—is medial [Prop. 10.21]. And since DE is 
commensurable in length with 48—that is to say, with 
EK—but, DE is commensurable (in length) with EF, 
EF is thus also commensurable (in length) with EK 
[Prop. 10.12]. And EK (is) rational. Thus, #2—that 
is to say, 14 R—that is to say, the (rectangle contained) 
by M NO—(is) also rational [Prop. 10.19]. MN and NO 
are thus (straight-lines which are) incommensurable in 
square, making the sum of the squares on them medial, 
and the (rectangle contained) by them rational. 

Thus, MO is the square-root of a rational plus a me- 
dial (area) [Prop. 10.40]. And (it is) the square-root of 
area AC. (Which is) the very thing it was required to 
show. 


+ If the rational straight-line has unit length then this proposition states that the square-root of a fifth binomial straight-line is the square root of 


a rational plus a medial area: i.e., a fifth binomial straight-line has a length k (./1 + k’ + 1) whose square-root can be written 


pyl/(d +k" 2)1/2 + kN /[2 (1+ 2] + py/[(L + bY 2)1/2 — kN /[2(1 + k!”2)], where p = /R(L-+ #7) and k”? = k’, This is the length of 
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the square root of a rational plus a medial area (see Prop. 10.40), since p is rational. 


v0’. 
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TOUTEOTL TO OUYxXEINEVOY Ex THY and Té&v MN, NE. naaw, 
émel dovuUEtedc Eotw H EA t7j AB unxet, dovUUETeOS Hoa 
éotl xal y ZE tH EK: ot ZE, EK dea prtat clot Suvduer 
UOvoy OUUNETeEOL UEoov doa Eotl TO EA, toutéott to MP, 
Toutéott tO UnO tév MNE. xal Enel dobuueteoc HN AE ti 
EZ, xai t6 AK 16 EA dotbuuetedv gotw. GAAX TO LEV 
AK éot 160 ovyxetuevov éx tév dnd tév MN, NE, 10 
dé EA got 16 Und tév MNE: dobuueteov doa oti tO 
ouyxetuevoyv &x Tv ano T&v MNE 165 Uno tév MNE. xout 
EOTL UECOV Exdtepov avUTéY, xol at MN, NE dvuvduer ciolv 
QOUUUETEOL. 

“H ME dow S00 uéow Suvayevy Cot xal SUvata TO AT 
Onee Eder Setea. 


Proposition 59 


If an area is contained by a rational (straight-line) and 
a sixth binomial (straight-line) then the square-root of 
the area is the irrational (straight-line which is) called 
the square-root of (the sum of) two medial (areas).! 


A GE FD RQ 
M =o 
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For let the area ABC'D be contained by the rational 
(straight-line) AB and the sixth binomial (straight-line) 
AD, which has been divided into its (component) terms 
at EF, such that AF is the greater term. So, I say that the 
square-root of AC is the square-root of (the sum of) two 
medial (areas). 

[For] let the same construction be made as that shown 
previously. So, (it is) clear that WO is the square-root of 
AC, and that MN is incommensurable in square with 
NO. And since E'A is incommensurable in length with 
AB [Def. 10.10], #.A and AB are thus rational (straight- 
lines which are) commensurable in square only. Thus, 
AK—that is to say, the sum of the (squares) on MN 
and NO—is medial [Prop. 10.21]. Again, since ED 
is incommensurable in length with AB [Def. 10.10], 
FE is thus also incommensurable (in length) with Ek 
[Prop. 10.13]. Thus, FE and EK are rational (straight- 
lines which are) commensurable in square only. Thus, 
EL—that is to say, 14 R—that is to say, the (rectangle 
contained) by M NO—is medial [Prop. 10.21]. And since 
AE is incommensurable (in length) with EF’, AK is also 
incommensurable with EL [Props. 6.1, 10.11]. But, Ak 
is the sum of the (squares) on MN and NO, and EL is 
the (rectangle contained) by 14 NO. Thus, the sum of the 
(squares) on MNO is incommensurable with the (rect- 
angle contained) by NO. And each of them is medial. 
And MN and NO are incommensurable in square. 

Thus, MO is the square-root of (the sum of) two me- 
dial (areas) [Prop. 10.41]. And (it is) the square-root of 
AC. (Which is) the very thing it was required to show. 


+ If the rational straight-line has unit length then this proposition states that the square-root of a sixth binomial straight-line is the square root of 


the sum of two medial areas: i.e., a sixth binomial straight-line has a length Vk + Vk’ whose square-root can be written 


Ki/4 ( [[L+k/(A +k 2)1/2]/2 4 4/1 — bk /(1+ erayy/2), where k’’? = (k — k’)/k’. This is the length of the square-root of the sum of 
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two medial areas (see Prop. 10.41). 


Afiuua. 
‘Easy cvveia ypauun tundy cic device, Ta dO TOV dviowy 
tetepdywva uciTovad got: tod Sic ONO TéHv dviowv TeEple- 
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éott ToD and AA. dhA& te dnd tHV AT, TB birAdoré [Eo] 
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Eott Tov dic UNO tév AT, PB: énep Eder Seiau. 


& 
To ano thc ex S00 Ovoudtwy Tae& ENTHY Toea- 
BarAkoUEvoy TAdTOS Motel THY Ex S00 OVOUETWY TEATHY. 


A KM N 4H 
E OA HZ 
A cB 


"Eotw &x 500 dvoudtwv 7 AB dinenuévy cic te OvOuaTaL 
uate to TD, dote tO yeiTov 6voua evar to ALD’, xal Exxetodu 
enty 7 AE, xa 16 and tic AB toov raed thy AE rapa- 
BeBAhodw tO AEZH ri&tog novotv thy AH: AEyw, St H 
AH éx d00 6voudtwy Eotl Treaty. 

TlopaBeBAhodw yuo nap& thy AE 16 yév ano tij¢ AL 
foov 10 AO, 16 dé and tij¢ BI toov 16 KA: Aoindyv dea 
tO dic Und tHv AT, TB ioov goti 14 MZ. tetufotw 7H 
MH diya xat& to N, xol raoddAAndroc Hy0w 7 NE [exatéog 
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Lemma 


If a straight-line is cut unequally then (the sum of) the 
squares on the unequal (parts) is greater than twice the 
rectangle contained by the unequal (parts). 


A D C B 
Let AB be a straight-line, and let it have been cut 
unequally at C, and let AC be greater (than C'B). I say 
that (the sum of) the (squares) on AC and CB is greater 
than twice the (rectangle contained) by AC and CB. 
For let AB have been cut in half at D. Therefore, 
since a straight-line has been cut into equal (parts) at D, 
and into unequal (parts) at C, the (rectangle contained) 
by AC and CB, plus the (square) on CD, is thus equal 
to the (square) on AD [Prop. 2.5]. Hence, the (rectangle 
contained) by AC’ and CB is less than the (square) on 
AD. Thus, twice the (rectangle contained) by AC’ and 
CB is less than double the (square) on AD. But, (the 
sum of) the (squares) on AC’ and CB [is] double (the 
sum of) the (squares) on AD and DC [Prop. 2.9]. Thus, 
(the sum of) the (squares) on AC and CB is greater than 
twice the (rectangle contained) by AC and CB. (Which 
is) the very thing it was required to show. 


Proposition 60 


The square on a binomial (straight-line) applied to a 
rational (straight-line) produces as breadth a first bino- 
mial (straight-line)./ 


D KM NG 
E cane O F 
A C B 


Let AB be a binomial (straight-line), having been di- 
vided into its (component) terms at C’, such that AC is 
the greater term. And let the rational (straight-line) DE 
be laid down. And let the (rectangle) DE FG, equal to 
the (square) on AB, have been applied to DE, producing 
DG as breadth. I say that DG is a first binomial (straight- 
line). 

For let DH, equal to the (square) on AC, and KL, 
equal to the (square) on BC, have been applied to DE. 
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tév MA, HZ]. exctepov tea téiv ME, NZ toov éotl té5 
drag ond tév ATVB. xal Enel Ex S00 dvoudtwv Eotiv 7 AB 
dinenevn cic Ta Ovovata xate TOT, ai AP, PB doa ontat 
cio SuvduEt UOvoy OUUUETEOL Te doa and THY AT, IB onté 
EotL Kal OUUUETEA GAARAOIC’ Bote xal TO OUYXEIUEVOV EX 
tév and tév ADT, PB. xat eotw toov 16 AA: pntdv dea 
éotl 10 AA. xal raped entiy thy AE napdxerto onth koa 
éotlv n AM xat obuueteoc tH AE prjxer. mdr, enet at AT, 
TB entat cto. Suvduet UOvov ovUUETEOL, UEooV hoa Eotl 
tO dic Ono tHv AT, PB, toutéot tO MZ. xa raped eythy 
thy MA napéxertou nth doa xat 7 MH xol covuueteoc 
tf, MA, toutéot tf AE, unxer. got 5€ xal A MA onth 
ual. tH AE urxer obuueteoc: dovuueteoc doa eotlv 7 AM 
ty, MH ume. xat clot ontat: ao AM, MH dow ontat cior 
duvaEL WOVOY OUUUETEOL Ex SUO dow Ovoudtwy Eotly H 
AH. deixtéov 8%, Sti xal TECdTH. 

‘Enel tv dnd tev AD, TB usoov avddoydv got tO 
bono tT&v ATB, xal tv AO, KA dea yeoov avédoydév Eott 
tO ME. gotw doa ac 16 AO npd¢ 16 ME, ottwo 16 ME 
med¢ TO KA, toutéotw w¢ 7 AK med¢ thy MN, 7 MN apd¢ 
thy MK: 16 dow bn0 téHv AK, KM toov éotl 16 and tic 
MN. xat Exel obuetedv Eott TO and tic AD 16 ano tic 
T'B, obuyetedv cot xal to AO 165 KA- Bote xal A AK 
th, KM ovuuetedc eotw. xol Enel uetCova Eott Ta ANS Th 
AT, TB tod dic bn6 tv AT, TB, usiZov doa xol tO AA 
tov MZ: ote xol 7 AM tijc MH uci@wv éotiv. xat cotw 
foov tO Und tv AK, KM 16 ano tic MN, tovutéot 16 
tetéots tot and tij¢ MH, xa obuueteoc nH AK ty KM. 
éav b€ Got dbo evel gviool, 16) bE TeThETH WEEE! TOD AMO 
Tic EAcooovos toov Taed tiv UstTova TapaBANIH EAAcinov 
eldel TETON~HVH xa cic OUUUETEA AUTHY Siolefj, N WelTov 
Tic EAcooovog UEiTov SbvataL TH ANS OUUUETEOL EaUTH H 
AM éa tij¢ MH yusiZov Sbvata 6 dnd oUUUETEOU EMUTY). 
xat eior ental aot AM, MH, xat 7 AM uciCov dvoua otoa 
OUUNETOOS OTL TY Exxewevy Ont tH AE uhxer. 

“H AH dea éx S00 dvoudtwy Eotl TewTH Sree Ede 
deicoau. 


ELEMENTS BOOK 10 


Thus, the remaining twice the (rectangle contained) by 
AC and CB is equal to MF [Prop. 2.4]. Let MG have 
been cut in half at N, and let NO have been drawn par- 
allel [to each of ML and GF]. MO and NF are thus 
each equal to once the (rectangle contained) by ACB. 
And since AB is a binomial (straight-line), having been 
divided into its (component) terms at C, AC and CB are 
thus rational (straight-lines which are) commensurable 
in square only [Prop. 10.36]. Thus, the (squares) on AC 
and CB are rational, and commensurable with one an- 
other. And hence the sum of the (squares) on AC and 
CB (is rational) [Prop. 10.15], and is equal to DL. Thus, 
DL is rational. And it is applied to the rational (straight- 
line) DE. DM is thus rational, and commensurable in 
length with DE [Prop. 10.20]. Again, since AC’ and CB 
are rational (straight-lines which are) commensurable in 
square only, twice the (rectangle contained) by AC and 
CB—that is to say, MF—is thus medial [Prop. 10.21]. 
And it is applied to the rational (straight-line) ML. MG 
is thus also rational, and incommensurable in length 
with M/L—that is to say, with DE [Prop. 10.22]. And 
MD is also rational, and commensurable in length with 
DE. Thus, DM is incommensurable in length with MG 
[Prop. 10.13]. And they are rational. DM and MG are 
thus rational (straight-lines which are) commensurable 
in square only. Thus, DG is a binomial (straight-line) 
[Prop. 10.36]. So, we must show that (it is) also a first 
(binomial straight-line). 

Since the (rectangle contained) by ACB is the 
mean proportional to the squares on AC’ and CB 
[Prop. 10.53 lem.], MO is thus also the mean propor- 
tional to DH and KL. Thus, as DH is to MO, so 
MO (is) to KL£—that is to say, as DK (is) to MN, 
(so) MN (is) to MK [Prop. 6.1]. Thus, the (rectan- 
gle contained) by DK and KM is equal to the (square) 
on MN [Prop. 6.17]. And since the (square) on AC is 
commensurable with the (square) on CB, DH is also 
commensurable with K L. Hence, DK is also commensu- 
rable with KM [Props. 6.1, 10.11]. And since (the sum 
of) the squares on AC and CB is greater than twice the 
(rectangle contained) by AC and C’B [Prop. 10.59 lem.], 
DL (is) thus also greater than MF. Hence, DM is also 
greater than MG [Props. 6.1, 5.14]. And the (rectan- 
gle contained) by DK and KM is equal to the (square) 
on 14 N—that is to say, to one quarter the (square) on 
MG. And DK (is) commensurable (in length) with kM. 
And if there are two unequal straight-lines, and a (rect- 
angle) equal to the fourth part of the (square) on the 
lesser, falling short by a square figure, is applied to the 
greater, and divides it into (parts which are) commensu- 
rable (in length), then the square on the greater is larger 
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than (the square on) the lesser by the (square) on (some 
straight-line) commensurable (in length) with the greater 
[Prop. 10.17]. Thus, the square on DM is greater than 
(the square on) MG by the (square) on (some straight- 
line) commensurable (in length) with (DM). And DM 
and MG are rational. And DM, which is the greater 
term, is commensurable in length with the (previously) 
laid down rational (straight-line) DE. 

Thus, DG is a first binomial (straight-line) [Def. 
10.5]. (Which is) the very thing it was required to show. 


t In other words, the square of a binomial is a first binomial. See Prop. 10.54. 


, 
ce, 
TO Gnd Thc Ex BVO UEOWY TOEWTNS TaE& ENTHY TAea- 
BarAAOUEVoy TAdTOS Totet THY Ex S00 OVOUdTWY SeUTEOAY. 


A KM N 4H 
E OA HZ 
A rT B 


"Eotw €x 500 Uéowv TEaTH A AB Sinenyevn cic tac 
uéoug xata TOT, Sv yetCov n AL, xal exxetodw onth AH 
AE, xal napaBeBrAnodw raed thy AE té ano tij¢ AB ioov 
TapahAnAdypauov TO AZ mAd&tog novwodv thy AH: Aéyoo, 
ott 7 AH ex 500 dvoudtwv Eotl deutéea. 

Kateoxevéodw yuo Tx avTa tTol¢ MEO ToUTOV. xall 
énel 7 AB ex S00 Leow EotL TEWTH SinENYevN xaT& TO 
T, at AT, TB doa ugou ciot duvduer Udvoy obuUETeOL 
Ontov Tepléyovom Bote xal te dnd téHv AT, TB ueoa 
éotlv. ugoov dea éotl to AA. xol nap& enthy thy AE ro 
eoPEBAntar EnthH dpa Eotiv A MA xal dovuUEteo¢ TA AE 
urnxet. TéAw, Exel ONtdv ott TO dic Und tHv AT, PB, ontdv 
éott xal tO MZ. xa map& onthy thy MA ropd&xerta ENTH 
doa [Ett] xol 7 MH xol urxer obuueteoc th MA, toutéott 
tf, AE’ dobuueteoc dea éotiv n AM tH MH ure. xat clon 
entat: ot AM, MH dea ontat ciot Suvduet Udvoy obUUETEOL 
éx 500 dea dvoudtwy Eotiv 7 AH. deixtéov 54, dtr xa 
devTEpM. 

‘Enel yoo ta and tHv AT, TB yeifove Eott tod dic Und 
tév AD, TB, yeiFov doa xai 6 AA tot MZ: dote xal H 
AM tijic MH. xol enet obuyetedv cot 16 and tic AT 16 
ano tic TB, ovuyetedv got xol T6 AO 165 KA: dote xail 
n AK tH KM ovuuetedc cotw. xat Eott 16 Un6 Tv AKM 
tooy té &nd tic MN: 7 AM Gow tij¢ MH usciZov Svvaton té8 


Proposition 61 


The square on a first bimedial (straight-line) applied 
to a rational (straight-line) produces as breadth a second 
binomial (straight-line).* 


D KM NG 
E Hed, O F 
A C B 


Let AB be a first bimedial (straight-line) having been 
divided into its (component) medial (straight-lines) at 
C, of which AC (is) the greater. And let the rational 
(straight-line) DE be laid down. And let the parallelo- 
gram DF, equal to the (square) on AB, have been ap- 
plied to DE, producing DG as breadth. I say that DG is 
a second binomial (straight-line). 

For let the same construction have been made as 
in the (proposition) before this. And since AB is a 
first bimedial (straight-line), having been divided at C, 
AC and CB are thus medial (straight-lines) commen- 
surable in square only, and containing a rational (area) 
[Prop. 10.37]. Hence, the (squares) on AC’ and CB 
are also medial [Prop. 10.21]. Thus, DL is medial 
[Props. 10.15, 10.23 corr.]. And it has been applied to the 
rational (straight-line) DE. MD is thus rational, and in- 
commensurable in length with DE [Prop. 10.22]. Again, 
since twice the (rectangle contained) by AC and CB is 
rational, MF is also rational. And it is applied to the 
rational (straight-line) ML. Thus, MG [is] also ratio- 
nal, and commensurable in length with 14 L—that is to 
say, with DE [Prop. 10.20]. DM is thus incommensu- 
rable in length with MG [Prop. 10.13]. And they are 
rational. DM and MG are thus rational, and commensu- 
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ano OULNETEOU EauTH}. xal cotw 7 MH oduueteoc tH AE 


UnXEL. 
“H AH doa éx d00 dvoudtwv eotl Sevtéea. 
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rable in square only. DG is thus a binomial (straight-line) 
[Prop. 10.36]. So, we must show that (it is) also a second 
(binomial straight-line). 

For since (the sum of) the squares on AC and C'B is 
greater than twice the (rectangle contained) by AC and 
CB [Prop. 10.59], DL (is) thus also greater than MF. 
Hence, DM (is) also (greater) than MG [Prop. 6.1]. 
And since the (square) on AC is commensurable with 
the (square) on CB, DH is also commensurable with 
KL. Hence, DK is also commensurable (in length) with 
KM [Props. 6.1, 10.11]. And the (rectangle contained) 
by DKM is equal to the (square) on MN. Thus, the 
square on DM is greater than (the square on) MG by 
the (square) on (some straight-line) commensurable (in 
length) with (DM) [Prop. 10.17]. And MG is commen- 
surable in length with DE. 

Thus, DG is a second binomial (straight-line) [Def. 
10.6]. 


tIn other words, the square of a first bimedial is a second binomial. See Prop. 10.55. 


TO and tic Ex BVO UEowY SeUTEPUC TAP ENTHY TAeA- 
BarAAOUEVOY TATOS Totet THY Ex S00 OVOUdTWY ToOITHY. 


A KM NH 
E oA. =. 2 
A a: 


"Eotw x 600 Ugowy Seutéoa H AB Sinenuevy cic t&c 
ugoug xate 10 T', ote tO yeiTov tuyjua civ to AT, onti 
d€ tig Eotw 7) AE, xol nap& thy AE 16 and tij¢ AB ioov 
TAPAAANASYpaNov tacaBeBAHow tO AZ nAc&to¢ moody 
thy AH: déya, 6tt 7 AH Ex S00 dvoudtwv Eotl tettH. 

Kateoxevdéodu ta wut& toic neodedetyuevoic. xol Emel 
éx d00 ugowy Seutéoa Eotiv 7 AB Sinonuevy xata to T, 
a AD, PB dou ugoou etol duvduet Udvov obuUETeOL UECOV 
Tepleyovoat Hote xal TO ovyxeiuevoy éx Tv and tov AT, 
T'B uéoov Eotiv. xat gotw toov 16) AA: uéooyv doa xal TO 
AA. xa napdxerta Taek OATH thy AE: Eyth doa gott xal H 
MA xat cobuuetpeos tH AE uyxer. die te abe OF uot A MH 
enh cot xol dobuueteoc TH MA, toutéott tH AE, uyxer 
Onth doa cotiv Exatéoa tiv AM, MH xol aobuueteos tH 
AE uyxet. xal ene dovuuetedc cotw 7 ALD tH TB uae, 
we 6€ W AT roed¢ thy TB, ottwe¢ tO and tic AT med¢ 10 


Proposition 62 
The square on a second bimedial (straight-line) ap- 
plied to a rational (straight-line) produces as breadth a 
third binomial (straight-line) .' 


D KM NG 
E H L O F 
A C B 


Let AB be a second bimedial (straight-line) having 
been divided into its (component) medial (straight-lines) 
at C, such that AC is the greater segment. And let DE be 
some rational (straight-line). And let the parallelogram 
DF, equal to the (square) on AB, have been applied to 
DE, producing DG as breadth. I say that DG is a third 
binomial (straight-line). 

Let the same construction be made as that shown pre- 
viously. And since AB is a second bimedial (straight- 
line), having been divided at C, AC and CB are thus 
medial (straight-lines) commensurable in square only, 
and containing a medial (area) [Prop. 10.38]. Hence, 
the sum of the (squares) on AC and CB is also medial 
[Props. 10.15, 10.23 corr.]. And it is equal to DL. Thus, 
DL (is) also medial. And it is applied to the rational 
(straight-line) DE. MD is thus also rational, and in- 
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vn T&v ATB, dovuuetoeov dow xal tO dnd thc AD té5 bro 
tév ADB. Bote xal 6 ovyxetuevoyv ex tev and tv AT, 
TB 1@ dic bnd tev APB dovuuetedv Eotw, toutéott TO 
AA 16 MZ: ote xol 7 AM 16 MH d&otuueteds eotw. xa 
ciot Oytal’ Ex 5bo0 doa dvoudtwv Eotiv 7 AH. Seixtéov [dy], 
Ott xal totTH. 

‘Ovpoiwe di toig meotépoig EmtAoylovueda, StL UEtTwv 
cotlv 7 AM tic MH, xa obuueteoc 7 AK tH KM. xat cot 
tO Und Tév AKM toovy té5 and tig MN: 7H AM doa tic MH 
uciCov S0vata TG NO GUUNETOOL EaUTH. ual OvVSetépa TéV 
AM, MH ovbuwuetedc éott tH AE uhxer. 

“H AH dpa €x S00 6voudtwv Eotl toity Step Eder SetEan. 


¥ In other words, the square of a second bimedial is a third binomial. See 


, 


ey’. 
To Gnd tic yeiCovoc napk ENThY taeaBadAdUEvov 
TAATOS Totet THY Ex 600 OVOUATWY TETHOETHY. 


A KM NH 
E Gn a Y 
A Cc 8 


"Eotw ucitwv 7 AB dinonuevy xat& 16 TD, Bote yeitovar 
evar thy ALD tic PB, onthe 7 AE, ual 16 dnd tic AB ioov 
mapa thy AE napafeBAfjodw 16 AZ raowddAnddyeauuov 
TAdtOg ToLotyv thy AH: Aéyo, Stt 7 AH ex 500 dvoudtov 
éotl tetuOTH. 

Kateoxevdéo0w tu avte toic mpodederyuevoic. xo Emel 
uci@av cotlv 7 AB dinonuevyn xata 10 TL, at AD, PB duveuer 
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commensurable in length with DE [Prop. 10.22]. So, 
for the same (reasons), MG is also rational, and incom- 
mensurable in length with 14 2—that is to say, with DE. 
Thus, DM and MG are each rational, and incommen- 
surable in length with DE. And since AC is incommen- 
surable in length with CB, and as AC (is) to C'B, so 
the (square) on AC (is) to the (rectangle contained) by 
ACB [Prop. 10.21 lem.], the (square) on AC (is) also in- 
commensurable with the (rectangle contained) by ACB 
[Prop. 10.11]. And hence the sum of the (squares) on 
AC and CB is incommensurable with twice the (rect- 
angle contained) by AC B—that is to say, DLE with MF 
[Props. 10.12, 10.13]. Hence, DM is also incommen- 
surable (in length) with MG [Props. 6.1, 10.11]. And 
they are rational. DG is thus a binomial (straight-line) 
[Prop. 10.36]. [So] we must show that (it is) also a third 
(binomial straight-line). 

So, similarly to the previous (propositions), we can 
conclude that DM is greater than MG, and DK (is) com- 
mensurable (in length) with AM. And the (rectangle 
contained) by DK M is equal to the (square) on MN. 
Thus, the square on DM is greater than (the square on) 
MG by the (square) on (some straight-line) commensu- 
rable (in length) with (DM) [Prop. 10.17]. And neither 
of DM and MG is commensurable in length with DE. 

Thus, DG is a third binomial (straight-line) [Def. 
10.7]. (Which is) the very thing it was required to show. 


Prop. 10.56. 


Proposition 63 


The square on a major (straight-line) applied to a ra- 
tional (straight-line) produces as breadth a fourth bino- 
mial (straight-line)." 


D KM NG 
E Peas O F 
A € B 


Let AB be a major (straight-line) having been divided 
at C, such that AC is greater than C’B, and (let) DE 
(be) a rational (straight-line). And let the parallelogram 
DF, equal to the (square) on AB, have been applied to 
DE, producing DG as breadth. I say that DG is a fourth 
binomial (straight-line). 

Let the same construction be made as that shown pre- 


354 


STOIXEION v’. 


ciolv HOUUUETEOL TOLoUoM TO UV OUYxXElUEVOY Ex TOY aT” 
AUTEY TETORAYOVOY ENTOV, TO bE UT ATHY UEGOV. Emel ODV 
eNntdov Eotl TO ovyxeiuevoy Ex THv dnd THY AT, IB, oytov 
&oa goth TO AA: Oth doa xal n AM xoalt obuuetoeoc tH 
AE unmet. méAwv, net ugooy gotl 16 dic Und tév AT, TB, 
toutéott t0 MZ, xol nape pnt éott thy MA, Onth dea 
éotl xal 7 MH xol covuueteoc tA AE ure cobuueteoc 
doa cott xol n AM tH MH uyjxer. a AM, MH doa ontat 
cio SuvdUEL UOvoy OUUUETEOL’ Ex SVO doa OvoUdTwWY EoTiv 
7 AH. Serxtéov [S4], Str xa tet&pTH. 

‘Ouotwc 57 deifouev toic medtep0v, StL UstTwv Eotly 
n AM tic MH, xat d6tt 10 Und AKM toov éoti 16 ano 
tiic MN. éxet obv dovuuetedv Eott TO and tic AT 16 
ano tic TB, dovuyetpov dea Eotl xal To AO 16 KA- 
ote dovuyeteog xal 7 AK ti KM éotw. edv 5€ dor 
dv0 ecvdein dvicot, 16 Se tethetTw geet To ano THic 
Ehdooovoc toov TACMAANAOYPALLOV Tae THY UEtTova TAEa- 
BANDA EAAcinov elder TetToEAyYOVE xa cic GOUUUETPA WUTHY 
Statof}, N wetCwv tic EAchooovoc UiTov Suvyjoceta T6 ano 
KOVUNETOOY EaUTH Uhxer 7 AM doa tic MH veiCov Svvata 
TG GMO KovUeTEOU Eautf. xat ciow at AM, MH pytai 
duvdust Udvoyv obuUETeoL, xal n AM ovuUEtedc Eott TH 
exxeiwevy onty) tH AE. 

“H AH doa €x S00 dvoudtwv gotl tethetH’ OnEp Eder 
deicoau. 
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viously. And since AB is a major (straight-line), hav- 
ing been divided at C, AC and CB are incommensu- 
rable in square, making the sum of the squares on them 
rational, and the (rectangle contained) by them medial 
[Prop. 10.39]. Therefore, since the sum of the (squares) 
on AC and CB is rational, DL is thus rational. Thus, 
DM (is) also rational, and commensurable in length with 
DE [Prop. 10.20]. Again, since twice the (rectangle con- 
tained) by AC’ and C'B—that is to say, MM F'—is medial, 
and is (applied to) the rational (straight-line) ML, MG 
is thus also rational, and incommensurable in length with 
DE [Prop. 10.22]. DM is thus also incommensurable 
in length with MG [Prop. 10.13]. DM and MG are 
thus rational (straight-lines which are) commensurable 
in square only. Thus, DG is a binomial (straight-line) 
[Prop. 10.36]. [So] we must show that (it is) also a fourth 
(binomial straight-line). 

So, similarly to the previous (propositions), we can 
show that DM is greater than MG, and that the (rectan- 
gle contained) by DK M is equal to the (square) on MN. 
Therefore, since the (square) on AC’ is incommensurable 
with the (square) on C'B, DH is also incommensurable 
with KL. Hence, DK is also incommensurable with 
KM [Props. 6.1, 10.11]. And if there are two unequal 
straight-lines, and a parallelogram equal to the fourth 
part of the (square) on the lesser, falling short by a square 
figure, is applied to the greater, and divides it into (parts 
which are) incommensurable (in length), then the square 
on the greater will be larger than (the square on) the 
lesser by the (square) on (some straight-line) incommen- 
surable in length with the greater [Prop. 10.18]. Thus, 
the square on DM is greater than (the square on) MG 
by the (square) on (some straight-line) incommensurable 
(in length) with (DM). And DM and MG are rational 
(straight-lines which are) commensurable in square only. 
And DM is commensurable (in length) with the (previ- 
ously) laid down rational (straight-line) DE. 

Thus, DG is a fourth binomial (straight-line) [Def. 
10.8]. (Which is) the very thing it was required to show. 


t In other words, the square of a major is a fourth binomial. See Prop. 10.57. 


EO’. 

TO and Tic ENTOV xal UEGOV SUVALEYNC TAE& ENTHY Ta- 
PuBAAAGUEVOY TAGTOS ToLet THY EX S00 OVOUATWY NEUNTHY. 

"Eotw pntoyv xal ugoov dSuvayevn 7 AB dinenuévy cic 
tag evdetuc xata 10 T, dote yeitova eivor thy AD, xa 
éxxctoVw ont y AE, xal 16 and tij¢ AB toov napa thy 
AE ropoeBajodw 16 AZ nh&to¢ rovotv thy AH: Evo, 
out n AH éx S00 dévoudtwv Eotl NEUNTH. 


Proposition 64 


The square on the square-root of a rational plus a me- 
dial (area) applied to a rational (straight-line) produces 
as breadth a fifth binomial (straight-line).' 

Let AB be the square-root of a rational plus a medial 
(area) having been divided into its (component) straight- 
lines at C, such that AC is greater. And let the rational 
(straight-line) DE be laid down. And let the (parallelo- 
gram) DF, equal to the (square) on AB, have been ap- 
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A Ke ON 
E OA HZ 
A i 6 


Kateoxevéo0w ta abta toi¢ med toUTOV. Enel ovv 
entov xal Ueoov Suvayevy Eotiv 7 AB Sinonuevy xat& TO 
T, a AT, PB dou duvduer eiolv dovuUEteot ToLlovoa TO YEV 
OUYXELWEVOV EX TOV AN’ AUTOY TeTEAYOVOY UEOOY, TO 5’ UT" 
avTteY ONTO. Enel ObV UECOV EOTL TO OUYXEILEVOY EX TOY 
ano tv AT, TB, uéoov dou gott 16 AA: dote EytH Eotw 
71 AM xal une dovuetoos th AE. néAw, enel ontdv Eott 
tO dic Und THv ATB, toutéott 10 MZ, onth &ea 7 MH xai 
ovuueteoc tH AE. dobuueteoc doa n AM ti MH: at AM, 
MH dea ontat cio: Suvduet Ydvov oUUUETeOL Ex 600 dea 
ovoudtwy éotlv n AH. AEyw OH, Ott xa MEUNTH. 

‘Ouoiws yuo Steydhoeta, Stt TO Und Tév AKM ioov 
éotl t6 ano tic MN, xol dobuetooc H AK 17 KM unjxer 9 
AM éea tic MH yeiCov Sbvata 16 dnd douueteOU EMUTY}. 
nat ciow off AM, MH [6ntal] Suvduer wdvov ovyyeteot, xal 
7 eAcoowy 7 MH ovuueteoc th AE uhxer. 

“H AH da €x S00 Ovoudtwy eotl néunty Sree Eder 
Setzou. 
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plied to DE, producing DG as breadth. I say that DG is 
a fifth binomial straight-line. 


D KM NG 
E at, O F 
A C B 


Let the same construction be made as in the (proposi- 
tions) before this. Therefore, since AB is the square-root 
of a rational plus a medial (area), having been divided 
at C, AC and CB are thus incommensurable in square, 
making the sum of the squares on them medial, and the 
(rectangle contained) by them rational [Prop. 10.40]. 
Therefore, since the sum of the (squares) on AC’ and 
CB is medial, DL is thus medial. Hence, DM is rational 
and incommensurable in length with DE [Prop. 10.22]. 
Again, since twice the (rectangle contained) by ACB— 
that is to say, MF—is rational, MG (is) thus rational 
and commensurable (in length) with DE [Prop. 10.20]. 
DM (is) thus incommensurable (in length) with MG 
[Prop. 10.13]. Thus, DM and MG are rational (straight- 
lines which are) commensurable in square only. Thus, 
DG is a binomial (straight-line) [Prop. 10.36]. So, I say 
that (it is) also a fifth (binomial straight-line). 

For, similarly (to the previous propositions), it can 
be shown that the (rectangle contained) by DK M is 
equal to the (square) on MN, and DK (is) incommen- 
surable in length with KM. Thus, the square on DM 
is greater than (the square on) MG by the (square) on 
(some straight-line) incommensurable (in length) with 
(DM) [Prop. 10.18]. And DM and MG are [rational] 
(straight-lines which are) commensurable in square only, 
and the lesser MG is commensurable in length with DE. 

Thus, DG is a fifth binomial (straight-line) [Def. 10.9]. 
(Which is) the very thing it was required to show. 


t In other words, the square of the square-root of a rational plus medial is a fifth binomial. See Prop. 10.58. 


Ee’. 
TO Gnd thc S00 Leow SUVaLEYAS Taek ENTHY TAea- 
BadrAduevoy TA&TOS ToLel Thy Ex 600 OvoUdtwY EXT. 
"Eotw S00 yéou Suvayévyn 7 AB dinonuevn xat& to LT, 
enty sé Eotw H AE, xol raed thy AE 16 ano tic AB ioov 
nrapaBeBrAnoVw to AZ rAc&to¢g rovotv thy AH: Eye, bt H 
AH éx dvo 6voudtwv gotly Extn. 


Proposition 65 


The square on the square-root of (the sum of) two me- 
dial (areas) applied to a rational (straight-line) produces 
as breadth a sixth binomial (straight-line).' 

Let AB be the square-root of (the sum of) two me- 
dial (areas), having been divided at C. And let DE bea 
rational (straight-line). And let the (parallelogram) DF, 
equal to the (square) on AB, have been applied to DE, 
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A KM N 4B 
E Sl = 2 
A rB 


Kateoxevdéodu yuo Ta a0T& Toic NEdTEPOV. Kal Emel H 
AB 800 péou Suvayevn cot Sijonuevy xata ToT, at AL, PB 
doa Suvduet cioly aobuUETeoL ToLoUoM TO Te GUYXEILEVOV 
Ex TOV aN AUTHY TEeTEXYHVOY UECOV xol TO UM aUTOSY 
ueoov xall ETL HOUUUETOOV TO EX TOY AT’ HUTEY TETEAY OVO 
ouyxetuevov 16) Un abtév: Bote xaTu Ta MeOdederyueva 
ueoov Eotly exatepov téiv AA, MZ. xal nape eythy thy 
AE rapdxetta 6nty) dea Eotiv exatéoa tv AM, MH xai 
govuetoos th AE uyxer. xol Enel dovWEtTedv EoTL TO 
ovuyxeiuevov ex THv and THv AT, TB 16 dic Und tHv AT, 
TB, éobuuetoov épu gott TO AA 16 MZ. dobuueteoc koa 
xa 7 AM ti MH at AM, MH dou ontat ciot Suvduer Udvov 
ovuuETeoL €x S00 doa dvoudtwv Eotiv y AH. AEyw O4, St 
nal Extn. 

‘Quoiws 51 méAw SeiEouev, 6tt TO ONO tév AKM ioov 
éotl 16) and tic MN, xat dtr 7 AK tH KM urqxer cotiv 
GovuNEtooc’ xal Sie ta avT& 6 7 AM tij¢ MH uciov 
SUVOTOL TE UNO GOVWNETEOL EAUTH UAKEL. Kal OVSETEPA TOV 
AM, MH otuuetedc ott tH exxewevn enti tH AE ume. 

“H AH dpa ex S00 dvoudtwv gotly ExtH Step det 
Seicou. 
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producing DG as breadth. I say that DG is a sixth bino- 
mial (straight-line). 


D KM NG 
E a O F 
A ‘€ B 


For let the same construction be made as in the pre- 
vious (propositions). And since AB is the square-root 
of (the sum of) two medial (areas), having been divided 
at C, AC and CB are thus incommensurable in square, 
making the sum of the squares on them medial, and the 
(rectangle contained) by them medial, and, moreover, 
the sum of the squares on them incommensurable with 
the (rectangle contained) by them [Prop. 10.41]. Hence, 
according to what has been previously demonstrated, DL 
and MF are each medial. And they are applied to the 
rational (straight-line) DE. Thus, DM and MG are 
each rational, and incommensurable in length with DE 
[Prop. 10.22]. And since the sum of the (squares) on 
AC and CB is incommensurable with twice the (rectan- 
gle contained) by AC and CB, DL is thus incommensu- 
rable with MF’. Thus, DM (is) also incommensurable (in 
length) with WG [Props. 6.1, 10.11]. DM and MG are 
thus rational (straight-lines which are) commensurable 
in square only. Thus, DG is a binomial (straight-line) 
[Prop. 10.36]. So, I say that (it is) also a sixth (binomial 
straight-line). 

So, similarly (to the previous propositions), we can 
again show that the (rectangle contained) by DK M is 
equal to the (square) on MN, and that DK is incom- 
mensurable in length with AM. And so, for the same 
(reasons), the square on DM is greater than (the square 
on) MG by the (square) on (some straight-line) incom- 
mensurable in length with (DM) [Prop. 10.18]. And nei- 
ther of DM and MG is commensurable in length with the 
(previously) laid down rational (straight-line) DE. 

Thus, DG is a sixth binomial (straight-line) [Def. 
10.10]. (Which is) the very thing it was required to show. 


+ In other words, the square of the square-root of two medials is a sixth binomial. See Prop. 10.59. 


y, 
oes 
“H tf ex SVO OvoudTwY UNKEL OVUUETEOS Kal AUTH EX 
S00 Ovoudtwv Eotl wal TH THEEt A wT. 
"Eotw &éx dvo dvoudtwy 7 AB, xol tH AB uyxer 


Proposition 66 


A (straight-line) commensurable in length with a bi- 
nomial (straight-line) is itself also binomial, and the same 
in order. 
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ovuueteog ~otw TA: AEyw, Sti H TA Ex S00 dvoudtov 
éotl xol tH t&Eet H avtY ty} AB. 


A 


Tr Z. A 


‘Emel yuo éx S00 6voudtwv cotlv 7 AB, dinefow cic Ta 
ovouata xatk TO E, xal Eotw ysiCov d6voua TO AE: at AE, 
EB doa pntat cio, Suvduet UOVOV OUUUETEOL. YEYOVETU GC 
n AB nedc¢ thy TA, ottwo A AE med¢ thy PZ: xal Aownh 
éea 7 EB noedc Aotnyy thy ZA Eotw, ¢ 7 AB med¢ thy 
TA. obuueteoc dé 7 AB tH TA urxer obueteoc dow Eotl 
xan uev AE tA UZ, 7 be EB ty ZA. xat cior oytal at AE, 
EB: pntol dow ciot xot ot TZ, ZA. xa Eotw wo H AE med¢ 
TZ, 7 EB npdc ZA. Evadrck doa Eotlv wc W AE medc EB, 
TZ ned¢ ZA. ai 5 AE, EB Buvduet ydvov [etol] obuueteor 
xa ot TZ, ZA dea Suvdyer Udvov clot obuEteoL. xal Elo 
ental: ex dvo dea dvoudtwv gotiv H TA. AEyw SH, Ott TH 
taEet Eotlv A avTH tH AB. 

‘H yao AE tiic EB uciFov dbvatm tor 1H and 
OUUUETEOL EQUTY T TE ATO GoVUNETPOV. El UeV OV H 
AE tic EB usiZov Sbvaton 16 dnd CUUUETEOU EaUTH, Xa 
n UZ tic ZA yeiCov Suvfoetm 16 dnd ovUUETEOU EaUTh}. 
xol el uev ovUNETed¢ Eotw A AE ti} exxewevy Ontii, xl 
n TZ ovbuuetpo¢g wvth gotm, xal dia todto exatéoea téHdv 
AB, TA éx d00 dévoudtwv Eotl TEwTH, ToUTEOTL TH TH&EEL 
n woth. et 6€ WY EB obuuetoedc eot TH Exxewevy ONTH, 
xal 1 ZA obuueteds Eotw wtf, xol Sie toto méAw TH 
taEEt H avth Eota tH AB’ exatépa yuo avtév Eota Ex vO 
Ovoudtwy Seutéoa. et SE ovdetéoa tHv AE, EB obuuetedc¢ 
EOTL TY Exxewwevy ENT, ovdetéea tHv TZ, ZA obuueteoc 
autf, gota, xal Cot Exatéea toity. ei dé y AE tic EB 
ueiCov Svvata TH dnd douLUEeTPEOU EauTH, xal A LZ tho ZA 
uciCov Sbvatou TG and douUNETEOU EaUTH. xal el uev NY AE 
OUUUETEOS EOTL TH Exxewevy enty, xol n CZ obuyetedc 
EOTW AUTH, Kal Coty ExaTéoea tetheTH. el be n EB, xo 
n ZA, xol Eoto exatéou néunty. el dé OVdetépa tHv AE, 
EB, xot tv PZ, ZA ovdetéea obupetedc Cott tH Exxewwevy 
ONTH, “al Coton Exatéon Extn. 

"Qote fh th Ex SVO ovoudtwy UAxEL OVUUETEOC EX dVO 
Ovoudtuy Eotl xol TH Ther H avtH Onee Eder Seigau. 
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Let AB be a binomial (straight-line), and let CD be 
commensurable in length with AB. I say that CD is a bi- 
nomial (straight-line), and (is) the same in order as AB. 


A E B 


C F D 


For since AB is a binomial (straight-line), let it have 
been divided into its (component) terms at F, and let 
AE be the greater term. AF and LB are thus rational 
(straight-lines which are) commensurable in square only 
[Prop. 10.36]. Let it have been contrived that as AB (is) 
to CD, so AE (is) to CF [Prop. 6.12]. Thus, the remain- 
der HB is also to the remainder F'D, as AB (is) to CD 
[Props. 6.16, 5.19 corr.]. And AB (is) commensurable 
in length with CD. Thus, AF is also commensurable 
(in length) with CF, and EB with F'D [Prop. 10.11]. 
And AF and FB are rational. Thus, CF and F'D are 
also rational. And as AF is to CF, (so) EB (is) to FD 
[Prop. 5.11]. Thus, alternately, as AF is to EB, (so) 
CF (is) to FD [Prop. 5.16]. And AF and FB [are] 
commensurable in square only. Thus, CF and FD are 
also commensurable in square only [Prop. 10.11]. And 
they are rational. C'D is thus a binomial (straight-line) 
[Prop. 10.36]. So, I say that it is the same in order as 
AB. 

For the square on AEF is greater than (the square on) 
EB by the (square) on (some straight-line) either com- 
mensurable or incommensurable (in length) with (AF). 
Therefore, if the square on AF is greater than (the square 
on) EB by the (square) on (some straight-line) com- 
mensurable (in length) with (AE) then the square on 
CF will also be greater than (the square on) F'D by 
the (square) on (some straight-line) commensurable (in 
length) with (CF) [Prop. 10.14]. And if AF is com- 
mensurable (in length) with (some previously) laid down 
rational (straight-line) then C'F' will also be commensu- 
rable (in length) with it [Prop. 10.12]. And, on account 
of this, AB and CD are each first binomial (straight- 
lines) [Def. 10.5]—that is to say, the same in order. And if 
EB is commensurable (in length) with the (previously) 
laid down rational (straight-line) then FD is also com- 
mensurable (in length) with it [Prop. 10.12], and, again, 
on account of this, (CD) will be the same in order as 
AB. For each of them will be second binomial (straight- 
lines) [Def. 10.6]. And if neither of AEF and FB is com- 
mensurable (in length) with the (previously) laid down 
rational (straight-line) then neither of CF and FD will 
be commensurable (in length) with it [Prop. 10.13], and 
each (of AB and CD) is a third (binomial straight-line) 
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gC’ 
‘H tf éx S00 UEowy uxet ObUUETEOS Kol MULT) Ex dVO 
Ugowy Eotk xa TH TaESt H avty. 


A E B 


Tr Z. A 


"Eotw €x 600 uéowy H AB, xal tf AB ovuuEteoc Zot 
uyxet WDA: rAévw, Sti | TA Ex 500 UEowy Eotl xa TH THEEL 
n aut tH AB. 

‘Emel yoo éx 600 Ueowv Eotlv n AB, dineyode cic tac 
uéoug xata TO E- at AE, EB dea uéoo eiol Suvduer Udvov 
OUUNETCOL. xal yeyovétw wc 7 AB nooo TA, n AE me0¢ 
TZ: xat Aon boa H EB npd¢ AotnHY thy ZA Eotw, wo H 
AB ned¢ TA. obuueteos 5¢ 7 AB tH TA uhxer obuueteoc¢ 
dea xal Exatéea tiv AE, EB exatéeg tv PZ, ZA. yéou 
dé ot AE, EB péoou dea xat at PZ, ZA. xal enet cotw 
a> 7 AE nepd¢ EB, 7 PZ medc ZA, ot dé AE, EB duvduer 
udvoy obuueteotl ctow, xol al TZ, ZA [éoa] Suvduer ydvov 
ovuueteot ciow, edety0noav sé xal ueoa ATA doa Ex dv0 
Ueowy Eottv. AEY OH, Ott xa TH THEE 7 adTH Eotr tH AB. 

‘Enel yép €otw wo WY AE nod¢ EB, 7 PZ med¢ ZA, xol 
o> dea TO and tic AE npd¢ 16 dnd tHv AEB, ottw¢ 10 
ano ti¢ CZ npd¢ 16 bnd tév PZA> EvaorAdE w¢ 16 &NO tic 
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[Def. 10.7]. And if the square on AF is greater than 
(the square on) EB by the (square) on (some straight- 
line) incommensurable (in length) with (AF) then the 
square on C’F is also greater than (the square on) F'D 
by the (square) on (some straight-line) incommensurable 
(in length) with (CF) [Prop. 10.14]. And if AF is com- 
mensurable (in length) with the (previously) laid down 
rational (straight-line) then CF is also commensurable 
(in length) with it [Prop. 10.12], and each (of AB and 
CD) is a fourth (binomial straight-line) [Def. 10.8]. And 
if HB Gs commensurable in length with the previously 
laid down rational straight-line) then F'D (is) also (com- 
mensurable in length with it), and each (of AB and C'D) 
will be a fifth (binomial straight-line) [Def. 10.9]. And 
if neither of AE and EB (is commensurable in length 
with the previously laid down rational straight-line) then 
also neither of CF and F'D is commensurable (in length) 
with the laid down rational (straight-line), and each (of 
AB and CD) will be a sixth (binomial straight-line) 
[Def. 10.10]. 

Hence, a (straight-line) commensurable in length 
with a binomial (straight-line) is a binomial (straight- 
line), and the same in order. (Which is) the very thing it 
was required to show. 


Proposition 67 


A (straight-line) commensurable in length with a bi- 
medial (straight-line) is itself also bimedial, and the same 
in order. 


A E B 


C F D 


Let AB be a bimedial (straight-line), and let C.D be 
commensurable in length with AB. I say that C’D is bi- 
medial, and the same in order as AB. 

For since AB is a bimedial (straight-line), let it have 
been divided into its (component) medial (straight-lines) 
at F. Thus, AF and EB are medial (straight-lines 
which are) commensurable in square only [Props. 10.37, 
10.38]. And let it have been contrived that as AB (is) to 
CD, (so) AF (is) to CF [Prop. 6.12]. And thus as the 
remainder £B is to the remainder F'D, so AB (is) to CD 
[Props. 5.19 corr., 6.16]. And AB (is) commensurable 
in length with CD. Thus, AE and EB are also com- 
mensurable (in length) with CF and FD, respectively 
[Prop. 10.11]. And AE and FB (are) medial. Thus, CF 
and F'D (are) also medial [Prop. 10.23]. And since as 
AE is to EB, (so) CF (is) to FD, and AEF and FB are 
commensurable in square only, CF and F'D are [thus] 
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AE ne0¢ 16 an tig TZ, oUtw¢ 16 O16 tév AEB ned¢ 10 
vno tév [ZA. obuuetoov 6€ 16 and tic AE 16 and tic 
TZ: obuuetoov doa xal to bn6 téHv AEB 16 076 tév TZA. 
ete obv Ontdv Eott TO Und TéHv AEB, xal 16 Und tv [ZA 
entdy Eotw [xol bi& toUt6 Eotw Ex S00 UEOWY TOTH]. EttE 
UEOOV, UEOOY, xa COTW ExaTéea SeUTEA. 

Kat dia totto gota 7 TA tH AB tH téEer H adtH Sree 
édet Seizau. 


aie 


“H tf uetTow obuueteoc xal adtH UeiCwv Eotiv. 


A 


Tr Z. A 


"Eotw yetCwv 7 AB, xol tf AB obuueteoc gotw Hn TA: 
eyo, ott 7 LA vetCwov Eotiv. 

Ayppejode 7 AB xatdé 16 E: ai AE, EB dpa duvduer ciotv 
KoUUUETEOL TOLODOM TO EV OUYxXEIUEVOY Ex TOY aM’ KUTV 
TETOLYOVOY ENTOYV, TO 6 UT aAvTEV UEGOV’ Kal YevoveTU 
TX KUT TOig TEdtEpOV. Kal Enel EoTW wo H AB Ted Thy 
TA, ottw¢ 4 te AE red¢ thy PZ xai A EB roed¢ thy ZA, 
xa wc doa 7 AE ned thy [Z, ottw>o 1 EB med¢ thy ZA. 
ovuueteoc 6é 7 AB t7 TA: obuuetpoc dow nal Exatéea tév 
AE, EB éexatéeg tv PZ, ZA. xol enet Eotw ac HAE 1ed¢ 
thy CZ, obtwc A EB med¢ thy ZA, nol EvadrAce ac A AE 
medc¢ EB, ottw>o A TZ ned¢ ZA, nal ovv0evtt bea Eotlv we 
n AB nedc¢ thy BE, ottw¢ n PA ned thy AZ: xal wo koa 
TO and tic AB med¢ 16 and tic BE, ot two 16 and thc TA 
TENS TO aNd Tic AZ. OYoiws SF SelEouev, Stu xal Ge TO AMO 
tiic AB ned¢ 16 and tic AE, ottw¢ 10 and tij¢ TA ned¢ 
TO &NO Tij¢ TZ. xal wo doa TO and th\¢ AB ned¢ Ta and TéHv 
AE, EB, ottw¢ 10 ano tig TA med¢ t& and tév PZ, ZA: 
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also commensurable in square only [Prop. 10.11]. And 
they were also shown (to be) medial. Thus, C’D is a bi- 
medial (straight-line). So, I say that it is also the same in 
order as AB. 

For since as AF is to EB, (so) CF (is) to FD, thus 
also as the (square) on AF (is) to the (rectangle con- 
tained) by AFB, so the (square) on CF (is) to the (rect- 
angle contained) by CFD [Prop. 10.21 lem.]. Alter- 
nately, as the (square) on AF (is) to the (square) on 
CF, so the (rectangle contained) by AFB (is) to the 
(rectangle contained) by CFD [Prop. 5.16]. And the 
(square) on AF (is) commensurable with the (square) 
on CF. Thus, the (rectangle contained) by AEB (is) 
also commensurable with the (rectangle contained) by 
CFD [Prop. 10.11]. Therefore, either the (rectangle 
contained) by AFB is rational, and the (rectangle con- 
tained) by CFD is rational [and, on account of this, 
(AE and CD) are first bimedial (straight-lines)], or (the 
rectangle contained by AFB is) medial, and (the rect- 
angle contained by C’F'D is) medial, and (AB and CD) 
are each second (bimedial straight-lines) [Props. 10.23, 
10.37, 10.38]. 

And, on account of this, C.D will be the same in order 
as AB. (Which is) the very thing it was required to show. 


Proposition 68 


A (straight-line) commensurable (in length) with a 
major (straight-line) is itself also major. 


A E B 


G F D 


Let AB be a major (straight-line), and let CD be com- 
mensurable (in length) with AB. I say that CD is a major 
(straight-line). 

Let AB have been divided (into its component terms) 
at &. AE and EB are thus incommensurable in square, 
making the sum of the squares on them rational, and the 
(rectangle contained) by them medial [Prop. 10.39]. And 
let (the) same (things) have been contrived as in the pre- 
vious (propositions). And since as AB is to CD, so AE 
(is) to CF and EB to FD, thus also as AE (is) to CF, 
so FB (is) to FD [Prop. 5.11]. And AB (is) commen- 
surable (in length) with CD. Thus, AF and FB (are) 
also commensurable (in length) with CF and FD, re- 
spectively [Prop. 10.11]. And since as AE is to CF, so 
EB (is) to F'D, also, alternately, as AF (is) to EB, so 
CF (is) to FD [Prop. 5.16], and thus, via composition, 
as AB is to BE, so CD (is) to DF [Prop. 5.18]. And thus 
as the (square) on AB (is) to the (square) on BE, so the 
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nal EVOAAGE toa Eotlv Wo TO aNd tij¢ AB ned¢ 16 &NO Tic 
TA, odtw¢ te dnd tv AE, EB npd¢ t& and tév PZ, ZA. 
ovuuETtpov 5€ TO and Thc AB 16 and tic TA: obuyetea 
dou xa ta dnd tv AE, EB toic and tév Z, ZA. xat Eotr 
ta dnd téHv AE, EB gua pntov, xal ta and tév TZ, ZA 
dua Entov Eotw. OYOiws SE xal TO dic Und tév AE, EB 
OUUNETEOYV EOTL TG Sic UNO THvV TZ, ZA. xat Eott UECOV TO 
dic Und tév AE, EB ugoov doa xal 16 dic Und tHv PZ, 
ZA. at TZ, ZA dpa duvdyer dovUUETeOl Elot ToLotca TO 
UEV OVYXEIMEVOY EX TEV AN’ MUTE TETEAYOVOY GUA ONTOV, 
TO O€ dig UN adTHV UEoOV’ An hoa n TA bdoydc Eotw H 
xorouyevn uetCov. 

“H doa tf ueitow obuueteoc UetTwv gotiv’ dnep Eder 
deteou. 


ED’. 
‘HL tf Entov xal ueoov Suvayevn obuUETeOC [xol adTH] 
ENTOV xal UEoov Buvaevy Eotiy. 


A E B 


T Z. A 


"Eotw entov xal uéoov dSuvauévyn A AB, xal tA AB 
ovUUETeOs Eotw A TA: deixtéov, or xa 7 TA Ontov xa 
ueoov Suvayevn cotty. 

Arnejode 7 AB gic tac e00etuc xat& 10 E- ot AE, EB 
doa Suvduet Elolv doUUUETEOL ToLOUOM TO UEV OUYXElLEVOV 
ex TOV aN avVToY TeTePAYwVWV UEOOV, TO 6 UT auTéSV 
Entov’ xal Ta HUTA xaTEOXELdOVW TOl¢ MEdTEPOV. OLOIWC 
of Setouev, ott xa at TZ, ZA Svuvduer ciotv dovuuEteot, 
nal OOUNETPOV TO LEV OUYxElUEvoy Ex TOV dnd TOV AE, EB 
TG) OVYXEIUEV Ex THY dnd TOV TZ, ZA, 16 5é Und AE, EB 
t@ vnd TZ, ZA: dote xal t6 [UEv] ovyxetuevoy Ex tév and 
tév TZ, ZA tetpayovwy Eotl yeoov, tO 6’ Und tHv TZ, 
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(square) on C'D (is) to the (square) on DF [Prop. 6.20]. 
So, similarly, we can also show that as the (square) on 
AB (is) to the (square) on AF, so the (square) on C'D 
(is) to the (square) on C'F’. And thus as the (square) on 
AB (is) to (the sum of) the (squares) on AE and EB, so 
the (square) on C'D (is) to (the sum of) the (squares) on 
CF and FD. And thus, alternately, as the (square) on AB 
is to the (square) on C'D, so (the sum of) the (squares) on 
AE and EB (is) to (the sum of) the (squares) on CF and 
FD [Prop. 5.16]. And the (square) on AB (is) commen- 
surable with the (square) on C'D. Thus, (the sum of) the 
(squares) on AF and EB (is) also commensurable with 
(the sum of) the (squares) on CF and F'D [Prop. 10.11]. 
And the (squares) on AF and FB (added) together are 
rational. The (squares) on C'F and F'D (added) together 
(are) thus also rational. So, similarly, twice the (rect- 
angle contained) by AE and EB is also commensurable 
with twice the (rectangle contained) by CF and F'D. And 
twice the (rectangle contained) by AF and EB is me- 
dial. Therefore, twice the (rectangle contained) by CF 
and F'D (is) also medial [Prop. 10.23 corr.]. CF and F'D 
are thus (straight-lines which are) incommensurable in 
square [Prop 10.13], simultaneously making the sum of 
the squares on them rational, and twice the (rectangle 
contained) by them medial. The whole, CD, is thus that 
irrational (straight-line) called major [Prop. 10.39]. 

Thus, a (straight-line) commensurable (in length) 
with a major (straight-line) is major. (Which is) the very 
thing it was required to show. 


Proposition 69 


A (straight-line) commensurable (in length) with the 
square-root of a rational plus a medial (area) is [itself 
also] the square-root of a rational plus a medial (area). 


A E B 


C F D 


Let AB be the square-root of a rational plus a medial 
(area), and let CD be commensurable (in length) with 
AB. We must show that CD is also the square-root of a 
rational plus a medial (area). 

Let AB have been divided into its (component) 
straight-lines at E. AE and EB are thus incommensu- 
rable in square, making the sum of the squares on them 
medial, and the (rectangle contained) by them rational 
[Prop. 10.40]. And let the same construction have been 
made as in the previous (propositions). So, similarly, we 
can show that CF and FD are also incommensurable 
in square, and that the sum of the (squares) on AF and 
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ZA 67t0v. 
“‘Prytov dea xal ueoov Suvayevyn gotlv 7 TA: dre Eder 
deieoau. 


, 


O. 


‘H tf 600 ugow Suvauevn obUUETEOS 600 UéoH SUVaEVN 
éotly. 


A 


Tv 


"Eotw 500 veo Suvayevn 7 AB, xot t7 AB obuueteoc 
17 TA: derxtéov, dtr xal NTA S00 yéou Suvayevn Eotiv. 

‘Enel yuo S00 Ugo Suvayevn Eotlv n AB, dinefodw 
cic tac evdetug xate TO E at AE, EB dpa duvduer 
ciolv GOUUUETEOL TOLOUOM TO Te OUYxXEiEVOY Ex TOV aT” 
autéy [tetpayavay] Yecov xal TO on’ adtHV UEooV xal 
ETL GOVUNETPOV TO OVLYxXElUEVOY Ex T&v and Tv AE, EB 
TETOAYOVOV TH UNO TéHv AE, EB: xal xateoxevdodw td 
aUTK Toig TEdTEPOV. OUOlwc BY SelEouev, Sti xol ai TZ, ZA 
SULVAUEL Eloly KOVUUETEOL XAl OUUUETEOV TO LEV OUYXELLEVOV 
éx TOY and tév AE, EB 16 ovyxewéeva ex tv and Tv TZ, 
ZA, to 6€ Und tv AE, EB té tnd tév TZ, ZA: Hote xolt 
TO ovyxetuevov Ex THY and THvV PZ, ZA teteayovwv yecov 
éotl xal tO Und tév TZ, ZA ueoov nal Ett dobuUETeov TO 
ovuyxetuevov x tév dnd tév TZ, ZA tetopayovoy 6 bnO 
tév TZ, ZA. 

“H dea TA d00 uéow Suvayevy cotiv: Onep Eder Seigau. 


P 
od. 
“Pytot xal uécou ovvtWeuevou téEcoupec GAOYOL YY vov- 
Tat Htot Ex S00 Gvoudtov 7 Ex 500 UEowY TETH 7} UEiTav 
1H ENTOV Kal UECOYV SUVaLEVN. 
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EB (is) commensurable with the sum of the (squares) 
on CF and F'D, and the (rectangle contained) by AE 
and £B with the (rectangle contained) by CF and FD. 
And hence the sum of the squares on CF and F'D is me- 
dial, and the (rectangle contained) by CF and F'D (is) 
rational. 

Thus, C'D is the square-root of a rational plus a medial 
(area) [Prop. 10.40]. (Which is) the very thing it was 
required to show. 


Proposition 70 


A (straight-line) commensurable (in length) with the 
square-root of (the sum of) two medial (areas) is (itself 
also) the square-root of (the sum of) two medial (areas). 


A E B 


C F D 


Let AB be the square-root of (the sum of) two medial 
(areas), and (let) CD (be) commensurable (in length) 
with AB. We must show that CD is also the square-root 
of (the sum of) two medial (areas). 

For since AB is the square-root of (the sum of) two 
medial (areas), let it have been divided into its (compo- 
nent) straight-lines at E. Thus, AF and EB are incom- 
mensurable in square, making the sum of the [squares] 
on them medial, and the (rectangle contained) by them 
medial, and, moreover, the sum of the (squares) on AE 
and £B incommensurable with the (rectangle) contained 
by AE and EB [Prop. 10.41]. And let the same construc- 
tion have been made as in the previous (propositions). 
So, similarly, we can show that CF and FD are also 
incommensurable in square, and (that) the sum of the 
(squares) on AF and EB (is) commensurable with the 
sum of the (squares) on CF and F'D, and the (rectangle 
contained) by AF and FB with the (rectangle contained) 
by CF and FD. Hence, the sum of the squares on CF 
and F'D is also medial, and the (rectangle contained) by 
CF and F'D (is) medial, and, moreover, the sum of the 
squares on CF and F'D (is) incommensurable with the 
(rectangle contained) by CF and FD. 

Thus, CD is the square-root of (the sum of) two me- 
dial (areas) [Prop. 10.41]. (Which is) the very thing it 
was required to show. 


Proposition 71 


When a rational and a medial (area) are added to- 
gether, four irrational (straight-lines) arise (as the square- 
roots of the total area)—either a binomial, or a first bi- 
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"How ontov yév 0 AB, uéoov 6€ 16 TA: Evo, ST H 
to AA ywoiov Suvayevn tot Ex SVO dvoudtwv EoTlv H Ex 
S00 Ugowy TETH Fj VElCov 7H ENTOV xal UEoOY SuUvaEevN. 


K 


Zi H I 


B A 

To yao AB tod TA ‘Fro yeilov Eotw A Edaocoov. 
Eotw TedTEpOV UEiTov’ xal ExxetoDu Oyty n EZ, xal rapa 
BeBAnodw napd thy EZ 16) AB ioov 16 EH mAd&to¢ nototv 
thy EO: 16 dé AT toov nap& thy EZ rapoBeBAhodw tO 
OI mAd&to¢g rovoty thy OK. xal exet Ontdv Eott TO AB xa 
éotw toov 16 EH, pntov dea xal tO EH. xat nape [entry] 
thy EZ napoBéBanta mAdto¢ moody thy EO: 7 EO tow 
ENTY Eott Kal oUWUETEOC TH EZ une. néAww, Enel UEcov 
éotl 10 TA xat cotw toov té OI, ugoov boa Eotl xal tO 
OI. xa naod enthy thy EZ napdxerta mA&tO¢ ToLoby Thy 
OK: enth doa cotlv H OK xa covwueteoc tH EZ urxer. xeul 
émel ugoov Eotl to TA, entov bé to AB, aovuuetpov doa 
éotl 10 AB 16 TA: ote xal to EH dovuuetedv eott té5 
OI. wc 6€ 10 EH red¢ 16 OF, otwe Eotlv n EO med¢ thy 
OK: aobuueteos dow cotl xal 7 HO th OK une. xat elow 
Kupotepar orntat: al HO, OK doa ontat ctor duvéuet Uovov 
OUUUETEOL’ EX SUO Goa OvoudtTwy Eotiv 7 EK Sinonuevy 
xata T6 O. nal Exel UeiTév Eott tO AB tod TA, toov dé 16 
yvev AB 16) EH, 10 5¢ TA 16 OI, ueiCov boa xal tO EH 
tot OL xai 7 HO dpa uctZwv eotl tic OK. tor otv n EO 
tic OK yeiov Svvata 16 and CUUNETEOU EaUTH UKE 7 
TG) UNO GOVUNETEOV. SLYAOVW TEdTEPOY TES NO CUUUETEOU 
eauty xat cotw A yettwv n OE ovuuetpoc tH Exxewevy 
enty th EZ: n dea EK ex d00 dvoudtwv Eotl TEaTH. ENTH 
dé HW EZ: edy de ywpiov nepiéynta UNO ENTT\c nal THe Ex SVO 
OVOULTWY TEWTIC, 7 TO YWELoV SUVaUEVN Ex SVO OVOUdTWV 
éottv. wea tO EI duvauevy ex S00 Ovoudtwv Eotiv’ Hote 
nal yn tO AA Suvayevyn Ex BVO dvoudtwv Eotiv. GAAX dH 
duvdo0 n EO tic OK uciCov 16 and aouuuetpou Eautyy 
nat Eotty H uctTwv A EO ovuuetoeos tH Exxewevyn ONTH TH 
EZ urxer 7 dou EK x 600 dvoudtwv Eotl tetdeTH. ENTH 
dé 7 EZ: cay be ywotov nepléynto ONO ONTH\c xal tic Ex BVO 
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medial, or a major, or the square-root of a rational plus a 
medial (area). 

Let AB be a rational (area), and CD a medial (area). 
I say that the square-root of area AD is either binomial, 
or first bimedial, or major, or the square-root of a rational 
plus a medial (area). 


A C E H K 


B OD 

For AB is either greater or less than C'D. Let it, first 
of all, be greater. And let the rational (straight-line) EF 
be laid down. And let (the rectangle) EG, equal to AB, 
have been applied to EF’, producing FH as breadth. And 
let (the recatangle) HI, equal to DC, have been ap- 
plied to EF, producing HK as breadth. And since AB 
is rational, and is equal to EG, EG is thus also rational. 
And it has been applied to the [rational] (straight-line) 
EF, producing FH as breadth. FH is thus rational, and 
commensurable in length with EF [Prop. 10.20]. Again, 
since CD is medial, and is equal to HI, HI is thus also 
medial. And it is applied to the rational (straight-line) 
EF, producing HK as breadth. HK is thus rational, 
and incommensurable in length with EF [Prop. 10.22]. 
And since CD is medial, and AB rational, AB is thus 
incommensurable with CD. Hence, £G is also incom- 
mensurable with HJ. And as EG (is) to HI, so FH is 
to HK [Prop. 6.1]. Thus, EH is also incommensurable 
in length with HK [Prop. 10.11]. And they are both ra- 
tional. Thus, EH and HK are rational (straight-lines 
which are) commensurable in square only. EK is thus 
a binomial (straight-line), having been divided (into its 
component terms) at H [Prop. 10.36]. And since AB 
is greater than C'D, and AB (is) equal to EG, and CD 
to HI, EG (is) thus also greater than HJ. Thus, EH is 
also greater than HK [Prop. 5.14]. Therefore, the square 
on FH is greater than (the square on) HK either by 
the (square) on (some straight-line) commensurable in 
length with (£1), or by the (square) on (some straight- 
line) incommensurable (in length with EH). Let it, first 
of all, be greater by the (square) on (some straight-line) 
commensurable (in length with EH). And the greater 
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OVOUATOY TETHOTIS, 7} TO YWELov SLVaUEVN GAO EOTWV 7 
xahouuevn YetCav. A doa to EI ywptov duvayevn ysiCav 
éotiv: Hote xal HA TO AA Suvayevn yeitwv cotty. 

AAG 5H Eotw EAxcoov tO AB tot TA: xat 16 EH 
doa eAacadéyv cott to OI: Hote xal 7 EHO tdkacowy totl 
tiic OK. Frou 6€ 7 OK tic EO yveiGov Svvata 6 and 
OUUUNETEOU EQUTH 7H TE ATO KOUWUETEOL. SUvdodW TEdTEPOV 
TG) ONO CUUUNETEOU EAUTH UNxEL xal Coty H EAdoowy 7 EO 
OUUNETEOS TY Exxewevyn ENTH tH EZ yhxer n doa EK ex 
600 Ovoudtwy Eotl Seutépa. Entry be n EZ: Exv dé ywoetov 
TEOLEYNTAH LUMO ENTH< xal Tic Ex S00 OvoUdTwv Sevtéeuc, 7 
TO Ywelov SuvauevN Ex 600 UEOWY EoTL TEWTH. N doa TO EI 
Yoptov Suvayevyn Ex SVO UEOWY EOTL TEWTH ote xa H TO 
AA d8vvayévn éx S00 UEowv Eotl METH. GAAG BH 7 OK tijc 
OE ucilov duvdcdw 16 dnd douuueteou Eauth. xa Eotw 
1 EAdoowy 7 EO ovuuetpoc TH exxewevy Onth tH EZ: 7 
doa EK éx S00 Ovoudtwv Eotl méunTH. ONTH 5é n EZ: eav 
d& ywplov TepleyNto UNO ENTH¢ xol Tic Ex 600 OvoudTwv 
TEUTTNS, 1 TO YOPtov SuVaLEeVY ONTOV xal UECoV SuvaLEeVN 
éotty. doa TO EI ywotov Suvayevn Entov xal UEoov dSv- 
vayevn gotiv: dote xal n To AA ywptov duvayevn orntov 
xa UEooV SUvauEeVY EoTty. 

‘Pytot dea xal ugcou ovvtiWeuevou tTéccaeec KAovoL 
ylyvovta ytoL Ex SVO Ovoudtwyv H Ex S00 LECWY TEaTH 7 
uci@av 7 EntoOv xal ugoov Suvayevn: Oneo Eder Seta. 
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(of the two components of Fk) HE is commensurable 
(in length) with the (previously) laid down (straight- 
line) EF. EK is thus a first binomial (straight-line) 
[Def. 10.5]. And FF (is) rational. And if an area is con- 
tained by a rational (straight-line) and a first binomial 
(straight-line) then the square-root of the area is a bino- 
mial (straight-line) [Prop. 10.54]. Thus, the square-root 
of EI is a binomial (straight-line). Hence the square- 
root of AD is also a binomial (straight-line). And, so, let 
the square on FH be greater than (the square on) HK 
by the (square) on (some straight-line) incommensurable 
(in length) with (FH). And the greater (of the two com- 
ponents of EK) EH is commensurable in length with the 
(previously) laid down rational (straight-line) EF’. Thus, 
EK is a fourth binomial (straight-line) [Def. 10.8]. And 
EF (is) rational. And if an area is contained by a rational 
(straight-line) and a fourth binomial (straight-line) then 
the square-root of the area is the irrational (straight-line) 
called major [Prop. 10.57]. Thus, the square-root of area 
EI is a major (straight-line). Hence, the square-root of 
AD is also major. 

And so, let AB be less than CD. Thus, EG is also less 
than HI. Hence, FH is also less than HK [Props. 6.1, 
5.14]. And the square on HK is greater than (the 
square on) FA either by the (square) on (some straight- 
line) commensurable (in length) with (HK), or by the 
(square) on (some straight-line) incommensurable (in 
length) with (HK). Let it, first of all, be greater by the 
square on (some straight-line) commensurable in length 
with (Hk). And the lesser (of the two components of 
EK) EH is commensurable in length with the (previ- 
ously) laid down rational (straight-line) EF. Thus, EK 
is a second binomial (straight-line) [Def. 10.6]. And EF 
(is) rational. And if an area is contained by a rational 
(straight-line) and a second binomial (straight-line) then 
the square-root of the area is a first bimedial (straight- 
line) [Prop. 10.55]. Thus, the square-root of area EJ is 
a first bimedial (straight-line). Hence, the square-root of 
AD is also a first bimedial (straight-line). And so, let 
the square on HK be greater than (the square on) HE 
by the (square) on (some straight-line) incommensurable 
(in length) with (HK). And the lesser (of the two compo- 
nents of EK) EH is commensurable (in length) with the 
(previously) laid down rational (straight-line) EF’. Thus, 
EK is a fifth binomial (straight-line) [Def. 10.9]. And 
EF (is) rational. And if an area is contained by a ratio- 
nal (straight-line) and a fifth binomial (straight-line) then 
the square-root of the area is the square-root of a rational 
plus a medial (area) [Prop. 10.58]. Thus, the square-root 
of area EJ is the square-root of a rational plus a medial 
(area). Hence, the square-root of area AD is also the 
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Ep’ 
Abo ygowy dovuUetewy GAAYAOIc ouvTWeUevu ati 
doiral S00 dAoyou ylyvovta Ator ex 600 Ueowv Seutéea 


x [os 


A [A] 500 peoa SuvauEevy. 


A Lv E © K 


Z H I 


B A 

Luyxeto0w yue svo Usou dobuUETeA GAAMAOIc Ta AB, 
TA: AEyo, 611 H 70 AA ywoiov SuvaevN Htot Ex S00 UEGWV 
Eotl Seutépa 7} SVO UEON SUVAEYN. 

To yao AB tot TA Fro yei@dv Eotw ¥ EAacoov. Eotw, 
el TUYOV, TEdtepoy UiCov tO AB tod TA: xol exxetodw 
ent? 7 EZ, nal 16 yev AB toov napa thy EZ napaBeBrAnodu 
to EH mAdtocg nowoby thy EO, 16 5¢ PA foov 16 OI rAc&to¢ 
rotovy thy OK. xol énel ueoov Eotly exdteoov tév AB, TA, 
ueooyv doa xal exdtepov tév EH, OF. xal nape entyy thy 
ZE rapdxerto mA&dtos ToLovy tac HO, OK: Exatéou doa tév 
EO, OK onth cot xl cobuuetpoc th EZ urxer. xol emel 
déovuuETtedv Eott TO AB 16) TA, xat Eotw ioov 16 uev AB 
16) EH, 16 dé TA 16 OL, dobuuetoov doa Eoti xl t6 EH 165 
OI. wc b¢ 10 EH xed¢ 16 OF, ovtw¢ Eotiv 7 HO medc OK: 
GovUUETeOS toa Eotly n EO tH OK uyxes. ot HO, OK doa 
ental elo. Suvduet UOvov ovUUETeOL’ Ex SbO doa OvoudTwv 
éotlv 7 EK. ftor dé 7 EO tijc OK yciZov Sbvata 16 ano 
OUUUETEOL EQUTH 7H TES ATO GOUWNETEOV. SUvdo)W TEdTEPOV 
TG) GMO CUUUETEOU EQKUTH UNxEl’ Kal OLVdeTEpU THY EO, OK 
OUUNETEOS EOTL TH Exxewevy ONTY TH EZ urtxer 7 EK dow 
éx 500 Ovoudtwov eotl teity. entry dé 7H EZ: edv dé ywotov 
TEOLEYNTH UTO ENTY¢ Kol Thc Ex S00 Ovoudtwy teithHS, A 
TO Ywetov SuvaNevy Ex 500 UEOWY EoTl SevTéoA F dea TO 
EI, toutéott to AA, duvauevy ex S00 Ugowy EoTl Seutéea. 
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square-root of a rational plus a medial (area). 

Thus, when a rational and a medial area are added to- 
gether, four irrational (straight-lines) arise (as the square- 
roots of the total area)—either a binomial, or a first bi- 
medial, or a major, or the square-root of a rational plus a 
medial (area). (Which is) the very thing it was required 
to show. 


Proposition 72 


When two medial (areas which are) incommensu- 
rable with one another are added together, the remaining 
two irrational (straight-lines) arise (as the square-roots of 
the total area)—either a second bimedial, or the square- 
root of (the sum of) two medial (areas). 


A C E H K 


B OD 

For let the two medial (areas) AB and CD, (which 
are) incommensurable with one another, have been 
added together. I say that the square-root of area AD 
is either a second bimedial, or the square-root of (the 
sum of) two medial (areas). 

For AB is either greater than or less than CD. By 
chance, let AB, first of all, be greater than CD. And 
let the rational (straight-line) EF be laid down. And let 
EG, equal to AB, have been applied to EF’, producing 
EH as breadth, and HI, equal to CD, producing HK 
as breadth. And since AB and CD are each medial, EG 
and HJ (are) thus also each medial. And they are ap- 
plied to the rational straight-line FE, producing EH and 
HK (respectively) as breadth. Thus, EH and HK are 
each rational (straight-lines which are) incommensurable 
in length with EF [Prop. 10.22]. And since AB is incom- 
mensurable with CD, and AB is equal to EG, and CD 
to HI, EG is thus also incommensurable with HJ. And 
as EG (is) to HI, so EH is to HK [Prop. 6.1]. EA is 
thus incommensurable in length with HK [Prop. 10.11]. 
Thus, #A and HK are rational (straight-lines which are) 
commensurable in square only. EK is thus a binomial 
(straight-line) [Prop. 10.36]. And the square on FA is 
greater than (the square on) HK either by the (square) 
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dha 57 7 EO tic OK ueiZov Suvéodw 16 and doupEeTeOU 
EQUTY UAKEL Kal HoUUUETEdS EoTWW ExaTépa TOV EO, OK 
th EZ ufxer 1 doa EK ex S00 Ovoudtwy Eotlv Ext. Edv 
d€ yoplov TEpleyNTto LUMO ENTH¢ xol Tic Ex S00 dvoudTtwv 
EXTNC, NTO ywoiov Suvaevy 7 S00 UEOA SUVaUEVY EoTiv: 
Bote xa 7 10 AA ywoiov duvayevn 7 SV0 UEoa SUVaEeVN 
éotly. 

[Ouotwe oh SeiZouev, Sti xdv EAattov F tO AB tov TA, 
7 to AA ywptov duvavevy 7 ex SU0 UEowV SeUTEPA EoTiV 
Htow S00 Ueow Suvauevy]. 

Ado doa UEGWY GOUUUETEWV GAANAOIC CUVTIDELEVOrY ati 
Aoiral 500 doyot ylyvovta ytoL ex SVO U~owY Seutéea 7j 
600 Leow SUVaEVN. 


‘H éx 600 ovoudtwv xol at ust’ avTHY GAoyoL oUTE 
TH Ueon OUTE HAArAaic Elolv al aUTAl. TO UEV YaO AMO 
UEoNS Taek ENTHY TapaBahAdUEVOV TAATOS ToLEt ENTHY xall 
QOUUUETEOV TH THO’ Fy Napdxelta Ure. TO SE AMO Thc 
EX BVO OVOURTOY TAEd ENTHY TapasarAduEvoy TAd&TOS ToLEt 
THY ex 600 OvOUdTWY TEATHY. TO SE ANO Thc Ex SvO 
UEGOYV TOOTS Taek ENTHY TapavarAdUEvoy TAd&TOC ToLEt 
Thy €x 600 Ovoudtwy Seutépav. TO dE AMO Tic Ex SvO 
UEGWV SEUTEPAS TAE& ENTHY TACEBAAAUEVOV TAdTOS ToLEt 
Thy Ex S00 Ovoudtwv TeitHY. TO dE &NO Tic UElCovocg TAaP& 
ENnthy napaparAduevoy TA&TOC TOL THY Ex S5VO CVOUdTwY 
TETHOTHY. TO bE AMO Tic ENTOV xal UECOV SUVALEVIC TAEd 
ENnthy napaparAduevoy TA&TOS ToLet Thy Ex BVO OvOUdTwV 
TEUNTHY. TO SE ANO Tic SVO ESA SUVALEVNC TAE& ENTIYY 
TapaBahAOUEvoy TAATOS Nolet Thy Ex 5VO Ovoudtwv ExTHY. 
TH O° EloNLEVa TAATH Sraupgoet toU te TEWTOV xa GAATAWY, 
ToU UEV TEWTOL, OTL ONTY EoTw, GAANAwy FE, Stu TH TH&EEr 
ovx elolv at avtal Bote xal avTal ot dAoyot Siapepovoty 


ddA ov. 
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on (some straight-line) commensurable (in length) with 
(FH), or by the (square) on (some straight-line) incom- 
mensurable (in length with FA). Let it, first of all, be 
greater by the square on (some straight-line) commensu- 
rable in length with (FH). And neither of EH or HK is 
commensurable in length with the (previously) laid down 
rational (straight-line) EF’. Thus, EK is a third binomial 
(straight-line) [Def. 10.7]. And EF (is) rational. And if 
an area is contained by a rational (straight-line) and a 
third binomial (straight-line) then the square-root of the 
area is a second bimedial (straight-line) [Prop. 10.56]. 
Thus, the square-root of #J—that is to say, of AD— 
is a second bimedial. And so, let the square on EH 
be greater than (the square) on HK by the (square) 
on (some straight-line) incommensurable in length with 
(fH). And EH and HK are each incommensurable in 
length with EF’. Thus, FK is a sixth binomial (straight- 
line) [Def. 10.10]. And if an area is contained by a ra- 
tional (straight-line) and a sixth binomial (straight-line) 
then the square-root of the area is the square-root of (the 
sum of) two medial (areas) [Prop. 10.59]. Hence, the 
square-root of area AD is also the square-root of (the 
sum of) two medial (areas). 

[So, similarly, we can show that, even if AB is less 
than C'D, the square-root of area AD is either a second 
bimedial or the square-root of (the sum of) two medial 
(areas). ] 

Thus, when two medial (areas which are) incommen- 
surable with one another are added together, the remain- 
ing two irrational (straight-lines) arise (as the square- 
roots of the total area)—either a second bimedial, or the 
square-root of (the sum of) two medial (areas). 


A binomial (straight-line), and the (other) irrational 
(straight-lines) after it, are neither the same as a medial 
(straight-line) nor (the same) as one another. For the 
(square) on a medial (straight-line), applied to a rational 
(straight-line), produces as breadth a rational (straight- 
line which is) also incommensurable in length with (the 
straight-line) to which it is applied [Prop. 10.22]. And 
the (square) on a binomial (straight-line), applied to a 
rational (straight-line), produces as breadth a first bino- 
mial [Prop. 10.60]. And the (square) on a first bimedial 
(straight-line), applied to a rational (straight-line), pro- 
duces as breadth a second binomial [Prop. 10.61]. And 
the (square) on a second bimedial (straight-line), applied 
to a rational (straight-line), produces as breadth a third 
binomial [Prop. 10.62]. And the (square) on a major 
(straight-line), applied to a rational (straight-line), pro- 
duces as breadth a fourth binomial [Prop. 10.63]. And 
the (square) on the square-root of a rational plus a medial 
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oY’. 
"Eqy GO Otis ONTH Kporoedf Suvauet Udvov OUUUETEOS 
ood TH OAN, N AoiTH GAoYdc Cot’ xaAcioVu bE KMOTOUN. 


T B 


Ano yue entiic tic AB Onth apnefjodw yn BI dvuvduer 
Udvoy ovUUETeOG OVO TY CAN’ AEYw, OTL A AoitH HW AL 
doyds EOTW FH XLAOVUEVN ATOTOUN. 

‘Emel yuo dobuuetedc éott A AB t7 BT whxet, xa Eottw 
a> } AB npd¢ thy BI, ottw¢ 16 &nd tig AB med¢ 16 UO 
tév AB, BI, aobuueteov dpa cotl 10 and thc AB 16 bn 
tév AB, BL. MAA TH Yev and tic AB obuUETEd EoTL TH ATO 
tév AB, BI tetedywva, 16 5€ O16 tv AB, BI otuuetedv 
gout 10 dic Un0 téHv AB, BI. xat Exewshneo ta dnd tév AB, 
BI toa goti 1 dic Und tHv AB, BE eta tot and TA, xa 
oin® doa 16 dno tij¢ AT dobueted Eott ta and Tév AB, 
BI. onta dé ta dnd tv AB, BI: &oyos Spa Eotiv H AT: 
xaretodu é &notouy. Once Eder Seigun. 


t See footnote to Prop. 10.36. 
00’. 
‘Eay ano ueons UEoN aparpsD Fj SuUvdEL UOVOV OUUUETEOS 


ove TY OAN, UETa SE Tic GANS ONTOV TEpLeyoLOK, N AoLTY) 
dhoydc Eotw: xaretodw dé UEONS ATOTOUY TEWTN. 
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(area), applied to a rational (straight-line), produces as 
breadth a fifth binomial [Prop. 10.64]. And the (square) 
on the square-root of (the sum of) two medial (areas), 
applied to a rational (straight-line), produces as breadth 
a sixth binomial [Prop. 10.65]. And the aforementioned 
breadths differ from the first (breadth), and from one 
another—from the first, because it is rational—and from 
one another, because they are not the same in order. 
Hence, the (previously mentioned) irrational (straight- 
lines) themselves also differ from one another. 


Proposition 73 


If a rational (straight-line), which is commensu- 
rable in square only with the whole, is subtracted from 
a(nother) rational (straight-line) then the remainder is 
an irrational (straight-line). Let it be called an apotome. 

A ¢ B 

For let the rational (straight-line) BC, which com- 
mensurable in square only with the whole, have been 
subtracted from the rational (straight-line) AB. I say that 
the remainder AC is that irrational (straight-line) called 
an apotome. 

For since AB is incommensurable in length with BC, 
and as AB is to BC, so the (square) on AB (is) to the 
(rectangle contained) by AB and BC [Prop. 10.21 lem.], 
the (square) on AB is thus incommensurable with the 
(rectangle contained) by AB and BC [Prop. 10.11]. But, 
the (sum of the) squares on AB and BC is commen- 
surable with the (square) on AB [Prop. 10.15], and 
twice the (rectangle contained) by AB and BC is com- 
mensurable with the (rectangle contained) by AB and 
BC [Prop. 10.6]. And, inasmuch as the (sum of the 
squares) on AB and BC is equal to twice the (rectan- 
gle contained) by AB and BC plus the (square) on C'A 
[Prop. 2.7], the (sum of the squares) on AB and BC is 
thus also incommensurable with the remaining (square) 
on AC [Props. 10.13, 10.16]. And the (sum of the 
squares) on AB and BC is rational. AC is thus an ir- 
rational (straight-line) [Def. 10.4]. And let it be called 
an apotome.! (Which is) the very thing it was required to 
show. 


Proposition 74 


If a medial (straight-line), which is commensurable in 
square only with the whole, and which contains a ratio- 
nal (area) with the whole, is subtracted from a(nother) 
medial (straight-line) then the remainder is an irrational 
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B 


Ano yuo ueons tij¢ AB uéon deNEfoVW nH BI duvduer 
“Ovoy ovUUUETeO¢ Ovo TH AB, ueta dé tic AB Ortov 
movovoa tO Und tév AB, BI’ héyw, 61 H AoA H AP 
d&oydc Eotw: xadciodw Sé UEONS UTOTOUY TETN. 

‘Enel yuo ot AB, BI uéom eiotv, ueou Eotl xal ta dnd 
tév AB, BI. éntov bé 16 dic UNS THv AB, BI: cobvuuetea 
dou Ta and TH AB, BI 16 dic Und tev AB, BL: xak owns 
dou 16 and thc AT dovuUstedv Eott TO dle UNO tev AB, 
BI, énet xdv tO Gdov Evi avVTHY dobuUETeOV Fh, xal TH EF 
aeyxfs peyedn aobuuetoa Cota. ENTOV Sé TO Sic UNO THV 
AB, BI’ &doyov dou tO and tic AT: &hoyod dou Eotiv H 
AT: xarsiodw 58 ugonc &NOTOUN METH. 


t See footnote to Prop. 10.37. 


oe’. 

‘Eqy ano ueons UEon aparosD fF} SuVdEL UOVOV OUUUETCOS 
ovo TH GAN, YET SE TH¢ GAN UEDOV TEPLEyoUGE, H AOLTH 
d&Aoyd¢ EotWW’ xaAcloVW SE UEONS ANOTOUN SeUTEPA. 

Ano yuo ueone tij¢ AB uéon deNefodw 7 PB duvayuer 
UOvVoY OUUUETEOS OOM TH CAN TH AB, uet& Se tH¢ dANC 
tiic AB uéoov nepiéyouoa 10 Und tev AB, BI: Aéyoo, Str 
n Aon n AD Gdroyd¢ Eotw: xaretodw 5 yeoNS anoTOUN 
deuTEpM. 
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(straight-line). Let it be called a first apotome of a medial 
(straight-line). 
A ¢ B 

For let the medial (straight-line) BC, which is com- 
mensurable in square only with AB, and which makes 
with AB the rational (rectangle contained) by AB and 
BC, have been subtracted from the medial (straight-line) 
AB [Prop. 10.27]. I say that the remainder AC is an ir- 
rational (straight-line). Let it be called the first apotome 
of a medial (straight-line). 

For since AB and BC are medial (straight-lines), the 
(sum of the squares) on AB and BC is also medial. And 
twice the (rectangle contained) by AB and BC (is) ratio- 
nal. The (sum of the squares) on AB and BC (is) thus in- 
commensurable with twice the (rectangle contained) by 
AB and BC. Thus, twice the (rectangle contained) by 
AB and BC is also incommensurable with the remain- 
ing (square) on AC [Prop. 2.7], since if the whole is in- 
commensurable with one of the (constituent magnitudes) 
then the original magnitudes will also be incommensu- 
rable (with one another) [Prop. 10.16]. And twice the 
(rectangle contained) by AB and BC (is) rational. Thus, 
the (square) on AC is irrational. Thus, AC is an irra- 
tional (straight-line) [Def. 10.4]. Let it be called a first 
apotome of a medial (straight-line).' 


Proposition 75 


If a medial (straight-line), which is commensurable in 
square only with the whole, and which contains a me- 
dial (area) with the whole, is subtracted from a(nother) 
medial (straight-line) then the remainder is an irrational 
(straight-line). Let it be called a second apotome of a 
medial (straight-line). 

For let the medial (straight-line) CB, which is com- 
mensurable in square only with the whole, AB, and 
which contains with the whole, AB, the medial (rect- 
angle contained) by AB and BC, have been subtracted 
from the medial (straight-line) AB [Prop. 10.28]. I say 
that the remainder AC is an irrational (straight-line). Let 
it be called a second apotome of a medial (straight-line). 
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A oT B 
ZH 
I Oo -E 


‘Exxetodw yuo enty A AI, xol toic uev and tev AB, 
BI toov nap thy Al ropoBeBAjodw 16 AE nAd&to¢ novobdyv 
thy AH, 16 dé Sic Und tv AB, BI toov noep& thy AI 
napaBeBrAnodw t6 AO TA&to¢ Totlodv thy AZ: oindv koa 
10 ZE toov éotl 16 and tic AD. xol Enel ugou xa obuueted& 
éott ta and tHv AB, BI, ugoov doa xal t6 AE. xol nap 
ent thy AI ropdxerta TAdto¢ ToLlobv thy AH: onth koa 
éotlv H AH xal dovuueteoc tH AT ufmer. méAwv, Enel ueoov 
éotl to Und téHv AB, BI, xal 16 dic dow Und tév AB, 
BI uéoov éotiv. xat Eotw toov 16 AO: xa 16 AO dpa 
ueoov Eotly. xal map& eythy thy AI napaBEBAnta TA&tOC 
notobyv thy AZ: pnth ka Eotiv n AZ xol dobuuetoos tH AI 
uyxet. xol énet at AB, BI duvéuer udvov obuuEteot ciow, 
KovUUETeos doa éotiv 7 AB t7 BI uhxer dobueteov doa 
xal tO &nd ti\¢ AB tetepkywvov 16 Und THv AB, BP. dAG 
TH ev dno thc AB ovuUEted& Cott TH and THY AB, BI, té5 
dé bn0 tv AB, BI obuuetodv Eott 10 dic Ond téHv AB, 
BI: govuuetpov dea Eotl TO Bic Und tev AB, BI toic ano 
tév AB, BY. toov 5é toic yev dnd tHv AB, BF to AE, 
t6 Be Sle Und tév AB, BI 10 AO: dobuueteov &ea [Eotl| 
to AE 16 AO. we 5é 10 AE zpd¢ 16 AO, ottwe 7 HA 
med¢ thy AZ: govuuEteoc¢ dpa Eotlv A HA tH AZ. nat ciow 
gupoteoar entat at doa HA, AZ ontat ctor dSuvduet Udvov 
ovuueteor 7 ZH dow anotoun éottv. Entry Se Hn AI: 10 Sé 
UNO ENTHs “al GAdyou TEpleyduUEvoy GAoYov EotW, xol 7 
duvayevyn avtTO GAoyds gotw. xol SOvata TO ZE n AD: 
AT dou &roydc¢ Eotw’ xaArclodw dé UEONS &NOTOUN SeUTEEA. 
Onee Eder Seiea. 
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AC B 
D F G 
I H —E 


For let the rational (straight-line) DI be laid down. 
And let DE, equal to the (sum of the squares) on AB 
and BC, have been applied to DI, producing DG as 
breadth. And let DH, equal to twice the (rectangle con- 
tained) by AB and BC, have been applied to DI, produc- 
ing DF as breadth. The remainder F'F is thus equal to 
the (square) on AC [Prop. 2.7]. And since the (squares) 
on AB and BC are medial and commensurable (with 
one another), DE (is) thus also medial [Props. 10.15, 
10.23 corr.]. And it is applied to the rational (straight- 
line) DI, producing DG as breadth. Thus, DG is rational, 
and incommensurable in length with DI [Prop. 10.22]. 
Again, since the (rectangle contained) by AB and BC is 
medial, twice the (rectangle contained) by AB and BC 
is thus also medial [Prop. 10.23 corr.]. And it is equal 
to DH. Thus, DH is also medial. And it has been ap- 
plied to the rational (straight-line) DI, producing DF as 
breadth. DF is thus rational, and incommensurable in 
length with DI [Prop. 10.22]. And since AB and BC are 
commensurable in square only, AB is thus incommensu- 
rable in length with BC’. Thus, the square on AB (is) 
also incommensurable with the (rectangle contained) by 
AB and BC [Props. 10.21 lem., 10.11]. But, the (sum 
of the squares) on AB and BC is commensurable with 
the (square) on AB [Prop. 10.15], and twice the (rectan- 
gle contained) by AB and BC is commensurable with the 
(rectangle contained) by AB and BC [Prop. 10.6]. Thus, 
twice the (rectangle contained) by AB and BC is incom- 
mensurable with the (sum of the squares) on AB and 
BC [Prop. 10.13]. And DE is equal to the (sum of the 
squares) on AB and BC, and DH to twice the (rectangle 
contained) by AB and BC. Thus, DE [is] incommensu- 
rable with DH. And as DE (is) to DH, so GD (is) to 
DF (Prop. 6.1]. Thus, GD is incommensurable with DF 
[Prop. 10.11]. And they are both rational (straight-lines). 
Thus, GD and DF are rational (straight-lines which are) 
commensurable in square only. Thus, /'G is an apotome 
[Prop. 10.73]. And DI (is) rational. And the (area) con- 
tained by a rational and an irrational (straight-line) is 
irrational [Prop. 10.20], and its square-root is irrational. 
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+ See footnote to Prop. 10.38. 


oF". 

‘Eay and cvvdetac eudeta aporoed Suvder wobuUEteoc 
ove TY CAN, UETA SE Tic GANS ToLloUoM TA UEV an’ aUTHY 
dua Entov, to 5° Om adTéV UEoOV, A AON GAoYdc EoTIV’ 
xaretodu dé ehdoowy. 


A T B 


Ano yao evvetac tic AB evdeta apnefjodw n BI 
duvayElL HOUUUETEOS ODOM TH GAY ToLoUOK Ta NEOXEiUEva. 
Evo, dTt H AoinH H AT Hroydc Eotw F xadouyEevy Ercioowv. 

‘Emel yup TO uev ovyxeivevoy Ex Tév and tév AB, BI 
TETONYMOVOV PNTOV EoTW, TO OE dic UNO tév AB, BI yéoov, 
dovuuEtea doa éotl ta and tév AB, BI v6 dic Und téHSv 
AB, BI: xai dvaoteebavtt Aone t65 and tij¢ AT dovuueted& 
gout ta and tév AB, BI. ontd dé ta and tév AB, BI: 
d&dhoyov Goa TO ano tig AD: Hoyos dpa n AT: xareioDe dé 
Ehdoowy. Oreo det Seta. 


+ See footnote to Prop. 10.39. 


oC. 

‘Eay and cvvetac cudeta aporoedf Suvder wobuUETeo? 
ovo TH OAN, UETA SE THic GANc ToLlooE TO UEV OUYXEILEVOV 
EX TOV AN’ KUTHY TETEAYAVWV UEGOV, TO OE Sic UT aUTHY 
entov, H Aoiny, Ghoydc Eotw: xaAAstoVw SE NH Weta ENTOD 
UEGOV TO OAOY TOLoton. 


A T B 


Ano yao evvetac tic AB evdeta apnefjodw n BI 
duvduet dovUWUETOS ovow TA AB nototoa tk neoxetuevar’ 
Ev, Ott H Aowny H AT &oydc Eotw H TECELONUEVN. 

‘Emel yup TO uev ovyxeivevoy éx THv and tév AB, BI 
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And AC is the square-root of FE. Thus, AC is an irra- 
tional (straight-line) [Def. 10.4]. And let it be called the 
second apotome of a medial (straight-line).' (Which is) 
the very thing it was required to show. 


Proposition 76 


If a straight-line, which is incommensurable in square 
with the whole, and with the whole makes the (squares) 
on them (added) together rational, and the (rectangle 
contained) by them medial, is subtracted from a(nother) 
straight-line then the remainder is an irrational (straight- 
line). Let it be called a minor (straight-line). 


A C B 


For let the straight-line BC, which is incommensu- 
rable in square with the whole, and fulfils the (other) 
prescribed (conditions), have been subtracted from the 
straight-line AB [Prop. 10.33]. I say that the remainder 
AC is that irrational (straight-line) called minor. 

For since the sum of the squares on AB and BC is 
rational, and twice the (rectangle contained) by AB and 
BC (is) medial, the (sum of the squares) on AB and BC 
is thus incommensurable with twice the (rectangle con- 
tained) by AB and BC. And, via conversion, the (sum 
of the squares) on AB and BC is incommensurable with 
the remaining (square) on AC [Props. 2.7, 10.16]. And 
the (sum of the squares) on AB and BC (is) rational. 
The (square) on AC (is) thus irrational. Thus, AC (is) 
an irrational (straight-line) [Def. 10.4]. Let it be called 
a minor (straight-line).' (Which is) the very thing it was 
required to show. 


Proposition 77 


If a straight-line, which is incommensurable in square 
with the whole, and with the whole makes the sum of the 
squares on them medial, and twice the (rectangle con- 
tained) by them rational, is subtracted from a(nother) 
straight-line then the remainder is an irrational (straight- 
line). Let it be called that which makes with a rational 
(area) a medial whole. 


A C B 


-_- 

For let the straight-line BC, which is incommensu- 
rable in square with AB, and fulfils the (other) prescribed 
(conditions), have been subtracted from the straight-line 
AB [Prop. 10.34]. I say that the remainder AC is the 
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TETOAYMVOV LEoOv Eotiy, TO 5€ Sic Un tév AB, BI ontov, 
dovuuetea doa éotl ta and tév AB, BI v6 dic Uno téHv 
AB, BI: xat Aoindv doa TO and tic AT dgobuUEtedyv EotL 
t6) Sic Und tv AB, BI. xat Eotr tO dic Und tHv AB, BL 
entdv’ 16 dpa and tic AT Aoydv Eotw: AoVo> hou Eotiv 
n AD: xaretodw dé 7 UeTa ONTOD UECOV TO SAOV ToLovOK. 
bree Eder SetEau. 


t See footnote to Prop. 10.40. 


on: 

‘Eay and cvvetac cudeta aporoedf Suvdwer wobuUUETeoc 
ovo TY CAN, UETa OE THic GAC TOLotGe TO Te OUYXEILEVOV 
éx THY aN’ HUTHY TETOEAyYOVUY UEGOYV TO TE dic UN aUTEOSY 
UEGOV Xl ETL TA AN’ AUTHOV TETERYWVA MOUUUETOY TES Sic UT" 
avtéy, A AoW wAoyYdc Eotw: xarcioVu bE H YETH UEOOU 
ueGOV TO OAoY ToLoton. 


A Z, H 
I a) E 
A. B 


Ano yao evvetac tic AB evdeta apnefjodw n BI 
duvduet dobuUeteoc oboe tH AB nootoa ta neoxetueva’ 
Eyw, Ott H Aony Nn AL Hovde Eotw H xakouyevy H ETH 
UEGOU LEGO TO GACY TOLovGn. 

"Exxctodw yuo enty A AI, xol toic uév and tev AB, 
BI toov napd thy AI rapoBeBAhodw 16 AE nAd&to¢g novobdv 
thy AH, 16 6€ dic Und tHv AB, BI toov apnefhodw 16 
AO [rAd&to¢ nowody thy AZ]. Aoindv Goa tO ZE toov Eott 
TG dno tic AD: Gote n AL Sbvata 16 ZE. xol Enel tO 
ovuyxetuevoyv €x THv and tév AB, BI tetopayovwy yeoov 
col xat ott taov 16) AE, yéoov dea [Eoti] t6 AE. xal nad 
enthyy thy AI rapdxerta TAdto¢ NoLlobv thy AH: onth &ea 
éotlv 7 AH xal dovuuetooc tH AT unmet. médw, Enel tO dic 
vno tév AB, BI yéooy gotl xat Eotw toov 16 AO, 16 dpa 


aforementioned irrational (straight-line). 

For since the sum of the squares on AB and BC is 
medial, and twice the (rectangle contained) by AB and 
BC rational, the (sum of the squares) on AB and BC 
is thus incommensurable with twice the (rectangle con- 
tained) by AB and BC. Thus, the remaining (square) 
on AC is also incommensurable with twice the (rectan- 
gle contained) by AB and BC [Props. 2.7, 10.16]. And 
twice the (rectangle contained) by AB and BC is ratio- 
nal. Thus, the (square) on AC is irrational. Thus, AC’ 
is an irrational (straight-line) [Def. 10.4]. And let it be 
called that which makes with a rational (area) a medial 
whole.’ (Which is) the very thing it was required to show. 


Proposition 78 


If a straight-line, which is incommensurable in square 
with the whole, and with the whole makes the sum of the 
squares on them medial, and twice the (rectangle con- 
tained) by them medial, and, moreover, the (sum of the) 
squares on them incommensurable with twice the (rect- 
angle contained) by them, is subtracted from a(nother) 
straight-line then the remainder is an irrational (straight- 
line). Let it be called that which makes with a medial 
(area) a medial whole. 


D F fe 
I H E 
A Cc B 


For let the straight-line BC, which is incommensu- 
rable in square AB, and fulfils the (other) prescribed 
(conditions), have been subtracted from the (straight- 
line) AB [Prop. 10.35]. I say that the remainder AC is 
the irrational (straight-line) called that which makes with 
a medial (area) a medial whole. 

For let the rational (straight-line) DI be laid down. 
And let DE, equal to the (sum of the squares) on AB and 
BC, have been applied to DI, producing DG as breadth. 
And let DH, equal to twice the (rectangle contained) by 
AB and BC, have been subtracted (from DE) [produc- 
ing DF as breadth]. Thus, the remainder F'E is equal 
to the (square) on AC [Prop. 2.7]. Hence, AC is the 
square-root of FE. And since the sum of the squares on 
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AO péoov Eotiv. xal nap& ENnthy thy AI napdxertou rA&tOS 
movobyv thy AZ: enti tea éoti xal 7 AZ nol dovuyeteoc 
th AL ufxer. xal Enel cdobuuete& cout ta dnd tv AB, BI 
TG) dic UNO THyv AB, BI, dobuueteov goa xal to AE té5 
AO. wo 5¢ 16 AE te6¢ 10 AO, odtw¢ Eotl xal A AH ned¢ 
thy AZ: dobuueteoc doa 7 AH tH AZ. xat ciow aupdteoa 
entat: ot HA, AZ doa entat cio Suvduet Udvoy ObUUETEOL. 
anotoUy goa cotty n ZH: entry be 7 ZO. 16 SE UNO ONTII\< 
xal &notoUrc neptexduevov [dedoyauov] éhoydév Eotty, xa 
n Suvauevn adtO &hoyd¢ Eottv’ xal SOvata tO ZE H AT: H 
AT dou &doydc Eotw: xaActoVw SE 7 UETH UEGOU UECOY TO 
Ohov ToLloton. Onee Eder Seigauu. 


t See footnote to Prop. 10.41. 
ov’. 


Th &notouy plo [udvov] moooapuder ed0eta pnty) 
SULVaUEL WOVOV OUUUETEOS OVO TH CAN. 


A B 


A 

"How &notouy 7 AB, neooapudTovoe dé auty y BI at 
AT, TB dpa ontat ctor Suveyer Udvov ovUUETeOL’ Ayu, OTL 
tf AB etéoa ob nepooaeudCet ONTH Suvdet WOVoV OUUMETEOG 
ovoe TH OAH. 

Et yuo duvatdév, meooupuotétw 4 BA: xal ai AA, 
AB doa entat ciot Suvduet WOvov obUUETEOL. xal Exel, @ 
bneoeyet Ta dnd tév AA, AB tod dic Ond tv AA, AB, 
tout Unepéyer xal Ta dnd téHv AT, [PB tod dic bnd téHv 
AT, TB: 16 yuo wot 16 and tic AB Gupdtepa brepéyer 
EVAAAKE Goa, & Unepeyet Ta dnd té&v AA, AB téiv and tév 
AT, TB, tovtew brepeyer [xat] tO dic Und tov AA, AB tot 
dic Und tév AT, CB. té& 5é and tv AA, AB téSv ard tH 
AT, PB bxepéyer onte Ente yue GuUpdtepa. xa TO dic doa 
bono tév AA, AB tod dic Ond tév AT, TB Onepeyer Ontés 
OnEee EoTly GSvVatTOV’ Uso YaO GUPOTEEA, UEGOV SE UEDOU 
ovy Urepeyet Ontés. TH dea AB Etéea ov npocapUdTet ENTH 
SUVAUEL WOVOV OUUUETEOS OVO TH OAD. 

Mia dea ydvn tH &noTOUA TeocupUdTeL ENTH SuvdueEL 
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AB and BC is medial, and is equal to DE, DE [is] thus 
medial. And it is applied to the rational (straight-line) 
DI, producing DG as breadth. Thus, DG is rational, and 
incommensurable in length with DI [Prop 10.22]. Again, 
since twice the (rectangle contained) by AB and BC is 
medial, and is equal to DH, DH is thus medial. And it is 
applied to the rational (straight-line) DJ, producing DF 
as breadth. Thus, DF is also rational, and incommen- 
surable in length with DI [Prop. 10.22]. And since the 
(sum of the squares) on AB and BC is incommensurable 
with twice the (rectangle contained) by AB and BC, DE 
(is) also incommensurable with DH. And as DE (is) to 
DH, so DG also is to DF [Prop. 6.1]. Thus, DG (is) in- 
commensurable (in length) with DF [Prop. 10.11]. And 
they are both rational. Thus, GD and DF are ratio- 
nal (straight-lines which are) commensurable in square 
only. Thus, FG is an apotome [Prop. 10.73]. And FH 
(is) rational. And the [rectangle] contained by a rational 
(straight-line) and an apotome is irrational [Prop. 10.20], 
and its square-root is irrational. And AC is the square- 
root of FE. Thus, AC is irrational. Let it be called 
that which makes with a medial (area) a medial whole.‘ 
(Which is) the very thing it was required to show. 


Proposition 79 


[Only] one rational straight-line, which is commensu- 
rable in square only with the whole, can be attached to 
an apotome.! 


A B 


| | cD 

Let AB be an apotome, with BC (so) attached to it. 
AC and CB are thus rational (straight-lines which are) 
commensurable in square only [Prop. 10.73]. I say that 
another rational (straight-line), which is commensurable 
in square only with the whole, cannot be attached to AB. 

For, if possible, let BD be (so) attached (to AB). 
Thus, AD and DB are also rational (straight-lines which 
are) commensurable in square only [Prop. 10.73]. And 
since by whatever (area) the (sum of the squares) on AD 
and DB exceeds twice the (rectangle contained) by AD 
and DB, the (sum of the squares) on AC and CB also ex- 
ceeds twice the (rectangle contained) by AC’ and CB by 
this (same area). For both exceed by the same (area)— 
(namely), the (square) on AB [Prop. 2.7]. Thus, alter- 
nately, by whatever (area) the (sum of the squares) on 
AD and DB exceeds the (sum of the squares) on AC 
and C’B, twice the (rectangle contained) by AD and DB 
[also] exceeds twice the (rectangle contained) by AC and 
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C'B by this (same area). And the (sum of the squares) on 
AD and DB exceeds the (sum of the squares) on AC 
and CB by a rational (area). For both (are) rational (ar- 
eas). Thus, twice the (rectangle contained) by AD and 
DB also exceeds twice the (rectangle contained) by AC 
and CB by a rational (area). The very thing is impos- 
sible. For both are medial (areas) [Prop. 10.21], and a 
medial (area) cannot exceed a(nother) medial (area) by 
a rational (area) [Prop. 10.26]. Thus, another rational 
(straight-line), which is commensurable in square only 
with the whole, cannot be attached to AB. 

Thus, only one rational (straight-line), which is com- 
mensurable in square only with the whole, can be at- 
tached to an apotome. (Which is) the very thing it was 
required to show. 


+ This proposition is equivalent to Prop. 10.42, with minus signs instead of plus signs. 


Tt. 
TH ueonc &notouf TE@TH Ula Udvov meooapyudZet evVEta 
ueor Suvduel WOVOY OUUUETEOS OVO TH OAH, YET SE Thc 
OANS ETTOYV TEELEYOUVOM. 


A B 


A 

"Eotw yuo wéons anotour Toatyn A AB, xol tH AB 
Teoogpuotétw A BI of AL, PB dow ueom eiot Suvduer 
UOVOY OUUUETEOL ENTOV TEpLeyoUoM TO Und THv AT, TB: 
éyw, Ott tH AB Etéea ob neocaeUdTer YEON SuvdueEr 
Udvoy OUUUETEOS OVOM TH; GAN, UETH BE Tic CANS ENTOV 
TELE YOUCM. 

Et yao Suvatév, meooapuoTétw xat A AB: at dow AA, 
AB yvéout ciol Suvéuet Udvov GUUUETPEOL PNTOV TEPLEyoVOML 
tO UNO Tév AA, AB. xol énet, 6 Onepeyet Ta dnd tév AA, 
AB tod dic Un tev AA, AB, tov brepéyet xal Ta ano 
tév AT, TB tod dic bnd tv AT, TB: té yao wbté [rdAt] 
UnEeeyovot Té and tij¢ AB EvadAde dou,  bnepéyer td 
ano tév AA, AB tév and tev AT, PB, tobtw brepéyer 
xal tO dic Und tév AA, AB tod dic Und téHv AT, PB. to 
dé dic Un6 Té&v AA, AB tot dic Ond tHv AT, PB brepéyer 
Ente Enta yae GuPdteoa. xal ta and t&v AA, AB doa 
tHv and tév AT, TB [tetpxyovwv] dnepéyer Entés: Stee 
Eotly dvvatov' U~oa YUE EOTIV UUdTEpA, UEGOV bE UEDOU 
ovy Umepeyel enté). 

TY dou Ugoncs dnotouy, TEaTH Ula Udvov TeECcAEULdTEL 
evveta ueon Suvduet Udvov obUUETEOS ODOM TH GAN, UETH 
d€ Tic CANS ENTOV TEpleyoVoa SrEE Eder SetZa. 


Proposition 80 


Only one medial straight-line, which is commensu- 
rable in square only with the whole, and contains a ra- 
tional (area) with the whole, can be attached to a first 
apotome of a medial (straight-line)./ 


A B 


: | cD 

For let AB be a first apotome of a medial (straight- 
line), and let BC be (so) attached to AB. Thus, AC 
and CB are medial (straight-lines which are) commen- 
surable in square only, containing a rational (area)— 
(namely, that contained) by AC and CB [Prop. 10.74]. 
I say that a(nother) medial (straight-line), which is com- 
mensurable in square only with the whole, and contains 
a rational (area) with the whole, cannot be attached to 
AB. 

For, if possible, let DB also be (so) attached to 
AB. Thus, AD and DB are medial (straight-lines which 
are) commensurable in square only, containing a ratio- 
nal (area)—(namely, that) contained by AD and DB 
[Prop. 10.74]. And since by whatever (area) the (sum of 
the squares) on AD and DB exceeds twice the (rectangle 
contained) by AD and DB, the (sum of the squares) on 
AC and CB also exceeds twice the (rectangle contained) 
by AC and CB by this (same area). For [again] both ex- 
ceed by the same (area)—(namely), the (square) on AB 
[Prop. 2.7]. Thus, alternately, by whatever (area) the 
(sum of the squares) on AD and DB exceeds the (sum 
of the squares) on AC’ and CB, twice the (rectangle con- 
tained) by AD and DB also exceeds twice the (rectangle 
contained) by AC and CB by this (same area). And twice 
the (rectangle contained) by AD and DB exceeds twice 
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the (rectangle contained) by AC and CB by a rational 
(area). For both (are) rational (areas). Thus, the (sum 
of the squares) on AD and DB also exceeds the (sum 
of the) [squares] on AC and CB by a rational (area). 
The very thing is impossible. For both are medial (areas) 
[Props. 10.15, 10.23 corr.], and a medial (area) can- 
not exceed a(nother) medial (area) by a rational (area) 
[Prop. 10.26]. 

Thus, only one medial (straight-line), which is com- 
mensurable in square only with the whole, and contains 
a rational (area) with the whole, can be attached to a first 
apotome of a medial (straight-line). (Which is) the very 
thing it was required to show. 


+ This proposition is equivalent to Prop. 10.43, with minus signs instead of plus signs. 


TO’. 
TH yeonc anotoyf Seutéoa yia Udvov meooapudTet 
evteta UEoN SUVAUEL LOVOV OUUNETEOS TH OA, UETH OE Tic 
ANS LEGOY TEPleYoVOM. 


A B ra 
E (3) M N 
Z A H I 


"Eotw yéoncs &notoun Seutéea 7 AB xai tf AB xpo- 
ocapuoCovoa 7 BI: at dea AP, PB peo ciol suvduer udvov 
OUUNETEOL UEoov TeEpleyovoa TO Und Tév AT, TB: dEyaa, 
ou th AB etéoua ob neooapudoet evVeia Yeon Suvduer 
UOVOY OUUUETEOS OVON TH SAN, UETa Se TH\c GANc UECOV 
TELE YOUOM. 

Et yao Suvatdéyv, ToocoweuoTétTw 7 BA: xol ai AA, AB 
doa Ueoal lol SuvauEL UOVOY GUUMETEOL UEOOV TepleyovaM 
tO Uno tév AA, AB. xal exxetodu enth 7 EZ, xol toic 
uev ano tév AT, PB toov raed thy EZ napabeBAjodw 16 
EH nAdtog nowobv thy EM: 16) dé dic Und tv AT, PB ioov 
&pnerode t6 OH mA&to¢ notoby thy OM: Aoindv Goa 16 EA 
looy éotl 16 and tig AB’ ote 7 AB S0vatm 16 EA. néAw 
do?) totic and té&v AA, AB iooy napd thy EZ napaBeBrAnodu 
to EI nA&tog novobv thy EN: got 5é xal 6 EA tooy 16 ano 
tic AB tetoayave Aotndv &pa 16 OI toov Eotl 16 Sic nO 
tév AA, AB. xai éxet uéou ciotv at AP, PB, weou doa Eott 
xo ta and TéHv AD, TB. xat cotw tou 165 EH: uéoov dou xa 
tO EH. xal napd enthy thy EZ napdxerta mAd&to¢ motodyv 


Proposition 81 


Only one medial straight-line, which is commensu- 
rable in square only with the whole, and contains a me- 
dial (area) with the whole, can be attached to a second 
apotome of a medial (straight-line)./ 


A B cD 
E H M N 
F L G I 


Let AB be a second apotome of a medial (straight- 
line), with BC (so) attached to AB. Thus, AC and CB 
are medial (straight-lines which are) commensurable in 
square only, containing a medial (area)—(namely, that 
contained) by AC and C’B [Prop. 10.75]. I say that 
a(nother) medial straight-line, which is commensurable 
in square only with the whole, and contains a medial 
(area) with the whole, cannot be attached to AB. 

For, if possible, let BD be (so) attached. Thus, AD 
and DB are also medial (straight-lines which are) com- 
mensurable in square only, containing a medial (area)— 
(namely, that contained) by AD and DB [Prop. 10.75]. 
And let the rational (straight-line) EF be laid down. And 
let EG, equal to the (sum of the squares) on AC and 
CB, have been applied to EF’, producing EM as breadth. 
And let HG, equal to twice the (rectangle contained) by 
AC and CB, have been subtracted (from EG), produc- 
ing HM as breadth. The remainder EL is thus equal 
to the (square) on AB [Prop. 2.7]. Hence, AB is the 
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THY EM: entry dea cotly 7 EM xa cobuuetpoc tH EZ rer. 
Téa, Enel UEooy EotL TO UNO THV AT, TB, xal 16 dic Un 
tév AT, TB yéoov Eotty. xat cotw toov 16 OH: xal t6 OH 
dea Ugoov cotiv. xal Maod ENTHY THY EZ napdxertou MATOS 
tototy thy OM: enth dea Ecotl xal 7 OM xal aobuueteoc 
th EZ uyxer. xal enet at AT, PB duvduer udvov ovuuetpot 
ciow, dobuueteoc doa éotiv 7 AD tH PB urxer. ac be y AP 
med¢ thy TB, ottw<¢ Eotl 16 and t¥j¢ AT ned¢ 16 UNS Tov 
AT, TB: dobuuetoov tou éotl t6 and tic AD 165 nd tov 
AT, TB. d\A& 16 yév ano tic AT obuueted ott ta and 
tév AT, PB, 16 dé tno tv AT, TB otuuetedv got 10 
dig Und TéHv AT, TB: cobuyetpa dow Eotl ta and tév AT, 
TB 16 dic bnd tHv AT, TB. xat Eom totic wev and tHv AT, 
TB iooyv to EH, té dé dic bxd téHv AT, TB icov 16 HO: 
dobuUEteov dou cotl TO EH 165 OH. we 5€ 16 EH med¢ tO 
OH, obtw<¢ Eotiv 7 EM med¢ thy OM: covbuUeteoc how Eotiv 
7 EM th MO unxer. xat clow aupdtepan ontat’ ot EM, MO 
doa entai clot SuvduEt LOvoy OUUNETEOL’ GMOTOUN dea Eotly 
1 EO, neooapudCovoe dé wt} 7 OM. duotuc Sf SetEouev, 
ott xal HON wdt¥; mpocapydet’ tH doa &notOUT, GAAY xaul 
BAAN TeccapUdTet evVeta SUVduEL Udvov ObUUETEOC OOM 
TH OAn’ OnE Eotly DSvvatTov. 

TH dea uéonc dnotouy; Seutéey ula Udvov TeccapudTet 
evveta ueon Suvduet Udvov obUUETEOS OOM TH CAN, ETH 
d€ Tic CANS UEOOV TEpleyovoN OnEE Eder Beit. 
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square-root of EL. So, again, let EJ, equal to the (sum 
of the squares) on AD and DB have been applied to EF, 
producing E'N as breadth. And ETL is also equal to the 
square on AB. Thus, the remainder HI is equal to twice 
the (rectangle contained) by AD and DB [Prop. 2.7]. 
And since AC and CB are (both) medial (straight-lines), 
the (sum of the squares) on AC and CB is also me- 
dial. And it is equal to EG. Thus, EG is also medial 
[Props. 10.15, 10.23 corr.]. And it is applied to the ratio- 
nal (straight-line) LF, producing EM as breadth. Thus, 
EM is rational, and incommensurable in length with EF 
[Prop. 10.22]. Again, since the (rectangle contained) by 
AC and CB is medial, twice the (rectangle contained) 
by AC and CB is also medial [Prop. 10.23 corr.]. And it 
is equal to HG. Thus, HG is also medial. And it is ap- 
plied to the rational (straight-line) EF’, producing HM 
as breadth. Thus, HM is also rational, and incommen- 
surable in length with EF [Prop. 10.22]. And since AC 
and C’B are commensurable in square only, AC’ is thus 
incommensurable in length with CB. And as AC (is) 
to CB, so the (square) on AC is to the (rectangle con- 
tained) by AC and CB [Prop. 10.21 corr.]. Thus, the 
(square) on AC is incommensurable with the (rectan- 
gle contained) by AC and CB [Prop. 10.11]. But, the 
(sum of the squares) on AC’ and C’B is commensurable 
with the (square) on AC, and twice the (rectangle con- 
tained) by AC and C’B is commensurable with the (rect- 
angle contained) by AC and CB [Prop. 10.6]. Thus, 
the (sum of the squares) on AC and CB is incommen- 
surable with twice the (rectangle contained) by AC and 
CB [Prop. 10.13]. And EG is equal to the (sum of the 
squares) on AC and C'B. And GH is equal to twice the 
(rectangle contained) by AC and CB. Thus, EG is in- 
commensurable with HG. And as EG (is) to HG, so KM 
is to HM [Prop. 6.1]. Thus, £M is incommensurable 
in length with MH [Prop. 10.11]. And they are both 
rational (straight-lines). Thus, FM and MH are ratio- 
nal (straight-lines which are) commensurable in square 
only. Thus, £H is an apotome [Prop. 10.73], and HM 
(is) attached to it. So, similarly, we can show that HN 
(is) also (commensurable in square only with EN and is) 
attached to (FH). Thus, different straight-lines, which 
are commensurable in square only with the whole, are 
attached to an apotome. The very thing is impossible 
[Prop. 10.79]. 

Thus, only one medial straight-line, which is commen- 
surable in square only with the whole, and contains a me- 
dial (area) with the whole, can be attached to a second 
apotome of a medial (straight-line). (Which is) the very 
thing it was required to show. 
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+ This proposition is equivalent to Prop. 10.44, with minus signs instead of plus signs. 


np’. 

TH trdooow ia Ydvov neooaeyuder evteta Suvduer 
GovUUNETEOS OVOM TH SAN ToLloVoOM UETe Thc CANS TO EV 
EX TOV AN AVTEY TETOAYOVWY ONTOV, TO SE dic OT aUTEHSY 
Ueooy. 


A B 


TA 

"Hot  ehdoowy 7 AB, xal tf AB neooapudtovoa 
éow A BI: oft doa ALT, TB duvduer ciolv dovuyeteor 
TOLloUoa TO UeV OUYXEIUEVOY EX TOV UT KUTHY TETORAYOVOY 
Ontdv, TO dé dic bm’ autéyv UEoov’ AEvw, StL TH AB Etépa 
evVElA OV TECTUELLOGEL TH AUTH TOLODCM. 

Et yao Suvatdyv, TooonpuoTétw 7 BA’ xol ai AA, AB 
doa SuvduEl Eloly GOUUUETEOL TOLoDOO TA TEOELONUEVA. xatl 
éret, @ Uneptyet Ta dnd téiv AA, AB tév ano tév AT, TB, 
tovTm Unepeyet xal TO dic Und téHv AA, AB tod dic bd 
tév AT, TB, t& 5¢ and tév AA, AB tetokywva tév and 
tév AT, TB tetoawyovav vmepéyet Ente Eyta yue Eotw 
&updtepa xal TO Sic UNO tév AA, AB doa tod dic bn 
tHv AD, TB brepéyer ontés: énee eotlv gd0vatov’ UEoa 
yoo EOTW GUpoTEea. 

TH dou cAckooow ula Udvov TeooapudCet evdeta Suvduer 
dobuNETeog OOM TY CAN xol ToOLoOM Ta YEV an’ aUTEOSY 
TETONYWVA GUA ENTOV, TO SE Sic UT’ aUTEY UCOV’ STEP eet 
Setcou. 


Proposition 82 


Only one straight-line, which is incommensurable in 
square with the whole, and (together) with the whole 
makes the (sum of the) squares on them rational, and 
twice the (rectangle contained) by them medial, can be 
attached to a minor (straight-line). 


A B ¢ D 

Let AB be a minor (straight-line), and let BC be (so) 
attached to AB. Thus, AC and CB are (straight-lines 
which are) incommensurable in square, making the sum 
of the squares on them rational, and twice the (rectan- 
gle contained) by them medial [Prop. 10.76]. I say that 
another another straight-line fulfilling the same (condi- 
tions) cannot be attached to AB. 

For, if possible, let BD be (so) attached (to AB). 
Thus, AD and DB are also (straight-lines which are) 
incommensurable in square, fulfilling the (other) afore- 
mentioned (conditions) [Prop. 10.76]. And since by 
whatever (area) the (sum of the squares) on AD and DB 
exceeds the (sum of the squares) on AC and CB, twice 
the (rectangle contained) by AD and DB also exceeds 
twice the (rectangle contained) by AC and CB by this 
(same area) [Prop. 2.7]. And the (sum of the) squares 
on AD and DB exceeds the (sum of the) squares on AC 
and CB by a rational (area). For both are rational (ar- 
eas). Thus, twice the (rectangle contained) by AD and 
DB also exceeds twice the (rectangle contained) by AC 
and C’B by arational (area). The very thing is impossible. 
For both are medial (areas) [Prop. 10.26]. 

Thus, only one straight-line, which is incommensu- 
rable in square with the whole, and (with the whole) 
makes the squares on them (added) together rational, 
and twice the (rectangle contained) by them medial, can 
be attached to a minor (straight-line). (Which is) the very 
thing it was required to show. 


+ This proposition is equivalent to Prop. 10.45, with minus signs instead of plus signs. 


TY’. 

TY, ueta Onto ueoov TO SAov ToLovon Lia Ydvov TeO- 
oupudet evveta Suvduer dovUWUETEOS OVO TY CAN, WET OE 
Thc OAns Tolotou TO WEV OVYxXElUEVOV EX THY an HUT 
TETOXYOVOV UEGOV, TO SE Sic UM HUTESY ONTOV. 


A B rT A 


Proposition 83 


Only one straight-line, which is incommensurable in 
square with the whole, and (together) with the whole 
makes the sum of the squares on them medial, and twice 
the (rectangle contained) by them rational, can be at- 
tached to that (straight-line) which with a rational (area) 
makes a medial whole.* 


A B 


CLD 
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"Hot f ueta pyntot ueooyv tO dAov roLtotoa 7 AB, xol 
tf, AB nreooupuoCétw 7 BI’ at dow AT, PB Suvduer ciotv 
d&ovuUETeOL ToLovoa Te MpOKEiNEva’ AEYW, tt TH AB Etépa 
Ov TEOGAEUSOEL TA HUTA TOLOON. 

Et yuo duvatév, meooupuotétw 4 BA: xal ai AA, 
AB doa cv0eian Suvduer ciolv dobuueteot nolotom Td 
Teoxeiueva. enel ovv, @ Umepéyer ta ano tév AA, AB 
tv dno tv AT, TB, tobtw brepéyer xal tO dic bn tév 
AA, AB tod dic tnd tHv AT, TB axorkov0uc¢ toic med 
avtod, tO 5€ dic bnd tev AA, AB tod bic Und tev AT, PB 
UMEpeyel ENTE ENTR yO COTW GUPdTEOA ual TK AMO THY 
AA, AB dpa tv and tév AP, TB brepéyer pntés donee 
éotly ddvvatov’ Ugoa Yap COTY UUpdTEpM. 

Ovx doa tH AB etépa teocupudoe: eddeia Suvduer 
GoUUUNETEOS OVOM TY OAN, WETA BE TH¢ GANS TOLoUoA TH 
TOOCELONUEVA Ula hoa UWOvov Teccupudcer’ Sree Eder SeiEau. 
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Let AB be a (straight-line) which with a rational 
(area) makes a medial whole, and let BC be (so) at- 
tached to AB. Thus, AC and CB are (straight-lines 
which are) incommensurable in square, fulfilling the 
(other) proscribed (conditions) [Prop. 10.77]. I say that 
another (straight-line) fulfilling the same (conditions) 
cannot be attached to AB. 

For, if possible, let BD be (so) attached (to AB). 
Thus, AD and DB are also straight-lines (which are) 
incommensurable in square, fulfilling the (other) pre- 
scribed (conditions) [Prop. 10.77]. Therefore, analo- 
gously to the (propositions) before this, since by what- 
ever (area) the (sum of the squares) on AD and DB ex- 
ceeds the (sum of the squares) on AC and CB, twice the 
(rectangle contained) by AD and DB also exceeds twice 
the (rectangle contained) by AC and C’'B by this (same 
area). And twice the (rectangle contained) by AD and 
DB exceeds twice the (rectangle contained) by AC and 
CB by a rational (area). For they are (both) rational (ar- 
eas). Thus, the (sum of the squares) on AD and DB also 
exceeds the (sum of the squares) on AC and C'B by a ra- 
tional (area). The very thing is impossible. For both are 
medial (areas) [Prop. 10.26]. 

Thus, another straight-line cannot be attached to AB, 
which is incommensurable in square with the whole, and 
fulfills the (other) aforementioned (conditions) with the 
whole. Thus, only one (such straight-line) can be (so) 
attached. (Which is) the very thing it was required to 
show. 


+ This proposition is equivalent to Prop. 10.46, with minus signs instead of plus signs. 


TO’. 


TY weta ugoou YEoov TO OdoV ToLovon Ula UOvr, TEO- 
oupuoet euveta Suvduer dovWUETEOS OUGU TY} GOAN, WET 5E 
Thc OAnc Tololoa TO Te oULyxEiuevov Ex TV an” aUTodY 
TETOXYOVWY UEGOY TO Te dic UM avTdY YeGOV xo ETL 
GOUUUNETEOV Th) GUYXEIUEV EX TOY OM’ HUTOY. 

"How f Weta UEcOU UEOOV TO ddov ToLovoa n AB, te0- 
oupudTovoe sé aut n BI’ at dou AT, PB Sduvduer cioiv 
KovuUETeot Tolotoa Ta Meoslpnueva. Ayo, Ott tH AB 
ETEOA OV TECTUPLLODEL TOLODOM TEOELONUEVE. 


Proposition 84 


Only one straight-line, which is incommensurable in 
square with the whole, and (together) with the whole 
makes the sum of the squares on them medial, and twice 
the (rectangle contained) by them medial, and, more- 
over, incommensurable with the sum of the (squares) on 
them, can be attached to that (straight-line) which with 
a medial (area) makes a medial whole.* 

Let AB be a (straight-line) which with a medial 
(area) makes a medial whole, BC being (so) attached 
to it. Thus, AC and CB are incommensurable in 
square, fulfilling the (other) aforementioned (conditions) 
[Prop. 10.78]. I say that a(nother) (straight-line) fulfill- 
ing the aforementioned (conditions) cannot be attached 
to AB. 
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Et yuo Suvatév, meooapuoTétw A BA, ote xal tac 
AA, AB duvauer dounyéteouc elvar notoboaucg Tk Te amd 
tév AA, AB tetedywva gua ugoov xal TO dic ONO tév 
AA, AB véoov xol Ett ta dnd THV AA, AB dovuuetow té5 
dic UNO THv AA, AB> xal exxetodw entry A EZ, xal toic 
vev and tv AD, IB tooyv nap& thy EZ napaBeBAjodw tO 
EH rAdc&tog nowobtyv thy EM, 16 5é dic Ond tHv AT, TB 
toov mae thy EZ nopaBeBAjodw tO OH mAc&toc notodyv 
thy OM: doindv doa 16 &nd tic AB toov Eotl 16 EA: 
goa AB d0vata tO EA. néAw totic and téiv AA, AB ioov 
Taek thy EZ napaBeBAjoVe to EI nA&to¢ nototy thy EN. 
out O& xal tO dnd tic AB toov 16 EA: Aoimdyv dow 16 Bic 
bnd tév AA, AB toov [éotl] 16 OL. xot exet ueoov Eoti 
TO ovyxetuevov éx Tv and tTHv AT, TB xat eotw toov 
16) EH, uéoov doa coti xal To EH. xal nap& entyy thy EZ 
TAEAXELTAL TAATOS TOLObY Thy EM: onth dea cotiv n EM xot 
gouuuEeteoc TH HZ urxer. méAwv, Emel UEcov Eotl TO dic LTO 
tév AT, TB xat cotw toov 16 OH, ueooyv toa xa to OH. 
xa Tape ENTHY thy EZ nopd&xetta TAdto¢ ToLobv THY OM: 
entry Kea cotlv n OM xa dovuUeteoc TH EZ uhxer. xol Exel 
dovuuEted cout Te dnd THvV AT, VB 16 dic Ond téHv AT, 
TB, govuuetedyv ott xal to EH 165 OH: covuueteoc toa 
éotl xal 7 EM tH MO urxer. xat clow aupdtepan orto ott 
doa EM, MO ertat clot Suvduet UOvov OUUUETEOL’ aTOTOU 
dou Eotly H EO, noooapydTovoe dé adt# OM. ovoiwe 51 
delouev, ott YH EO nédw anotoun eotw, meocapudCovoa 
dé avUTY HON. tH doa aroTOUA HAAN xal dAAN TOCoAEUdTEL 
entry Suvduet Udvoyv ObUUETEOS OVO TH CAN’ OEE Edeiydn 
&d0vatov. ox doa tH AB Etéoa neooupudoet edvOeta. 

TH doa AB ula Ydovov noeooapudZer evdeia Suvduer 
GoUUNETeOS OVOM TY OAN, ETA BE TH¢ GANS TOLoOKoA TH 
Te ON avTéY TeTEdywva gua UEoov xal TO dic UT auTHdY 
Ueoov ual ETL TH AN AVTEY TETEdYWVAa KOUUUETEA TE Bic 
on’ adtév: Smee Eder Seigau. 
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For, if possible, let BD be (so) attached. Hence, 
AD and DB are also (straight-lines which are) incom- 
mensurable in square, making the squares on AD and 
DB (added) together medial, and twice the (rectangle 
contained) by AD and DB medial, and, moreover, the 
(sum of the squares) on AD and DB incommensurable 
with twice the (rectangle contained) by AD and DB 
[Prop. 10.78]. And let the rational (straight-line) EF’ be 
laid down. And let EG, equal to the (sum of the squares) 
on AC and CB, have been applied to EF’, producing EM 
as breadth. And let HG, equal to twice the (rectangle 
contained) by AC and CB, have been applied to EF, 
producing H M as breadth. Thus, the remaining (square) 
on AB is equal to EL [Prop. 2.7]. Thus, AB is the square- 
root of EL. Again, let EJ, equal to the (sum of the 
squares) on AD and DB, have been applied to EF, pro- 
ducing EN as breadth. And the (square) on AB is also 
equal to EL. Thus, the remaining twice the (rectangle 
contained) by AD and DB [is] equal to HJ [Prop. 2.7]. 
And since the sum of the (squares) on AC and CB is me- 
dial, and is equal to EG, EG is thus also medial. And 
it is applied to the rational (straight-line) EF’, producing 
EM as breadth. EM is thus rational, and incommen- 
surable in length with EF [Prop. 10.22]. Again, since 
twice the (rectangle contained) by AC’ and C’'B is me- 
dial, and is equal to HG, HG is thus also medial. And 
it is applied to the rational (straight-line) EF, produc- 
ing HM as breadth. HM is thus rational, and incom- 
mensurable in length with EF [Prop. 10.22]. And since 
the (sum of the squares) on AC and CB is incommen- 
surable with twice the (rectangle contained) by AC and 
CB, EG is also incommensurable with HG. Thus, £M 
is also incommensurable in length with MH [Props. 6.1, 
10.11]. And they are both rational (straight-lines). Thus, 
EM and MH are rational (straight-lines which are) com- 
mensurable in square only. Thus, EH is an apotome 
[Prop. 10.73], with HM attached to it. So, similarly, 
we can show that FA is again an apotome, with HN 
attached to it. Thus, different rational (straight-lines), 
which are commensurable in square only with the whole, 
are attached to an apotome. The very thing was shown 
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(to be) impossible [Prop. 10.79]. Thus, another straight- 
line cannot be (so) attached to AB. 

Thus, only one straight-line, which is incommensu- 
rable in square with the whole, and (together) with the 
whole makes the squares on them (added) together me- 
dial, and twice the (rectangle contained) by them medial, 
and, moreover, the (sum of the) squares on them incom- 
mensurable with the (rectangle contained) by them, can 
be attached to AB. (Which is) the very thing it was re- 
quired to show. 


+ This proposition is equivalent to Prop. 10.47, with minus signs instead of plus signs. 


“Opot tettot. 

va’. “LYroxewwevic entiic xal &dnotoufic, €av wev H OAN THs 
TeCGUPLOTOVON. LEiTov SUVHTH TH UNS CUUUETEOU EMUTH 
unxeEl, xal AN OAn CUUUETEOS H TH Exxelwevy ENTH whxet, 
xareto0w AMOTOUN METH. 

10’. “E&y 5€ 4 TeocUEUdTOVOE OVUUETPEOS Fh TY Exxewuevy 
ONTH wrxer, xal YN CAN Tic TECoUPUOTOVON< UEiTov SUVA TH 
TG) AMO GUUUETOOU EAUTH, xaAcioVw aNoTOUNH SevTEEA. 

wy’. Hav 6€ undetéea obuuEetooc f tH Exxewwevy ONT 
uryxet, 1 SE GAN Tic TOCOAPLOTOLONC UEiTov SUvyTOL TES 
UNO CULNETEOU EAUTH, xaActoVu ANoTOUN TetTH. 

O’. Hddw, eav GAN tis TeocuEUCTOboNe UEiTov 
dbvNTa TH and GovUUEeTEOL EaUTH [Urmet], Eav Ev A OAV 
OUUNETEOS 7) TH Exxewevy ENTH UHxel, xarclodw anotour 
TETHOTN. 

ie’. Edy 6€ A MpocapUdTOLOR, NEUTTN. 

is’. “Kav 6€ undetéoa, Extn. 
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Definitions III 


11. Given a rational (straight-line) and an apotome, if 
the square on the whole is greater than the (square on a 
straight-line) attached (to the apotome) by the (square) 
on (some straight-line) commensurable in length with 
(the whole), and the whole is commensurable in length 
with the (previously) laid down rational (straight-line), 
then let the (apotome) be called a first apotome. 

12. And if the attached (straight-line) is commen- 
surable in length with the (previously) laid down ra- 
tional (straight-line), and the square on the whole is 
greater than (the square on) the attached (straight-line) 
by the (square) on (some straight-line) commensurable 
(in length) with (the whole), then let the (apotome) be 
called a second apotome. 

13. And if neither of (the whole or the attached 
straight-line) is commensurable in length with the (previ- 
ously) laid down rational (straight-line), and the square 
on the whole is greater than (the square on) the attached 
(straight-line) by the (square) on (some straight-line) 
commensurable (in length) with (the whole), then let the 
(apotome) be called a third apotome. 

14. Again, if the square on the whole is greater 
than (the square on) the attached (straight-line) by the 
(square) on (some straight-line) incommensurable [in 
length] with (the whole), and the whole is commensu- 
rable in length with the (previously) laid down rational 
(straight-line), then let the (apotome) be called a fourth 
apotome. 

15. And if the attached (straight-line is commensu- 
rable), a fifth (apotome). 

16. And if neither (the whole nor the attached 
straight-line is commensurable), a sixth (apotome). 


Proposition 85 


To find a first apotome. 
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A 


(3) 1 1 

"Exxetodw eryth nA, xol tH A purer obuuEteo¢ EoTH 
7 BH: enth doa ecotl xal 7 BH. xol exxetodwoav dvo 
tetodywvor govuot ot AE, EZ, dv 7 brepoyh Oo ZA uh 
Eotw tete&kywvoc 00d doa oO EA ned¢ tov AZ dOyov Eye, 
Ov teTeEdywvoc aovOUdS TEOS TeTEcywvov GOLOULOV. Xa TE- 
tojovw ao 0 EA xpd¢ tov AZ, ottw¢ tO &nd tic BH 
TeTedywvov Ted¢ TO and Tho HI tete&ywvov obuweteov 
doa €otl TO and tic BH 16 ano thc HT. ontov dé to ano 
thc BH: entov dea xal 16 and tH¢ HI: enth soa cotl xo 
n HI. xat exnel O EA medc tov AZ Adyov ovx Eyer, dv 
TeTedywvoc dolwwuds MEd¢ TeTEcywvov deLOLLdV, O06" dea TO 
and thc BH ned¢ 10 and tic HT Adyov Eye, Ov tetekywvoc 
devo Ted¢ TeTEdkywvoyv deLOUdv? aobUUETEOS dea EoTly 
7 BH tH HE ures. xat ciow aupdtepo ontat of BH, HT 
doa ental cio: duvduet Udvov obuUETeoL 7 doa BI’ anotouy 
cot. Aéyw bY, OTL xa TEWTN. 

"Ou yuo UEiTov Eott TO &no tic BH tod dnd tij¢ HT, 
ow TO AMO tic O. xal Enel Eotty wo O EA Ted¢ tov 
ZA, ottw<¢ T6 &nd ti¢ BH npd¢ 16 and tic HD, xt ava- 
otpébavtt tea gotlv Gc 6 AE mpd¢ tov EZ, ottwe¢ 16 and 
tiic HB ned¢ 10 and tij¢ O. 6 5€ AE med¢ tov EZ Adyov 
éyel, Ov Tetedywvocg dowWuUdc Ted¢ TeTEdywvov dolOudy: 
exdtepog yuo Tete&ywvdc Eotlv’ xal TO and tij¢ HB tow 
TEOS TO ANd Thc O Adyov Eyel, Ov Tetod&ywvocg cdolydc 
TEOS TeTE&ywvov delOudv: obuUETeOS doa cotlv n BH ti; 
O ure. xal SOvata A BH tic HE ycilov 16 and tic O- 
7 BH doa tic HT yeiCov dvvata 16 dnd ovUNEetEOU EaUTH 
uyxet. xat Cotw NH OAN 7 BH obuuEteoc TH exxewwevy ENTH 
uyxet TH A. 7 BY dow &notouy Eott TEGTH. 

Hventa dea i mewty anotoun 7 BI: énee edet eveciv. 


+ See footnote to Prop. 10.48. 
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Let the rational (straight-line) A be laid down. And 
let BG be commensurable in length with A. BG is thus 
also a rational (straight-line). And let two square num- 
bers DE and EF be laid down, and let their difference 
FD be not square [Prop. 10.28 lem. I]. Thus, ED does 
not have to DF the ratio which (some) square number 
(has) to (some) square number. And let it have been 
contrived that as ED (is) to DF, so the square on BG 
(is) to the square on GC [Prop. 10.6. corr.]. Thus, the 
(square) on BG is commensurable with the (square) on 
GC [Prop. 10.6]. And the (square) on BG (is) ratio- 
nal. Thus, the (square) on GC (is) also rational. Thus, 
GC is also rational. And since ED does not have to DF 
the ratio which (some) square number (has) to (some) 
square number, the (square) on BG thus does not have to 
the (square) on GC the ratio which (some) square num- 
ber (has) to (some) square number either. Thus, BG is 
incommensurable in length with GC [Prop. 10.9]. And 
they are both rational (straight-lines). Thus, BG and GC 
are rational (straight-lines which are) commensurable in 
square only. Thus, BC is an apotome [Prop. 10.73]. So, 
I say that (it is) also a first (apotome). 

Let the (square) on H be that (area) by which the 
(square) on BG is greater than the (square) on GC 
[Prop. 10.13 lem.]. And since as ED is to FD, so the 
(square) on BG (is) to the (square) on GC, thus, via con- 
version, as DE is to EF, so the (square) on GB (is) to 
the (square) on H [Prop. 5.19 corr.]. And DE has to EF 
the ratio which (some) square-number (has) to (some) 
square-number. For each is a square (number). Thus, the 
(square) on GB also has to the (square) on H the ra- 
tio which (some) square number (has) to (some) square 
number. Thus, BG is commensurable in length with H 
[Prop. 10.9]. And the square on BG is greater than (the 
square on) GC by the (square) on H. Thus, the square on 
BG is greater than (the square on) GC by the (square) 
on (some straight-line) commensurable in length with 
(BG). And the whole, BG, is commensurable in length 
with the (previously) laid down rational (straight-line) A. 
Thus, BC is a first apotome [Def. 10.11]. 

Thus, the first apotome BC has been found. (Which 
is) the very thing it was required to find. 


Proposition 86 


To find a second apotome. 
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‘Exxetodw onty n A “al tH A ovuueteoc unxer A HT. 
entry doa cotly H HL. xal exxeiodwoauy dvo tete&ywvor 


gowuol ot AE, EZ, dv 7 brepoyt 6 AZ uh Eotw tetecywvoc. 


xal meroujo0w wc 6 ZA npd¢ tov AE, ottw¢o TO and 
thc TH teteeywvov mpdo¢ 16 and th¢ HB tetodywvov. 
OUUNETEOV doa Eotl TO and TH¢ [TH tetedywvov 16 ano 
thc HB tetpayave. entov dé TO and thc TH. entov cou 
[eoti] xal tO and tic HB: Onty dea Eotiv BH. uot Enel tO 
ano tic HE tete&xywvov med¢ tO ano thc HB Adyov ovx 
éyel, Ov Tetekywvocg dowudc TEdOG TEeTEkywvov colNUdy, 
aobuuetedc cotw 7 TH th HB uhxer. xat clow caupdteoa 
entat: of TH, HB doa pntat ciot Suvdéuer Udvov OUUUETEOL 
n BI dpa anotoun cot. AEyo SH, OTL Kal SeuTEO. 


B OT 


A ] 


E Z A 


@ tH ] 


"Ou yuo YeiTov Eott TO nd ti\¢ BH tod and t¥j¢ HT, 
OT TO AMO Tic O. Emel OV EoTtW wc TO ano Tic BH 
med¢ TO and tic HT, ottwco O EA dewuds med¢ tov AZ 
dowdy, avacoteepavtt doa Eotiv wo TO ano Tic BH ned¢ 
TO AMO Tic O, oUtTwo O AE me6¢ tov EZ. xat Eotw Exdctepoc 
tév AE, EZ tetedywvoc: 16 dea and tic BH npd¢ 16 and 
Tic O Adyov Eye, Ov Tetedywvoc KoLNUdS TEOS TEeTEaYwWVOV 
devWuUdv’ GUUUETEOS Gow Eotlv H BH th O uhxer. xol Sdvatou 
7 BH tic HI uciZov 16 and tij¢ O- n BH Gow tij¢ HI 
usiZov Sbvata Té dnd OUUUETOOU EAUTH UAxeEL. xal Eotw 
TeooapuoCovow n CH tj exxewevy enti) obuetooc ty A. 
7 BL dea anotoun cot SeutEta. 

Evento dea Seutéea dnotouy 7 BI dnep gdet Seta. 


+ See footnote to Prop. 10.49. 
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Let the rational (straight-line) A, and GC (which is) 
commensurable in length with A, be laid down. Thus, 
GC is a rational (straight-line). And let the two square 
numbers DE and EF be laid down, and let their differ- 
ence DF be not square [Prop. 10.28 lem. I]. And let it 
have been contrived that as FD (is) to DE, so the square 
on CG (is) to the square on GB [Prop. 10.6 corr.]. Thus, 
the square on CG is commensurable with the square on 
GB [Prop. 10.6]. And the (square) on CG (is) rational. 
Thus, the (square) on GB [is] also rational. Thus, BG isa 
rational (straight-line). And since the square on GC does 
not have to the (square) on GB the ratio which (some) 
square number (has) to (some) square number, CG is 
incommensurable in length with GB [Prop. 10.9]. And 
they are both rational (straight-lines). Thus, CG and GB 
are rational (straight-lines which are) commensurable in 
square only. Thus, BC is an apotome [Prop. 10.73]. So, 
I say that it is also a second (apotome). 


B C G 


A + 
E F D 
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For let the (square) on H be that (area) by which 
the (square) on BG is greater than the (square) on GC 
[Prop. 10.13 lem.]. Therefore, since as the (square) on 
BG is to the (square) on GC, so the number ED (is) 
to the number DF’, thus, also, via conversion, as the 
(square) on BG is to the (square) on H, so DE (is) 
to EF [Prop. 5.19 corr]. And DE and EF are each 
square (numbers). Thus, the (square) on BG has to the 
(square) on H the ratio which (some) square number 
(has) to (some) square number. Thus, BG is commen- 
surable in length with H [Prop. 10.9]. And the square on 
BG is greater than (the square on) GC by the (square) 
on H. Thus, the square on BG is greater than (the square 
on) GC by the (square) on (some straight-line) commen- 
surable in length with (BG). And the attachment CG 
is commensurable (in length) with the (prevously) laid 
down rational (straight-line) A. Thus, BC is a second 
apotome [Def. 10.12].' 

Thus, the second apotome BC has been found. 
(Which is) the very thing it was required to show. 


Proposition 87 
To find a third apotome. 
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| GE 

‘Exxetodw enth n A, xal exxetoNwoav toesic deWuol 
ot E, BP, TA Adyov uh Eyovtec med¢ GAAAAOUC, Ov 
Tetedywvoc covudc Ted¢ TeTe&ywvov aevudy, o be IB 
med¢ tov BA dodyov ExéetH, Ov TeTEkywvog coud TEd¢ 
TeTedywvoyv covudy, xal metoijovw ac uev 0 E med¢ tov 
BI, ottwe 16 and tic A tetedywvov Ted¢ TO &NO TYi¢ 
ZH tetpdywvov, wo dé 0 BI npd¢ tov TA, ottw¢ tO and 
thc ZH tete&ywvov med¢ 10 ano thc HO. Enel obv Eotw 
ao 0 E npd¢ tov BI, ottw¢ 16 and tic A tetekywvov 
TEOG TO ano tic ZH tetedywvov, obuUEteov doa Eotl 
TO and tic A tetedywvov 16 dnd tic ZH tetpayov. 
ontov dé tT and Tic A tetokywvov. pNTOV dpa xal TO AMO 
thc ZH: enth sea cotly n ZH. xal exet o E ned¢ tov BL 
AOYOY Ox Exel, OV TetTEkYwvoc deINUdS TEdC TETE&YWVOV 
gowudv, 005’ doa tO and tic A tetekywvov Ted¢ TO aN 
tic ZH [tetedywvoy] Adyov eyet, dv tetekywvos dovdudc 
TeO¢ TeTe&kywvoy Govydv: GobUUETeOG tea Eotiv H A TH 
ZH uyxer. modu, enet Cotw @¢ 6 BI ned¢ tov TA, ottw¢ 16 
and thc ZH tetexywvov med¢ tO ano tic HO, obuueteov 
doa E€otl TO ano thc ZH 16) ano tic HO. ontov be to ano 
thc ZH: pntov dea xal TO and tij¢ HO: Enty doa cotly n HO. 
xol enet 0 BI med¢ tov TA ddyov obx Eyer, Ov tetekywvoc 
aed TEd¢ TeTEdYWVOY coLOUdV, O06’ dea TO ano th¢ ZH 
TEOS TO ANd Tic HO ddyov Eyer, dv tetekywvog coud 
TEOS TETEdyYWVOY coLOUdV’ GovUUETEOS doa Eotly Hn ZH ty4 
HO uryxer. xat ciow cqupdtepa ontat ao ZH, HO doa ental 
ciot SuvauEL UOVoY OUUUETPOL cTOTOU doa cotiv 7 ZO. 
AEYO On, OTL xal ToltH. 

‘Emel yuo cot wo Uev O E moed¢ tov BI’, ottwe¢ TO ano 
tic A tetecywvoy med¢ 16 ano tic ZH, wo 5¢ O BI ned¢ 
tov TA, ottw¢ 10 &nd tic ZH med¢ tO and tH¢ OH, 51’ toou 
dou Eotlv Wo 6 E med¢ tov TA, ottw¢ 16 dnd tig A Ted¢ 
tO &no Tic OH. 6 6 E npd¢ tov TA Adyov ovx Eyet, dv 
TeTEayYwvoc Golds TEdS TEeTEcYWVOY doLOUdV: 00d’ Gea TO 
ano tic A Teds TO and tic HO Adyov Eyer, Ov tetekywvoc 
dowuds Teds TeTE&ywvoy deLNUdV’ dobUUETEOS doa h A TH 
HO uyxet. oddetéea toa tv ZH, HO ovuuetedc Eott tH 
EXKELUEVY) ENTH tH A UnxeEL. @ odv UCiTdv Eotl TO ANO Tic 
ZH tod ano tic HO, gotw 16 and thc K. Enel obv Eotw 
a> 0 BY med¢ tov TA, owe 16 and ti\¢ ZH ned¢ 16 ano 
tic HO, avaotpébavts Koa Eotlv wo 6 BI med¢ tov BA, 
ovtw> TO and Tic ZH tetedywvoy Ted¢ TO &NO Thc K. 6 dé 
BI med¢ tov BA iéyov Eyer, dv tetedywvoc dowWyds TEd¢ 
TeTEaywvoy doludy. xal TO and tij¢ ZH doa ned¢ tO HNO 
thc K Adyov Eye, Ov tetedywvoc Holds MEOC TEeTEYWVOV 
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Let the rational (straight-line) A be laid down. And 
let the three numbers, EF, BC, and CD, not having to one 
another the ratio which (some) square number (has) to 
(some) square number, be laid down. And let CB have 
to BD the ratio which (some) square number (has) to 
(some) square number. And let it have been contrived 
that as F (is) to BC, so the square on A (is) to the 
square on FG, and as BC (is) to CD, so the square on 
FG (is) to the (square) on GH [Prop. 10.6 corr.]. There- 
fore, since as F’ is to BC, so the square on A (is) to the 
square on FG, the square on A is thus commensurable 
with the square on F'G [Prop. 10.6]. And the square on 
A (is) rational. Thus, the (square) on FG (is) also ra- 
tional. Thus, FG is a rational (straight-line). And since 
E does not have to BC the ratio which (some) square 
number (has) to (some) square number, the square on A 
thus does not have to the [square] on FG the ratio which 
(some) square number (has) to (some) square number 
either. Thus, A is incommensurable in length with FG 
[Prop. 10.9]. Again, since as BC is to CD, so the square 
on FG is to the (square) on GH, the square on FG is thus 
commensurable with the (square) on GH [Prop. 10.6]. 
And the (square) on FG (is) rational. Thus, the (square) 
on GH (is) also rational. Thus, GH is a rational (straight- 
line). And since BC does not have to CD the ratio which 
(some) square number (has) to (some) square number, 
the (square) on FG thus does not have to the (square) 
on GH the ratio which (some) square number (has) to 
(some) square number either. Thus, /'G is incommen- 
surable in length with GH [Prop. 10.9]. And both are 
rational (straight-lines). FG and GH are thus rational 
(straight-lines which are) commensurable in square only. 
Thus, F'H is an apotome [Prop. 10.73]. So, I say that (it 
is) also a third (apotome). 

For since as E is to BC, so the square on A (is) to the 
(square) on F'G, and as BC (is) to CD, so the (square) 
on FG (is) to the (square) on HG, thus, via equality, as 
E is to CD, so the (square) on A (is) to the (square) on 
HG [Prop. 5.22]. And E does not have to CD the ra- 
tio which (some) square number (has) to (some) square 
number. Thus, the (square) on A does not have to the 
(square) on GH the ratio which (some) square number 
(has) to (some) square number either. A (is) thus incom- 
mensurable in length with GH [Prop. 10.9]. Thus, nei- 
ther of FG and GH is commensurable in length with the 
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gewudv. obuUETed> dou cotiv H ZH tH K uhxer, xal Sdvatau 
1n ZH tic HO veiCov 16 ano ovuUEetEOU Eauty}. xa oVSetéopa 
tév ZH, HO obuyetedc Eott tH Exxewevy Ont tH A wrner 
1 ZO doa anotouy Eott toltH. 

Evento dea y tettn dnotouy 7 ZO dnee eer Seigau. 


+ See footnote to Prop. 10.50. 


, 


TY. 
Kveety thy tetuetny &noTOUNy. 
B T H 
A 
A Z &E 
@ t——_ 


‘Exxeiodw entry 7 A xol th A ure: obuueteoc A BH: 
entry doa cotl xol A BH. xol exxetodwouv 600 derduol ot 
AZ, ZE, ote tov AE dhov med¢ Ex&tepoyv téHv AZ, EZ 
oyoy Un Exely, Ov teTe&kywvoc colduUds TEdC TeTE&ywvov 
govuov. xol neroijodw ac 0 AE ned¢ tov EZ, obtw¢ 10 
and thc BH tetedxywvov med¢ tO and ti\¢ HT: obuyeteov 
doa €otl tO ano tic BH 16 ano tic HT. ontov be to ano 
thc BH: entov doa xal 10 and tH}¢ HT: onty dpa cotlv H HT. 
xol Enel 6 AE med¢ tov EZ Adyov ovx Eyet, Ov tetekywvoc 
aed Ted TeTE&ywvoy aelOUdy, OVS doa TO Ano TH\¢ BH 
Ted¢ TO ano tH¢ HL Adyov Eyer, dv teteeywvoc dorWyoc 
TEOS TeTEayYWVOV KolNUdv’ aobUUETeOS dea Eotlv n BH ty¥ 
HID urxer. xat ciow aupdteoa pntat at BH, HT dow ontat 
ciol SUVaUEL UOVOY OUUETEOL’ AMoTOUH dea Eotly 7 BI’. 
[eye 4, Ott xal tetéeT?,.] 

"Qu obv UeiTév Eott TO dno tH¢ BH tod &nd t¥j¢ HT, 
ot TO and tic O. Enel ov Eotw we O AE med¢ tov 
EZ, ovtw¢ TO ano tiH¢ BH ned¢ 16 ano tH¢ HT, xat ava- 
otpébavtt éea gotlv Wo O EA npd¢ tov AZ, ottw¢ 10 
ano tic HB npd¢ tO and tic O. 6 BE EA zpd¢ tov AZ 
Ovoy ovux Exel, OV TeTEAywvoc aELYUOS TEdC TeTE&ywvoV 
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(previously) laid down rational (straight-line) A. There- 
fore, let the (square) on K be that (area) by which the 
(square) on FG is greater than the (square) on GH 
[Prop. 10.13 lem.]. Therefore, since as BC is to C'D, so 
the (square) on FG (is) to the (square) on GH, thus, via 
conversion, as BC is to BD, so the square on FG (is) to 
the square on K [Prop. 5.19 corr.]. And BC has to BD 
the ratio which (some) square number (has) to (some) 
square number. Thus, the (square) on FG also has to 
the (square) on K the ratio which (some) square number 
(has) to (some) square number. FG is thus commen- 
surable in length with kK [Prop. 10.9]. And the square 
on FG is (thus) greater than (the square on) GH by 
the (square) on (some straight-line) commensurable (in 
length) with (FG). And neither of FG and GH is com- 
mensurable in length with the (previously) laid down ra- 
tional (straight-line) A. Thus, F'H is a third apotome 
[Def. 10.13]. 

Thus, the third apotome F'H has been found. (Which 
is) very thing it was required to show. 


Proposition 88 


To find a fourth apotome. 


B C G 


A + 
E F D 
H +e 1 

Let the rational (straight-line) A, and BG (which is) 
commensurable in length with A, be laid down. Thus, 
BG is also a rational (straight-line). And let the two 
numbers DF and FF be laid down such that the whole, 
DE, does not have to each of DF and EF the ratio 
which (some) square number (has) to (some) square 
number. And let it have been contrived that as DF (is) to 
EF, so the square on BG (is) to the (square) on GC 
[Prop. 10.6 corr.]. The (square) on BG is thus com- 
mensurable with the (square) on GC [Prop. 10.6]. And 
the (square) on BG (is) rational. Thus, the (square) on 
GC (is) also rational. Thus, GC (is) a rational (straight- 
line). And since DE does not have to EF the ratio which 
(some) square number (has) to (some) square number, 
the (square) on BG thus does not have to the (square) 
on GC the ratio which (some) square number (has) to 
(some) square number either. Thus, BG is incommensu- 
rable in length with GC [Prop. 10.9]. And they are both 
rational (straight-lines). Thus, BG and GC are rational 
(straight-lines which are) commensurable in square only. 
Thus, BC is an apotome [Prop. 10.73]. [So, I say that (it 
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devudv: 005’ doa TO ano Tic HB ned¢ 10 ano tic O Advov 
éyel, Ov Tetedywvocg doiWudoc TEd¢ TeTEdywvov dolOydv: 
agovuuEteog toa cotly 7H BH tf O unxer. xal SOvatTa 7 
BH tic HT uciZov 16 and ti¢ O° Hh Kou BH tic HI uciZov 
Svvata TE AN AOVWUETOOL EAUTH. xol Eotw An 7 BH 
OUUNETEOS TH Exxewevy Ent uyxer tH A. H dow BI dno- 
TONY EOTL TETHOTH. 
Evento dea ny tetéety &notour: Onee Eder Seigau. 


t See footnote to Prop. 10.51. 


ny’. 
EKveety thy méuntyy anotouryy. 
B T H 
A ] + 
A Z &E 
@nr— 


‘Exxeiodw onth 7 A, xol tH A rxer oWWUETeOS EoTH 7 
TH: 6nth dea [eotiv] 7 TH. xat exxetodwoav 500 govuol ot 
AZ, ZE, dote tov AE npdc Exdtepov tév AZ, ZE \dyov 
TUAW UN) EXEW, OV Tete&ywvoc KolWUds MEO TETE&ywvoV 
gewudv’ xal nerojo0w wc 0 ZE mpd¢ tov EA, ottw¢ 10 
ano tic TH ned¢ 10 and tic HB. Ontov dou xal t6 and Tic 
HB: enti dea eotl xol 7 BH. xal net cotw wo o AE med¢ 
tov EZ, ovtw¢ TO and th\¢ BH ned¢ tO ano tic HI, 0 dé 
AE npd¢ tov EZ ddyov ovx Eyet, Ov tetokywvoc dowd 
TEOS TeTEd&ywvov deLOUdyv, OVS’ doa TO and Thc BH ned 
tO ano thc HD Adyov Eye, dv tetokywvoc aeOuoc med¢ 
TeTEaywVov aelONdV’ KovUUETeO¢ dow cotiv n BH th HL 
unxel. xatt Clow aupdteoa pntat’ ot BH, HE soa entat cior 
duvdyEl WOvoy ovUUETeoL 7 BI dea anotourh cotw. Ey 
On, OTL Kal MEUTTN. 

"Ou yuo yeiTov Eott TO and tic BH tod and t¥j¢ HT, 
EOTW TO UNO Thc O. Enel odbv EoTWW Wc TO aNd Tho BH ned¢ 
tO ano tic HD, obtwo 6 AE ned¢ tov EZ, avacteébavtt 
&ea gotiv wc O EA ted¢ tov AZ, ottw¢ 16 and ti¢ BH ned¢ 
TO &NO tic O, 6 5 EA npd¢ tov AZ ddyov ovx Eyet, dv 


is) also a fourth (apotome).] 

Now, let the (square) on H be that (area) by which 
the (square) on BG is greater than the (square) on GC 
[Prop. 10.13 lem.]. Therefore, since as DE is to EF, 
so the (square) on BG (is) to the (square) on GC, thus, 
also, via conversion, as E'D is to DF, so the (square) on 
GB (is) to the (square) on H [Prop. 5.19 corr.]. And ED 
does not have to DF the ratio which (some) square num- 
ber (has) to (some) square number. Thus, the (square) on 
GB does not have to the (square) on H the ratio which 
(some) square number (has) to (some) square number 
either. Thus, BG is incommensurable in length with H 
[Prop. 10.9]. And the square on BG is greater than (the 
square on) GC by the (square) on H. Thus, the square on 
BG is greater than (the square) on GC by the (square) on 
(some straight-line) incommensurable (in length) with 
(BG). And the whole, BG, is commensurable in length 
with the the (previously) laid down rational (straight- 
line) A. Thus, BC is a fourth apotome [Def. 10.14].! 

Thus, a fourth apotome has been found. (Which is) 
the very thing it was required to show. 


Proposition 89 
To find a fifth apotome. 


B Cc G 

A ! pH 
D FE 
H-—— — 


Let the rational (straight-line) A be laid down, and let 
CG be commensurable in length with A. Thus, CG [is] 
a rational (straight-line). And let the two numbers DF 
and FE be laid down such that DE again does not have 
to each of DF and FE the ratio which (some) square 
number (has) to (some) square number. And let it have 
been contrived that as F'E (is) to ED, so the (square) on 
CG (is) to the (square) on GB. Thus, the (square) on GB 
(is) also rational [Prop. 10.6]. Thus, BG is also rational. 
And since as DE is to EF, so the (square) on BG (is) to 
the (square) on GC. And DE does not have to FF the ra- 
tio which (some) square number (has) to (some) square 
number. The (square) on BG thus does not have to the 
(square) on GC the ratio which (some) square number 
(has) to (some) square number either. Thus, BG is in- 
commensurable in length with GC [Prop. 10.9]. And 
they are both rational (straight-lines). BG and GC are 
thus rational (straight-lines which are) commensurable 
in square only. Thus, BC is an apotome [Prop. 10.73]. 
So, I say that (it is) also a fifth (apotome). 
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TeTEdywvoc KolOUds TEdS TEeTEcYWVOV doLOUdV: 00d’ Gea TO 
and tic BH ned¢ 16 and Tig O Adyov Eyel, Ov TeTEkywvoc 
aod Teds TeTEdYWVOV GELYULOV’ KoUUUETEOS doa EoTiy 7 
BH tf O unmer. xal Sbvata A BH tic HE uciCov 16 and 
tic O° 7 HB S00 tic HE uciCov Svvata 1 and douuUEeTeOU 
EaUTH UNXEl. “al Cot 7 TEccueUdTovLOM Nn CH obuueteoc 
Th exxewevyn ent th A unxer 7 koa BI anotoun tot 
TEUNTY). 

Evento dea yn néunty anotouy 7 BI dnep gdet SetEa. 


+ See footnote to Prop. 10.52. 


L/ 

Kveety thy Extny &notouny. 

‘Exxetodw enti) i A xal teeic dowyoi ot E, BY, TA 
OYOY UN EXOVTES TEOS GAANAOUG, OV TeTEeywvoc ceLOUOG 
TMed¢ TeTekywvov deudv Ett SE xal O TB med¢ tov BA 
OYOY UY) EXETH, OV TeTE&yYwVOs AeLOUOS MEd TeTE&ywWvOV 
aodudv xal neroijo0w ac uev o E nedc tov BI’, obtwe 
TO &NO Tic A Ted¢ TO And Tic ZH, wo dE O BI’ npd¢ tov 
TA, obtw¢ 16 and th\¢ ZH ned¢ 16 and tic HO. 


-_ te ] 


Kk + 

‘Enel obv cotw > 0 E med¢ tov BY, o¥tw<¢ TO &nO THe 
A ned¢ 16 and tic ZH, obueteov doa tO And tic A té 
ano tic ZH. orntov Se 16 and tic A’ ENTOV Goa xal TO ad 
thc ZH: enth doa ott xal y ZH. xol exet 0 E nepd¢ tov BL 
AOvov ovux Exel, OV Tetecywvoc aeLOUOG TEOC TeTE&ywvoV 
geudv, 005’ dou 16 dnd tic A Ted¢ TO aNd Tic ZH Adyov 
éyel, Ov Tetedywvocg dowWuUds TEd¢ TeTEdywvov coludy: 
KovUUETeo doa cotiv 7 A tH ZH ure. ndAw, enet ott we 
0 BI’ ned¢ tov TA, owe 16 and ti\¢ ZH ted¢ tO &NO Tic 
HO, obuueteov doa tO and tic ZH 16 ano th\¢ HO. eytov 
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For, let the (square) on H be that (area) by which 
the (square) on BG is greater than the (square) on GC 
[Prop. 10.13 lem.]. Therefore, since as the (square) on 
BG (is) to the (square) on GC, so DE (is) to EF, thus, 
via conversion, as E'D is to DF, so the (square) on BG 
(is) to the (square) on H [Prop. 5.19 corr.]. And ED does 
not have to DF the ratio which (some) square number 
(has) to (some) square number. Thus, the (square) on 
BG does not have to the (square) on H the ratio which 
(some) square number (has) to (some) square number 
either. Thus, BG is incommensurable in length with H 
[Prop. 10.9]. And the square on BG is greater than (the 
square on) GC by the (square) on H. Thus, the square on 
GB is greater than (the square on) GC by the (square) 
on (some straight-line) incommensurable in length with 
(GB). And the attachment CG is commensurable in 
length with the (previously) laid down rational (straight- 
line) A. Thus, BC is a fifth apotome [Def. 10.15].? 

Thus, the fifth apotome BC has been found. (Which 
is) the very thing it was required to show. 


Proposition 90 

To find a sixth apotome. 

Let the rational (straight-line) A, and the three num- 
bers E, BC, and CD, not having to one another the ra- 
tio which (some) square number (has) to (some) square 
number, be laid down. Furthermore, let CB also not have 
to BD the ratio which (some) square number (has) to 
(some) square number. And let it have been contrived 
that as F (is) to BC, so the (square) on A (is) to the 
(square) on F'G, and as BC (is) to CD, so the (square) 
on FG (is) to the (square) on GH [Prop. 10.6 corr.]. 

B D C 


A ——— 


F H G 


E «——— 


K «+ 

Therefore, since as F' is to BC, so the (square) on A 
(is) to the (square) on FG, the (square) on A (is) thus 
commensurable with the (square) on F'G [Prop. 10.6]. 
And the (square) on A (is) rational. Thus, the (square) 
on FG (is) also rational. Thus, FG is also a rational 
(straight-line). And since £ does not have to BC the ra- 
tio which (some) square number (has) to (some) square 
number, the (square) on A thus does not have to the 
(square) on FG the ratio which (some) square number 
(has) to (some) square number either. Thus, A is in- 
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d€ TO and Tic ZH: pntov doa xal TO and tic HO: Eth tow 
nal A HO. xol exet 0 BL red¢ tov TA Adyov obx Eyer, dv 
TETEaYwWVOs KoLlOUdS TEdS TEeTEcYWVOV dELOUdV, 00d’ Gea TO 
and tic ZH ned 16 and thc HO Adyov Eyer, dv tetekywvoc 
aeouoc Med¢ TeTEd&ywvov dovOuUdv? aobUUETEOS doa Eotly 
1 ZH th HO urxer. xa clow cqupdtepa pntat ot ZH, HO 
doa Entat cio Suvduet Udvoy OvUUETEOL 7H doa ZO anotouy 
cot. Aéyw SH, OTL xa ExT. 

‘Enel yuo cot wo UEv O E med¢ tov BI’, ovtw¢ TO &NO 
tic A mpd¢ 16 and tic ZH, we 6é 6 BL npd¢ tov TA, ottwe 
TO ano thc ZH noed¢ tO and tic HO, bv’ toovu doa Eotly G¢ O 
E med¢ tov TA, ottw¢ 16 &nd tig A Ted¢ 16 aNO TH\¢ HO. 6 
dé E med¢ tov TA Adyov obx Eyet, dv tetokywvos deWUds 
TOG TetTeEdywvov Gordy: ovd’ doa TO and tic A TEd¢ 
TO and Thc HO Adyov Eye, dv tetedywvoc aero Med¢ 
TeTtodywvov dowWydv' covuNeteog &oa Eotlv n A tH HO 
unxer ovdetéoa doa tév ZH, HO obuyetedc cot t7 A onth 
unxet. @ obv usiCdv Eott TO and tic ZH tod and tic HO, 
Eo TO and ti¢ K. Enel obv Eotw wc O BI mpd¢ tov TA, 
o’tws TO and Thc ZH npd¢ 16 and tiH¢ HO, avacteébavtr 
dou cotlv wc 6 TB med¢ tov BA, odbtw¢ 16 dnd Tig ZH ned¢ 
tO dnd tij¢ K. 6 66 TB med¢ tov BA Adyov ovx Eyer, dv 
TeTEdywvoc KolOUds TEdS TEeTEcYWVOV doLOUdV: ODS’ Gea TO 
and tij¢ ZH med¢ tO and tic K Adyov Eyet, Ov TeTEkywvoc 
devWuoc Teds TetTEdywVoY deLOdV’ KoUUUETEOS Gea EoTiy 7 
ZH tf K urxer. xol dbvatu 7 ZH tij¢ HO uciZov 16 and 
tic K: 4 ZH doa tic HO uciTov Sbvata 16 and douUUETEOU 
EQUTY UxEl. xl OVdetEea tev ZH, HO obuEtedc Eott TH 
EXXELWEVY ONTH UNxet tH A. n doa ZO anotoun eotw Exty. 

Evento dea yn extn dnotouyn yn ZO° Onep Eder Seigu. 


+ See footnote to Prop. 10.53. 
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commensurable in length with FG [Prop. 10.9]. Again, 
since as BC is to CD, so the (square) on FG (is) to the 
(square) on GH, the (square) on FG (is) thus commen- 
surable with the (square) on GH [Prop. 10.6]. And the 
(square) on FG (is) rational. Thus, the (square) on GH 
(is) also rational. Thus, GH (is) also rational. And since 
BC does not have to C'D the ratio which (some) square 
number (has) to (some) square number, the (square) on 
FG thus does not have to the (square) on GH the ra- 
tio which (some) square (number) has to (some) square 
(number) either. Thus, /'G is incommensurable in length 
with GH [Prop. 10.9]. And both are rational (straight- 
lines). Thus, FG and GH are rational (straight-lines 
which are) commensurable in square only. Thus, F'H is 
an apotome [Prop. 10.73]. So, I say that (it is) also a 
sixth (apotome). 

For since as £ is to BC, so the (square) on A (is) 
to the (square) on FG, and as BC (is) to CD, so the 
(square) on FG (is) to the (square) on GH, thus, via 
equality, as FE is to CD, so the (square) on A (is) to 
the (square) on GH [Prop. 5.22]. And E does not have 
to CD the ratio which (some) square number (has) to 
(some) square number. Thus, the (square) on A does not 
have to the (square) G'H the ratio which (some) square 
number (has) to (some) square number either. A is thus 
incommensurable in length with GH [Prop. 10.9]. Thus, 
neither of FG and GH is commensurable in length with 
the rational (straight-line) A. Therefore, let the (square) 
on K be that (area) by which the (square) on FG is 
greater than the (square) on GH [Prop. 10.13 lem.]. 
Therefore, since as BC is to CD, so the (square) on FG 
(is) to the (square) on GH, thus, via conversion, as C'B is 
to BD, so the (square) on FG (is) to the (square) on kK 
[Prop. 5.19 corr.]. And CB does not have to BD the ra- 
tio which (some) square number (has) to (some) square 
number. Thus, the (square) on FG does not have to the 
(square) on K the ratio which (some) square number 
(has) to (some) square number either. FG is thus in- 
commensurable in length with K [Prop. 10.9]. And the 
square on FG is greater than (the square on) GH by the 
(square) on kK. Thus, the square on FG is greater than 
(the square on) GH by the (square) on (some straight- 
line) incommensurable in length with (F'G). And neither 
of FG and GH is commensurable in length with the (pre- 
viously) laid down rational (straight-line) A. Thus, FH 
is a sixth apotome [Def. 10.16]. 

Thus, the sixth apotome F'H has been found. (Which 
is) the very thing it was required to show. 
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Lo’. 
‘Edy yoploy nepléy nto UNO PNTH¢ Kal ATOTOURS TEWTNS, 
1 TO ywelov Suvavevn aMoPOUy EoTWV. 
Ilepieyéo0w yuo yweiov 16 AB Und pntiis tic AT xa 
d&notoufis TewtHS Thc AA: AEyw, StL WY TO AB ywotov dv- 
VoLEVN AMOTOUN COTLY. 


A A E ZH 


‘Enel yuo anotouy cott TeEOTH HN AA, Zotw avtH TeO- 
oopudCovoa n AH: at AH, HA doa ontat cio Suvduer Udvoyv 
ovUNEToOL. xal OAn Hh AH obuuetedc Cott TH Exxewuevy ENTH 
tf AT, xat n AH tic HA veiZov Sbvata 16 dnd OUULETEOU 
EaUTA uyxer’ Edv doa 1G tethetw Uepet tod dnd tic AH 
toov raek thy AH napaBaAndy EdAcinov elder tetoayaven, 
cic OOUMETEA AUTHY Siupel. tetunoDW A AH diya xatk TO 
E, xal 16 &nd tic EH ioov nap& thy AH rnapaBeBrAnode 
éAcinov elder teToPAyYOVW, xal Eotw TO Und tev AZ, ZH 
ovuuEteog &pa Eotlv n AZ tH ZH. xol dia tHv E, Z, H 
onuctoy th AD napdrrnror hydwouv ai HO, ZI, HK. 

Kat énel obuuetpdc cotw 7 AZ t7 ZH pret, xal 7 AH 
doa exatéey tv AZ, ZH ovuuetedc Cott uyxet. GAAG H 
AH ovuuetedc eott tH AD: xal exatéoa doa téiv AZ, ZH 
ovuNeteds cott TH AD uyxer. xat gott enty ny AL onth 
dou xal exatéea tév AZ, ZH: dote xal exdtepov tHv AT, 
ZK pntdov gotw. xal énel oWUUETed¢ Eotw AH AE ti EH 
uyxet, xal 7 AH dou exatéea téiv AE, EH otuuetods tott 
unxer. enti de n AH xot dovuueteoc tH AD urxer ont 
dea xal exatéoa téiv AE, EH xal dovuueteos tH AT urxer 
exdtepov goa téiv AO, EK yéoov éotiv. 

Ketodw of 16 yev AI toov tetokywvov to AM, 165 5 
ZK toov tete&ywvov apneyjotu xownhy ywoviav Eyov wutés 
thy br6 AOM 16 NE: regi tiv avthy dea Siduetoedv Eott TH 
AM, NE tetokywva. Eotw autésv didueteoc H OP, xol xa- 
tayeyeapdw TO oyfjua. Enel odv foov ott 16 Un THV AZ, 
ZH nepueyduevoy opvoyavoy 16) ano tic EH tetenyave, 
gow dea wo Ny AZ npd¢ thy EH, otw¢ 7 EH medc¢ thy ZH. 
GAM’ Go Uev n AZ med thy EH, ottwe 16 AI mpd¢ 16 EK, 
wo 6€ 1 EH redc¢ thy ZH, o¥tw¢ cotl t6 EK med¢ to KZ: 
tév goa AI, KZ uéooyv avédoydv cots tO EK. Eott 6€ xa 
tév AM, N= yéoov avédoyov 10 MN, ae év toic Eutoo- 
ovey edelydn, xal ott TO [UEv] AI 16 AM tetewyove ioov, 
to b¢ KZ 165 NE: xal t6 MN dow 165 EK toov Eottv. chAc 
to uev EK 165 AO éotw ioov, to d¢ MN té5 AE: 16 doa 
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Proposition 91 


If an area is contained by a rational (straight-line) and 
a first apotome then the square-root of the area is an apo- 
tome. 

For let the area AB have been contained by the ratio- 
nal (straight-line) AC and the first apotome AD. I say 
that the square-root of area AB is an apotome. 


A D EF G L P 
S O 
Cc B H IK 
R M 


For since AD is a first apotome, let DG be its at- 
tachment. Thus, AG and DG are rational (straight-lines 
which are) commensurable in square only [Prop. 10.73]. 
And the whole, AG, is commensurable (in length) with 
the (previously) laid down rational (straight-line) AC, 
and the square on AG is greater than (the square on) 
GD by the (square) on (some straight-line) commensu- 
rable in length with (AG) [Def. 10.11]. Thus, if (an area) 
equal to the fourth part of the (square) on DG is applied 
to AG, falling short by a square figure, then it divides 
(AG) into (parts which are) commensurable (in length) 
[Prop. 10.17]. Let DG have been cut in half at EF. And 
let (an area) equal to the (square) on EG have been ap- 
plied to AG, falling short by a square figure. And let it 
be the (rectangle contained) by AF and FG. AF is thus 
commensurable (in length) with FG. And let EH, FI, 
and GK have been drawn through points FE, F, and G 
(respectively), parallel to AC. 

And since AF is commensurable in length with FG, 
AG is thus also commensurable in length with each of 
AF and FG [Prop. 10.15]. But AG is commensurable 
(in length) with AC’. Thus, each of AF and FG is also 
commensurable in length with AC [Prop. 10.12]. And 
AC is a rational (straight-line). Thus, AF and FG (are) 
each also rational (straight-lines). Hence, AJ and FK 
are also each rational (areas) [Prop. 10.19]. And since 
DE is commensurable in length with EG, DG is thus 
also commensurable in length with each of DE and EG 
[Prop. 10.15]. And DG (is) rational, and incommen- 
surable in length with AC. DE and EG (are) thus 
each rational, and incommensurable in length with AC 
[Prop. 10.13]. Thus, DH and EK are each medial (ar- 
eas) [Prop. 10.21]. 

So let the square LM, equal to AI, be laid down. 
And let the square NO, equal to F'K, have been sub- 
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STOIXEION v’. 


AK ‘oov éoti 1 TeX yvauow xat 16 NE. Zot é xal tO 
AK ioov toic AM, NE tetoayavoic: Aoinoyv dea tO AB ioov 
éotl 16) UT. 16 6 UT 10 and tic AN Eott tetekywvov: 10 
dea &nd tic AN tetokywvov toov éoti 165 AB: A AN doa 
Svvatat TO AB. AEyw OH, Stt HAN arotown Eotw. 

‘Enel yuo Ontév eotw exdtepov tév AI, ZK, xat Eotw 
toov toic AM, NE, xal exctepov doa tév AM, NE ontév 
EOTL, TOUTEOTL TO NO Exatépac téHv AO, ON: xal exatépa 
goa tév AO, ON onty got. mdAw, Exel Ueoov Eotl To AO 
ual cot toov 16 AE, ugoov dow éott xa tO AE. enet odv tO 
uev AE ugoovy éotty, 10 d¢ NE ontdv, aobuuetoov dow éotl 
to AE té3 NE: wo 5€ 10 AE npd¢ 16 NE, obtw¢ Eotlv A AO 
med¢ thy ON: dobuueteog hoa Eotlv H AO tH ON ure. 
xat ciow &updtepat pytat at AO, ON doa ontat ctor Suvéuer 
UOvoy OUUNETPOL atOTOUN hoa Eotiv HAN. xol S0vatoL TO 
AB ywpiov: i dea tT6 AB ywpiov Suvayevyn &notouy Eotw. 

"Ey dpa ywotov nepieyntar UNO ENTY\c “ol TH ECFc. 


Lp’. 


‘Edy ywotov reoréynto 020 ENTH\¢ Kal ANOTOUAs SeUTEOac, 


1 TO YPtov SuvaEevy WEONS ANOTOUY EOTL TOOTH. 
A A E ZH 
T B © IK 
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tracted (from LM), having with it the common angle 
LPM. Thus, the squares LM and NO are about the 
same diagonal [Prop. 6.26]. Let PR be their (com- 
mon) diagonal, and let the (rest of the) figure have been 
drawn. Therefore, since the rectangle contained by AF 
and FG is equal to the square FG, thus as AF is to 
EG, so EG (is) to FG [Prop. 6.17]. But, as AF’ (is) 
to EG, so AI (is) to EK, and as EG (is) to FG, so 
EK is to KF [Prop. 6.1]. Thus, EK is the mean pro- 
portional to AJ and KF [Prop. 5.11]. And MN is also 
the mean proportional to LM and NO, as shown before 
[Prop. 10.53 lem.]. And AJ is equal to the square LM, 
and KF to NO. Thus, MN is also equal to EK. But, EK 
is equal to DH, and MN to LO [Prop. 1.43]. Thus, Dk 
is equal to the gnomon UVW and NO. And AK is also 
equal to (the sum of) the squares LV and NO. Thus, the 
remainder AB is equal to ST. And ST is the square on 
LN. Thus, the square on LN is equal to AB. Thus, LN is 
the square-root of AB. So, I say that LN is an apotome. 

For since AJ and F'K are each rational (areas), and 
are equal to LM and NO (respectively), thus LM and 
NO —that is to say, the (squares) on each of LP and PN 
(respectively)—are also each rational (areas). Thus, LP 
and PW are also each rational (straight-lines). Again, 
since DH is a medial (area), and is equal to LO, LO 
is thus also a medial (area). Therefore, since LO is 
medial, and NO rational, LO is thus incommensurable 
with NO. And as LO (is) to NO, so LP is to PN 
[Prop. 6.1]. LP is thus incommensurable in length with 
PN [Prop. 10.11]. And they are both rational (straight- 
lines). Thus, LP and PN are rational (straight-lines 
which are) commensurable in square only. Thus, LN is 
an apotome [Prop. 10.73]. And it is the square-root of 
area AB. Thus, the square-root of area AB is an apo- 
tome. 

Thus, if an area is contained by a rational (straight- 
line), and soon.... 


Proposition 92 


If an area is contained by a rational (straight-line) and 

a second apotome then the square-root of the area is a 
first apotome of a medial (straight-line). 

A D E FG 


L O 
-+- 
S WwW ; P 
U-- 
C B H IK 
R T M 
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STOIXEION v’. 


Xwpiov yee to AB nepieyéodw Und ONtiic thc AT xa 
d&notoufic Seutépac tic AA: AEyw, StL 7 TO AB ywotov 
SLVONEVY UEONS ANOTOUN EOTL TEWTY. 

"Eow yuo tH AA rmoeooapudtovoa n AH: ot toa 
AH, HA pntat ciot Suvéuet Udvov obuUETeOL, xol A TeO- 
oxpydTovoa n AH ovuuetedc got tH Exxewevyn ONTH TH 
AT, 9 5 6An 7 AH tic np0capuoTovons ti¢ HA uciZov 
SvvaTo Té amd oUuWeTeOU EaUTH Unxer. Exel obv 7 AH 
tiic HA usiZov Sbvata 16 and ovUNETEOU EAUTY), Exv koa 
TG) tetT&eTH YEpEt Tob ano tic HA ioov nap& thy AH ro 
eoBrAndh edAcinov elSet TeToNyMvH, El¢ CUUMETOA ATHY 
Statoet. tetuhodw odv 7 AH diya xat& TO E* xal 1H and 
tic EH toov nap& thy AH napoBeBAnodw eAAcinov elder 
TETOAYOVY, Xal Eotw TO UNS THv AZ, ZH: obuueteoc koa 
éotlv 7 AZ ti ZH pymer. xol 1 AH dea exatéog téiv AZ, 
ZH ovwuetedc cot uyxet. entry dé 7 AH xal cobuueteoc 
tf AD uyxer xal exatéea doa téiv AZ, ZH onty cot xa 
govuuetoos tH AL unxer exdtepov dea tév AI, ZK yéoov 
éotlv. méAw, Emel oWUUETEds Cott 7H AE ti EH, xal y AH 
dou Exatéoa té&v AE, EH ovuuetedc got. ddd’ 7 AH 
ovuueteds cott tH AT prfxer [Ontt doa xal Exatéoa tiv 
AE, EH xai obuyeteoc tH AT urmet]. exdtepov toa tév 
AO, EK ontdv éotw. 

Nuveotatw odv 16 yev AI foov tetedywvoyv t6 AM, 165 
d¢ ZK toov apnefjodw to NE reel thy avthy ywvlav dv té5 
AM thy b70 tév AOM: reel thy adtiy doa Eotl Sidueteov 
ta AM, NE tetedkywva. gotw avutésy Sidueteo¢ 7 OP, xa 
xatayeyedove tO oyfjua. Enel odv ta AI, ZK yéou Eotl 
nal cotw toa toic and tév AO, ON, xa ta and tv AO, 
ON [éa] ueéou eotiv: xat ai AO, ON doa ueoo ciol Suvdmer 
UOvoy OUUUETEOL. xal Eel TO UNO tev AZ, ZH toov eoti 165 
ano thc EH, gotw tea ac 7 AZ npdc¢ thy EH, ottw<¢ 7 EH 
med¢ thy ZH WA’ Go yev WH AZ ted¢ thy EH, ottw¢ to Al 
med¢ TO EK: wc 5€ 7) EH red thy ZH, owe [Eotl] to EK 
med¢ 10 ZK: tv boa AI, ZK yéoov avédoyov Eott 10 EK. 
gout o€ xal tv AM, NE tetoayavwv ueoov a&vidoyov tO 
MN: xat gotw toov 16 uev AI 16 AM, 10 5é ZK 165 NE: xa 
tO MN Gea toov éoti 16 EK. ddd 16 ev EK toov [Eotl| 
to AO, 16 5¢ MN toov 16 AE: ddov &ea tO AK itoov Eotl 
tH TX yvoyow xat 14 NE. énet ov dkov 10 AK ioov 
éotl toic AM, NE, ov t6 AK ioov éotl 14 TOX yvauov 
xa té5 NE, Aoindv doa 16 AB toov got 16 TH. 16 6é TH 
éott TO and tic AN: tO dno tic AN dea toov got 165 AB 
yooto: 7 AN doa d0vata tO AB ywotov. AEyoo [SA], StL A 
AN yéonc¢ anotoynh gott TEWTN. 

‘Enel yap entov Eott tO EK xat gotw toov 16 AE, ontov 
&eu Eotl tO AZ, toutéot 16 Und tév AO, ON. ueooy dé 
edety0n tO NE: dobuuetpov tea éotl 16 AE 16 NE we 
dé 10 AE nedc 10 NE, ottwe eotiv 7 AO med¢ ON: ai 
AO, ON pa aobuuetpot ciot ufxet. at doa AO, ON uéom 
ciol Suvduet WOvov oUUUETPOL ENTOV TEeLeyovoa 7 AN doa 
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For let the area AB have been contained by the ratio- 
nal (straight-line) AC and the second apotome AD. I say 
that the square-root of area AB is the first apotome of a 
medial (straight-line). 

For let DG be an attachment to AD. Thus, AG and 
GD are rational (straight-lines which are) commensu- 
rable in square only [Prop. 10.73], and the attachment 
DG is commensurable (in length) with the (previously) 
laid down rational (straight-line) AC, and the square on 
the whole, AG, is greater than (the square on) the at- 
tachment, GD, by the (square) on (some straight-line) 
commensurable in length with (AG) [Def. 10.12]. There- 
fore, since the square on AG is greater than (the square 
on) GD by the (square) on (some straight-line) commen- 
surable (in length) with (AG), thus if (an area) equal 
to the fourth part of the (square) on GD is applied 
to AG, falling short by a square figure, then it divides 
(AG) into (parts which are) commensurable (in length) 
[Prop. 10.17]. Therefore, let DG have been cut in half at 
E. And let (an area) equal to the (square) on EG have 
been applied to AG, falling short by a square figure. And 
let it be the (rectangle contained) by AF and FG. Thus, 
AF is commensurable in length with FG. AG is thus 
also commensurable in length with each of AF and FG 
[Prop. 10.15]. And AG (is) a rational (straight-line), and 
incommensurable in length with AC. AF and FG are 
thus also each rational (straight-lines), and incommen- 
surable in length with AC [Prop. 10.13]. Thus, AJ and 
FK are each medial (areas) [Prop. 10.21]. Again, since 
DE is commensurable (in length) with EG, thus DG is 
also commensurable (in length) with each of DE and EG 
[Prop. 10.15]. But, DG is commensurable in length with 
AC [thus, DE and EG are also each rational, and com- 
mensurable in length with AC]. Thus, DH and EK are 
each rational (areas) [Prop. 10.19]. 

Therefore, let the square LM, equal to AJ, have 
been constructed. And let NO, equal to F'K, which is 
about the same angle L PM as LM, have been subtracted 
(from LM). Thus, the squares LM and NO are about 
the same diagonal [Prop. 6.26]. Let PR be their (com- 
mon) diagonal, and let the (rest of the) figure have been 
drawn. Therefore, since AJ and F’K are medial (areas), 
and are equal to the (squares) on LP and PN (respec- 
tively), [thus] the (squares) on LP and PN are also me- 
dial. Thus, 2P and PN are also medial (straight-lines 
which are) commensurable in square only.' And since 
the (rectangle contained) by AF and FG is equal to 
the (square) on EG, thus as AF is to EG, so EG (is) 
to FG [Prop. 10.17]. But, as AF (is) to EG, so AI 
(is) to Ek. And as EG (is) to FG, so EK [is] to FK 
[Prop. 6.1]. Thus, EK is the mean proportional to AI 
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STOIXEION v’. 


YEONS ALOTOUN Cott TEWTY xal SUvata TO AB ywotov. 
‘H dea t0 AB ywotov Suvayévyn ugonce a&notoUH EoTL 
TEWTYH OnE Eder Seigar. 
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and F'K [Prop. 5.11]. And MN is also the mean pro- 
portional to the squares LM and NO [Prop. 10.53 lem.]. 
And AI is equal to LM, and F'K to NO. Thus, MN is 
also equal to EK. But, DH [is] equal to EK, and LO 
equal to MN [Prop. 1.43]. Thus, the whole (of) DK is 
equal to the gnomon UVW and NO. Therefore, since the 
whole (of) AK is equal to LM and NO, of which DK is 
equal to the gnomon UVW and NO, the remainder AB 
is thus equal to T'S. And T'S is the (square) on LN. Thus, 
the (square) on LN is equal to the area AB. LN is thus 
the square-root of area AB. [So], I say that LN is the 
first apotome of a medial (straight-line). 

For since EK is a rational (area), and is equal to 
LO, LO—that is to say, the (rectangle contained) by LP 
and PN—is thus a rational (area). And NO was shown 
(to be) a medial (area). Thus, LO is incommensurable 
with NO. And as LO (is) to NO, so LP is to PN 
[Prop. 6.1]. Thus, LP and PN are incommensurable 
in length [Prop. 10.11]. LP and PN are thus medial 
(straight-lines which are) commensurable in square only, 
and which contain a rational (area). Thus, LN is the first 
apotome of a medial (straight-line) [Prop. 10.74]. And it 
is the square-root of area AB. 

Thus, the square root of area AB is the first apotome 
of a medial (straight-line). (Which is) the very thing it 
was required to show. 


+ There is an error in the argument here. It should just say that LP and PN are commensurable in square, rather than in square only, since LP 


and PW are only shown to be incommensurable in length later on. 


z 


hy’. 


‘Edy ywotov nepiéynta 016 NTH Kal ANOTOL As TeltHS, 


1 TO Ywetov SuvaEVH UEONS KNOTOUY EoTL SeuTeo. 
A A E ZH Ke N O 
ra 
x Yin! =) 
X- 
T B © IK 
P a M 


Xwptov yee to AB nepieyéodw Und ONtiic tho AT xai 
d&notoufis tettns tic AA: Aéyw, 6tt WH TO AB ywpiov dv- 
VOUEVN UEONS AMOTOUN EoTL SeuTEPM. 

"How yoo ti AA nmpooapudCovoa 7 AH: ot AH, HA 
doa ontat clot SuvdeL UOvoY OUUUETEOL, xal OVSETEEA TOV 
AH, HA ovtuuetods got unnet tH exxewevy onry tH AT, 4 
dé An H AH ti¢ Te0caEUOTOvoNe< ti¢ AH yeiFov Sbvata 
T@ dno CUUUETEOU EaUTH. Exel obv n AH tij¢ HA uciZov 


Proposition 93 


If an area is contained by a rational (straight-line) and 
a third apotome then the square-root of the area is a sec- 
ond apotome of a medial (straight-line). 
A D E FG N 


L O 
AY 
S U0. P 
C B H IK _ 
R T M 


For let the area AB have been contained by the ratio- 
nal (straight-line) AC’ and the third apotome AD. I say 
that the square-root of area AB is the second apotome of 
a medial (straight-line). 

For let DG be an attachment to AD. Thus, AG and 
GD are rational (straight-lines which are) commensu- 
rable in square only [Prop. 10.73], and neither of AG 
and GD is commensurable in length with the (previ- 
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STOIXEION v’. 


SVVATAL TE ATMO OUUUETEOL EAUTH, EXY Hoa TG TeTHOTW LLEPEL 
tot and tii¢ AH toov nap& thy AH rapoBAndy eAdAcinov 
elSel TETOAYOVYD, Eic OOUUETOA HUTIY SteAet. tetuHoVw odv 
n AH dtya xat& 16 E, xal 16 and tic EH toov nap& thy 
AH rapaBeBanodw edrcinov elder tetoayovw, xal Eotw TO 
uno tév AZ, ZH. xai hydJwouy did tv E, Z, H onuetov 
tf AT raedArnror ot EO, ZI, HK: obuueteot doa ciolv ai 
AZ, ZH: obuueteoy dea xol to AI 16 ZK. xo Enel at AZ, 
ZH ovuyeteot ciot unxet, xal n AH doa exatéeg tév AZ, 
ZH ovwuetedc cot uyxet. entry dé y AH xal cobuueteoc 
th AT urner Bote xat at AZ, ZH. exctepov dea tév AT, 
ZK uéoov Eotty. néAtv, Emel obuUETed¢ Eottv 7 AE ti EH 
une, xal n AH doa exatéeg tév AE, EH obuuetedc éott 
unxer. enti dé 7 HA xot dobuueteoc tH AD ufxer onth 
dea xal exatéoa tév AE, EH xal dovuueteos tH AT wrxer 
exdtepov doa téiv AO, EK uéoov éotiv. xal enel ai AH, 
HA dvuvduer wovov obuueteoi ciow, aobuueteoc doa Eotl 
unxer 1 AH ti HA. od’ 7 uev AH th AZ ovuyetedc Eott 
uyxet 7 6¢ AH tH EH: dobuuetooc bea gotiv H AZ tH EH 
urnxet. wc dé 7 AZ medc¢ thy EH, owe eott 16 AI npd¢ 10 
EK: déobuueteov dou éotl t6 AI 165 EK. 

Luveotatw odv 16 yev AI foov tetedywvoyv 16 AM, 16 
dé ZK toov apfejodw to NE reel thy avtyy ywvlav dv 65 
AM: regi tiv adthy dow Siduetoedv éott te AM, NE. Eotw 
avtéy Sidueteoc 7 OP, xal xatwyeyea~0w TO oyfua. Enel 
obdv 16 O10 tév AZ, ZH ioov éotl 165 &nd tij\¢ EH, Eotw dea 
a> i AZ nod thy EH, otttw¢ 1 EH med¢ thy ZH. GAM’ we 
uev 7 AZ npd¢ thy EH, owe éoti 10 AI med¢ 16 EK: we 
d€ n EH nedc¢ thy ZH, ottwe¢ cotl tO EK med¢ 10 ZK° xo 
a> doa t6 AI ned¢ 16 EK, ottwo 16 EK ned¢ 16 ZK° tév 
goa AI, ZK yeéooy avédoyov gott tO EK. gott 6€ xal tiv 
AM, NE tetpayavwy ueoov avéhoyov 10 MN: xat eotw 
foov to vév AI 16 AM, 10 5€ ZK 16 NE xal t6 EK doa 
toov gott 16) MN. add 16 yev MN tooy Eotl té5 AZ, 10 
d¢ EK itoov [éotl] té5 AO: xal ddov doa to AK toov Eott 
tH TX yvouow xai 16 NE. got be xal 16 AK ioov toic 
AM, NE: downdv dpa 16 AB ‘oov éotl 16 UT, toutéott 65 
ano tic AN tetpayove 7 AN dea SOvata TO AB ywetov. 
éyw, Ot AN yéonc &notoyr Eott Seutépa. 

‘Enel yuo yéou edely0y ta AI, ZK xat eotw tou toic dnd 
tév AO, ON, yéoov doa xal exdtepov Tév and téHv AO, 
ON: uéon koa Exatépa tev AO, ON. xat Exel obuetedv 
éott 10 AI 16 ZK, obuueteov &pa xal TO and tic AO 165 
ano tic ON. néAw, Enel dobuueteoy edetyOn tO AI 165 EK, 
céovuuEteov &ea Eotl xal TO AM 16 MN, toutéott 16 ano 
tic AO 16 bn6 tev AO, ON: dote xat 7 AO dovuUEtedc¢ 
gout unxet tH ON: at AO, ON doa yéou ciol Suvduet UdOvov 
OUUUETEOL. AEyw OF, OTL xal UECOV TEPLEYOUOL. 

‘Enel yuo ueoov edety0n tO EK xat cotw toov és Und 
tév AO, ON, yéoov dpa oti xal tO Und tév AO, ON: 
ote at AO, ON gout clot duvdet Udvov obUUETeOL UECOV 
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ously) laid down rational (straight-line) AC, and the 
square on the whole, AG, is greater than (the square on) 
the attachment, DG, by the (square) on (some straight- 
line) commensurable (in length) with (AG) [Def. 10.13]. 
Therefore, since the square on AG is greater than (the 
square on) GD by the (square) on (some straight-line) 
commensurable (in length) with (AG), thus if (an area) 
equal to the fourth part of the square on DG is applied 
to AG, falling short by a square figure, then it divides 
(AG) into (parts which are) commensurable (in length) 
[Prop. 10.17]. Therefore, let DG have been cut in half 
at &. And let (an area) equal to the (square) on EG 
have been applied to AG, falling short by a square fig- 
ure. And let it be the (rectangle contained) by AF’ and 
FG. And let EH, FI, and GK have been drawn through 
points EF, F’, and G (respectively), parallel to AC. Thus, 
AF and FG are commensurable (in length). AJ (is) thus 
also commensurable with Fk [Props. 6.1, 10.11]. And 
since AF and FG are commensurable in length, AG is 
thus also commensurable in length with each of AF and 
FG [Prop. 10.15]. And AG (is) rational, and incommen- 
surable in length with AC. Hence, AF and FG (are) 
also (rational, and incommensurable in length with AC) 
[Prop. 10.13]. Thus, AJ and F’K are each medial (ar- 
eas) [Prop. 10.21]. Again, since DE is commensurable 
in length with EG, DG is also commensurable in length 
with each of DE and EG [Prop. 10.15]. And GD (is) 
rational, and incommensurable in length with AC. Thus, 
DE and EG (are) each also rational, and incommensu- 
rable in length with AC [Prop. 10.13]. DH and EK are 
thus each medial (areas) [Prop. 10.21]. And since AG 
and GD are commensurable in square only, AG is thus 
incommensurable in length with GD. But, AG is com- 
mensurable in length with AF, and DG with EG. Thus, 
AF is incommensurable in length with EG [Prop. 10.13]. 
And as AF (is) to EG, so AI is to EK [Prop. 6.1]. Thus, 
AI is incommensurable with EK [Prop. 10.11]. 
Therefore, let the square LM, equal to AJ, have 
been constructed. And let NO, equal to F'K, which is 
about the same angle as LM, have been subtracted (from 
LM). Thus, LM and NO are about the same diagonal 
[Prop. 6.26]. Let PR be their (common) diagonal, and 
let the (rest of the) figure have been drawn. Therefore, 
since the (rectangle contained) by AF and FG is equal 
to the (square) on HG, thus as AF is to EG, so EG (is) 
to FG [Prop. 6.17]. But, as AF’ (is) to EG, so AI is to 
EK [Prop. 6.1]. And as EG (is) to FG, so EK is to FK 
[Prop. 6.1]. And thus as AJ (is) to EK, so EK (is) to 
FK [Prop. 5.11]. Thus, EK is the mean proportional to 
AI and Fk. And MN is also the mean proportional to 
the squares LM and NO [Prop. 10.53 lem.]. And ATI is 
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nepteyovoa. 71 AN doa yéons anotouy ott Seutéea xal equal to LM, and FK to NO. Thus, EK is also equal to 


dvvatoa TO AB ywpiov. MN. But, MN is equal to LO, and EK [is] equal to DH 
‘H dea tO AB ywotov Suvayévyn uéon¢e anotouy cott [Prop. 1.43]. And thus the whole of DK is equal to the 
Sevutépa’ Onep Eder SetEan. gnomon UVW and NO. And AK (is) also equal to LM 


and NO. Thus, the remainder AB is equal to ST—that is 
to say, to the square on LN. Thus, LN is the square-root 
of area AB. I say that LN is the second apotome of a 
medial (straight-line). 

For since AJ and F K were shown (to be) medial (ar- 
eas), and are equal to the (squares) on LP and PN (re- 
spectively), the (squares) on each of LP and PN (are) 
thus also medial. Thus, LP and PN (are) each medial 
(straight-lines). And since AJ is commensurable with 
FK [Props. 6.1, 10.11], the (square) on LP (is) thus 
also commensurable with the (square) on PN. Again, 
since AI was shown (to be) incommensurable with EK, 
LM is thus also incommensurable with MJ N—that is to 
say, the (square) on LP with the (rectangle contained) 
by LP and PN. Hence, LP is also incommensurable in 
length with PN [Props. 6.1, 10.11]. Thus, LP and PN 
are medial (straight-lines which are) commensurable in 
square only. So, I say that they also contain a medial 
(area). 

For since EK was shown (to be) a medial (area), and 
is equal to the (rectangle contained) by LP and PN, the 
(rectangle contained) by LP and PN is thus also medial. 
Hence, LP and PN are medial (straight-lines which are) 
commensurable in square only, and which contain a me- 
dial (area). Thus, LN is the second apotome of a medial 
(straight-line) [Prop. 10.75]. And it is the square-root of 
area AB. 

Thus, the square-root of area AB is the second apo- 
tome of a medial (straight-line). (Which is) the very thing 
it was required to show. 


Lo’. Proposition 94 
"Ea ywptov nepiéynta UNO ENTH¢ Kal dnoTOUc TeTHETNG, If an area is contained by a rational (straight-line) and 
1 TO ywptov Suvauévn EAcoowy Eotty. a fourth apotome then the square-root of the area is a 
minor (straight-line). 
A A Bow. HW. A D EF G L N 0 
Ly 
Ss uUvyo. 
wie 
r B © IK C B H I K 

R T M 
Xwetov yee to AB repieyéodw Und Entice tic AP xt For let the area AB have been contained by the ra- 
dnotouys tethetys tic AA: AEyw, d6tt 7 TO AB ywotov tional (straight-line) AC and the fourth apotome AD. I 
Suvayevyn EAcoowv Eotiv. say that the square-root of area AB is a minor (straight- 
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"Eom yuo tH AA rmoeooapudtovoa n AH: at doa 
AH, HA  éntat ciot Suvduer Udvov obuUETeoL, xal n AH 
OUUNETEOS EOTL TH Exxeuevy ONnty tH ALD ures, A SE An 
n AH tic toeocupuofobone tic AH ueiCov Sbvatm té8 
NO GOUVUMETPOV EaUTY Ure. Enel odv A AH tic HA 
UeiCov Sbvata, TG &NO KoVUETEOL EAUTH UMKEL, Edv doa 
TG) tetTéptTw UEpet Tot and tic AH toov nap& thy AH roe 
eoBAndh EAAcinov elder teteAyOVY, sic HOUUMETOA HUTHY 
dteAet. tetufodw otv 7 AH Stya xata 10 E, xol 1 ano 
tic EH toov nap& thy AH napoBeBAnodw eAAcinov elder 
TETONYOVY, xal Eotw TO UNO THv AZ, ZH: dovUUEteo¢ 
dou eotl unxet 7 AZ tH ZH. HyDwoay ody ota tv E, Z, H 
Tapa AnAot tac AT, BA ai EO, ZI, HK. enet odv oyth Eotw 
7 AH xat obuueteoc tH AL urxer, Ontov doa cotlv dAov TO 
AK. nda, énel dobuuetedc cotw 7 AH tf AD uhxer, xaut 
ciow aupdteoa pntat, u~cov doa éotl TO AK. méaw, Enel 
govuNEtodc Eotlv H AZ ti ZH urxer, dovuetoeov doa raul 
to Al té ZK. 

Luveotatw odv 16 yev AI toov tetedywvoyv 16 AM, 16 
dé ZK toov apnejodw reel Thy aoThy ywviayv Thy LTO Tov 
AOM 16 NE. zepi thy wdothy dpa Stiduetdv Cott Ta AM, NE 
TETONYWVa. EoTW KUTV Siduetoc H OP, xal xataveyodovur 
TO oyfua. Enel odv 16 Und tv AZ, ZH toov goti 16 ano 
tic EH, avédoyov dou Eotly wc 7 AZ ned thy EH, obtw<¢ 
1 EH mepdc thy ZH. GAX’ wo ev WH AZ med¢ thy EH, otw< 
éotl to AI npd¢ 16 EK, wc 5¢ A EH red¢ thy ZH, odtw< 
éotl t0 EK moed¢ 16 ZK: tév dpa AI, ZK ueoov avedoydov 
éott tO EK. got dé xal tév AM, NE tetpayavwy yéoov 
avéroyov tO MN, xat gottw toov 16 uév AI 16 AM, 10 dé 
ZK 163 NE: xal to EK doa toov cot té3 MN. aA T65 UeV 
EK ioov éotl 16 AO, té& dé MN toov Eotl t6 AE: ddov 
&ea tO AK ‘toov éoti 16 TX yvauow xat 16 NE. enet 
ovv ddov 10 AK itoov Eotl toic AM, NE teteayavoic, dv 
to AK toov Eotl 1 T®X yvouow xol 16 NE tetpayove, 
doinov doa TO AB iooy éotl 16 UT, toutéott 1H and tc 
AN teteayove 7 AN goa d0vata tO AB ywptov. AEyo, 
ott n AN GAoydc¢ Eotw FH xaAOUUEVN EAcOOWwY. 

‘Enel yuo pntov cot T0 AK xat Eottw toov toi¢g dnd Tov 
AO, ON tetekywvoic, 16 dpa ovyxeivevov Ex TOY and Tov 
AO, ON ontdv got. nédw, excel 16 AK yéooy Eotty, xat 
gov toov 10 AK 716) dic UNO tév AO, ON, 16 dpa dic UO 
tév AO, ON uéoov Eotiv. xal Enel dovuUEteov EdetyNn TO 
Al 1@ ZK, aobuveteov doa xal 10 and tH\¢ AO tetedywvov 
TG dno tij¢ ON teteayave. at AO, ON doa duvduet ciolv 
KOUUUETEOL TOLOUOM TO Uv OUYXELLEVOY EX TOY aT’ KUTOY 
TETONYOVOY PNTOV, TO dé Sic bn’ avTHY UEoov. 7 AN doa 
&hoydc EoTW N XaAOUUEVH EAdoowv? xal SUVaTA TO AB 
yuptov. 

‘H dea tO AB ywoiov Suvauévy Ehdoowy totiv: ree 
€det Seizau. 
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line). For let DG be an attachment to AD. Thus, AG 
and DG are rational (straight-lines which are) commen- 
surable in square only [Prop. 10.73], and AG is com- 
mensurable in length with the (previously) laid down ra- 
tional (straight-line) AC’, and the square on the whole, 
AG, is greater than (the square on) the attachment, DG, 
by the square on (some straight-line) incommensurable 
in length with (AG) [Def. 10.14]. Therefore, since the 
square on AG is greater than (the square on) GD by 
the (square) on (some straight-line) incommensurable in 
length with (AG), thus if (some area), equal to the fourth 
part of the (square) on DG, is applied to AG, falling short 
by a square figure, then it divides (AG) into (parts which 
are) incommensurable (in length) [Prop. 10.18]. There- 
fore, let DG have been cut in half at FE, and let (some 
area), equal to the (square) on EG, have been applied 
to AG, falling short by a square figure, and let it be the 
(rectangle contained) by AF and FG. Thus, AF is in- 
commensurable in length with FG. Therefore, let FH, 
FI, and GK have been drawn through E£, F, and G (re- 
spectively), parallel to AC and BD. Therefore, since AG 
is rational, and commensurable in length with AC, the 
whole (area) AK is thus rational [Prop. 10.19]. Again, 
since DG is incommensurable in length with AC, and 
both are rational (straight-lines), Dk is thus a medial 
(area) [Prop. 10.21]. Again, since AF’ is incommensu- 
rable in length with FG, AI (is) thus also incommensu- 
rable with F'K [Props. 6.1, 10.11]. 

Therefore, let the square LM, equal to AJ, have been 
constructed. And let NO, equal to F.K, (and) about the 
same angle, LPM, have been subtracted (from LM). 
Thus, the squares LM and NO are about the same diag- 
onal [Prop. 6.26]. Let PR be their (common) diagonal, 
and let the (rest of the) figure have been drawn. There- 
fore, since the (rectangle contained) by AF and FG is 
equal to the (square) on FG, thus, proportionally, as AF 
is to EG, so EG (is) to FG [Prop. 6.17]. But, as AF’ (is) 
to EG, so AI is to EK, and as EG (is) to FG, so EK is 
to F'K [Prop. 6.1]. Thus, E'K is the mean proportional to 
Al and F'K [Prop. 5.11]. And MN is also the mean pro- 
portional to the squares LM and NO [Prop. 10.13 lem.], 
and AI is equal to LM, and FK to NO. EK is thus 
also equal to MN. But, DH is equal to EK, and LO is 
equal to MN [Prop. 1.43]. Thus, the whole of DK is 
equal to the gnomon UVW and NO. Therefore, since 
the whole of AK is equal to the (sum of the) squares LM 
and NO, of which DK is equal to the gnomon UVW 
and the square NO, the remainder AB is thus equal to 
ST—that is to say, to the square on LN. Thus, LN is the 
square-root of area AB. I say that LN is the irrational 
(straight-line which is) called minor. 


393 


STOIXEION v’. 


le. 
‘Edy ywotov nepreéynto 010 ENTH\¢ Kal ANOTOUAS NEUTTIC, 
1 tO ywetov Suvayevy [7] Ueta ONTO UECOV TO dAOVv TOLOvod 
ECT. 


A A EoZoH: x N s 
Bey 
y wae 
Khe 
lig B © IK 
P mr M 


Xwpiov yee to AB nepieyéodw Und ONtiic thc AT xal 
d&notoufis Téuntys tic AA’ AEyo, StL A TO AB ywotov Sv- 
vauevn [fn] wete ONTO UEcOY tO dAoVv ToLodog EoTW. 

"Eow yuo tH AA rnoeooapudtovoa 7 AH: ot toa 
AH, HA pntat ciot dSuvéuer Udvov obuUETeOL, xol A TeO- 
capudCovoa 7 HA ovuuetedc Eot wrxer TH exxewevy 
onty tH AT, A Se GAn H AH tic neocapuoTovons tY\c 
AH ueiGov Sbvatoa 16 and douuUeTeOU EaUTH. Edv doa 
TG) tetT&épTH Uepet Tob dnd tic AH toov nap& thy AH ro 
eoBAndh EAAcinov elder teteAyOVe, sic HOUUMETOA WUTHY 
dteAet. tetunoVw odv n AH diya xata tO E onueiov, xal 
16) &no tic EH toov nap& thy AH napaSeBrAHoVw erdcinov 
eldet TetpAyYOVY xa Eotw TO UNO Tév AZ, ZH: dovuUEteOG 
goa otly 7 AZ ti ZH umes. nol Enel dobuuetedc Eotly H 
AH t7 TA urxer, xat elow duedtepa ental, uecov dea Eotl 
tO AK. mdaw, énel Onty Eotw n AH xali obuuetoos tH AT 
uryxet, Ontdv Eott to AK. 

Luveotatw odv 16) yev AI toov tete&kywvoyv 16 AM, 165 
dé ZK toov tetedywvov apnejodw tO NE neol thy avtyy 
yoviay thy brO AOM: rept thy adtiy dow diduetedyv Eott 
ta AM, NE teted&ywva. gotw avtésv Sidueteo¢ n OP, xa 
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For since AK is rational, and is equal to the (sum of 
the) squares LP and PN, the sum of the (squares) on 
LP and PN is thus rational. Again, since DK is me- 
dial, and DK is equal to twice the (rectangle contained) 
by LP and PN, thus twice the (rectangle contained) by 
LP and PN is medial. And since AI was shown (to be) 
incommensurable with F’K, the square on LP (is) thus 
also incommensurable with the square on PN. Thus, LP 
and PN are (straight-lines which are) incommensurable 
in square, making the sum of the squares on them ra- 
tional, and twice the (rectangle contained) by them me- 
dial. LN is thus the irrational (straight-line) called minor 
[Prop. 10.76]. And it is the square-root of area AB. 

Thus, the square-root of area AB is a minor (straight- 
line). (Which is) the very thing it was required to show. 


Proposition 95 


If an area is contained by a rational (straight-line) and 
a fifth apotome then the square-root of the area is that 
(straight-line) which with a rational (area) makes a me- 
dial whole. 


A D E F G L N O 
tv 
S Uo. P 
Wt- 
C B H IK 
R T M 


For let the area AB have been contained by the ra- 
tional (straight-line) AC and the fifth apotome AD. I 
say that the square-root of area AB is that (straight-line) 
which with a rational (area) makes a medial whole. 

For let DG be an attachment to AD. Thus, AG and 
DG are rational (straight-lines which are) commensu- 
rable in square only [Prop. 10.73], and the attachment 
GD is commensurable in length the the (previously) laid 
down rational (straight-line) AC, and the square on the 
whole, AG, is greater than (the square on) the attach- 
ment, DG, by the (square) on (some straight-line) incom- 
mensurable (in length) with (AG) [Def. 10.15]. Thus, if 
(some area), equal to the fourth part of the (square) on 
DG, is applied to AG, falling short by a square figure, 
then it divides (AG) into (parts which are) incommensu- 
rable (in length) [Prop. 10.18]. Therefore, let DG have 
been divided in half at point F, and let (some area), equal 
to the (square) on EG, have been applied to AG, falling 
short by a square figure, and let it be the (rectangle con- 
tained) by AF and FG. Thus, AF is incommensurable 
in length with FG. And since AG is incommensurable 
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xatayeyedg~dw TO oyxfUa. Ouolwe SH deifouev, tt 7 AN 
dvvatat TO AB ywetov. AEyo, ttn AN F usta ENtTOd YEcovV 
TO OAOy TOLlotok EoTIV. 

‘Enel yoo Ueoov edetyOn tO AK xat Eotw toov toi¢ &nd 
tév AO, ON, 16 doa ovyxeiuevov éx tv and tv AO, ON 
ueoov gottv. méAt, nel Entov Eott TO AK xat Eotww toov 
TG dic Und tv AO, ON, xal abtd ontdv Eotw. xal Enel 
déovuuEtedv ott 10 Al té5 ZK, dovuEteov &pa Eotl xal TO 
ano tig AO 16 and thc ON: at AO, ON doa Suvduer cioiv 
GoUUUNETEOL TOLODOM TO EV OUYxXElUEVOY Ex TOY aN’ KUTOY 
TETOXYOVWV UEDOY, TO BE le UN’ aUTOY ENTOV. H AoITH hoa 
1 AN d&doydc Eottw 7H xaAouEvN UETa ENTOD UEDOV TO SAOV 
notodoa’ xal Sbvata TO AB ywotov. 

‘H 10 AB dea ywetov Suvaevn YET ONTOD UEoOV TO 
dhov ToLotod Eotw’ Stee Eder SeiEau. 


, 


iv. 

‘Edy yowptoy mepléyntar UNO ENTH\¢ xal AMOTOUAS ExtN>, 

7 TO ywotov Suvavevn UETA UEGOU UEOOV TO SAov ToLoODOd 
EOulv. 


A A E ZH 


A O 
+B 
ae Se 
Xh- 
E B OTK 
P eM 


Xwpiov yee to AB nepieyéodw Und ONtiic tho AT xai 
anotoufic Extyns tic AA: AEyw, StL WH TO AB ywptov dv- 
vauevn [fj] wete UEoOU UEOOY TO SAoOV TOLODOg EoTL. 

"How yoo ti AA noooupudfovoa 7 AH: ai gon AH, 
HA ortat cio duvduer YOvov obuUETeOL, “ol ovdetéoa 
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in length with CA, and both are rational (straight-lines), 
AK is thus a medial (area) [Prop. 10.21]. Again, since 
DG is rational, and commensurable in length with AC, 
DK is a rational (area) [Prop. 10.19]. 

Therefore, let the square LM, equal to AJ, have been 
constructed. And let the square NO, equal to F'K, (and) 
about the same angle, LPM, have been subtracted (from 
NO). Thus, the squares LM and NO are about the same 
diagonal [Prop. 6.26]. Let PR be their (common) diag- 
onal, and let (the rest of) the figure have been drawn. 
So, similarly (to the previous propositions), we can show 
that DN is the square-root of area AB. I say that LN is 
that (straight-line) which with a rational (area) makes a 
medial whole. 

For since Ak was shown (to be) a medial (area), and 
is equal to (the sum of) the squares on LP and PN, 
the sum of the (squares) on LP and PN is thus medial. 
Again, since DK is rational, and is equal to twice the 
(rectangle contained) by LP and PN, (the latter) is also 
rational. And since AJ is incommensurable with F'k, the 
(square) on LP is thus also incommensurable with the 
(square) on PN. Thus, LP and PW are (straight-lines 
which are) incommensurable in square, making the sum 
of the squares on them medial, and twice the (rectangle 
contained) by them rational. Thus, the remainder LN is 
the irrational (straight-line) called that which with a ra- 
tional (area) makes a medial whole [Prop. 10.77]. And it 
is the square-root of area AB. 

Thus, the square-root of area AB is that (straight- 
line) which with a rational (area) makes a medial whole. 
(Which is) the very thing it was required to show. 


Proposition 96 


If an area is contained by a rational (straight-line) and 
a sixth apotome then the square-root of the area is that 
(straight-line) which with a medial (area) makes a medial 
whole. 
A D E FG N 


L O 
ay 
S U om P 
C B H IK be 
R T M 


For let the area AB have been contained by the ra- 
tional (straight-line) AC and the sixth apotome AD. I 
say that the square-root of area AB is that (straight-line) 
which with a medial (area) makes a medial whole. 

For let DG be an attachment to AD. Thus, AG and 
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AUTHY GUUETEdS EOTL TH Exxewwevn Ont tH AT wrxer, 7 
dé An HW AH tic TeooaeUOTovone¢ ti¢ AH yeiFov Sbvata 
TG GNO HouLWEeTPOL EaUTH Uhxet. Exel obv H AH tific HA 
ueiCov Sbvata TG &NO GoVUETEOL EAUTH UMXEL, Edv doa 
TG) tetT&eTH YEpEt Tob ano tic AH ioov nap& thy AH ro 
eoBAndh EAAcinov elder teteAyOVY, sic HOUUMETEA AOTHY 
dteAgt. tetuhodw otv A AH dtya xat& tO E [onueiov], xat 
16) &nO tic EH toov nap& thy AH napaSeBrAHoVw erdeinov 
elder TeTPAYAVE, Xal EoTw TO UNO THv AZ, ZH: KobuUEteO¢ 
&ea eotly n AZ ti ZH uhmer. we dé A AZ nod thy ZH, 
otw> Eotl tO AI npd¢ 16 ZK: dobuuEteov doa Eotl TO 
AI t@ ZK. xot éxet of AH, AD ontat cior Suvéuer Udvov 
OUUUETPOL, UEoov EoTL TO AK. néAw, eel at AP, AH Ontat 
ciot xal dovUUETPOL UAKEL, UEoov EoTl xal TO AK. érel odv 
at AH, HA duvduet udvoy obueteol ciow, dobuUEteoc doa 
éotly W AH tH HA uret. wc 6é 1 AH mpd thy HA, obdtw<¢ 
gotl to AK npdc 16 KA: dobuuetoov dpa Eotl To AK 765 
KA. 

huveotéta odv 16) uev AI toov tetekywvoyv 16 AM, 
16) d€ ZK toov aprefjote neel Thy avtTyY ywviav to NE: 
Teel tHy adthy doa Siduetedv cott ta AM, NE tetodyova. 
EoTw wWUTEY Sidusteoc OP, xal xatayeypapde tO oy fUa. 
Ouotud Oi) Tolc Exdve Seifouev, Sti HW AN Sdvata tO AB 
yootov. éyo, tt 7 AN [fh] wet& uEoov YEoov TO ddov 
Totovod Eotty. 

‘Enel yoo Ueoov edety0n tO AK xat Eotw toov toic and 
tév AO, ON, 16 dea ovyxetuevov éx Tv &nd Tv AO, ON 
ueoov éottv. mdéAw, Emel Ueoov Edetydn TO AK xat Eotw 
toov 6 dic Und tev AO, ON, xol 16 dle Und tév AO, ON 
uéooy éotty. xol Exel dobuUeteov edely0n tO AK 16 AK, 
dgovuyetoa [Kea] cotl xal ta dnd tov AO, ON tetedyova 
16) dig U6 tév AO, ON. nal Exel dobuUEtedv Eott 16 AI té5 
ZK, gobuyetpov doa xal TO and tH¢ AO té and tic ON: 
at AO, ON dow Suvduet elolv dobueteot ToLlotom tO TE 
OUVYXEIUEVOV EX TOV AN’ HUTEY TETOEAYAVWY UEDOV Kall TO Bic 
Om aUTEY UEGOV ETL TE TA AT AUTEY TeTEdYWVA KOUUNETE 
TG) Sig Um’ adTHV. A doa AN doydc Eotw FH xaAOUUEUN WETE 
UEDOU EGO TO OAov ToLovow' xal SUvaTa TO AB ywotov. 

“H doa tO Ywptov SuvayEevN UETH UETOU UEDOY TO GAOV 
mTolotod Eotw: Sree Eder Seta. 
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GD are rational (straight-lines which are) commensu- 
rable in square only [Prop. 10.73], and neither of them is 
commensurable in length with the (previously) laid down 
rational (straight-line) AC, and the square on the whole, 
AG, is greater than (the square on) the attachment, DG, 
by the (square) on (some straight-line) incommensurable 
in length with (AG) [Def. 10.16]. Therefore, since the 
square on AG is greater than (the square on) GD by 
the (square) on (some straight-line) incommensurable in 
length with (AG), thus if (some area), equal to the fourth 
part of square on DG, is applied to AG, falling short by 
a square figure, then it divides (AG) into (parts which 
are) incommensurable (in length) [Prop. 10.18]. There- 
fore, let DG have been cut in half at [point] &. And let 
(some area), equal to the (square) on EG, have been ap- 
plied to AG, falling short by a square figure. And let it 
be the (rectangle contained) by AF and FG. AF is thus 
incommensurable in length with F'G. And as AF (is) to 
FG, so AI is to FK [Prop. 6.1]. Thus, AJ is incommen- 
surable with F'K [Prop. 10.11]. And since AG and AC 
are rational (straight-lines which are) commensurable in 
square only, AK is a medial (area) [Prop. 10.21]. Again, 
since AC and DG are rational (straight-lines which are) 
incommensurable in length, DK is also a medial (area) 
[Prop. 10.21]. Therefore, since AG and GD are com- 
mensurable in square only, AG is thus incommensurable 
in length with GD. And as AG (is) to GD, so AK is to 
KD [Prop. 6.1]. Thus, AK is incommensurable with k D 
[Prop. 10.11]. 

Therefore, let the square LM, equal to AI, have been 
constructed. And let NO, equal to Fk, (and) about the 
same angle, have been subtracted (from LM). Thus, 
the squares LM and NO are about the same diagonal 
[Prop. 6.26]. Let PR be their (common) diagonal, and 
let (the rest of) the figure have been drawn. So, similarly 
to the above, we can show that LN is the square-root of 
area AB. I say that LN is that (straight-line) which with 
a medial (area) makes a medial whole. 

For since Ak was shown (to be) a medial (area), and 
is equal to the (sum of the) squares on LP and PN, the 
sum of the (squares) on LP and PN is medial. Again, 
since DK was shown (to be) a medial (area), and is 
equal to twice the (rectangle contained) by LP and PN, 
twice the (rectangle contained) by LP and PN is also 
medial. And since Ak was shown (to be) incommensu- 
rable with DK, [thus] the (sum of the) squares on LP 
and PN is also incommensurable with twice the (rect- 
angle contained) by LP and PN. And since AI is in- 
commensurable with F'kK, the (square) on LP (is) thus 
also incommensurable with the (square) on PN. Thus, 
LP and PN are (straight-lines which are) incommensu- 
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ne 
TO Gnd dnoTOUA TAE& ENTHY TapaBaAAOUEVOY TAKTOG 
TOlel AMOTOUNY TEWTHY. 


B i 
. Z N K M 
A E = 0 A 
"Hot amotoun } AB, enti dé 7 TA, xal 1 and tic 


AB toov raped thy TA napaBeBAnodw 16 TE nAd&to¢ novobv 
thy PZ: AEyw, Ott 7 UZ anotoyy corr TE@rtn. 

"Eow yoo tf AB neooapudfovoa 7 BH: ot doa AH, 
HB entat cio duvduer Udvov ovUUETPOL. xol TG EV TO 
tiic AH toov napa thy TA napaSeBAjodw 16 TO, 16 dé 
ano tij¢ BH to KA. ddov dea t6 TA tooy Eotl toic and 
tév AH, HB: 6v 16 TE ioov éoti 16 and t¥i¢ AB’ Aownov 
goa t6 ZA toov éotl 16 dic bnd tv AH, HB. tetufodw 
7 ZM diya xata t6 N onusiov, xol HyJw dia tod N tH TA 
TapddAndrog i NE: exdtepov toa tév ZE, AN toov Eotl 165 
ono tév AH, HB. xat enel ta dnd tév AH, HB onté cow, 
xat Eott totic and tév AH, HB ioov 16 AM, éntov dou 
éotl t6 AM. xal napa ontiy thy TA napaBeBAnto tA&to¢ 
notobdy thy TM: onth dow cotiv HTM xat obuyetpoc tH TA 
ure. TéAWW, Exel UEoov EoTl TO Sic Und THv AH, HB, xa 
TG) Bic bnd téHv AH, HB ioov 16 ZA, yéoov doa to ZA. xa 
Tape Enthy thy TA napdxerto mAdto¢ NoLobv thy ZM: Eyth 
goa cotly 7 ZM xal dovuueteoc tH TA ure. xal Emel te 
uev ano tv AH, HB enté cot, 10 dé dic Und tév AH, 
HB uéoov, dobuuetoa dow éotl té dnd tHv AH, HB 16 dic 
bn tv AH, HB. xal toic uev and t6v AH, HB toov éoth 
to TA, 16 dé dic Un6 tev AH, HB 16 ZA: dobuueteov dea 
éotl t0 AM 165 ZA. we 6 TO AM npd¢ 16 ZA, ot tw¢ Eotiv 
1 IM reoc thy ZM. aovuueteoc dea cotlv n TM ty ZM 
unxet. xal ciow aupdteoa pntat’ ot doa TM, MZ ontat cior 
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rable in square, making the sum of the squares on them 
medial, and twice the (rectangle contained) by medial, 
and, furthermore, the (sum of the) squares on them in- 
commensurable with twice the (rectangle contained) by 
them. Thus, LN is the irrational (straight-line) called 
that which with a medial (area) makes a medial whole 
[Prop. 10.78]. And it is the square-root of area AB. 
Thus, the square-root of area (AB) is that (straight- 
line) which with a medial (area) makes a medial whole. 
(Which is) the very thing it was required to show. 


Proposition 97 


The (square) on an apotome, applied to a rational 
(straight-line), produces a first apotome as breadth. 


. E G 


G F N K M 


D E OH L 

Let AB be an apotome, and C’D a rational (straight- 
line). And let CE, equal to the (square) on AB, have 
been applied to CD, producing CF as breadth. I say that 
CF is a first apotome. 

For let BG be an attachment to AB. Thus, AG and 
GB are rational (straight-lines which are) commensu- 
rable in square only [Prop. 10.73]. And let CH, equal 
to the (square) on AG, and KL, (equal) to the (square) 
on BG, have been applied to CD. Thus, the whole of 
CL is equal to the (sum of the squares) on AG and GB, 
of which C'E is equal to the (square) on AB. The re- 
mainder F'L is thus equal to twice the (rectangle con- 
tained) by AG and GB [Prop. 2.7]. Let FM have been 
cut in half at point N. And let NO have been drawn 
through N, parallel to CD. Thus, F'O and LN are each 
equal to the (rectangle contained) by AG and GB. And 
since the (sum of the squares) on AG and GB is rational, 
and DM is equal to the (sum of the squares) on AG and 
GB, DM is thus rational. And it has been applied to the 
rational (straight-line) CD, producing CM as breadth. 
Thus, C'M is rational, and commensurable in length with 
CD [Prop. 10.20]. Again, since twice the (rectangle con- 
tained) by AG and GB is medial, and F'L (is) equal to 
twice the (rectangle contained) by AG and GB, FL (is) 
thus a medial (area). And it is applied to the rational 
(straight-line) C'D, producing FM as breadth. FM is 
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duvdyel WOvoy ovuUETteol 7 UZ dou anotouy cotw. Ey 
dH, OTL xa MEdTH. 

‘Enel yuo tv and tv AH, HB yéoov avédoydv Eott 
tO Und tTév AH, HB, xat cot 16 uev and tic AH toov 10 
TO, 16 5€ and t¥i¢ BH toov 16 KA, 16 5é Ond tév AH, 
HB 10 NA, xol tév PO, KA doa yeoov avédoydv Eott TO 
NA: gotw doa wo 10 TO med¢ 160 NA, o¥tw¢ 16 NA ned¢ 
tO KA. dA’ ac vév T6 TO med¢ 16 NA, obtw¢ Eotiv H 
TK node thy NM: wc 5 10 NA med¢ 16 KA, obdtw¢ Eotiv 
7 NM reoc thy KM: 10 doa Und tv TK, KM itoov eotl 
16) and tic NM, tovutéotr té tetdotw spe TOD aNd Tc 
ZM. xol enel obuuetedv Eott TO and tic AH 16 and tic 
HB, ovuuetody [éott] xal 16 TO 105 KA. we 6€ 16 TO ned¢ 
tO KA, ottw¢ 7 PK ted¢ thy KM: obuueteoc¢ dou Eotly H 
TK th KM. exet odv S00 evdeia avicoi ciow at TM, MZ, 
xal TE TeThOTHD UEpEL TOD ano Tic ZM toov noe& thy TM 
TapaBEBAnta EAAcinov cide, TetepAyYOvH TO LTO Tév TK, 
KM, xat cott obueteos 7 PK tH KM, 7 doa TM tic MZ 
ueiov Sbvatou TH aM GUUNETOOL EAUTH UNxeEL. xal ECoTW H 
I'M ovuueteos tf exxewevyn enti tH TA unxer yn dea PZ 
AUNOTOUY EOTL TECTN. 

TO dea ano ANOTOLAc Taek ENTHY TaAeaBadAdUEVoV 
TAUTOS Nolet ANOTOUAY TEWTHY’ OnEE Eder Seitar. 


hy: 
TO and YEONS ANOTOUAS TE@THS Tae ONTHY Toea- 
BarAAOUEVOY TAATOS ToLel AMOTOUNY SeUTEPAY. 
"Eote yéons anotouy Teaty 7 AB, enth sé 7 PA, xa 16 
ano tij¢ AB toov napa thy TA ropoBeBAjodw 16 TE rA&to¢ 
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thus rational, and incommensurable in length with CD 
[Prop. 10.22]. And since the (sum of the squares) on AG 
and GB is rational, and twice the (rectangle contained) 
by AG and GB medial, the (sum of the squares) on AG 
and GB is thus incommensurable with twice the (rectan- 
gle contained) by AG and GB. And CL is equal to the 
(sum of the squares) on AG and GB, and F'L to twice the 
(rectangle contained) by AG and GB. DM is thus incom- 
mensurable with F'L. And as DM (is) to FL, so CM is to 
FM [Prop. 6.1]. CM is thus incommensurable in length 
with FM [Prop. 10.11]. And both are rational (straight- 
lines). Thus, CM and MF are rational (straight-lines 
which are) commensurable in square only. C’F is thus an 
apotome [Prop. 10.73]. So, I say that (it is) also a first 
(apotome). 

For since the (rectangle contained) by AG and GB is 
the mean proportional to the (squares) on AG and GB 
[Prop. 10.21 lem.], and C'A is equal to the (square) on 
AG, and KL equal to the (square) on BG, and NL to 
the (rectangle contained) by AG and GB, NL is thus 
also the mean proportional to CH and KL. Thus, as 
CH is to NL, so NL (is) to KL. But, as CH (is) to 
NL, so CK is to NM, and as NL (is) to KL, so NM 
is to KM [Prop. 6.1]. Thus, the (rectangle contained) 
by Ck and KM is equal to the (square) on NM— 
that is to say, to the fourth part of the (square) on FM 
[Prop. 6.17]. And since the (square) on AG is commen- 
surable with the (square) on GB, CH [is] also commen- 
surable with KL. And as CAH (is) to KL, so CK (is) to 
KM [Prop. 6.1]. CK is thus commensurable (in length) 
with KM [Prop. 10.11]. Therefore, since CM and MF 
are two unequal straight-lines, and the (rectangle con- 
tained) by CK and KM, equal to the fourth part of the 
(square) on F'M, has been applied to C'M, falling short 
by a square figure, and CK is commensurable (in length) 
with KM, the square on C'/ is thus greater than (the 
square on) MF by the (square) on (some straight-line) 
commensurable in length with (CM) [Prop. 10.17]. And 
CM is commensurable in length with the (previously) 
laid down rational (straight-line) CD. Thus, CF is a first 
apotome [Def. 10.15]. 

Thus, the (square) on an apotome, applied to a ratio- 
nal (straight-line), produces a first apotome as breadth. 
(Which is) the very thing it was required to show. 


Proposition 98 


The (square) on a first apotome of a medial (straight- 
line), applied to a rational (straight-line), produces a sec- 
ond apotome as breadth. 

Let AB be a first apotome of a medial (straight-line), 
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novoty thy PZ AEyw, 6tt HZ anotouy Eott sevutéoa. 

"Eow yao tH AB npooapudtovoa 7 BH: of doa AH, 
HB uéou eiot duvéuer Udvov CbUNETEOL ENTOY TEPLEyOLOML. 
xol 16) uev and tic AH toov nape thy TA napaSeBAjodw 
tO TO rdr&to¢ nowobv thy IK, 16 5€ and ti\¢ HB toov to 
KA nAd&tocg notobv thy KM: ddov &ea 16 LA toov Eotl toic 
ano tév AH, HB: uéoov &ea xol to TA. xol nape enti 
thy TA ropdxertan tA&to¢g Totoby thy PM: onth &ea Eotiv 
7 0M xot aobuueteoc tH PA unxer. xal exe to DA toov 
éotl toic dno tév AH, HB, év 16 and ti¢ AB toov Eotl 
16) TE, Aoindv doa TO dic Und téHv AH, HB ioov Eotl 165 
ZA. ontov b€ [Eott] tO Sic Und téSv AH, HB: 6ytdv &eau tO 
ZA. nol rae& entihy thy ZE napdxerta mAd&to¢ Tototy tiv 
ZM- enth dea cott xal AZM xa obuueteoc tH PA urxer. 
émel ovv Ta YEV and tév AH, HB, toutéot to TA, yéoov 
éotly, TO dé dic Und tHv AH, HB, toutéot to ZA, ontdv 
déovuuEteov doa gotl TO TA 16 ZA. we dé 10 TA med¢ 10 
ZA, o¥tw> Eotly 7 PM roedc thy ZM: covuueteoc doa H 
I'M tf ZM uae. xat ciow aupdteon entat ot doa IM, 
MZ ortat ctor Suvdet Udvoy ovUUETeoL’ 7 TZ doa anotouy 
cot. Aéyw 6H, OTL xal SeuTEoa. 


A B H 
TP Z NK M 
ras E oes, A 
Tetujodw yoo i ZM dtya xata to N, xo HyVoa dd tod 


N tH TA napdaaAnroc W NE: exctepov doa téiv ZE, NA ioov 
éotl 16) Und tév AH, HB. xol Exel tv dnd tv AH, HB 
TETONYWVOV UEGOV avdAoyov Eotl TO UNO Tév AH, HB, xat 
got toov tO vev ano tic AH 16 TO, 16 5 Und tHv AH, 
HB 16 NA, 10 8€ and tic BH 16 KA, xol tv TO, KA 
&ea ugoov avddoyoy gott TO NA: Eotw dea ac 16 TO med¢ 
tO NA, ottw¢ to NA mpd¢ 16 KA. GAM’ @¢ UEev 16 TO med¢ 
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and CD a rational (straight-line). And let CE, equal to 
the (square) on AB, have been applied to CD, producing 
CF as breadth. I say that CF is a second apotome. 

For let BG be an attachment to AB. Thus, AG and 
GB are medial (straight-lines which are) commensurable 
in square only, containing a rational (area) [Prop. 10.74]. 
And let C'H, equal to the (square) on AG, have been ap- 
plied to CD, producing CK as breadth, and KL, equal 
to the (square) on GB, producing K M as breadth. Thus, 
the whole of CL is equal to the (sum of the squares) 
on AG and GB. Thus, CL (is) also a medial (area) 
[Props. 10.15, 10.23 corr.]. And it is applied to the ratio- 
nal (straight-line) CD, producing CM as breadth. CM 
is thus rational, and incommensurable in length with CD 
[Prop. 10.22]. And since C'L is equal to the (sum of the 
squares) on AG and GB, of which the (square) on AB 
is equal to CE, the remainder, twice the (rectangle con- 
tained) by AG and GB, is thus equal to FL [Prop. 2.7]. 
And twice the (rectangle contained) by AG and GB [is] 
rational. Thus, F'L (is) rational. And it is applied to the 
rational (straight-line) FE, producing FM as breadth. 
FM is thus also rational, and commensurable in length 
with C'D [Prop. 10.20]. Therefore, since the (sum of the 
squares) on AG and G'B—that is to say, CL—is medial, 
and twice the (rectangle contained) by AG and GB— 
that is to say, #L—(is) rational, CL is thus incommen- 
surable with FL. And as CL (is) to FL, so CM is to 
FM [Prop. 6.1]. Thus, CM (is) incommensurable in 
length with FM [Prop. 10.11]. And they are both ra- 
tional (straight-lines). Thus, CM and MF are rational 
(straight-lines which are) commensurable in square only. 
CF is thus an apotome [Prop. 10.73]. So, I say that (it 
is) also a second (apotome). 


: E ° 


D E OH L 

For let FM have been cut in half at N. And let 
NO have been drawn through (point) N, parallel to 
CD. Thus, FO and NL are each equal to the (rectan- 
gle contained) by AG and GB. And since the (rectan- 
gle contained) by AG and GB is the mean proportional 
to the squares on AG and GB [Prop. 10.21 lem.], and 
the (square) on AG is equal to C'H, and the (rectangle 
contained) by AG and GB to NL, and the (square) on 
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to NA, o¥tw¢ cotiv 7 TK ned¢ thy NM, wc 5¢ 16 NA med¢ 
tO KA, odtw¢ éotiv h NM medc thy MK: wc dou H TK 
mTed¢ THY NM, ovtwe Eotiv A NM xoedc¢ thy KM: 10 dow 
vno Tv TK, KM toov ott 165 and thc NM, toutéott 65 
TetT&OTH UepEet TOD &nO tY}j¢ ZM [xa Enel obuUETEdv EoTL TO 
ano tic AH 16 dnd tic BH, obupetedv cot xal 16 TO 165 
KA, toutéotw 7 TK tf KM]. éxet odv 500 eddeia avicot 
clow at TM, MZ, xat té5 tet&tew weet to} ano thc MZ 
toov raed thy uetTova thy [TM nopaseBAntou crrcinov etder 
TeTeEAyYOVY TO UNO THY TK, KM xal cic obusetoea avTHY 
dtateet, NY doa TM tij¢ MZ uciCov Svvatau 16 and OUUETEOU 
EQUTY UAxEL. xal Cot A MeocaepUdCovoa W ZM ovyUEtTeO¢ 
UnKel TY exxewevy enty tH TA 7 doa PZ anotouy éot 
devteea. 

TO dpa aNd EONS AMOTOUAS TEATHC TAEk ENTHY Ta- 
eaBarArAdUEVoY TAdTOS Nolet ANOTOUNY SeUTepav’ OnE Edel 
Seiten. 


Ue 


TO ano YEoNS ANOTOUHS SevTepUc Taek ONTHY Toea- 
BarAAOUEVoy TAATOS ToLel AMOTOUNY TolTHY. 


7 B 7 


By Z NK M 


A E = O A 

"Eotw uéonc &notoun Seutéea 7 AB, pnty de 4 TA, xt 
TG dnd tH\¢ AB toov napd thy TA rapaBeBrAnodw to TE 
TAATOS ToLoby THY DZ: Ayo, Ott HZ anotoyy corr teity. 

"How de ti AB meooupydTovoe 7 BH: ai dow AH, HB 
wou ciol Suvdwet WOVOY OUUUETEOL UEOOY TEELEyOUCAL. xatl 
TG Uev and tic AH toov nap& thy TA napoBeBAnodw 16 TO 
TAdTOS ToLoby thy TK, 16 6 and tih\¢ BH toov nap& thy KO 
napaBeBAnodw tO KA mAd&to¢g notoby thy KM: ddov doa tO 
TA toov cott totic dnd tév AH, HB [xat got: ueou td ard 
tév AH, HB]: uéoov dea xat t0 TA. xot rook pnthy thy 
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BG to KL, NL is thus also the mean proportional to 
CH and KL. Thus, as CH is to NL, so NL (is) to KL 
[Prop. 5.11]. But, as CH (is) to NL, so CK is to NM, 
and as NI (is) to KL, so NM is to MK [Prop. 6.1]. 
Thus, as CK (is) to NM,so NM isto KM [Prop. 5.11]. 
The (rectangle contained) by CK and KM is thus equal 
to the (square) on NM [Prop. 6.17]—that is to say, to 
the fourth part of the (square) on FM [and since the 
(square) on AG is commensurable with the (square) on 
BG, CH is also commensurable with kK L—that is to say, 
CK with KM]. Therefore, since CM and MF are two 
unequal straight-lines, and the (rectangle contained) by 
CK and KM, equal to the fourth part of the (square) 
on MF, has been applied to the greater C'M, falling 
short by a square figure, and divides it into commensu- 
rable (parts), the square on C'M is thus greater than (the 
square on) MF by the (square) on (some straight-line) 
commensurable in length with (CM) [Prop. 10.17]. The 
attachment F'M is also commensurable in length with the 
(previously) laid down rational (straight-line) CD. C'F is 
thus a second apotome [Def. 10.16]. 

Thus, the (square) on a first apotome of a medial 
(straight-line), applied to a rational (straight-line), pro- 
duces a second apotome as breadth. (Which is) the very 
thing it was required to show. 


Proposition 99 


The (square) on a second apotome of a medial 
(straight-line), applied to a rational (straight-line), pro- 
duces a third apotome as breadth. 


i : G 
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Let AB be the second apotome of a medial (straight- 
line), and CD a rational (straight-line). And let CE, 
equal to the (square) on AB, have been applied to CD, 
producing CF as breadth. I say that CF is a third apo- 
tome. 

For let BG be an attachment to AB. Thus, AG and 
GB are medial (straight-lines which are) commensurable 
in square only, containing a medial (area) [Prop. 10.75]. 
And let CH, equal to the (square) on AG, have been 
applied to CD, producing CK as breadth. And let KL, 
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TA napaSeBAnta mA&to¢g novotv thy PM: enti dea Eotiv 
1 TM xol dovuuetoos tH PA urjxer. xol exet dAov 160 TA 
toov gotl toic and tév AH, HB, v to TE iooy Eotl 165 
ano tic AB, Aoindv boa t6 AZ toov Eotl 16 dic On téHv 
AH, HB. tetyjotw otv 7 ZM Sdtya xat& tO N onueioy, 
nol tH TA napdrAnroc Hydw 7 NE: exdtepov toa tév ZE, 
NA toov got 16 Und tév AH, HB. uéoov 5 tO bn0 tiv 
AH, HB: uéoov gpa gotl xai tO ZA. xal rape ONthy thy 
EZ nopdxetta tAdto¢g Tolobv thy ZM: enth doa xal n ZM 
xo dovueteos tH TA ufxer. xal exel ot AH, HB duvéuer 
Udvoy cio obuUUETPOL, dovUNETeOS Goa [eotl] uhxer 7 AH 
tf, HB: dovuueteov doa éoti xal tO dnd tic AH 165 bro 
tOv AH, HB. gd 16 ev and tic AH obuuetod eott Te 
ano tv AH, HB, 16 5€ Und tv AH, HB 10 Sic Und téHv 
AH, HB: dotuuetoa dea ott té and T&v AH, HB v6 Bic 
bno té&v AH, HB. G\A& toic yev and tév AH, HB ioov 
cot to TA, t6 5€ dic Und tv AH, HB ioov Eotl to ZA: 
déovuuEteov doa €otl TO TA 16 ZA. we dé 10 TA mpd¢ 10 
ZA, obtw¢ Eotiv ATM ned¢ thy ZM: dobuueteoc dow Eotiv 
1 TM th ZM une. xat clow aupdteoa ontat: at doa IM, 
MZ entat ctor Suvduet WOvoy OUUUETEOL ATOTOUN hoa Eotiv 
1 UZ. Evo 5H, Stu Kol Totty. 

‘Enel yuo obuNEtedv Eott TO and Tic AH 1H ano tic 
HB, ovuyetoov doa xat to PO 16 KA: dote xal 7 PK ti 
KM. xat énel tév dnd tv AH, HB yéoov avedoyov ott 
tO Und tév AH, HB, xat got: 16 yev and tic AH ioov 
to TO, 1 5€ and tic HB toov 16 KA, 16 5é bnO téHv 
AH, HB toov 10 NA, xal tév TO, KA dpa yéoov avédoydov 
éott to NA’ gotw doa wo TO TO med¢ 16 NA, ottw<¢ 10 
NA med¢ TO KA. GAN’ Wo Uev 10 TO red¢ 10 NA, ottwe 
éotlv A PK nedc thy NM, wc 5 16 NA med¢ 10 KA, ottw¢ 
éotly n NM moedc thy KM: we dow 1 PK ned thy MN, 
ovtw¢ Eotly n MN neoc thy KM: 16 dea Uno tév PK, KM 
toov cot 6 [and thc MN, toutéott 163] tethotm UEeet tou 
and tic ZM. eet odv S00 evdeta &vicol ciow at TM, MZ, 
xol T6 TetThOTH UEeEt TOD ano tTiH\¢ ZM toov naed& thy TM 
TapaBEBAnta cAAcinov elder Tetoaywove xal cic OVUUETEA 
avtiy Swupet, 7 CM doa tij¢ MZ uciCov Svvata 6 ano 
OUUUETEOL ENUTY. xl ovVdetéoea Tv TM, MZ ovuuetedc 
EOTL UNKEL TH Exxewevy ONtH tH TAH dea TZ anotoyuy cot 
To(TH. 

TO dpa and UEONS ANOTOUTS SeUTEPUC TAX ENTHY TAPa- 
BadAduevoy TAATOG TOLet aMOTOUHY TeitHy’ STEO Edet SetEau. 
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equal to the (square) on BG, have been applied to KH, 
producing KM as breadth. Thus, the whole of CL is 
equal to the (sum of the squares) on AG and GB [and 
the (sum of the squares) on AG and GB is medial]. CL 
(is) thus also medial [Props. 10.15, 10.23 corr.]. And it 
has been applied to the rational (straight-line) CD, pro- 
ducing CM as breadth. Thus, C'M is rational, and incom- 
mensurable in length with CD [Prop. 10.22]. And since 
the whole of C'L is equal to the (sum of the squares) on 
AG and GB, of which C'E is equal to the (square) on 
AB, the remainder LF is thus equal to twice the (rect- 
angle contained) by AG and GB [Prop. 2.7]. Therefore, 
let FM have been cut in half at point N. And let NO 
have been drawn parallel to CD. Thus, FO and NL are 
each equal to the (rectangle contained) by AG and GB. 
And the (rectangle contained) by AG and GB (is) me- 
dial. Thus, F'L is also medial. And it is applied to the 
rational (straight-line) EF, producing FM as breadth. 
FM is thus rational, and incommensurable in length with 
CD [Prop. 10.22]. And since AG and GB are commen- 
surable in square only, AG [is] thus incommensurable in 
length with GB. Thus, the (square) on AG is also incom- 
mensurable with the (rectangle contained) by AG and 
GB [Props. 6.1, 10.11]. But, the (sum of the squares) 
on AG and GB is commensurable with the (square) on 
AG’, and twice the (rectangle contained) by AG and GB 
with the (rectangle contained) by AG and GB. The 
(sum of the squares) on AG and GB is thus incommen- 
surable with twice the (rectangle contained) by AG and 
GB [Prop. 10.13]. But, CL is equal to the (sum of the 
squares) on AG and GB, and F'L is equal to twice the 
(rectangle contained) by AG and GB. Thus, CL is in- 
commensurable with F'L. And as C'L (is) to FL, soCM 
is to FM [Prop. 6.1]. CM is thus incommensurable in 
length with FM [Prop. 10.11]. And they are both ra- 
tional (straight-lines). Thus, CM and MF are rational 
(straight-lines which are) commensurable in square only. 
CF is thus an apotome [Prop. 10.73]. So, I say that (it 
is) also a third (apotome). 

For since the (square) on AG is commensurable with 
the (square) on GB, CAH (is) thus also commensu- 
rable with KL. Hence, CK (is) also (commensurable 
in length) with KM [Props. 6.1, 10.11]. And since the 
(rectangle contained) by AG and GB is the mean propor- 
tional to the (squares) on AG and GB [Prop. 10.21 lem.], 
and CH is equal to the (square) on AG, and KL equal 
to the (square) on GB, and NL equal to the (rectangle 
contained) by AG and GB, NL is thus also the mean 
proportional to CH and KL. Thus, as CH is to NL, so 
NL (is) to KL. But, as CH (is) to NL, so CK isto NM, 
and as NI (is) to KL, so NM (is) to KM [Prop. 6.1]. 
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ji 
TO and EAdooovos TAEd ENTHY TapaBarAAdUEVoy TATOG 
TOlel AMOTOUNY TETAOTHY. 


A p H 


A E aes, A 

"How edcoowy n AB, onty dé 7 TA, xat 16 and tic 
AB ‘oov nape enthy thy TA napaBeBAnjodw 16 TE rAc&to¢ 
novody thy CZ Aéyw, dt A UZ anotouh Eotr tethotn. 

"Eow yao tH AB npooapudfovoa 7 BH: ot dou AH, 
HB duvduet ctoly dovuuEteot Tototou TO UEV OUYXElLEVOV 
éx tov and Tv AH, HB tetoewyovev pytdy, 10 dé dic UnO 
tév AH, HB usoov. xal 1 yev and tic AH toov nape 
thy TA napaSeBAjodw to TO rAc&tog nowodv thy PK, 16 
dé dnd tic BH toov 10 KA mAd&to¢g novotyv thy KM: dhov 
&ea tO TA tooy éotl toic and téHv AH, HB. xat got 10 
ouyxeiuevov €x tv and tév AH, HB pntdv: entov dea 
gotl xal To TA. xal napd ontiy thy TA ropdxerta mA&tOS 
novobdyv thy TM: enti &oa xol 7 TM xol obuueteos tH PA 
unxet. xal Enel GAov 16 TA toov Eotl toic dnd tv AH, HB, 
av tO TE toov éotl 16 and tic AB, Aotndv &pa 16 ZA toov 
éotl té3 Sic nd tv AH, HB. tetufjodw otv n ZM dtya 
xata to N onyeiov, xal Hydw dia tod N onotépg tév TA, 
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Thus, as CK (is) to MN,so MN isto KM [Prop. 5.11]. 
Thus, the (rectangle contained) by CK and KM is equal 
to the [(square) on IM N—that is to say, to the] fourth 
part of the (square) on FM [Prop. 6.17]. Therefore, 
since CM and MF are two unequal straight-lines, and 
(some area), equal to the fourth part of the (square) on 
FM, has been applied to CM, falling short by a square 
figure, and divides it into commensurable (parts), the 
square on C'M is thus greater than (the square on) MF 
by the (square) on (some straight-line) commensurable 
(in length) with (CM) [Prop. 10.17]. And neither of 
CM and MF is commensurable in length with the (pre- 
viously) laid down rational (straight-line) CD. CF is 
thus a third apotome [Def. 10.13]. 

Thus, the (square) on a second apotome of a medial 
(straight-line), applied to a rational (straight-line), pro- 
duces a third apotome as breadth. (Which is) the very 
thing it was required to show. 


Proposition 100 


The (square) on a minor (straight-line), applied to 
a rational (straight-line), produces a fourth apotome as 
breadth. 
A B G 


D E OH L 

Let AB be a minor (straight-line), and CD a rational 
(straight-line). And let CE, equal to the (square) on AB, 
have been applied to the rational (straight-line) CD, pro- 
ducing CF as breadth. I say that CF is a fourth apotome. 

For let BG be an attachment to AB. Thus, AG and 
GB are incommensurable in square, making the sum of 
the squares on AG and GB rational, and twice the (rect- 
angle contained) by AG and GB medial [Prop. 10.76]. 
And let C'H, equal to the (square) on AG, have been ap- 
plied to CD, producing CK as breadth, and KL, equal 
to the (square) on BG, producing K M as breadth. Thus, 
the whole of C'L is equal to the (sum of the squares) on 
AG and GB. And the sum of the (squares) on AG and 
GB is rational. CL is thus also rational. And it is ap- 
plied to the rational (straight-line) CD, producing CM 
as breadth. Thus, CM (is) also rational, and commen- 
surable in length with CD [Prop. 10.20]. And since the 
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MA napadAndoc 7) NE: exctepov toa tv ZE, NA ioov goth 
16) Uno Tv AH, HB. nol Enel 16 dic bx6 tév AH, HB yéoov 
éotl xal Eott toov 16 ZA, xai to ZA doa UEooy Eotty. xa 
Taek enthyy thy ZE naedxetta TA&TO ToLtoby thy ZM: entry 
goa gotlv 7 ZM xal dovuueteos tH TA unxer. xal Exel 10 
uev ovyxeiuevoy éx tHv ano Tv AH, HB entdv eotw, 10 
d€ Sic Und téHv AH, HB yeoov, dovuyetoa [Koa] cott tk and 
tév AH, HB 16 dic Und tév AH, HB. ioov 6¢ [Eot] 16 TA 
toic dnd tév AH, HB, 165 5é bic Un6 té&HSv AH, HB icov t6 
ZA: dobuueteoy gow [eoti] to TA 16 ZA. wc 5é tO TA red¢ 
to ZA, odtw> Eotly HM med¢ thy MZ: dovuuEeteo¢ dea 
éotly 1 TM th MZ unmet. xal clow cupdteoa prtat’ a doo 
TM, MZ ontat cior Suvdwer Udvov obUUETEOL’ ATOTOUN dem 
cotlv WZ. AEyw [57], Str xo tetéoty. 

‘Enel yao at AH, HB duvduet eiotv dovuueteot, dobuUET- 
cov doa xal TO and tic AH 16 and tic HB. xat cot té5 
vev ano tij¢ AH toov 16 PO, 16 5é &nd tic HB ioov 16 
KA: govuueteov dou gotl 16 TO 16 KA. we 5¢ to TO red¢ 
tO KA, o¥tw¢ gotly AH PK red¢ thy KM: dotuuetoos koa 
éotlv W DK tH KM ume. xol Enel tv dnd tév AH, HB 
ueoov avahoyov Eott TO UNO tv AH, HB, xat eotw toov 
TO vev ano tic AH 16 TO, 16 dé and tic HB 1 KA, 
tO d€ Und THv AH, HB 16 NA, tév doa TO, KA yéoov 
avéhoyoyv ott TO NA’ gotw doa wo tO TO mpd¢ 16 NA, 
otwo TO NA mpd¢ tO KA. GAN’ we yev TO TO med¢ 10 
NA, ottw¢ éotiv 7 PK med¢ thy NM, we d€ 16 NA med¢ 
tO KA, obtwc éotiv h NM noedc thy KM: wc doa 4 TK 
ted¢ THY MN, ovtwc¢ cotly nH MN xedc thy KM: 10 tow 
bro THv PK, KM toov éott 163 and thc MN, toutéott 165 
TeTdOTH WEeEl TOD and Tic ZM. Enel odv Sv0 evVeta &vicol 
ciow ot TM, MZ, xoal 16 tetodotw user tol ano tij¢ MZ 
toov nae& thy TM rnapaBeBrnto cAdrcinoy elder teTOXyave 
to bn0 Tév DK, KM xa cic aobuyetoa auth Stouget, 1 hoo 
I'M tic MZ ueiCov Sbvatou 16 ano douUUETEOU EQUTH. xatl 
éotw OAn TEM ovuyetooc uyxer tH exxewevy onty} th TA: 
n dea TZ anotoun cot tetdoty. 

To dpa and Ehdooovos xal TH EEFjc. 
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whole of CL is equal to the (sum of the squares) on AG 
and GB, of which CE is equal to the (square) on AB, 
the remainder F'L is thus equal to twice the (rectangle 
contained) by AG and GB [Prop. 2.7]. Therefore, let 
FM have been cut in half at point N. And let NO have 
been drawn through JN, parallel to either of CD or ML. 
Thus, FO and NL are each equal to the (rectangle con- 
tained) by AG and GB. And since twice the (rectangle 
contained) by AG and GB is medial, and is equal to FL, 
FL is thus also medial. And it is applied to the ratio- 
nal (straight-line) FE, producing FM as breadth. Thus, 
FM is rational, and incommensurable in length with CD 
[Prop. 10.22]. And since the sum of the (squares) on AG 
and GB is rational, and twice the (rectangle contained) 
by AG and GB medial, the (sum of the squares) on AG 
and GB is [thus] incommensurable with twice the (rect- 
angle contained) by AG and GB. And CL (is) equal to 
the (sum of the squares) on AG and GB, and F'L equal 
to twice the (rectangle contained) by AG and GB. CL 
[is] thus incommensurable with FL. And as CL (is) to 
FL,so CM isto MF [Prop. 6.1]. CM is thus incommen- 
surable in length with MF [Prop. 10.11]. And both are 
rational (straight-lines). Thus, CM and M F are rational 
(straight-lines which are) commensurable in square only. 
C'F is thus an apotome [Prop. 10.73]. [So], I say that (it 
is) also a fourth (apotome). 

For since AG and GB are incommensurable in square, 
the (square) on AG (is) thus also incommensurable with 
the (square) on GB. And CH is equal to the (square) on 
AG, and KL equal to the (square) on GB. Thus, C'H is 
incommensurable with KL. And as CH (is) to KL, so 
CK is to KM [Prop. 6.1]. CK is thus incommensurable 
in length with kK M [Prop. 10.11]. And since the (rectan- 
gle contained) by AG and GB is the mean proportional 
to the (squares) on AG and GB [Prop. 10.21 lem.], and 
the (square) on AG is equal to CH, and the (square) 
on GB to KL, and the (rectangle contained) by AG and 
GB to NL, NL is thus the mean proportional to CH and 
KL. Thus, as CH is to NL, so NL (is) to KL. But, 
as CH (is) to NL, so CK is to NM, and as NL (is) to 
KL,so NM is to KM [Prop. 6.1]. Thus, as CK (is) to 
MN,so MN isto KM [Prop. 5.11]. The (rectangle con- 
tained) by CK and KM is thus equal to the (square) on 
M N—that is to say, to the fourth part of the (square) on 
FM [Prop. 6.17]. Therefore, since CM and M F are two 
unequal straight-lines, and the (rectangle contained) by 
CK and Kk M, equal to the fourth part of the (square) on 
MF, has been applied to CM, falling short by a square 
figure, and divides it into incommensurable (parts), the 
square on C'M is thus greater than (the square on) MF 
by the (square) on (some straight-line) incommensurable 
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, 
ea F 
TO ano thc UETH ENTOD UEGOV TO GAoV TOLObONS TAEd 
ENThy TapaBarAdUEvoy TAdTOS TOLEl AMOTOUNY NEUNTIY. 


. p H 


TP Z NK M 


A E = O A 

"Hot f Yeta pyjtot Ueoov 16 ddov rowovoa n AB, onth 
dé 9 TA, xol 16 and thc AB toov nap& thy TA rape 
BeBAfoVw to TE nAc&to¢g nowoty thy TZ: Aéyo, ott H PZ 
ANOTOUY EOTL NEUTTY. 

"Eow yee tH AB npooapudfovoa 7 BH: of doa AH, 
HB coveio Suvduer clolv covuueteot Towotom TO Yev 
ouyxeiuevov €x Tév an’ HUTHV TEeTEAYHVWY UEOOV, TO dé 
dic Um’ avTHY EYTdV, xal TH YEV ano Tic AH ioov napd 
thy TA nopaBeBAjodw to TO, 165 dé and tic HB toov 
tO KA: ddov doa T6 TA toov éoti totic and tv AH, HB. 
TO B& OUyxElUevov Ex TOV dnd THv AH, HB dua yéoov 
éottv. usoov doa cott tO TA. xal nap& ontyy thy TA 
TUEAKELTA TATOS ToLoby thy TM: onth dea cotiv 7 TM xot 
g&ovuueteos tH TA. xot exel ddov 16 TA toov Eotl toig and 
tév AH, HB, 6v 16 TE ioov éoti té and tH\¢ AB, Aownov 
&ea 10 ZA toov Eotl 16 dic Und tv AH, HB. tetufodw 
ovv n ZM Stya xata tO N, xal HyIw did tod N onotéeg 
tov TA, MA napddaAndoc i NE: excdtepov dow téiv ZE, NA 
toov cotl tH Und tv AH, HB, xol Exel tO Sic Und tev AH, 
HB éntdv got xat [Eottv] toov 16 ZA, Ontov doa Eotl tO 
ZA. xal rape enthy thy EZ napdmertoa mAd&to¢ movotv ty 
ZM- erty dea eotlv 7 ZM xat ovuyetoos tH TA urxer. xa 
énel to uev DA ugoov Eotiv, 16 bé ZA Entov, cobuUEteov 
&ea gotl 16 TA 16 ZA. We dé tO TA ned¢ tO ZA, ottw< 
1 IM neoc thy MZ: aobvuueteoc dou cotlv n TM tH MZ 
unxer. xal clow aupdtepa ontat at doa TM, MZ entat cior 
duvauEl LOvov OUUUETEOL’ aMOTOUN dea Ecotlv PZ. Evo 
On, OTL Kal MEUTTN. 

‘Ouotws yao SetEouev, StL TO UNO tév PKM ioov Eotl 
16) ano tic NM, toutéott 16 tetdetw UgeEt TOU AMO Tic 
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(in length) with (CM) [Prop. 10.18]. And the whole of 
CM is commensurable in length with the (previously) 
laid down rational (straight-line) CD. Thus, CF is a 
fourth apotome [Def. 10.14]. 

Thus, the (square) on a minor, and soon... 


Proposition 101 


The (square) on that (straight-line) which with a ra- 
tional (area) makes a medial whole, applied to a rational 
(straight-line), produces a fifth apotome as breadth. 

A B G 


c F N K M 


D E OH L 

Let AB be that (straight-line) which with a ratio- 
nal (area) makes a medial whole, and CD a rational 
(straight-line). And let CE, equal to the (square) on AB, 
have been applied to CD, producing CF as breadth. I 
say that CF is a fifth apotome. 

Let BG be an attachment to AB. Thus, the straight- 
lines AG and GB are incommensurable in square, mak- 
ing the sum of the squares on them medial, and twice 
the (rectangle contained) by them rational [Prop. 10.77]. 
And let C'H, equal to the (square) on AG, have been ap- 
plied to CD, and KL, equal to the (square) on GB. The 
whole of C'L is thus equal to the (sum of the squares) on 
AG and GB. And the sum of the (squares) on AG and 
GB together is medial. Thus, C'L is medial. And it has 
been applied to the rational (straight-line) CD, produc- 
ing C'M as breadth. C'M is thus rational, and incommen- 
surable (in length) with CD [Prop. 10.22]. And since 
the whole of C'L is equal to the (sum of the squares) on 
AG and GB, of which C'E is equal to the (square) on 
AB, the remainder F'L is thus equal to twice the (rect- 
angle contained) by AG and GB [Prop. 2.7]. Therefore, 
let FM have been cut in half at N. And let NO have 
been drawn through JN, parallel to either of CD or ML. 
Thus, FO and NL are each equal to the (rectangle con- 
tained) by AG and GB. And since twice the (rectangle 
contained) by AG and GB is rational, and [is] equal to 
FL, FL is thus rational. And it is applied to the ratio- 
nal (straight-line) EF’, producing F'M as breadth. Thus, 
F'M is rational, and commensurable in length with CD 
[Prop. 10.20]. And since C'L is medial, and F'L rational, 
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ZM. xal enel dobuNetpdv Eott TO and tic AH 16 and tic 
HB, joov 6€ 16 uev and tic AH 16 TO, 16 d€ and tic 
HB 16 KA, dobuueteov doa 16 TO 16 KA. we dé 16 TO 
med¢ TO KA, ottwo A PK ned¢ thy KM: dovuueteo¢ dea 
7 UK th KM unmet. emel otv S00 evdeton Gvicol elow al 
TM, MZ, xot 16 tetéptw ygeet tot and thc ZM toov rape 
tHY TM napoSeBAnto eddcinov etdet tetepayaveu xal sic 
KovUUETtea HUTAY Sompet, doa TM tic MZ uciZov Sbvata 
TG) &NO doUUUETCOU EaUTY. “al Cot H TEocUEUdTOVOA H 
ZM obuueteos th exxewevy enti tH LA: 7 doa TZ &notoyy, 
EOL NEUTTN OTE Eder SeiEau. 


GB 
TO ONO TH¢ UETa UEGOU UEGOV TO SAOV TOLOLaNS TAEd 
ONThy TapaBarAAdUEvoy TAdTOS ToLel ATOTOUNY ExT. 


: p H 


DP Z NK M 


A E = O A 

"How f UeTe WECOU UEOOV TO dAov ToLotoa 7 AB, enth 
dé 4 TA, xol 16 and tic AB toov nape thy TA rape 
BeBAAoVe tO TE nA&toc nowotv thy TZ: Aéyw, dtr H PZ 
AUNOTOUY COTW EXTH. 

"Eow yee tH AB neooapudfovoa 7 BH: ot doa AH, 
HB dvuvduer ciolv aobuueteot mowotou T6 te ouyxetuevov 
EX TOV AN AUTHY TETOAYOVUY UEGOV xXal TO dic UNO THYV 
AH, HB yéoov xai dobuueteov ta and tHv AH, HB 76 
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CL is thus incommensurable with FL. And as C'L (is) to 
FL, so CM (is) to MF [Prop. 6.1]. C'M is thus incom- 
mensurable in length with MF [Prop. 10.11]. And both 
are rational. Thus, CM and MF are rational (straight- 
lines which are) commensurable in square only. CF is 
thus an apotome [Prop. 10.73]. So, I say that (it is) also 
a fifth (apotome). 

For, similarly (to the previous propositions), we can 
show that the (rectangle contained) by CK M is equal to 
the (square) on N/M—that is to say, to the fourth part 
of the (square) on F'M. And since the (square) on AG 
is incommensurable with the (square) on GB, and the 
(square) on AG (is) equal to C'H, and the (square) on 
GB to KL, CH (is) thus incommensurable with KL. 
And as CA (is) to KL, so CK (is) to KM [Prop. 6.1]. 
Thus, CK (is) incommensurable in length with KM 
[Prop. 10.11]. Therefore, since CM and M F are two un- 
equal straight-lines, and (some area), equal to the fourth 
part of the (square) on F'M, has been applied to CM, 
falling short by a square figure, and divides it into incom- 
mensurable (parts), the square on C'M is thus greater 
than (the square on) MF by the (square) on (some 
straight-line) incommensurable (in length) with (CM) 
[Prop. 10.18]. And the attachment F'M is commensu- 
rable with the (previously) laid down rational (straight- 
line) CD. Thus, CF is a fifth apotome [Def. 10.15]. 
(Which is) the very thing it was required to show. 


Proposition 102 


The (square) on that (straight-line) which with a me- 
dial (area) makes a medial whole, applied to a rational 
(straight-line), produces a sixth apotome as breadth. 


ts E G 


C F N K M 


D E OH L 

Let AB be that (straight-line) which with a me- 
dial (area) makes a medial whole, and CD a rational 
(straight-line). And let CE, equal to the (square) on AB, 
have been applied to CD, producing CF as breadth. I 
say that C’F is a sixth apotome. 

For let BG be an attachment to AB. Thus, AG and 
GB are incommensurable in square, making the sum of 
the squares on them medial, and twice the (rectangle 
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dic Und THv AH, HB. rapoBeBAjodw odv nap& thy TA 765 
uev ano tic AH toov 16 TO mAdtocg rovotv thy TK, 16 
dé &no tic BH 16 KA: dhov dea 16 TA ioov Eoti toig and 
tév AH, HB: péoov doa [eotl] xal tO TA. xal rao& enti 
thy TA ropdxettan tA&to¢g Totoby thy PM: onth dea Eotiv 
7 TM xal dovuuetoos tH PA ujxer. Exel odv to TA toov 
éotl toic dnd tv AH, HB, &v 16 TE ioov 16 and tic AB, 
Aoindv doa TO ZA toov Eotl 16 dic Und tév AH, HB. xat 
éott TO dic Und Tv AH, HB yéoov: xai 16 ZA doa Yeoov 
éotly. xal raed entry thy ZE noodxetta TA&tos ToLoby trv 
ZM- enth dea cotiv y ZM xa dobuueteoc tH LA pret. xat 
émel ta dnd téHv AH, HB dovuyete& eott 16 dic On téHv 
AH, HB, xat got toic uév and tév AH, HB ioov 16 TA, 
TG) Be Sic UNO tv AH, HB ioov 16 ZA, dovuyeteoc dea 
[eoti] 16 TA 1@ ZA. wc 5€ 16 TA red¢ 16 ZA, ot Eotly 
1 IM neoc thy MZ: aovuueteoc dea cotlv n TM tH MZ 
unxet. xat ciow aupotepan Entat. of TM, MZ doa ontat ior 
duvduEl LOvov OUUUETEOL’ aTOTOUN dea eotlv PZ. AEvw 
dH, OTL Xo ExtN. 

‘Enel yuo tO ZA ioov éotl té dic Und tv AH, HB, 
tetuUHove diya 7 ZM xata to N, xot HyVw oie tod N tH 
TA napérAndoc n NE: exctepov dpa tv ZE, NA toov éoth 
té) Uno tév AH, HB. xot enet of AH, HB duveuer cioiv 
KovUUETeOL, GoUUUETEOV doa gotl TO dnd tij¢ AH 16 ano 
tiic HB. Ghd 16 Yev and tic AH toov Eotl 16 TO, 16 dé 
ano tic HB tooy gott 16 KA: gobuuetpov dea éotl to TO 
16 KA. wo 5 16 TO npd¢ 16 KA, odtw¢ Eotlv 7 PK ned¢ 
thy KM: aobuueteos dow cotiv n TK th KM. xot enet tév 
ano tév AH, HB uéoov avédoyov Eott 16 Und tev AH, 
HB, xal got 16 yev and tij¢ AH toov 16 TO, 16 Se and 
tic HB toov to KA, 16 5é Und téHv AH, HB toov t6 NA, 
xa tv doa TO, KA uéoov avedoyov got to NA: Eotw doa 
a> 70 TO npd¢ 10 NA, ottwo tO NA npdc¢ 10 KA. xat did 
tH HOTA HEM tic MZ uciCov Svvata 16 dnd douueteou 
EQUTA. ual OVSeTEpA AUTEY GUUMETEOS EOTL TY Exxewwevy 
entry tH TA: 7 UZ dea anotouy Eotw Extn’ Sree Eder SeiFa. 
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contained) by AG and GB medial, and the (sum of the 
squares) on AG and GB incommensurable with twice 
the (rectangle contained) by AG and GB [Prop. 10.78]. 
Therefore, let CH, equal to the (square) on AG, have 
been applied to C'D, producing CK as breadth, and KL, 
equal to the (square) on BG. Thus, the whole of CL 
is equal to the (sum of the squares) on AG and GB. 
CL [is] thus also medial. And it is applied to the ratio- 
nal (straight-line) CD, producing C'M as breadth. Thus, 
CM is rational, and incommensurable in length with 
CD [Prop. 10.22]. Therefore, since C'L is equal to the 
(sum of the squares) on AG and GB, of which CE (is) 
equal to the (square) on AB, the remainder F'L is thus 
equal to twice the (rectangle contained) by AG and GB 
[Prop. 2.7]. And twice the (rectangle contained) by AG 
and GB (is) medial. Thus, FL is also medial. And it is 
applied to the rational (straight-line) FE, producing FM 
as breadth. F'M is thus rational, and incommensurable 
in length with CD [Prop. 10.22]. And since the (sum 
of the squares) on AG and GB is incommensurable with 
twice the (rectangle contained) by AG and GB, and CL 
equal to the (sum of the squares) on AG and GB, and 
FL equal to twice the (rectangle contained) by AG and 
GB, CL [is] thus incommensurable with F'L. And as CL 
(is) to FL, so CM is to MF [Prop. 6.1]. Thus, CM is 
incommensurable in length with WF [Prop. 10.11]. And 
they are both rational. Thus, CM and MF are rational 
(straight-lines which are) commensurable in square only. 
CF is thus an apotome [Prop. 10.73]. So, I say that (it 
is) also a sixth (apotome). 

For since F'L is equal to twice the (rectangle con- 
tained) by AG and GB, let FM have been cut in half 
at N, and let NO have been drawn through N, parallel 
to CD. Thus, FO and NLT are each equal to the (rect- 
angle contained) by AG and GB. And since AG and GB 
are incommensurable in square, the (square) on AG is 
thus incommensurable with the (square) on GB. But, 
CH is equal to the (square) on AG, and KL is equal 
to the (square) on GB. Thus, C'H is incommensurable 
with kL. And as CH (is) to KL, so CK is to KM 
[Prop. 6.1]. Thus, CK is incommensurable (in length) 
with KM [Prop. 10.11]. And since the (rectangle con- 
tained) by AG and GB is the mean proportional to the 
(squares) on AG and GB [Prop. 10.21 lem.], and CH 
is equal to the (square) on AG, and KL equal to the 
(square) on GB, and NL equal to the (rectangle con- 
tained) by AG and GB, NL is thus also the mean pro- 
portional to CH and KL. Thus, as CH is to NL, so NL 
(is) to KL. And for the same (reasons as the preced- 
ing propositions), the square on C'M is greater than (the 
square on) MF by the (square) on (some straight-line) 
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py: 
‘H tf amotouy unxet obuuEtooc anoTtoOUN EoTL xal TH 
tTaHEEL WUT. 


A B E 
i AZ 


"Eotw dnotouy fh AB, xol tH AB uhxer obupetpoc Eotw 
7 TA: d€yoo, btt “ol VTA arotouy cotr xa tH teEEt H HTH 
tf AB. 

‘Exel yup amotouy cotw n AB, gotw dt mp0- 
oapudCovoa 7 BE: at AE, EB dea ontat ciot Suvduet Udvoyv 
ovuUETeOL. xal 6 thc AB ned¢ thy TA Oyo O adTO¢ 
Yeyovetw O tic BE npdc¢ thy AZ: xol wo Ev dpa TEdG Ev, 
navta [Eotl] med¢ né&vta Eotw doa xal ac SAn HAE med¢ 
ddny thy DZ, obtw¢ WH AB red¢ thy TA. obuueteos 6é AH AB 
tf TA ufxer obuueteoc dow xat A AE uév ti DZ, 7 de BE 
tf, AZ. xai ot AE, EB ontat ctor Suvduer udvov obuUETeOL 
nat ai TZ, ZA doa Ontat cior Suvduer Udvov ovyNETeOL [&nO- 
Tou? doa cotiv HLA. AEyw SH, Gtr al tH tHEEL H HOT TH 
ABI. 

‘Enel ov gotw wo 1 AE npd¢ thy TZ, ottw¢ 7 BE 1ed¢ 
thy AZ, EvorrdE doa gotiv ac A AE med¢ thy EB, ottw< 
n UZ nedc thy ZA. Ftor 6 H AE tic EB uciZov d0vata 
TG) GMO CUUUETOOU EQUTH 7 TG UNO HOUUUETEOL. El Uev OdV 
7 AE tic EB pveiZov d0vata 16 and oUUUETEOU EaUTH, Xaul 
1 UZ tic ZA pyeiCov Suvfoeta 16 dnd ovUUETEOU EaUTh}. 
xal el uev obuUETedc EotW H AE ti Exxewevyn Onty urnet, 
xa n DZ, et 5é H BE, xai n AZ, ci dé ovdetéoa tv AE, 
EB, xai ovdetépa tév TZ, ZA. ci 5é A AE [ti\¢ EB] uciCov 
dUvaTaL TE AMO KoVWNETEOV EauTh, xal AUZ tic ZA ueiTov 
SLVYACETAL TH ATO HOUUUETOOU ENUTH. Xo El UEV OVUUETEOC 
cow n AE th exxewevy onty uynet, xat n UZ, ci de 7 BE, 
xa n AZ, ci 5 ovdetéepa tHv AE, EB, oddetépa tv TZ, 
ZA. 

‘Anotouy doa cotiv ATA xat tH tHEer H avtH tH AB: 
Onee Eder Setea. 
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incommensurable (in length) with (CM) [Prop. 10.18]. 
And neither of them is commensurable with the (previ- 
ously) laid down rational (straight-line) CD. Thus, CF 
is a sixth apotome [Def. 10.16]. (Which is) the very thing 
it was required to show. 


Proposition 103 


A (straight-line) commensurable in length with an 
apotome is an apotome, and (is) the same in order. 


A B E 


} 
C D F 
_——— oo 

Let AB be an apotome, and let CD be commensu- 
rable in length with AB. I say that C’D is also an apo- 
tome, and (is) the same in order as AB. 

For since AB is an apotome, let BE be an attachment 
to it. Thus, AF and FB are rational (straight-lines which 
are) commensurable in square only [Prop. 10.73]. And 
let it have been contrived that the (ratio) of BE to DF 
is the same as the ratio of AB to CD [Prop. 6.12]. Thus, 
also, as one is to one, (so) all [are] to all [Prop. 5.12]. 
And thus as the whole AF is to the whole CF, so AB 
(is) to CD. And AB (is) commensurable in length with 
CD. AE (is) thus also commensurable (in length) with 
CF, and BE with DF [Prop. 10.11]. And AF and 
BE are rational (straight-lines which are) commensu- 
rable in square only. Thus, CF and FD are also rational 
(straight-lines which are) commensurable in square only 
[Prop. 10.13]. [CD is thus an apotome. So, I say that (it 
is) also the same in order as AB.] 

Therefore, since as AF is to CF, so BE (is) to 
DF, thus, alternately, as AE is to EB, so CF (is) to 
FD [Prop. 5.16]. So, the square on AF is greater 
than (the square on) FB either by the (square) on 
(some straight-line) commensurable, or by the (square) 
on (some straight-line) incommensurable, (in length) 
with (AF). Therefore, if the (square) on AF is greater 
than (the square on) EB by the (square) on (some 
straight-line) commensurable (in length) with (AZ) then 
the square on CF will also be greater than (the square 
on) F'D by the (square) on (some straight-line) commen- 
surable (in length) with (CF) [Prop. 10.14]. And if AE 
is commensurable in length with a (previously) laid down 
rational (straight-line) then so (is) CF [Prop. 10.12], 
and if BE (is commensurable), so (is) DF’, and if nei- 
ther of AF or EB (are commensurable), neither (are) 
either of CF or FD [Prop. 10.13]. And if the (square) 
on AF is greater [than (the square on) EB] by the 
(square) on (some straight-line) incommensurable (in 
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ooapudCovoa 7 EB. at AE, EB dea ugoo clot Suvduet Udvoyv 
OUUUETEOL. “al YeyoveTw wc 7 AB med¢ thy TA, ottw 
BE ned¢ thy AZ: obuueteoc Su [Eott] xal 7 AE tH TZ, 
7 6¢ BE t7# AZ. a dé AE, EB peo ciol Suvduer Udvov 
ovuuetoor “al at PZ, ZA dea goo eiol Suvdiuer Udvoyv 
ovUUETeOL’ Eon tea &notouy cotw ATA. Evo SH, St 
ual. TA taEet ECotly NH HTH TH AB. 

‘Enel [yéo] cotwy &¢ 7 AE roedc thy EB, ottwe H TZ 
meds thy ZA [oA wo uev A AE nedc thy EB, ottwe tO 
ano tij¢ AE npd¢ 16 Und téHv AE, EB, wc 5€ A PZ npd¢ thy 
ZA, odtw¢ tO and ti¢ TZ npd¢ tO dnd tov TZ, ZA], gotw 
doa xal W¢ TO and Thc AE npd¢ 16 Und THv AE, EB, ottwe 
tO and tH¢ TZ rede tO bro tov TZ, ZA [xa EvarAue ac 
TO &nO tic AE med¢ 16 and tH¢ TZ, owe 16 Und tév AE, 
EB redc¢ 16 bnd tv TZ, ZA]. obupetpov bé tO and thc AE 
TG ano tio TZ: obuuetoov dow éoti xal tO bnd tev AE, 
EB 1@ bn tév TZ, ZA. cite obv Ontév Eott tO ONO Tév 
AE, EB, ontov gota xol 16 Und tv PZ, ZA, cite wecov 
[Eoti] tO Und tv AE, EB, yéoov [éotl] xal to bnd tév TZ, 
ZA. 

Méone dow &notouy Eotw 7 TA xat tH téEer H aOTH TH 
AB: Onep eet SetEau. 
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length) with (AEF) then the (square) on CF will also 
be greater than (the square on) F'D by the (square) on 
(some straight-line) incommensurable (in length) with 
(CF) [Prop. 10.14]. And if AE is commensurable in 
length with a (previously) laid down rational (straight- 
line), so (is) CF [Prop. 10.12], and if BE (is com- 
mensurable), so (is) DF, and if neither of AEF or EB 
(are commensurable), neither (are) either of CF or FD 
[Prop. 10.13]. 

Thus, CD is an apotome, and (is) the same in order 
as AB [Defs. 10.11—10.16]. (Which is) the very thing it 
was required to show. 


Proposition 104 


A (straight-line) commensurable (in length) with an 
apotome of a medial (straight-line) is an apotome of a 
medial (straight-line), and (is) the same in order. 


A B E 
-_ A] 
Cc D F 


Let AB be an apotome of a medial (straight-line), and 
let CD be commensurable in length with AB. I say that 
CD is also an apotome of a medial (straight-line), and 
(is) the same in order as AB. 

For since AB is an apotome of a medial (straight- 
line), let HB be an attachment to it. Thus, AF and 
EB are medial (straight-lines which are) commensurable 
in square only [Props. 10.74, 10.75]. And let it have 
been contrived that as AB is to CD, so BE (is) to DF 
[Prop. 6.12]. Thus, AF [is] also commensurable (in 
length) with CF, and BE with DF [Props. 5.12, 10.11]. 
And AE and EB are medial (straight-lines which are) 
commensurable in square only. CF and FD are thus 
also medial (straight-lines which are) commensurable in 
square only [Props. 10.23, 10.13]. Thus, C'D is an apo- 
tome of a medial (straight-line) [Props. 10.74, 10.75]. 
So, I say that it is also the same in order as AB. 

[For] since as AF is to EB, so CF (is) to FD 
[Props. 5.12, 5.16] [but as AEF (is) to EB, so the (square) 
on AEF (is) to the (rectangle contained) by AF and EB, 
and as CF (is) to FD, so the (square) on CF (is) to 
the (rectangle contained) by CF and F'D], thus as the 
(square) on AF is to the (rectangle contained) by AE 
and FB, so the (square) on CF also (is) to the (rectan- 
gle contained) by CF and F'D [Prop. 10.21 lem.] [and, 
alternately, as the (square) on AF (is) to the (square) 
on CF, so the (rectangle contained) by AE and FB (is) 
to the (rectangle contained) by CF and FD]. And the 
(square) on AF (is) commensurable with the (square) 
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"Eotw yup thdoowy 7 AB xai tf AB obuueteo¢ n TA: 
Evo, Ott xal WTA Ehdoowy Eotiv. 

Teyovétw yuo ta abté& xal Exel ot AE, EB duvduet eiolv 
govuueteot, xal at TZ, ZA dow Suvduer ciotv dobuUETEOL. 
émel odv Eotw wc 7 AE noedc thy EB, owe 7 TZ ned¢ 
thy ZA, éotw dpa xal wo TO &nd ti\g AE mpd¢ 16 aNd THi¢ 
EB, obtw¢ tO and th¢ TZ npd¢ tO and tic ZA. ouvwevtr 
&ea Eotlv Hc Ta dnd TOV AE, EB mpd¢ 16 and tic EB, 
ovtacg ta and tv TZ, ZA npdc tO and tic ZA [xal 
EVOAAKE]* OUUUETOOV SE ETL TO ANd Tic BE 165 and tio AZ: 
OUUUETOV doa xa TO ouyxetuevoy Ex Tv and THv AE, EB 
TETONYOVOY TE OUYXEWEVOD Ex THV dnd THv TZ, ZA te- 
TOAYOVUYV. ENTOV OE ETL TO OUYxXEIUEVOY EX THY ATO THY 
AE, EB tetpayavav: entov dea gotl xol TO ouyxetuevov 
éx Tv and tév [Z, ZA tetoayovev. néAw, Enel Eotwv Wc 
TO ano tic AE npd¢ 16 nd téHv AE, EB, ottw¢ 10 and 
tic [Z npd¢ 16 nd tv PZ, ZA, obuyeteoy Sé 16 ano tic 
AE tetedywvoy 16 &no tic PZ teteaxyove, obuueteov koa 
éotl xal 10 Und tév AE, EB 16 tnd téHv TZ, ZA. yéoov 
dé TO Und TéHv AE, EB: péoov dow xal 10 bn tév TZ, ZA: 
at TZ, ZA dow Suvduer ciolyv dovWUETeOL ToLotGM TO LEV 
OUYxXEIUEVOV EX TOV AN’ AUTOY TETOEAYHVWY ENTOV, TO 0 
Un wuTédv UEoov. 

"EAdoowy dea cotiv 7 TA: one eder Seta. 
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on CF. Thus, the (rectangle contained) by AF and EB 
is also commensurable with the (rectangle contained) by 
CF and FD [Props. 5.16, 10.11]. Therefore, either the 
(rectangle contained) by AF and FB is rational, and the 
(rectangle contained) by CF and F'D will also be ratio- 
nal [Def. 10.4], or the (rectangle contained) by AF and 
EB [is] medial, and the (rectangle contained) by CF and 
FD [is] also medial [Prop. 10.23 corr.]. 

Therefore, C'D is the apotome of a medial (straight- 
line), and is the same in order as AB [Props. 10.74, 
10.75]. (Which is) the very thing it was required to show. 


Proposition 105 


A (straight-line) commensurable (in length) with a 
minor (straight-line) is a minor (straight-line). 


A B E 
-_ A 
C D F 


For let AB be a minor (straight-line), and (let) CD 
(be) commensurable (in length) with AB. I say that CD 
is also a minor (straight-line). 

For let the same things have been contrived (as in 
the former proposition). And since AF and EB are 
(straight-lines which are) incommensurable in square 
[Prop. 10.76], CF and F'D are thus also (straight-lines 
which are) incommensurable in square [Prop. 10.13]. 
Therefore, since as AF is to EB, so CF (is) to FD 
[Props. 5.12, 5.16], thus also as the (square) on AE is 
to the (square) on E'B, so the (square) on C’F (is) to the 
(square) on F'D [Prop. 6.22]. Thus, via composition, as 
the (sum of the squares) on AF and FB is to the (square) 
on FB, so the (sum of the squares) on C'F and F'D (is) to 
the (square) on F'D [Prop. 5.18], [also alternately]. And 
the (square) on BE is commensurable with the (square) 
on DF [Prop. 10.104]. The sum of the squares on AE 
and FB (is) thus also commensurable with the sum of the 
squares on CF and F'D [Prop. 5.16, 10.11]. And the sum 
of the (squares) on AF and FB is rational [Prop. 10.76]. 
Thus, the sum of the (squares) on CF’ and FD is also 
rational [Def. 10.4]. Again, since as the (square) on 
AE is to the (rectangle contained) by AF and EB, so 
the (square) on C’F (is) to the (rectangle contained) by 
CF and FD [Prop. 10.21 lem.], and the square on AE 
(is) commensurable with the square on CF, the (rect- 
angle contained) by AF and EB is thus also commen- 
surable with the (rectangle contained) by CF and FD. 
And the (rectangle contained) by AF and EB (is) me- 
dial [Prop. 10.76]. Thus, the (rectangle contained) by 
CF and FD (is) also medial [Prop. 10.23 corr.]. CF and 
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‘H tf weTtaX ENTOU UECOY TO Ohov TOLovVON GUUUETEOG 
UETR ONTO UEGOV TO GAoV TOLloUod EotTW. 


A B E 
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"Hot Uete Onto ugoov tO dAov notodoa 7 AB xal tH 
AB otvuueteog 7 TA: AEyoo, Str xo H TA yeta Onto yecov 
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"Eow yao tY AB neocoupudTovoe 7 BE: ai AE, EB dpa 
duvdyuel cioly wobUUETEOL ToLOUOM TO LEV OUYXEiUEVOV Ex 
tv dnd Tv AE, EB tetpayavuy ueooy, 10 8 Un’ avtév 
ONtov. xal TH AUTA xaTESKEVdGODU. OUOlwe 5H SelZouev toic 
medtepoy, Ott at TZ, ZA ev té wot Adyw ciol toic AE, 
EB, xol obuuetedv Eott TO oUyxEiuEvov Ex TéV NO TdV 
AE, EB teteayovev 6 ovyxeweva ex tev and tév TZ, 
ZA teteayavwv, TO 5 UNO TOV AE, EB 16 bx tév TZ, 
ZA: Hote xa ot TZ, ZA Suvduer ciolv dovuUEteot ToLovoa 
TO UEV ovyxetuevoy ex THv and tv PZ, ZA teteayovov 
Ueooyv, TO 8 UN adTOY ONTOV. 

‘H TA doa usta Ontot ugsov TO ddov ToLtlodok EotwW" 
Ornee Eder Setea. 


C 
‘H tf; usta UEooU UEooY TO GAov ToLovon obUUETEOG 
xal KHVTH UETH UEGOU UEGOV TO OAOV TOLOVGd EotW. 


A B EB 


i AZ 


"Hot Uet& UEGOU UEGoOv TO OAov ToLtovoa H AB, nat tH 
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FD are thus (straight-lines which are) incommensurable 
in square, making the sum of the squares on them ratio- 
nal, and the (rectangle contained) by them medial. 
Thus, CD is a minor (straight-line) [Prop. 10.76]. 
(Which is) the very thing it was required to show. 


Proposition 106 


A (straight-line) commensurable (in length) with a 
(straight-line) which with a rational (area) makes a me- 
dial whole is a (straight-line) which with a rational (area) 
makes a medial whole. 


C D F 


Let AB be a (straight-line) which with a rational 
(area) makes a medial whole, and (let) CD (be) com- 
mensurable (in length) with AB. I say that CD is also a 
(straight-line) which with a rational (area) makes a me- 
dial (whole). 

For let BE be an attachment to AB. Thus, AF and 
EB are (straight-lines which are) incommensurable in 
square, making the sum of the squares on AF and EB 
medial, and the (rectangle contained) by them rational 
[Prop. 10.77]. And let the same construction have been 
made (as in the previous propositions). So, similarly to 
the previous (propositions), we can show that C’F and 
FD are in the same ratio as AF’ and EB, and the sum of 
the squares on AF and EB is commensurable with the 
sum of the squares on C'F' and F'D, and the (rectangle 
contained) by AF and FB with the (rectangle contained) 
by CF and F'D. Hence, CF and FD are also (straight- 
lines which are) incommensurable in square, making the 
sum of the squares on CF’ and F'D medial, and the (rect- 
angle contained) by them rational. 

CD is thus a (straight-line) which with a rational 
(area) makes a medial whole [Prop. 10.77]. (Which is) 
the very thing it was required to show. 


Proposition 107 


A (straight-line) commensurable (in length) with a 
(straight-line) which with a medial (area) makes a me- 
dial whole is itself also a (straight-line) which with a me- 
dial (area) makes a medial whole. 


A B E 


C D FE 


Let AB be a (straight-line) which with a medial (area) 
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AB gotw obuueteos 7 TA: Aéyeo, Ott xa WTA wet ueoou 
UEGOV TO OAOY ToLotiod Eat. 

"Eow yoo tf, AB nmeooapudTovoe A BE, xal ta adt& 
uxateoxevaovw at AE, EB dou duvduer ctolv dovUUETeOL 
TOLlOVoa TO Te GUYXELEVOV EX TOY AN’ KUTHY TETOAYOVOY 
Uecov xol TO UM avTEY UEoOV Kol ETL KoUUUETEOV TO 
OUYXEIWEVOV EX TOV AN’ AVTEY TeTOAyYOVEY TO OT HUTOY. 
uat low, wc edety0n, ai AE, EB obuyeteot toic TZ, ZA, 
xal TO ovyxetuevoyv ex Tov and tév AE, EB teteayavey 
TG) ovyxeeva ex Tv and tv TZ, ZA, 16 de nd téHv 
AE, EB 16 bn0 tv TZ, ZA: xai ot TZ, ZA doa Suvduer 
ciolv GOUUUETEOL TOLOUOM TO Te OUYxXEiUEVOY Ex TOV aT 
avTéY TETeEAyYMVWV UECOV xal TO On aUTY YEGOV xa 
étt GoUUUETPOV TO OVYxElUEVOV Ex THY an’ adToY [TE- 
TEAyYOvVov] TG On’ aUTédy. 

“H TA dow uet& ueoou UEoov TO ddov ToLlovod EotIV" 
Onee Eder Seiea. 


, 


Ano pntod Uécou dparpouUevou 7 TO AoLTOV ywotov 
duvauevy ula 500 GAdyov yivetat AtOL aMOTOUN 7 EAdoowy. 


A E B 


T A 

Ano yoo pntod tot BI yéoov agynefjodw 16 BA: Eva, 
OTL H TO AOLNOYV SUVauEeVN TO ET Ula S00 HAdywv yivetou 
HTOL AMOTOUN N EAdOOUY. 

‘Exxeiodo yao enth n ZH, xat té5 uev BI toov nape thy 
ZH rapaeBanodw oevoyawoy napadAnrdoyeayuoy 10 HO, 
ta dé AB foov apnehodw 10 HK: Aowndov Gea 10 ET toov 
éotl 16) AO. enet obv Ontov ev gots TO BI’, ueoov Sé 10 
BA, iooy 5¢ 16 vév BI 165 HO, 16 6é BA 16 HK, oytov ev 
doa ott to HO, ueoov dé 10 HK. xol napa onthy thy ZH 
TUPdKELTAL ONTH EV doa n ZO xa ovUUEteoc TH ZH urxer, 
entry dé 7 ZK xal wobuuetoos th ZH unxer wobuuetoos doa 
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makes a medial whole, and let CD be commensurable (in 
length) with AB. I say that CD is also a (straight-line) 
which with a medial (area) makes a medial whole. 

For let BE be an attachment to AB. And let the same 
construction have been made (as in the previous propo- 
sitions). Thus, AF and FB are (straight-lines which 
are) incommensurable in square, making the sum of the 
squares on them medial, and the (rectangle contained) 
by them medial, and, further, the sum of the squares on 
them incommensurable with the (rectangle contained) by 
them [Prop. 10.78]. And, as was shown (previously), AE 
and -B are commensurable (in length) with CF and F'D 
(respectively), and the sum of the squares on AF and 
EB with the sum of the squares on CF and FD, and 
the (rectangle contained) by AF and EB with the (rect- 
angle contained) by CF and FD. Thus, CF and FD 
are also (straight-lines which are) incommensurable in 
square, making the sum of the squares on them medial, 
and the (rectangle contained) by them medial, and, fur- 
ther, the sum of the [squares] on them incommensurable 
with the (rectangle contained) by them. 

Thus, CD is a (straight-line) which with a medial 
(area) makes a medial whole [Prop. 10.78]. (Which is) 
the very thing it was required to show. 


Proposition 108 


A medial (area) being subtracted from a rational 
(area), one of two irrational (straight-lines) arise (as) the 
square-root of the remaining area—either an apotome, or 
a minor (straight-line). 

A E B 


C D 

For let the medial (area) BD have been subtracted 
from the rational (area) BC. I say that one of two ir- 
rational (straight-lines) arise (as) the square-root of the 
remaining (area), HKC—either an apotome, or a minor 
(straight-line). 

For let the rational (straight-line) F'G have been laid 
out, and let the right-angled parallelogram GH, equal to 
BC, have been applied to FG, and let GK, equal to DB, 
have been subtracted (from GH). Thus, the remainder 
EC is equal to LH. Therefore, since BC is a rational 
(area), and BD a medial (area), and BC (is) equal to 


411 


STOIXEION v’. 


éotly n ZO th ZK ure. al ZO, ZK dow orntat cior Suvdauer 
UOVOY OUUNETEOL aTOTOUN Koa Eotlv H KO, teocapudTovoa 
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OUUUETEOL 7 OU. 

Avvéodw Tedtepoy 16 &nd ouuEeteOV. xal EotW SAN H 
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TeMTH Eotly H KO. tO 3B ONO ONtH¢ xal AnoTOUAc TEwTNS 
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gouty’ 6neo Eder SetEau. 


00’. 

And UEooU PNnTOD d&papovUevon Ara S00 GAroyou 
yivovta ¥ToL UeoNS ANOTOUN TE@TY FETA ENTOD UECOV 
tO Odov ToLoton. 

Ano yuo uéoou tot BI oytov agynejodw to BA. rEva, 
OTL H TO AOINOV TO ED Suvayevy ula S00 aAdywv yiveta 
HTOL UEoNCS ANoTOUN TET 7 UETa ENTOD UECOV TO Odov 
ToLovou. 

‘Exxetodvo yoo entry 1 ZH, xot napaBeBrnodu ovoiwes to 
Yoota. Eott dh axodovVuc oth uev 7 ZO xol KovUEteoc 
th ZH uhxer, entry oe A KZ xot obwyeteoc tH ZH urxer att 
ZO, ZK dea ertat ciot Suvdwer UOvoy OOUUETEOL’ aTOTOUH 
dea cotiv 7 KO, roooapudTovoa dé tavty H ZK. Ftor Fh H 
OZ tic ZK yeiCov Sovata Té dnd OUUUETEOL EaUTH H TES 
ONO HOUUUETEOD. 
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GH, and BD to GK, GH is thus a rational (area), and 
GK a medial (area). And they are applied to the rational 
(straight-line) FG. Thus, F'H (is) rational, and commen- 
surable in length with FG [Prop. 10.20], and F'K (is) 
also rational, and incommensurable in length with FG 
[Prop. 10.22]. Thus, FH is incommensurable in length 
with F'K [Prop. 10.13]. FH and F’K are thus rational 
(straight-lines which are) commensurable in square only. 
Thus, KH is an apotome [Prop. 10.73], and K F an at- 
tachment to it. So, the square on HF is greater than 
(the square on) F'K by the (square) on (some straight- 
line which is) either commensurable, or not (commensu- 
rable), (in length with HF). 

First, let the square (on it) be (greater) by the 
(square) on (some straight-line which is) commensurable 
(in length with HF). And the whole of HF is com- 
mensurable in length with the (previously) laid down 
rational (straight-line) F'G. Thus, KH is a first apotome 
[Def. 10.1]. And the square-root of an (area) contained 
by a rational (straight-line) and a first apotome is an apo- 
tome [Prop. 10.91]. Thus, the square-root of LH—that 
is to say, (of) EC—is an apotome. 

And if the square on HF is greater than (the square 
on) F'K by the (square) on (some straight-line which is) 
incommensurable (in length) with (HF), and (since) the 
whole of F'H is commensurable in length with the (pre- 
viously) laid down rational (straight-line) FG, KH is a 
fourth apotome [Prop. 10.14]. And the square-root of an 
(area) contained by a rational (straight-line) and a fourth 
apotome is a minor (straight-line) [Prop. 10.94]. (Which 
is) the very thing it was required to show. 


Proposition 109 


A rational (area) being subtracted from a medial 
(area), two other irrational (straight-lines) arise (as the 
square-root of the remaining area)—either a first apo- 
tome of a medial (straight-line), or that (straight-line) 
which with a rational (area) makes a medial whole. 

For let the rational (area) BD have been subtracted 
from the medial (area) BC. I say that one of two ir- 
rational (straight-lines) arise (as) the square-root of the 
remaining (area), HC—either a first apotome of a medial 
(straight-line), or that (straight-line) which with a ratio- 
nal (area) makes a medial whole. 

For let the rational (straight-line) F'G be laid down, 
and let similar areas (to the preceding proposition) have 
been applied (to it). So, accordingly, F'H is rational, and 
incommensurable in length with FG, and KF (is) also 
rational, and commensurable in length with FG. Thus, 
FH and F*¥K are rational (straight-lines which are) com- 
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H A 

Et yev odv A OZ tic ZK yusiFov Sbvatm 16 and 
OUUNETOOL EAUTH, Kal EotIV Nn TEOcAEUdOTOVOAa HA ZK 
OUUUNETEOS TH EXXEIWEVH ENTH UAxel TH ZH, dnotoun Sevtéea 
éotlv H KO. pnti dé n ZH: Gote 7 10 AO, toutéot 16 ED, 
SLVOEVY UEONS UNOTOUN TEWTH Eotiy. 

Et 8 4 OZ tic ZK uciZov Sbvatou 6 dnd dovuUEeteov, 
ual Cot 7 TEccUEUdTOVOA H ZK obuUETEOC TH Exxewevy 
enth unxer tH ZH, anotoun néunty cotlv 7 KO: Gote H 
tO ED duvayevn UetTa ONTO UECoY TO dAov ToLlovod EoTIV' 
bree Eder Sete. 


ol. 

ATO UECOV LEGOV APALCOLUEVOU KGOLUUETEOL TE GAG att 
Aotral S00 GAoyou yivovta Atot UeEoNS anoTOUN Seuteea 7) 
UETRX UEGOU UEGOV TO OAOV ToLotod. 

Agypefjotw yue wc ent té&v Teoxewevwy xatayeapéiy 
ano yéoou tov BI ugoov 10 BA dobuueteov 16 GAw@" AEYO, 
ott H TO ED Suvayevy ula cotl S00 GAdYwv Ato UEoNS &TO- 
TOU SEUTEOA T} UETA UEGOU ETO TO OdOV ToLoDoW. 
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mensurable in square only [Prop. 10.13]. KH is thus 
an apotome [Prop. 10.73], and F’K an attachment to it. 
So, the square on HF is greater than (the square on) FAK 
either by the (square) on (some straight-line) commensu- 
rable (in length) with (HF), or by the (square) on (some 
straight-line) incommensurable (in length with HF). 

B E F K H 


G L 

Therefore, if the square on HF is greater than (the 
square on) F'K by the (square) on (some straight-line) 
commensurable (in length) with (HF), and (since) the 
attachment F’'kK is commensurable in length with the 
(previously) laid down rational (straight-line) FG, KH 
is a second apotome [Def. 10.12]. And FG (is) rational. 
Hence, the square-root of L H—that is to say, (of) EC—is 
a first apotome of a medial (straight-line) [Prop. 10.92]. 

And if the square on HF is greater than (the square 
on) F'K by the (square) on (some straight-line) incom- 
mensurable (in length with HF), and (since) the attach- 
ment F'Kk is commensurable in length with the (previ- 
ously) laid down rational (straight-line) FG, KH is a 
fifth apotome [Def. 10.15]. Hence, the square-root of EC 
is that (straight-line) which with a rational (area) makes 
a medial whole [Prop. 10.95]. (Which is) the very thing 
it was required to show. 


Proposition 110 


A medial (area), incommensurable with the whole, 
being subtracted from a medial (area), the two remaining 
irrational (straight-lines) arise (as) the (square-root of 
the area)—either a second apotome of a medial (straight- 
line), or that (straight-line) which with a medial (area) 
makes a medial whole. 

For, as in the previous figures, let the medial (area) 
BD, incommensurable with the whole, have been sub- 
tracted from the medial (area) BC. I say that the square- 
root of EC is one of two irrational (straight-lines)— 
either a second apotome of a medial (straight-line), or 
that (straight-line) which with a medial (area) makes a 
medial whole. 
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B ER wa K © 


H A 

‘Enel yuo yéoov éotlv exdtepov tév BI, BA, xol 
géovuueteov To BI 16 BA, goto dxorkovduc Enth Exatéea 
tv ZO, ZK xal aobuuetoeoc th ZH urxer. rol emel 
déovuuEtedv gott tO BI 165 BA, toutéott 16 HO 16 HK, 
govuusteoc xal 1 OZ tH ZK: at ZO, ZK dow entat cior 
duvdust Udvoy ovYUETEOL’ &roTOUN goa Eatlv nH KO [reo- 
oupudTovoa de n ZK. ytor 6h H ZO tij¢ ZK uciZov Sbvata 
Té UNO OUUUETEOY 7) TG ANd HoUUNETEOU EnUTA]. 

Et yvév of A ZO thc ZK uciZov Svvatm 1H and 
OUUNETEOL EaAUTY, xal ovVetépa t&v ZO, ZK obuuEtedc 
EOTL TH EXXEIWEUVY ONTH UAxet tH ZH, anotoyuy teity cotlv 
n KO. pnt Se 7 KA, 16 8 On0 ONT¥\¢ Kol &noTOU¢ TettHS 
TEpleyOUevoy CoVoyMwoyv GAoyYOv Eotw, xol N SuvaLevy 
avto dhoydc Eotl, xaArgita be UEoNC AnoTOUY SevTéea 
Bote 7 to AO, toutéot tO ED, dvvayevn Eons &notouy 
gout Seutepd. 

Et 5¢ n ZO tic ZK uciCov Sbvatau 1H and douyUeteOU 
eauth [ure], xal ovdetéoa tv OZ, ZK obuueted¢ Eott 
th, ZH ure, dmotouy Exty Eotly n KO. tO 6 dno ONtHc 
xal KnoToUfc ExTHS NH SLvaEVH Cot UETA UEDOUV UETOV TO 
dhov Tototoa. A TO AO doa, toutéott tO ET, duvayevy 
UETA UECOU UEOOV TO GAov TOLOUGd EotIV’ OSTEO Edet Seiga. 
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B E F K_ H 


G L 

For since BC and BD are each medial (areas), and 
BC (is) incommensurable with BD, accordingly, FH and 
FK will each be rational (straight-lines), and incommen- 
surable in length with FG [Prop. 10.22]. And since BC 
is incommensurable with BD—that is to say, GH with 
GK—HF (is) also incommensurable (in length) with 
FK [Props. 6.1, 10.11]. Thus, FH and F'K are ratio- 
nal (straight-lines which are) commensurable in square 
only. KH is thus as apotome [Prop. 10.73], [and Fk 
an attachment (to it). So, the square on F'H is greater 
than (the square on) F'K either by the (square) on 
(some straight-line) commensurable, or by the (square) 
on (some straight-line) incommensurable, (in length) 
with (F'H).] 

So, if the square on F'H is greater than (the square 
on) F'K by the (square) on (some straight-line) com- 
mensurable (in length) with (F'H), and (since) neither of 
FH and F'K is commensurable in length with the (pre- 
viously) laid down rational (straight-line) FG, KH is a 
third apotome [Def. 10.3]. And AKL (is) rational. And 
the rectangle contained by a rational (straight-line) and 
a third apotome is irrational, and the square-root of it is 
that irrational (straight-line) called a second apotome of 
a medial (straight-line) [Prop. 10.93]. Hence, the square- 
root of LH—that is to say, (of) EC—is a second apotome 
of a medial (straight-line). 

And if the square on F'H is greater than (the square 
on) F'K by the (square) on (some straight-line) incom- 
mensurable [in length] with (F'H), and (since) neither of 
HF and FK is commensurable in length with FG, KH 
is a sixth apotome [Def. 10.16]. And the square-root of 
the (rectangle contained) by a rational (straight-line) and 
a sixth apotome is that (straight-line) which with a me- 
dial (area) makes a medial whole [Prop. 10.96]. Thus, 
the square-root of 1 H—that is to say, (of) EC—is that 
(straight-line) which with a medial (area) makes a me- 
dial whole. (Which is) the very thing it was required to 
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, 
elo 7 
“H &rotoyn obx Eotw NH wvUTH TH Ex SVO dvoudTov. 


B 


A HE Z, 


T 

"How &notoun 7 AB: héyw, dtt 7 AB ovdx Eotw H wdTH 
Th Ex 600 OvoudTtwv. 

Et yao Suvatdév, Eotw xal Exxetodw onty 7 AT, xol 16 
ano tic AB ioov nop thy TA napaSeBAjodw dpdoyavov 
to TE nAd&toc novotv thy AE. énet otv &notouy Eottw n AB, 
&NOTOUN TEaTH Eotlv WH AE. Zotw avtf} ToccuMEUdTovoE H 
EZ: ai AZ, ZE dou ontat ctor Suvduer WOvov OUUUETEOL, Xatl 
1 AZ tic ZE ueiZov Svvata 16 and ouuUEeTeOU EaUTH, xal H 
AZ obuuetedc Eott tH Exxewevy ont uyxer tH AT. nda, 
émel €x SVO dvoudtwv gotly n AB, €x Sv0 doa dvoudtuv 
TEaTH Eotly H AE. Sinehodw cic ta dvouata xata to H, 
xa ot UEtTov d6voua TO AH: at AH, HE dow pntat ctor 
duvduet Lovoy obuUETEOL, xal A AH tic HE ueiZov dbvatan 
TG &NO OULLETEOU EaUTH, xal TO UeiCov 7 AH obuuetedc¢ 
EOTL TY Exxewevy Enty urxet tH ALT. xat n AZ dou t7 AH 
OUUUETEOS EOTL UNxEL Kal AoLTY) doa 7 HZ ovuUEtedc Eott 
tf AZ uyxer. [Enel otv obuueted¢ Eotw 7 AZ t¥j HZ, ont 
dé €otw H AZ, Onth dow cot xal A HZ. enet obv oWuUEtedc¢ 
cotw 7 AZ t7 HZ urxer] dovuueteoc dé H AZ tH EZ uhner. 
GovUUETeOS doa Eotl xol y ZH th EZ uyxer. ot HZ, ZE doa 
entat [ctor] Suvéuer Udvov obuUETEOL aroTtOUT dea Eotly h 
EH. ard xal enth Oneo Eotly GSvvatov. 

“H dpa anoTOUH Ox EotW N AUTH TH Ex S00 Ovoudtav: 
Onee Eder Seiea. 
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show. 


Proposition 111 


An apotome is not the same as a binomial. 


A B 


D GE F 


C 


Let AB be an apotome. I say that AB is not the same 
as a binomial. 

For, if possible, let it be (the same). And let a rational 
(straight-line) DC be laid down. And let the rectangle 
CE, equal to the (square) on AB, have been applied to 
CD, producing DE as breadth. Therefore, since AB is an 
apotome, DE is a first apotome [Prop. 10.97]. Let EF 
be an attachment to it. Thus, DF and FF are rational 
(straight-lines which are) commensurable in square only, 
and the square on DF is greater than (the square on) FE 
by the (square) on (some straight-line) commensurable 
(in length) with (DF), and DF is commensurable in 
length with the (previously) laid down rational (straight- 
line) DC [Def. 10.10]. Again, since AB is a binomial, 
DE is thus a first binomial [Prop. 10.60]. Let (DE) have 
been divided into its (component) terms at G, and let 
DG be the greater term. Thus, DG and GE are rational 
(straight-lines which are) commensurable in square only, 
and the square on DG is greater than (the square on) 
GE by the (square) on (some straight-line) commensu- 
rable (in length) with (DG), and the greater (term) DG 
is commensurable in length with the (previously) laid 
down rational (straight-line) DC [Def. 10.5]. Thus, DF 
is also commensurable in length with DG [Prop. 10.12]. 
The remainder GF is thus commensurable in length with 
DF [Prop. 10.15]. [Therefore, since DF is commensu- 
rable with GF, and DF is rational, GF is thus also ra- 
tional. Therefore, since DF’ is commensurable in length 
with GF’,] DF (is) incommensurable in length with FF. 
Thus, FG is also incommensurable in length with EF 
[Prop. 10.13]. GF and FE [are] thus rational (straight- 
lines which are) commensurable in square only. Thus, 
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[Idetou. | 


“H anotoun xa ol ust’ aUTHY GAoYot OUTE TH UeoN OTE 
OAAH Aas Elolv at HUTA. 

To yéev yoo ano Yéonc Taek ENTHY TaAeABadhAdUEVOYV 
TARTOS Nolet ONTHY xal HOLVUUETEOY TH, TAP’ Ny TapdxeLtau, 
UNXEL, TO bE ANO aAMOTOUTS Taed ENTHY TapaBaxAAGUEVOY 
TALTOS NOt ANOTOUHY TOEOTHY, TO SE ANO UEONS AMOTOUTS 
TEWTNS TACK ENTHY TAPABUAAADUEVOY TAATOS Nolet ATOTOUNY 
deuTépav, TO FE AMO UEONS ATOTOUTC SeUTEOUC TACK ENTIYY 
TAEOBUAAOUEVOY TAATOS Toll ANOTOURY ToltTHY, TO SE AMO 
EAMOGOVOS TUE PNTHY TAEEBahAdUEVoY TA&TOS TOLEl ATO- 
TOUNY TETUOTHY, TO SE ANO Tc ETA ENTOU UEGOV TO OAdoOV 
TOoLovons Tapa pnTHY TaACaBaAAADUEVOV TA&TOS ToLel aTO- 
TOUNY TEUTTHY, TO OE AMO TH UETX UETOU UEDOV TO Ohov 
TOLovons Tapa PnTHY TACABAAADUEVOY TA&TOS ToLEl aTO- 
TOUR ExTHY. Emel ODV TH Elonucva TAdTH Siapéper tod 
TE TOEWTOV xal GAAAAwWY, TOU UEV TEWTOL, STL PTH EoTL, 
GAhAwv O€, Exel tH taEet Obx eiolv al adtat, SHAov, ac xa 
ATA ot Khovo. Stapgpovow GAAHAwYV. xol Emel SEderxTHL 
1 UMOTOLY OLX OVOA H AUTH TH Ex 600 OvouUdTaY, ToLlotor 
d€ TAATH TAEd ENTHY TapaBUrAAGUEVAL ol LETH THY ATOTOUNY 
&NoTOUaS axoAOVDU Exdhoty TH THEEL TH xad’ abt, at dé 
UETa THY Ex 600 OvOUdTwY Tac Ex 600 GVOUATwY Xo AUTO 
TH THEEL dxokoOUvDuc, Etepat doa Elolv at UETA THY aMOTOUHY 
nal ETEpaL al Eta THY Ex SVO OvoudTwY, we Elvan TH THEEL 
Tous HAOVOus TY, 
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EG is an apotome [Prop. 10.73]. But, (it is) also ratio- 
nal. The very thing is impossible. 

Thus, an apotome is not the same as a binomial. 
(Which is) the very thing it was required to show. 


[Corollary] 


The apotome and the irrational (straight-lines) after it 
are neither the same as a medial (straight-line) nor (the 
same) as one another. 

For the (square) on a medial (straight-line), applied 
to a rational (straight-line), produces as breadth a ratio- 
nal (straight-line which is) incommensurable in length 
with the (straight-line) to which (the area) is applied 
[Prop. 10.22]. And the (square) on an apotome, ap- 
plied to a rational (straight-line), produces as breadth a 
first apotome [Prop. 10.97]. And the (square) on a first 
apotome of a medial (straight-line), applied to a ratio- 
nal (straight-line), produces as breadth a second apotome 
[Prop. 10.98]. And the (square) on a second apotome of 
a medial (straight-line), applied to a rational (straight- 
line), produces as breadth a third apotome [Prop. 10.99]. 
And (square) on a minor (straight-line), applied to a ra- 
tional (straight-line), produces as breadth a fourth apo- 
tome [Prop. 10.100]. And (square) on that (straight-line) 
which with a rational (area) produces a medial whole, 
applied to a rational (straight-line), produces as breadth 
a fifth apotome [Prop. 10.101]. And (square) on that 
(straight-line) which with a medial (area) produces a 
medial whole, applied to a rational (straight-line), pro- 
duces as breadth a sixth apotome [Prop. 10.102]. There- 
fore, since the aforementioned breadths differ from the 
first (breadth), and from one another—from the first, be- 
cause it is rational, and from one another since they are 
not the same in order—clearly, the irrational (straight- 
lines) themselves also differ from one another. And since 
it has been shown that an apotome is not the same 
as a binomial [Prop. 10.111], and (that) the (irrational 
straight-lines) after the apotome, being applied to a ra- 
tional (straight-line), produce as breadth, each according 
to its own (order), apotomes, and (that) the (irrational 
straight-lines) after the binomial themselves also (pro- 
duce as breadth), according (to their) order, binomials, 
the (irrational straight-lines) after the apotome are thus 
different, and the (irrational straight-lines) after the bi- 
nomial (are also) different, so that there are, in order, 13 
irrational (straight-lines) in all: 
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Méoyy, 

‘Ex 600 dvoudtoy, 

‘Ex 600 Ugowv TEATHY, 
‘Ex 600 Ugowv Seutéoay, 
Mei@ova, 

“Prtov xal Ueoov Suvaevny, 
Ado péou Suvayevny, 
‘Anotouyy, 

Méoyre anotouny TEaTHY, 
Méonge anotouny dSeutéoay, 
EA dooova, 


Meta pntod ugoov TO SAov noLotouy, 


Meta ueoou Ueoov TO Odov ToLloouy. 


eye. 

TO amd pNtic Tape thy Ex BVO Ovoudtwv Taea- 
BuArArAOUEVOY TAUTOS TOLEl UTOTOUNY, Fc TH OVdUATA GUUETOS 
EOTL Tolg Tio Ex BVO OvOUdTWYV OvOUaOL Kal ETL EV TE WUTES 
AOYw, “al ETL H YwousvN arotoyh thy adtHy eer THEW TH 
Ex OVO OVOUdTWY. 


—— 
BA Ya | 
K EZ ) 


"Eotw entry uev 7 A, ex S00 dvoudtwy b¢ A BI, fe 
usiGov dvoua gotw AH AT, xal 16 and tic A toov gow 
tO Uno THV BI, EZ: AEyo, Ott H EZ anotouh eotw, he tH 
Ovouata ovUUEte& Eott totic TA, AB, xat ev 16 wvtés Ady, 
nal Ett NY EZ thy adthy e€er tuEw tH BY. 

"How yoo méAw 16 and tij¢ A toov tO Und tév BA, 
H. éxel odv 16 Ono téHv BI, EZ ioov Eotl tH Und tév BA, 
H, gotw doa wc A TB noed¢ thy BA, obtwc A H ned¢ thy 
EZ. uei@ov 5¢ 71 TB tic BA: uci@wv dou éoti xol HH tic 
EZ. éotw th, H ton 7 EO: Eotw doa we 4 TB nedc¢ try 
BA, ottw¢ 7 OE med¢ thy EZ: dteAdvtt doa cotiv wo HLTA 
mTed¢ Thy BA, ottwe 7 OZ med thy ZE. yeyovétw a H 
OZ nedc thy ZE, ovtw¢ 7 ZE med¢ thy KE: xa dAn doa 
OK ned¢ dAnyv thy KZ cot, wc n ZK ne0¢ KE we yao Ev 
TOV NYOLUEVWY Ted EV TOY ENOUEVOY, OUTWS AMaVTA TH 
NYOVUEVA TESS AMavTA TH EndUEVa. wo 6 N ZK tedc KE, 
odtws Eotly 7 TA ned¢ thy AB: xa wc dow 7 OK med¢ KZ, 
odtws 71 TA med¢ thy AB. obuueteov bé TO and tic TA 165 
ano tic AB otuyeteov doa goth xal TO and tic OK 16 
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Medial, 

Binomial, 

First bimedial, 

Second bimedial, 

Major, 

Square-root of a rational plus a medial (area), 
Square-root of (the sum of) two medial (areas), 
Apotome, 

First apotome of a medial, 

Second apotome of a medial, 

Minor, 


That which with a rational (area) produces a medial 
whole, 


That which with a medial (area) produces a medial 
whole. 


Proposition 112! 


The (square) on a rational (straight-line), applied to 
a binomial (straight-line), produces as breadth an apo- 
tome whose terms are commensurable (in length) with 
the terms of the binomial, and, furthermore, in the same 
ratio. Moreover, the created apotome will have the same 
order as the binomial. 


Ky 


ee C&G | 


K E F H 


Let A be a rational (straight-line), and BC a binomial 
(straight-line), of which let DC be the greater term. And 
let the (rectangle contained) by BC and EF be equal to 
the (square) on A. I say that EF is an apotome whose 
terms are commensurable (in length) with CD and DB, 
and in the same ratio, and, moreover, that EF’ will have 
the same order as BC. 

For, again, let the (rectangle contained) by BD and G 
be equal to the (square) on A. Therefore, since the (rect- 
angle contained) by BC and EF is equal to the (rectan- 
gle contained) by BD and G, thus as CB is to BD, soG 
(is) to EF [Prop. 6.16]. And CB (is) greater than BD. 
Thus, G is also greater than EF [Props. 5.16, 5.14]. Let 
EH be equal to G. Thus, as C'B is to BD, so HE (is) to 
EF. Thus, via separation, as CD is to BD, so HF (is) 
to FE [Prop. 5.17]. Let it have been contrived that as 
HF (is) to FE, so F'K (is) to KE. And, thus, the whole 
HK is to the whole KF, as F'K (is) to KE. For as one 
of the leading (proportional magnitudes is) to one of the 
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and tic KZ. xat Eotw w¢ tO and tij¢ OK ned¢ TO &NO TH¢ 
KZ, o¥tw>o 7 OK neo thy KE, Enel of tecic at OK, KZ, 
KE avédoyov eiow. obuuetooc dou WY OK th KE unxer. 
wote xal 7 OE th EK otuyetedc Eott unxet. xal Emel TO 
ano tic A toov éoti 16 Und tév EO, BA, 6ntov bé Eott 
TO and tic A, Ontov dow Eoti xal TO nO TeV EO, BA. xai 
Tape entiy thy BA napdxertou Eyth dea cotlv n EO xa 
ovuUETeOS TH BA ufxer dote xal 7 obUUETeOC aUTY 7H EK 
Ontyh Eott xal obuNETeOS TH BA unxer. Exel ov Eotw Hc H 
TA ned¢ AB, ottw¢ 4 ZK red¢ KE, at 5¢ TA, AB duvduer 
udvoyv elol obuUETeoL, xa ot ZK, KE duvduer wdvov iol 
ovUNETEOL. ENTY SE cotw A KE: onth doa cotl xat H ZK. at 
ZK, KE doa ental Suvduet Udvoy ciol obUUETEOL’ aTOTOUT 
doa cotly 7 BZ. 

*Htot ¢ 7 TA tic AB yeiZov S0vatan 16 and CUUETEOU 
EQUTY) 1} TG UNO KoUUUETEOD. 

Et yev otv 4 TA tic AB uciZov Sbvatu 16 and 
OUUwETeOY [EauTH], xal 7 ZK tic KE ueiZov duvioeta té5 
&NO OUUMETEOU EAUTH. “ol et UEv ObUUETEd oT ATA th 
EXXELUEVY ONTH UAxet, xal A ZK: ci 6E y BA, xol n KE: ci 
dé ovdetépa tHv TA, AB, xal ovdetépa tév ZK, KE. 

Et 6¢ 4 PA tic AB uciZov Sbvatm 6 dnd dovUUETEOU 
eauth, xal A ZK tic KE yeiFov dSuvjoeta tH ano 
KouyUeteou eauty. xal ei wev y TA ovuuetedc Eott tH 
EXKELWEVY ONTH UAxet, xal A ZK: ci 6E y BA, xol H KE: ci 
dé Ovdetépa TéV TA, AB, xat oddetépa tv ZK, KE Gote 
dnotouy cotw 7 ZE, fc ta OvOuata Ta ZK, KE obuueto& 
EOTL TOs TH\¢ Ex BVO OvoudtwY Ovdyaot toic TA, AB xa év 
TH ATE Ad, Kal THY adtHy THEW Eyer TH BI Smee Eder 
Seteou. 
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following, so all of the leading (magnitudes) are to all of 
the following [Prop. 5.12]. And as F'K (is) to KE, so CD 
is to DB [Prop. 5.11]. And, thus, as HK (is) to KF, so 
CD is to DB [Prop. 5.11]. And the (square) on CD Cis) 
commensurable with the (square) on DB [Prop. 10.36]. 
The (square) on HK is thus also commensurable with 
the (square) on KF [Props. 6.22, 10.11]. And as the 
(square) on HK is to the (square) on KF’, so HK (is) to 
KE, since the three (straight-lines) Hk, KF, and KE 
are proportional [Def. 5.9]. Hk is thus commensurable 
in length with K E [Prop. 10.11]. Hence, HE is also com- 
mensurable in length with EK [Prop. 10.15]. And since 
the (square) on A is equal to the (rectangle contained) by 
EH and BD, and the (square) on A is rational, the (rect- 
angle contained) by EH and BD is thus also rational. 
And it is applied to the rational (straight-line) BD. Thus, 
EH is rational, and commensurable in length with BD 
[Prop. 10.20]. And, hence, the (straight-line) commensu- 
rable (in length) with it, EK, is also rational [Def. 10.3], 
and commensurable in length with BD [Prop. 10.12]. 
Therefore, since as CD is to DB, so F'K (is) to KE, and 
CD and DB are (straight-lines which are) commensu- 
rable in square only, FK and KE are also commensu- 
rable in square only [Prop. 10.11]. And KE is rational. 
Thus, F'K is also rational. /K and KF are thus rational 
(straight-lines which are) commensurable in square only. 
Thus, &F is an apotome [Prop. 10.73]. 

And the square on C’D is greater than (the square on) 
DB either by the (square) on (some straight-line) com- 
mensurable, or by the (square) on (some straight-line) 
incommensurable, (in length) with (CD). 

Therefore, if the square on CD is greater than (the 
square on) DB by the (square) on (some straight-line) 
commensurable (in length) with [CD] then the square 
on F'K will also be greater than (the square on) K E by 
the (square) on (some straight-line) commensurable (in 
length) with (Fk) [Prop. 10.14]. And if CD is com- 
mensurable in length with a (previously) laid down ra- 
tional (straight-line), (so) also (is) FAK [Props. 10.11, 
10.12]. And if BD (is commensurable), (so) also (is) 
KE [Prop. 10.12]. And if neither of CD or DB (is com- 
mensurable), neither also (are) either of FK or KE. 

And if the square on C’D is greater than (the square 
on) DB by the (square) on (some straight-line) incom- 
mensurable (in length) with (CD) then the square on 
FK will also be greater than (the square on) KE by 
the (square) on (some straight-line) incommensurable 
(in length) with (F'A’) [Prop. 10.14]. And if CD is com- 
mensurable in length with a (previously) laid down ra- 
tional (straight-line), (so) also (is) FA [Props. 10.11, 
10.12]. And if BD (is commensurable), (so) also (is) KE 
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[Prop. 10.12]. And if neither of CD or DB (is commen- 
surable), neither also (are) either of FK or kK E. Hence, 
FE is an apotome whose terms, F'k and KE, are com- 
mensurable (in length) with the terms, CD and DB, of 
the binomial, and in the same ratio. And (F'E) has the 
same order as BC [Defs. 10.5—10.10]. (Which is) the 
very thing it was required to show. 


t+ Heiberg considers this proposition, and the succeeding ones, to be relatively early interpolations into the original text. 


oly’. 

TO ano Ents Tap& anotounY TapaBarAAOUEVoY TA&TOG 
TOlet THY Ex BVO OVOUATWY, Aco TH OVdUATA COLUUETEK EOTL 
Tolg Thc UNOTOUTC OVdUAOL xol Ev TE AUTE ADYW, ETL OE 7 
yivovevn €x S00 Ovoudtwv Thy adTHY Tae Evel TH dnotoUT. 


AW—— 


B A Tr 


K E Z © 


"Eotw enti ev 7 A, anotour 5é A BA, xat 165 &nd tic 
A ioov Eotw 10 016 THv BA, KO, ote 16 and tic A ONTIc 
napa thy BA &notouny napaBarAdUevoy TAktOS ToOLEt THY 
KO- AEva, OTL Ex OVO 6voudtwv Eotly H KO, Ac Ta OveuaTA 
OUUUETES EOTL TOic Tic BA dvéuaor xal Ev TH avTH AdYO, 
xo Ett A KO tiv adthy Eyer thew tH BA. 

"Eow yuo ti) BA npooapudfovoe 7 AT: ai BY, PA 
hoa entot clot SuvduEL UWOVOY OVUUETEOL. xal TG AMO THic 
A toov got “al TO Und tév BI, H. pntov be tO and tic 
A’ pntov éoa xal TO Und téHv BI, H. xal nap& pnt thy 
BI ropaBEBanta ont dea cotlv 7 H xal ovuueteoc tH BI 
une. Emel obv TO Uno tév BI, H toov eotl 16 Ono téHv 
BA, KO, &véroyov dou Eotiv ac A TB npd¢ BA, ottw¢ H 
KO npdc H. vei@ov 6é 7 BI tic BA’ uci@ov doa xal 7 KO 
thc H. xciodo th H ton n KE: obuueteoc dou cotly 7 KE 
tf BP une. uot enet cotw wc 7 TB red¢ BA, ota H 
OK redc KE, avaoteebavt boa Eotiv ac A BI ned¢ thy 
TA, ottw¢ 7 KO npd¢ OE. yeyovétw &¢ h KO npd¢ OF, 
ovtws 7 OZ ned¢ ZE* xal Aowny dea n KZ ned¢ ZO cow, 
ac 7 KO npd¢ OE, toutéotw [wc] 7 BI med¢ TA. at d¢ 
BI, TA dvvéuer udvoy [eiot] obuueteor xat ai KZ, ZO doa 
duVaUEL LOvov clol oUUUETEOL’ xal Exel Cot Oc H KO nedc¢ 
OE, n KZ ned¢ ZO, aad’ wc n KO roed¢ OH, 7 OZ red 
ZE, xo wc doa 7 KZ npd¢ ZO, 7H OZ nedc ZE wote xa 
WS N TETH Teds THY TeitTHY, TO UNO Tic TEWTHS MEOC TO 
ano Tic Seutépac’ xal wc dean KZ ned¢ ZE, obtw¢ TO aNd 
thc KZ npd¢ 16 and t¥j¢ ZO. obuyeteov bé EoTL TO NO Tc 
KZ 1@ and thc ZO: al yuo KZ, ZO duvauer ciol ovuyeteor 
OUUUETEOS oa cotl xol KZ th ZE ufxer Bote 7 KZ xail 


Proposition 113 


The (square) on a rational (straight-line), applied to 
an apotome, produces as breadth a binomial whose terms 
are commensurable with the terms of the apotome, and 
in the same ratio. Moreover, the created binomial has the 
same order as the apotome. 

Aw 


re Cg , 


K EF H 


Let A be a rational (straight-line), and BD an apo- 
tome. And let the (rectangle contained) by BD and KH 
be equal to the (square) on A, such that the square on the 
rational (straight-line) A, applied to the apotome BD, 
produces KH as breadth. I say that AKA is a binomial 
whose terms are commensurable with the terms of BD, 
and in the same ratio, and, moreover, that KH has the 
same order as BD. 

For let DC be an attachment to BD. Thus, BC and 
CD are rational (straight-lines which are) commensu- 
rable in square only [Prop. 10.73]. And let the (rectangle 
contained) by BC and G also be equal to the (square) 
on A. And the (square) on A (is) rational. The (rect- 
angle contained) by BC and G (is) thus also rational. 
And it has been applied to the rational (straight-line) 
BC. Thus, G is rational, and commensurable in length 
with BC [Prop. 10.20]. Therefore, since the (rectangle 
contained) by BC and G is equal to the (rectangle con- 
tained) by BD and KH, thus, proportionally, as C'B is to 
BD, so KH (is) to G [Prop. 6.16]. And BC (is) greater 
than BD. Thus, KA (is) also greater than G [Prop. 5.16, 
5.14]. Let KE be made equal to G. KE is thus com- 
mensurable in length with BC. And since as C’B is to 
BD, so HK (is) to KE, thus, via conversion, as BC (is) 
to CD, so KH (is) to HE [Prop. 5.19 corr.]. Let it have 
been contrived that as KH (is) to HE, so HF (is) to 
FE. And thus the remainder KF is to FH, as KH (is) 
to H£—that is to say, [as] BC (is) to CD [Prop. 5.19]. 
And BC and CD [are] commensurable in square only. 
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tf, KE otuyetedc [eott] ufxer. onty sé cotw A KE xal 
ovuueteos tH BI ujxer. pnt doa xal n KZ xal obuyeteoc 
tf BI ure. xal enet cotw wo 7 BI ned TA, ottw¢ 4 KZ 
med¢ ZO, Evahrde we 7 BY ned¢ KZ, obtwc H AT red¢ ZO. 
ovuuetoos Oé 7 BI tH KZ: obuueteoc dow xo 7 ZO tH TA 
unxer. at BY, TA Sé ontat ciot Suvdéuer Udvoy obUUETEOL 
xa ot KZ, ZO doa entat cior Suvduet Udvov OUUUETPEOL Ex 
S00 OvoudTwy Eotlv doa 7 KO. 

Et yev odv n BI tic TA uciCov Svvatm 16 and 
OULUNETOL EaUTH, xal A KZ tic ZO uciZov Suvfoeta té5 
ONO OUUNETEOL EWUTY. Kal El UV OVWUETEdC EoTW 7H BI tH 
EXKELUEVY ENTH URmet, xal W KZ, et bE 7 TA obuetedc Eott 
TH EXKelUevy ENTH UHxet, xal n ZO, ci dé ovdetéoa Hv BI, 
TA, ovdetéoun tév KZ, ZO. 

Et d¢ 4 BI tic PA ueiov Sbvata 16 ano dounUeteoU 
eauth, xal 7 KZ t¥}¢ ZO uciZov duvioeta 16 dnd dovWUETO- 
Ov EautTf. ual el uev oUUUETEd> Eotw FH BI tH Exxewevy 
enti unxet, xol n KZ, ci dé 1 TA, xol y ZO, ci 6é ovdetépa 
tév BY, TA, ovdetépa tv KZ, ZO. 

‘Ex 600 dea dvoudtwv cotly n KO, Ac Ta OvdyaTta TH 
KZ, ZO ovuyeted& [Eott] totc tic dnotopic Ovéyuaot toic 
BI, TA xai ev 16 ade Adyw, xal Ett H KO tH BI thy 
avtiy &€er thEw: Sree Eder SetEau. 
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KF and FH are thus also commensurable in square only 
[Prop. 10.11]. And since as KH is to HE, (so) KF Cis) 
to FH, but as KH (is) to HE, (so) HF (is) to FE, thus, 
also as KF (is) to FH, (so) HF (is) to FE [Prop. 5.11]. 
And hence as the first (is) to the third, so the (square) on 
the first (is) to the (square) on the second [Def. 5.9]. And 
thus as kK F (is) to FE, so the (square) on K F (is) to the 
(square) on FH. And the (square) on KF’ is commen- 
surable with the (square) on F'H. For KF and FH are 
commensurable in square. Thus, K F' is also commensu- 
rable in length with FE [Prop. 10.11]. Hence, K F [is] 
also commensurable in length with KE [Prop. 10.15]. 
And KE is rational, and commensurable in length with 
BC. Thus, KF (is) also rational, and commensurable in 
length with BC [Prop. 10.12]. And since as BC is to 
CD, (so) KF (is) to FH, alternately, as BC (is) to KF, 
so DC (is) to FH [Prop. 5.16]. And BC (is) commen- 
surable (in length) with KF. Thus, FH (is) also com- 
mensurable in length with CD [Prop. 10.11]. And BC 
and CD are rational (straight-lines which are) commen- 
surable in square only. AF and FH are thus also ratio- 
nal (straight-lines which are) commensurable in square 
only [Def. 10.3, Prop. 10.13]. Thus, KH is a binomial 
[Prop. 10.36]. 

Therefore, if the square on BC is greater than (the 
square on) C'D by the (square) on (some straight-line) 
commensurable (in length) with (BC), then the square 
on KF will also be greater than (the square on) F'H by 
the (square) on (some straight-line) commensurable (in 
length) with (KF) [Prop. 10.14]. And if BC is com- 
mensurable in length with a (previously) laid down ra- 
tional (straight-line), (so) also (is) AF [Prop. 10.12]. 
And if CD is commensurable in length with a (previ- 
ously) laid down rational (straight-line), (so) also (is) 
FH [Prop. 10.12]. And if neither of BC or CD (are 
commensurable), neither also (are) either of KF or FH 
[Prop. 10.13]. 

And if the square on BC is greater than (the square 
on) CD by the (square) on (some straight-line) incom- 
mensurable (in length) with (BC) then the square on 
KF will also be greater than (the square on) F'H by 
the (square) on (some straight-line) incommensurable 
(in length) with (AK F’) [Prop. 10.14]. And if BC is com- 
mensurable in length with a (previously) laid down ratio- 
nal (straight-line), (so) also (is) KF [Prop. 10.12]. And 
if CD is commensurable, (so) also (is) F'H [Prop. 10.12]. 
And if neither of BC or CD (are commensurable), nei- 
ther also (are) either of KF or FH [Prop. 10.13]. 

KH is thus a binomial whose terms, KF and FH, 
[are] commensurable (in length) with the terms, BC and 
CD, of the apotome, and in the same ratio. Moreover, 
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O10’. 

‘Edy yoptov nmepiéynta UnO amoTOUAS xol Tic Ex SvO 
OVOURTWY, Fc TA OVOUATA OUUUETER TE EOTL TOIC TH¢ &NO- 
TOUTS OVOLAOL xa Ev TE ATE ADYW, TN TO YwWElov SuVALEV 
Onth cot. 


A BZ 
r EA 
H 
3) 
K AM 


Ilepueyéo0w yuo ywotov 10 Und téHv AB, TA tno 
a&notoufis thc AB xal tic ex S00 dvoudtwv tic TA, fe 
usiCov dvoua got TO TE, xal Zotw ta Svduata Tio Ex 
d0o0 dvoudtwyv Ta TE, EA otuyete& te tog tic &notOUr\c 
ovougot toic AZ, ZB ual ev 16 wt Adyw, “al Eotw h TO 
vn Tv AB, TA duvayevn 7H: Aéyoo, dts ONT Eotw 7H H. 

‘Exxciodo yee enth HO, xal 16 and ti\¢ O toov rapa 
thy TA napaBeBAhodw mAdto¢ Tovoby thy KA: dnotoun gea 
got 7 KA, fic Te OVOUaTA Eotw TH KM, MA obuuetoea toic 
tic €x b00 dvoudtwV dvduaot Toic TE, EA xal Ev 16 wvtés 
LOY. GAAG xo at TE, EA obuyeteot té clot totic AZ, ZB 
nal Ev 16) ade AdYwW Eotw doa wo H AZ tod¢ thy ZB, 
otw>s 7 KM medc MA. evardde Gow Eotiv wo H AZ med¢ 
thy KM, ottw¢ A BZ ned¢ thy AM: xa rAowny) Goa W AB 
Ted¢ AoTHY Thy KA Eotw wo 7 AZ red¢ KM. ovuuEeteoc¢ 
dé h AZ tH KM: obuueteoc &pa eotl xal 7 AB ty KA. xat 
got wo } AB npdc KA, obtw¢ 10 Und tv TA, AB med¢ 
tO On TéHv TA, KA: otuueteov doa got xal TO bn Tév 
TA, AB t6 076 tév TA, KA. toov 5€ 16 tnd tév TA, KA 
16) &NO Tic O obUUETEOV dou EoTI TO UNO Tév TA, AB 65 
and TH¢ O. 165 Sé Un téHv TA, AB ‘oov gotl 16 and tH¢ H 
OUUUETEOV Kou CoTl TO ANd Tic H 16 aNd Tic O. ENTOV dé 
TO UNO Thc O Entov how EoTl xal TO ano Thc H: EntH tow 
éotlv 4 H. xol Sbvata 16 Ord téiv TA, AB. 

‘Exy doa ywptov mepleyntor UNO aMoTOUAC xal Thc ex 
600 OVOUdTWY, Ho TA OVOUATA GUULETOR EOTL Tol Ti\¢ aTO- 
TOUTS OvOLaoL xal Ev TE AVTE ADH, NTO YwWElov SUVALLEV 
enth Cott. 
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K H will have the same order as BC [Defs. 10.5—10.10]. 
(Which is) the very thing it was required to show. 


Proposition 114 


If an area is contained by an apotome, and a binomial 
whose terms are commensurable with, and in the same 
ratio as, the terms of the apotome then the square-root of 
the area is a rational (straight-line). 


A BF 
C ED 
G 
H 
K LM 


For let an area, the (rectangle contained) by AB and 
CD, have been contained by the apotome AB, and the 
binomial CD, of which let the greater term be CE. And 
let the terms of the binomial, CE and ED, be commen- 
surable with the terms of the apotome, AF and FB (re- 
spectively), and in the same ratio. And let the square-root 
of the (rectangle contained) by AB and CD be G. I say 
that G is a rational (straight-line). 

For let the rational (straight-line) H be laid down. 
And let (some rectangle), equal to the (square) on H, 
have been applied to CD, producing KL as breadth. 
Thus, KL is an apotome, of which let the terms, KM 
and ML, be commensurable with the terms of the bino- 
mial, CE and ED (respectively), and in the same ratio 
[Prop. 10.112]. But, CE and ED are also commensu- 
rable with AF and F'B (respectively), and in the same ra- 
tio. Thus, as AF is to FB, so KM (is) to ML. Thus, alter- 
nately, as AF is to KM, so BF (is) to LM [Prop. 5.16]. 
Thus, the remainder AB is also to the remainder KL as 
AF (is) to KM [Prop. 5.19]. And AF (is) commensu- 
rable with kK M [Prop. 10.12]. AB is thus also commen- 
surable with KL [Prop. 10.11]. And as AB is to KL, 
so the (rectangle contained) by CD and AB (is) to the 
(rectangle contained) by CD and KL [Prop. 6.1]. Thus, 
the (rectangle contained) by CD and AB is also com- 
mensurable with the (rectangle contained) by C'D and 
KL [Prop. 10.11]. And the (rectangle contained) by C'D 
and KT (is) equal to the (square) on H. Thus, the (rect- 
angle contained) by CD and AB is commensurable with 
the (square) on H. And the (square) on G is equal to the 
(rectangle contained) by C'D and AB. The (square) on G 
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, 
ITl6eioya. 
Kai yéyovev nulv xal 61a tToUtToU wavepdy, dt SUVaTOV 
EOTL ENTOV YwPLOV UTO GAdYwV cbVELev TepLleyeoda. STEP 
Edet Scie. 


, 
GLE . 
Ano yéong &netpot GAoyou yivovta, xa obdeuta obdeWa 
TOY MEOTECOV 7 AUTH. 


ya 
B ] 
LC ] 

A 


"How yéorn i A’ Aéyo, Ott ano tic A drelpor GAoyou 
yivovtat, xal OVSEULA OVSEULa THY TEdTEPOV N AUTH). 

"Exxetodo enti 7 B, xal 16 Und tév B, A toov Zotw tO 
and thc T: dkoyod dou Eotlv nT to yao Uno aAdyou xa 
ONTHs HAoyov Eotlv. xal OVSEULA THY TEdTEPOV FH AUTH: TO 
yup an’ obdeuLe THY TEdTEPOV TAEd ENTHY TAPABAAAdUEVOYV 
TARTOS Nolet UEonYV. TdAW bY 16 UNO tév B, TP toov Eotw tO 
ano tig A’ Goyov Sou Eotl 16 and tij¢ A. &hoyos hou Eotiv 
n A> xal obdeWLe TV TEdTEPOV H AUTH TO YdE aN’ OLSEULEC 
TOY TEOTEPOV TAPS ENTHY TACABAAADUEVOY TAdTOS TOLEt THY 
TD. duotag Sf) tie Tormdty¢ TéEEwS Er’ GELpOV TEOBaLvovON< 
Mavepdv, OTL UNO Thc UEoNS amELpor GAovo yivovtau, xall 
ovdeuia obdeWLe THY TEdTEPOY N AUTH OnEE Eder SetEa. 
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is thus commensurable with the (square) on H. And the 
(square) on H (is) rational. Thus, the (square) on G is 
also rational. G is thus rational. And it is the square-root 
of the (rectangle contained) by C'D and AB. 

Thus, if an area is contained by an apotome, and a 
binomial whose terms are commensurable with, and in 
the same ratio as, the terms of the apotome, then the 
square-root of the area is a rational (straight-line). 


Corollary 


And it has also been made clear to us, through this, 
that it is possible for a rational area to be contained by 
irrational straight-lines. (Which is) the very thing it was 
required to show. 


Proposition 115 


An infinite (series) of irrational (straight-lines) can be 
created from a medial (straight-line), and none of them 
is the same as any of the preceding (straight-lines). 

At 


B ] 
C 


Dt 


Let A be a medial (straight-line). I say that an infi- 
nite (series) of irrational (straight-lines) can be created 
from A, and that none of them is the same as any of the 
preceding (straight-lines). 

Let the rational (straight-line) B be laid down. And 
let the (square) on C' be equal to the (rectangle con- 
tained) by B and A. Thus, C is irrational [Def. 10.4]. 
For an (area contained) by an irrational and a rational 
(straight-line) is irrational [Prop. 10.20]. And (C is) not 
the same as any of the preceding (straight-lines). For 
the (square) on none of the preceding (straight-lines), 
applied to a rational (straight-line), produces a medial 
(straight-line) as breadth. So, again, let the (square) on 
D be equal to the (rectangle contained) by B and C. 
Thus, the (square) on D is irrational [Prop. 10.20]. D 
is thus irrational [Def. 10.4]. And (D is) not the same as 
any of the preceding (straight-lines). For the (square) on 
none of the preceding (straight-lines), applied to a ratio- 
nal (straight-line), produces C as breadth. So, similarly, 
this arrangement being advanced to infinity, it is clear 
that an infinite (series) of irrational (straight-lines) can 
be created from a medial (straight-line), and that none of 
them is the same as any of the preceding (straight-lines). 
(Which is) the very thing it was required to show. 
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Elementary Stereometry 


STOIXEION ta’. 


“Oeot. 


a’. Uteeedv Cott TO Uf\xocg xal TAdTOS xal Badoc Eyov. 

B’. Utepcov be néeac Emipdveta. 

vy’. Hvveta med exinedov pd Eotw, Stay TEd¢ TdoUC 
Tac UNTOUEVAS ATIC EVIElac xal Ovoac Ev TG [UNOKEUEVOD| 
emimédw Oedac Tolf, ywviac. 

0. Exinedov medc entredov opddv eott, Otay al TH 
XOWH TOUA Tv Erimédwv Ted OEVaC KydUEvaL EbVETaL Ev 
Evl TOV ETINESWV TE AoING EmiTedw MEd CEDdC Hot. 

e’. Euvetac medc¢ exinedov xAtoig cotiv, dtav and tod 
UETEWEOU TEEaTOS Tic eUVElac Ent TO Entnedov xd&VetOC 
aydf}, xol and tod yevougvou onyusiou Ent TO Ev TE Emimedw 
TEeas tic cvVeluc cdVeia EmCevyDh, A nepieyouevy Ywvia 
ONO Thc ayVelonc xal The EPeotHONGC. 

7. Entnédsou med eninedov xAtoicg cotiv n Neoleyouevn 
d€eia Yovia UO Té&v TEd¢ EDUC TY xOlV{ TOUT, eyoUEVE 
TEOS TE) AVTE ONUElW Ev ExaTeow THY Emimesv. 

C’. “Extnedov mpdc éxinedov ouotwc xexAtoDaun Agveta 
xal Etepov TEd¢ Etepov, Otav al clonuevar Tov xAloewv 
yoovio toa ArAaic Gow. 

1. TlapddAnra exined& cots TH KoUUTTTE. 

0’. “Ouola otepedk GYALATH EOTL TH UNO OUOlwv EmimEdav 
Tepleyoueva towy tO TAAVOc. 

V. “Tou 6€ xal GuUOLA OTEPEX CYNHUATH EOTL TA UNO OUOlwv 
emimedwv Tepleydueva towy 6) TANHVEL xal T6 ueyever. 

va’, Utepsd Ywvia cotly 7 UNO TAELdvwv 1 SVO yeaUUddy 
AUNTOUEVWY GAAHAWY xo UN) Ev TH AUTH Emupaveta ovodsy 
TEOS Téa Tolc YeauUdlc xAloic. GAAwc? OTEpSa Yovio. 
Eotly 7H UNO TAELOVOY 1 SVO YwvidSy ETIMESWYV TECLeXOUEVN 
uy ovody ev TG wvTés Emimédw TEC EvL ONE SUV 
OTOUMEVOY. 

10’. Tlupayic ott oy hua otepedv emimédoic TMepLyouevov 
ONO Evoc ETIMESOU TEOC Evi ONUELW OUVEOTIC. 

vy’. Hotoua ott oyfua otepedy Eminédoic Meoleyouevoy, 
@v 600 Te dnevavtiov tow Te xal GUO FOTL Kal MAEGAANAG, 
TH FE AOITA TAPAAANADY PALO. 

10". Ue@oitied Eottv, Stay HurxuxAtou Wevobons Tic Siaet- 
Cou TEpleveyVEv TO NWIXUXALOV cic TO KUTO TAAL ATOXATO- 
otadf, SVEev Hetato wépecoda, TO neellnpdev oyfuc. 

te’. "A€wv S€ Tic o~atepac Eotly H UEvovoa evVEIa, TEPl 
TY TO NLLXOXALOV OTEEMETALL. 

is’. Kévteov 8 tic o~atpac Eotl TO wUTd, 6 xal 
TuLxvxAtov. 

1’. Atcuetoog Sé tic o~alouc cotlv cbVEI& Tic Sid TOD 
XEVTEOL HYUEVY Kol MEPATOUUEVN EM exdTEea TH UEON LTO 
Thc Empavetac THe o@atouc. 

wy’. KOvdc Eotw, Otay OpVoywvlov Teryavou Uevovans 
uldc TALES THY TEPl Thy CPDTY ywvlav mepLleveyVEv TO 
totywvoy cic TO avTO TdAW aroxataotady, dVev Ho€ato 


TOU 
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Definitions 

1. A solid is a (figure) having length and breadth and 
depth. 

2. The extremity of a solid (is) a surface. 

3. A straight-line is at right-angles to a plane when it 
makes right-angles with all of the straight-lines joined to 
it which are also in the plane. 

4. A plane is at right-angles to a(nother) plane when 
(all of) the straight-lines drawn in one of the planes, at 
right-angles to the common section of the planes, are at 
right-angles to the remaining plane. 

5. The inclination of a straight-line to a plane is the 
angle contained by the drawn and standing (straight- 
lines), when a perpendicular is lead to the plane from 
the end of the (standing) straight-line raised (out of the 
plane), and a straight-line is (then) joined from the point 
(so) generated to the end of the (standing) straight-line 
(lying) in the plane. 

6. The inclination of a plane to a(nother) plane is the 
acute angle contained by the (straight-lines), (one) in 
each of the planes, drawn at right-angles to the common 
segment (of the planes), at the same point. 

7. A plane is said to have been similarly inclined to a 
plane, as another to another, when the aforementioned 
angles of inclination are equal to one another. 

8. Parallel planes are those which do not meet (one 
another). 

9. Similar solid figures are those contained by equal 
numbers of similar planes (which are similarly arranged). 

10. But equal and similar solid figures are those con- 
tained by similar planes equal in number and in magni- 
tude (which are similarly arranged). 

11. A solid angle is the inclination (constituted) by 
more than two lines joining one another (at the same 
point), and not being in the same surface, to all of the 
lines. Otherwise, a solid angle is that contained by more 
than two plane angles, not being in the same plane, and 
constructed at one point. 

12. A pyramid is a solid figure, contained by planes, 
(which is) constructed from one plane to one point. 

13. A prism is a solid figure, contained by planes, of 
which the two opposite (planes) are equal, similar, and 
parallel, and the remaining (planes are) parallelograms. 

14. A sphere is the figure enclosed when, the diam- 
eter of a semicircle remaining (fixed), the semicircle is 
carried around, and again established at the same (posi- 
tion) from which it began to be moved. 

15. And the axis of the sphere is the fixed straight-line 
about which the semicircle is turned. 
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épcova, TO meolknpdeyv oyfiua. xdv YUEV  UEvov0E 
evveian ton 7 tH AON [tH] meel thy dedyy repUpepouEvy, 
opvoyaviog Eota 6 xévoc, Edy SE EAATIWY, GUBAVYOWLOG, 
éav b€ usiwv, OFC. 

WW’. “A€wy 5€ tod xavou Eotly A UEvovcE evNEta, Tel 
HY TO Telywvoyv OTEEETAL. 

x’. Boog SE 6 KUXAOG O UNO Tic TepLpEpoUevNe EvVElac 
YEapOUEvoc. 

xa’. KoAwbedc Eotw, OTav deVOYwvio” TAPAAANAOY PGU- 
WOU LeEvovuons Uldc TAEVEd THY Teel Thy OeDHY ywviay Te- 
plevexVEv TO TACAAANADGYEAUMOY Elg TO MUTO TUAW aTOKA- 
taotadf}, SVev Hoetato peocoVam, TO nepiandéey oy fUa. 

xB’. "A€wv dé Tod xvAtvopou Eotlv A UEvovog cbVeia, 
TEEL Nv TO NACAAANAOYEOUMOV OTPEETAL. 

xy’. Baoeic 6€ of xUxAOL Ot UTO THY anevavtiov TEPla- 
yougvwy 500 TAcuedv yeaupduevot. 

xd’. “Ouorot xBvor xa xbAwdeol ciow, @v ot te &€ovec 
xa at SidETEOL TOV Bdoewv avaAOYOY Elow. 

xe’. K0Boc ott oy fa otepedv UNO EF tetpAyYOVWY towy 
TMEQLEYOUEVOVY. 

xe’. Oxtdededv Cot OX FAX OTEPEOV UTO OXTA TELYOVUY 
lowv xall ioonAevewv TEELeYOUEVOV. 

x0’. Eixookedpdv tot, oYXfiUa otepedv Und elxoor 
TELYOVOV towy xal icoTAEVEWY TEELEXOUEVOY. 

xr’. Awdexcedeov Eott oy fUa otepedv UNO bO5exa TeEv- 
TAVHVOV towv xal LooTATSUEWY Xa LOOYWVLWV TEPLEYOUEVOV. 


oO’. 

Kvvetuc youuutic ueeoc uév tL ovx Eotlw Ev 16) UTO- 
ASIMEV ETIMESD, UEPOS OE TL EV UETEWEOTEEL. 

Et yuo Suvatév, evdetac yeauuric tij¢ ABT yéooc yey 
tt TO AB gotw ev 16 Umoxewéeven EmiMéd@, UEEOs BE TL TO 
BI ev uetewootéow. 

"Eota Sf tic th AB ovveytc ev¥eta en’ edvetac ev 
TG broxewéevy ETiMEdH. Eotw 7 BA> db0 doa evVerésv téHv 
ABI, ABA xowovy tyAud Eotw 7 AB: énep Eotly dd0vatov, 
érevdyinep Edv xEvtTEwW 16 B xol Siaothyatt 14 AB xdxrov 
yeupauey, al Sudueteor avicoucg anoAnbovta tod x0xAoU 
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16. And the center of the sphere is the same as that of 
the semicircle. 

17. And the diameter of the sphere is any straight- 
line which is drawn through the center and terminated in 
both directions by the surface of the sphere. 

18. A cone is the figure enclosed when, one of the 
sides of a right-angled triangle about the right-angle re- 
maining (fixed), the triangle is carried around, and again 
established at the same (position) from which it began to 
be moved. And if the fixed straight-line is equal to the re- 
maining (straight-line) about the right-angle, (which is) 
carried around, then the cone will be right-angled, and if 
less, obtuse-angled, and if greater, acute-angled. 

19. And the axis of the cone is the fixed straight-line 
about which the triangle is turned. 

20. And the base (of the cone is) the circle described 
by the (remaining) straight-line (about the right-angle 
which is) carried around (the axis). 

21. A cylinder is the figure enclosed when, one of 
the sides of a right-angled parallelogram about the right- 
angle remaining (fixed), the parallelogram is carried 
around, and again established at the same (position) 
from which it began to be moved. 

22. And the axis of the cylinder is the stationary 
straight-line about which the parallelogram is turned. 

23. And the bases (of the cylinder are) the circles 
described by the two opposite sides (which are) carried 
around. 

24. Similar cones and cylinders are those for which 
the axes and the diameters of the bases are proportional. 

25. A cube is a solid figure contained by six equal 
squares. 

26. An octahedron is a solid figure contained by eight 
equal and equilateral triangles. 

27. An icosahedron is a solid figure contained by 
twenty equal and equilateral triangles. 

28. A dodecahedron is a solid figure contained by 
twelve equal, equilateral, and equiangular pentagons. 


Proposition 1* 


Some part of a straight-line cannot be in a reference 
plane, and some part in a more elevated (plane). 

For, if possible, let some part, AB, of the straight-line 
ABC be in a reference plane, and some part, BC, ina 
more elevated (plane). 

In the reference plane, there will be some straight-line 
continuous with, and straight-on to, AB.* Let it be BD. 
Thus, AB is a common segment of the two (different) 
straight-lines ABC and ABD. The very thing is impos- 
sible, inasmuch as if we draw a circle with center B and 
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Tepipepetac. radius AB then the diameters (ABD and ABC) will cut 
off unequal circumferences of the circle. 


T C 


A A 


Evvetauc doa ypuuuric uepoc UEv TL ox Eotw Ev 16) Ur0- Thus, some part of a straight-line cannot be in a refer- 
KEWEVY) ETINESW, TO OE EV UETEWEOTEPW* Omep Edel Seita. ence plane, and (some part) in a more elevated (plane). 
(Which is) the very thing it was required to show. 


+ The proofs of the first three propositions in this book are not at all rigorous. Hence, these three propositions should properly be regarded as 
additional axioms. 


t This assumption essentially presupposes the validity of the proposition under discussion. 


B’. Proposition 2 
"Edy 600 evdecion téeuvwow wAAac, Ev Evi elow Emmede, If two straight-lines cut one another then they are in 
xal T&v tTolywvoy év Evi Eotl Eminedu. one plane, and every triangle (formed using segments of 


both lines) is in one plane. 


A A A D 
E E 
Z. H E G 
T © K B C H K B 


Abo yee evdeta at AB, PA teuvétwouv aAAhrac nate For let the two straight-lines AB and C'D have cut 
tO E onuciov. A€yo, Stt ai AB, TA ev Evi ciow Entnédm, one another at point EL. I say that AB and CD are in one 
xal n&v tTotywvoy év Evi Eotl Erinedw. plane, and that every triangle (formed using segments of 

Eidjvw yee ent tv ET, EB tuydvta onucia te Z, H, both lines) is in one plane. 
nal eneTevyDuoav at TB, ZH, xol dujydwouv at ZO, HK: For let the random points F' and G have been taken 


Eyw neditov, 6tt tO ETB tetywvov év evi Eotw Eninédw. ci on HC and EB (respectively). And let CB and FG 
ye got toU ETB tetywvou ueeoc Ato. to ZOT fj tO HBK have been joined, and let FH and GK have been drawn 
év 16) Unoxeiueve [Eximéde], TO SE AoLNOV EV HAW, Eota xal across. I say, first of all, that triangle EC’B is in one (ref- 
uidic tv ET, EB evberiiv ugeoc yév tt év té Unoxeiueve erence) plane. For if part of triangle ECB, either FHC 
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EMImedw, TO OE EV AAAW. el dE TOW ETB terymvou 16 ZIP BH 
ueeoc 7 Ev 6 Umoxewevy emimédew, TO 5E AOIMOV Ev WAw, 
gota xal aupotéepwy tév ED, EB evdeuéiv ueeoc ev th 
év 16) UNOXEIWEVYW ETIMESW, TO BE EV GAAwW ONE &TOTOV 
édety0n. tO dow ED'B totywvoy ev evi Eotw Eminédw. Ev @ 
dé cot. TO ETB tetywvov, ev tobtw xal Exatéoa tév ED, 
EB, év @ d€ Exatéoa Tv ED, EB, év tobtw xai ai AB, 
TA. oft AB, TA dow evdeton ev evi ciow eninédw, “al nav 
totywvoy ev evi cotw emingdw° Onep Eder SeiZa. 


, 
vee 
‘Edy 600 exineda teuvy GAANAG, N xown adTéV TOUR 
evdetd& Eotw. 


A A 


ie 

Avo yde éxineda ta AB, BI teuvéte GAANAa, xown dé 
autéy tour gotw 7 AB youu: AEyo, tt 7 AB yooh 
evveta cot. 

Et yao wh, eneTedyYw ano tod A eri to B év uév 165 AB 
eminéd evdeia 7A AEB, év dé 16) BI eminédw eveta Hh AZB. 
éota dh Sbo evderdv Tv AEB, AZB ta aot& népata, xl 
Teptégovor Sndadt ywelov’ Sree &tonov. ovx dea ai AEB, 
AZB ecvvdeiat ciow. Ouolwe dr det{Eouev, StL OVSE BAAN Tic 
ano tod A ent to B emCevyvuuevn cdVeta Eota TAHY Tiic 
AB xow?yi¢ toufic tv AB, BI Erinédov. 

‘Edy doa S00 Ertreda TEU GAANAG, A XOW? WUTEY TOY 
evvet& Eotw Smee Edet SeiEan. 
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or GBK, is in the reference [plane], and the remainder 
in a different (plane) then a part of one the straight-lines 
EC and EB will also be in the reference plane, and (a 
part) in a different (plane). And if the part FCBG of tri- 
angle ECB is in the reference plane, and the remainder 
in a different (plane) then parts of both of the straight- 
lines EC and EB will also be in the reference plane, 
and (parts) in a different (plane). The very thing was 
shown to be absurb [Prop. 11.1]. Thus, triangle ECB 
is in one plane. And in whichever (plane) triangle ECB 
is (found), in that (plane) EC and EB (will) each also 
(be found). And in whichever (plane) EC and EB (are) 
each (found), in that (plane) AB and C’D (will) also (be 
found) [Prop. 11.1]. Thus, the straight-lines AB and CD 
are in one plane, and every triangle (formed using seg- 
ments of both lines) is in one plane. (Which is) the very 
thing it was required to show. 


Proposition 3 


If two planes cut one another then their common sec- 
tion is a straight-line. 


D A 
C 


For let the two planes AB and BC cut one another, 
and let their common section be the line DB. I say that 
the line DB is straight. 

For, if not, let the straight-line DEB have been joined 
from D to B in the plane AB, and the straight-line DF'B 
in the plane BC. So two straight-lines, DEB and DF'B, 
will have the same ends, and they will clearly enclose an 
area. The very thing (is) absurd. Thus, DEB and DF B 
are not straight-lines. So, similarly, we can show than no 
other straight-line can be joined from D to B except DB, 
the common section of the planes AB and BC. 

Thus, if two planes cut one another then their com- 
mon section is a straight-line. (Which is) the very thing it 
was required to show. 
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0 
‘Edy evVeia d00 evdetag teuvovoac aAAAAUC Ted¢ 
opvac Ent Tic xowW*c ToUTc Emotady, xal té3 BV KUTV 
ETIMESD TODS OEVAC EoTH. 


Evveia yoo tic A EZ S00 edVetoucg toic AB, PA te- 
uvovoaic aAhAuc xat& TO E onuciov ano tot E noedc dpdac 
EMeotatw’ Aéyo, tt H EZ nol 16 Sie tév AB, TA exinédw 
TEdS CPVdC EOTIV. 

‘Areirjpdwoav yuo at AK, EB, TE, EA too aAhAauc, 
xa Sifydw tic Sta to¥ E, ac etvyev, 7 HEO, xo 
éreCevy0woav ai AA, TB, xat ét and tuydvto¢ tot Z 
ereCevy0woav at ZA, ZH, ZA, ZV, ZO, ZB. 

Kal éret 500 ai AE, EA duo totic TE, EB toon clot xa 
yovlacg toug nepreyovou, Béog toa nH AA Bdoet t7 TB ton 
gouty, xal to AEA tetywvov 16 [EB tetyave toov gota: 
Bote xal yovia A ond AAE yovig ti 0nd EBT toy [eotiv]. 
got. 6€ xal W UNO AEH ywvia ti tnd BEO ton. dv0 dh 
totywve éott ta AHE, BEO tac B00 ywovlag dvol ywviatc 
toug Eyovta Exatéoav Exatéoa xal Ulav MAcvEdY We TACVES 
tony thy Ted¢ toc tom ywviag thy AE t7 EB: xol tac 
onde doa TAEUVEUCS Tolic AoLMOiic MAcUPAic loag EEovO. ton 
goa n uev HE t7j EO, 7 dé AH tH BO. xa Exel ton cot H 
AE tf EB, xowr dé xal med¢ dedds A ZE, Bdoic dow A ZA 
Baoet th ZB cotw ton. Sie ta HUT OH al HZ tH ZA Eotw 
fon. xal enet ton cot n AA tH TB, got be xal n ZA tH ZB 
fon, S00 by at ZA, AA dvol toiic ZB, BI tom ciol exatéea 
exatéog “al Baorg H ZA Baoer tH ZT edetyOy ton: xal yovia 
goa n UNO ZAA ywvig tH Und ZBI ion cottv. xal Enel méAw 
edety0y 7 AH tH BO ton, Ard uy xal A ZA tH ZB ton, sv0 
67 at ZA, AH bvoi toc ZB, BO fou ciotv. xal ywvia 7 nO 
ZAH edetydy ton tH 026 ZBO- Bdoucg Kou H ZH Bdoe: tH ZO 
éotw ton. xo Exel mé&Aw ton cdety0n 7 HE tf EO, xow? de 
n EZ, 500 6H at HE, EZ duo toc OE, EZ tom ciotv: xa 
Baoig n ZH Bdoet tH ZO ton ywvia doa W Und HEZ ywovia 
th nd OEZ ton cotiv. dedy doa exatéoea tév bn0 HEZ, 
OEZ yovudy. n ZE toa neoc thy HO tvydvtwe¢ die tod 
E aydetoay dpd% gottv. Oot O71) SeiGouev, dt H ZE xa 
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Proposition 4 


If a straight-line is set up at right-angles to two 
straight-lines cutting one another, at the common point 
of section, then it will also be at right-angles to the plane 
(passing) through them (both). 


F 


For let some straight-line EF have (been) set up at 
right-angles to two straight-lines, AB and CD, cutting 
one another at point EF, at FE. I say that EF is also at 
right-angles to the plane (passing) through AB and CD. 

For let AE, EB, CE and ED have been cut off from 
(the two straight-lines so as to be) equal to one another. 
And let GEH have been drawn, at random, through FE 
(in the plane passing through AB and CD). And let AD 
and CB have been joined. And, furthermore, let FA, 
FG, FD, FC, FH, and FB have been joined from the 
random (point) F (on EF). 

For since the two (straight-lines) AF and ED are 
equal to the two (straight-lines) CE and EB, and they 
enclose equal angles [Prop. 1.15], the base AD is thus 
equal to the base C'B, and triangle AED will be equal 
to triangle CEB [Prop. 1.4]. Hence, the angle DAE 
[is] equal to the angle EBC. And the angle AEG (is) 
also equal to the angle BEH [Prop. 1.15]. So AGE 
and BEH are two triangles having two angles equal to 
two angles, respectively, and one side equal to one side— 
(namely), those by the equal angles, AF and EB. Thus, 
they will also have the remaining sides equal to the re- 
maining sides [Prop. 1.26]. Thus, GE (is) equal to FH, 
and AG to BH. And since AE is equal to EB, and FE 
is common and at right-angles, the base FA is thus equal 
to the base F'B [Prop. 1.4]. So, for the same (reasons), 
FC is also equal to FD. And since AD is equal to CB, 
and F’A is also equal to F'B, the two (straight-lines) F'A 
and AD are equal to the two (straight-lines) FB and BC, 
respectively. And the base F.D was shown (to be) equal 
to the base FC. Thus, the angle F'AD is also equal to 
the angle FBC [Prop. 1.8]. And, again, since AG was 
shown (to be) equal to BH, but F’A (is) also equal to 
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TEOS MdGAC Ta ANTONEVAC AUTH¢ EVVEla xal OUOUC Ev TOS 
UMOXEIWEV) ETINESW OEVAS ToLhoeL ywviac. euIela bE MEd¢ 
éntnedov oe0y ott, OTAV MEDS MdouG Ta UMTOUEVAC HUTH¢ 
euvetac xal obouc Ev TE HUTES ETINEdW GEDAC TOL Ywvlac: 
17 ZE dea té5 Unoxeweven Emimedw TEOC OEVdC COTW. TO SE 
vnoxetuevoy enineddv ott 10 Oia tHv AB, TA evdedsv. 4 
ZE doa Teds GeVds Eott TH Sid TV AB, TA emnédo. 

‘Eady doa cvvdeta dv0 evVetarg teuvobouic aAAHAUC TEd¢ 
opdac Ent Tic xowW*c TouTc Emiotady, xal té3 BV aUTESY 
eminédw Ted¢ CEVA Eotau OnEe Eder Seta. 


, 
&.6 
‘Edy cvvdeta toroly evdetauc antouévaig GAAKAWY Ted¢ 
Opduc EMI Tic KOIVA\¢ TOU EMLoTAY, al tocic cbVEta Ev Evi 
clow emimedo. 


A 


T 


Evveia ye tic 7 AB totolv edvVetac toiic BY, BA, BE 
TEDS OPVaS Ext TH¢ xaTa TO B APfic Egeotdtw’ AEYw, OTL atl 
BI, BA, BE évy évi ciow eninede. 

My yéo, GAA’ et Suvatév, Eotwoav at wev BA, BE 
év 16) Unoxeweve eminédw, n b€ BI Ev Uetewpotéow, xatl 
exBeBAhodw TO dla tv AB, BL éentredov: xow?hy of Touhy 
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FB, the two (straight-lines) F'A and AG are equal to the 
two (straight-lines) FB and BH (respectively). And the 
angle FAG was shown (to be) equal to the angle FBH. 
Thus, the base F’G is equal to the base F'H [Prop. 1.4]. 
And, again, since GE was shown (to be) equal to FH, 
and EF (is) common, the two (straight-lines) GE and 
EF are equal to the two (straight-lines) HE and EF 
(respectively). And the base FG (is) equal to the base 
FH. Thus, the angle GEF is equal to the angle HEF 
[Prop. 1.8]. Each of the angles GEF and HEF (are) 
thus right-angles [Def. 1.10]. Thus, FF is at right-angles 
to GH, which was drawn at random through F (in the 
reference plane passing though AB and AC). So, simi- 
larly, we can show that FF will make right-angles with 
all straight-lines joined to it which are in the reference 
plane. And a straight-line is at right-angles to a plane 
when it makes right-angles with all straight-lines joined 
to it which are in the plane [Def. 11.3]. Thus, FE is at 
right-angles to the reference plane. And the reference 
plane is that (passing) through the straight-lines AB and 
CD. Thus, F'E is at right-angles to the plane (passing) 
through AB and CD. 

Thus, if a straight-line is set up at right-angles to two 
straight-lines cutting one another, at the common point 
of section, then it will also be at right-angles to the plane 
(passing) through them (both). (Which is) the very thing 
it was required to show. 


Proposition 5 


If a straight-line is set up at right-angles to three 
straight-lines cutting one another, at the common point 
of section, then the three straight-lines are in one plane. 


A 


C 


For let some straight-line AB have been set up at 
right-angles to three straight-lines BC, BD, and BE, at 
the (common) point of section B. I say that BC, BD, 
and BE are in one plane. 

For (if) not, and if possible, let BD and BE be in 
the reference plane, and BC in a more elevated (plane). 
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TOWoet Ev 16) UTOXEIUEVH ETINedW cvVEtav. ToLettw TH 
BZ. év evi doa elolv Eminédw 16 SiNyuevw Sid tHv AB, 
BI ai tozic cvdeta a AB, BI, BZ. xat exei 7 AB ded4 
got Ted¢ Exatéoav tév BA, BE, xol 16 did tHv BA, 
BE dea exinédm p04 cotw 7 AB. 10 8é ie tHv BA, BE 
éninedoy TO Unoxetuevoy cot’ 7 AB dea dod Ett NEOC TO 
bmoxetuevoy exinedov. Wate xall MEd TdoU Ta AMTOUEVAS 
adtHc cvVelag xal OUouc Ev TG UTOXEIUEV ETITEdSW CODEC 
Toujoet yoviac 7 AB. &ntetou b€ wdtH¢ 7 BZ odou Ev té5 
UToxEWeVo Eriméd” HN doa UNO ABZ ywvia ded% Eotw. 
Undxettat dé xal H UNO ABI ded; ton dea A UNO ABZ ywvia 
tf no ABT. xat ciow ev evi eminédw’ SmEo Eotlv dd0vatov. 
ovx dea A BI evveta ev uetewootéow cotly emimédu att toeic 
dou evdeta at BY, BA, BE év Evi ciow eminédo. 

"Edy tow cvVeta toroly cvVetaic amtouevaig aAAHAwY Erl 
Thc AOFc MEd CEDdc EmLoTADA,, at teeic cUIEto Ev Evi ciow 
eminéday’ Omep Eder Seiqa. 


, 


ae 


‘Edy 600 cvdetan 16 aut emimédm Ted OPVac Bow, 
TAUEGAANAOL Ecovtat al cOVETau. 


r A 


E 


Abo yuo ev0eia ot AB, TA 16 broxewev emnédw 
Ted GEDA EoTWOAV’ AEYW, STL TAEGAANADS Eotw 7H AB tH 
TA. 

LuuPorretwouvy yuo 16) UNoxElWEVe ETUMESW KATH TA B, 
A onucia, xal exeCevydw n BA cddeia, xal HyIw tH BA 
Ted¢ OPVas Ev TH UnoxeWEev Exinédso Nn AE, xal xeiodw 
tf, AB ton n AE, xol exeCebyBwouy ai BE, AE, AA. 

Kat net h AB dp0n Eott npd¢ TO UnOxEiUevoy Extnedov, 
nal med¢ thoac [koa] tac antouevac adtiic cvdetac xal 
ovoug ev 16) UmoxeWev EmImedW deDdC ToIjoel Ywvlac. 
&nteta sé tic AB exatéoa tv BA, BE otto év 16 br0- 
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And let the plane through AB and BC have been pro- 
duced. So it will make a straight-line as a common sec- 
tion with the reference plane [Def. 11.3]. Let it make 
BF. Thus, the three straight-lines AB, BC, and BF 
are in one plane—(namely), that drawn through AB and 
BC. And since AB is at right-angles to each of BD and 
BE, AB is thus also at right-angles to the plane (passing) 
through BD and BE [Prop. 11.4]. And the plane (pass- 
ing) through BD and BE is the reference plane. Thus, 
AB is at right-angles to the reference plane. Hence, AB 
will also make right-angles with all straight-lines joined 
to it which are also in the reference plane [Def. 11.3]. 
And BF, which is in the reference plane, is joined to it. 
Thus, the angle ABF is a right-angle. And ABC was also 
assumed to be a right-angle. Thus, angle ABF (is) equal 
to ABC. And they are in one plane. The very thing is 
impossible. Thus, BC is not in a more elevated plane. 
Thus, the three straight-lines BC, BD, and BE are in 
one plane. 

Thus, if a straight-line is set up at right-angles to three 
straight-lines cutting one another, at the (common) point 
of section, then the three straight-lines are in one plane. 
(Which is) the very thing it was required to show. 


Proposition 6 


If two straight-lines are at right-angles to the same 
plane then the straight-lines will be parallel. 


C A 


For let the two straight-lines AB and CD be at right- 
angles to a reference plane. I say that AB is parallel to 
CD. 

For let them meet the reference plane at points B and 
D (respectively). And let the straight-line BD have been 
joined. And let DE have been drawn at right-angles to 
BD in the reference plane. And let DE be made equal to 
AB. And let BE, AE, and AD have been joined. 

And since AB is at right-angles to the reference plane, 
it will [thus] also make right-angles with all straight-lines 
joined to it which are in the reference plane [Def. 11.3]. 
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AEWEVOD ETUTEd’ GEDH Hoa Eotiv Exatéoa THv bnd ABA, 
ABE yoy. di ta wbt&e OF nal Exatéoa tv Ond TAB, 
TAE oped cotw. xol énel ton cotlv 7 AB ty AE, xow?h 
dé 7 BA, d00 4 at AB, BA bdvoi toic EA, AB tow ciotv: 
xal ywviac dedac neptéyouow: Béoig dopa 7 AA Badoet TH 
BE éotw fon. xal Enel ton cotlv n AB ty AE, GAA& xa 
n AA ty BE, 500 54 at AB, BE bdvoi toiic EA, AA fou 
eiotv xal Bdoug adtev xown 7 AE yovia doa y Und ABE 
youd tf bnd0 EAA Eo fon. ded} 5€ 7 Und ABE: ded} 
dou xal A Und EAA: H EA dea ned¢ thy AA dedy Eotw. 
ott O€ “ol Med Exatépav tév BA, AT dedh. A EA dea 
tololv evvetac totic BA, AA, AT red¢ deVa¢ Ext THe AFC 
epéotyxev’ ai toeic dow evVeta ai BA, AA, AT ev Evi ciow 
éminéd. Ev & dé at AB, AA, év tobtw xal 7 AB: né&v yao 
totywvov ev evi cot eminédm ai dou AB, BA, AT evdetan 
év evi clow eringdw. xal otty OPO Exatéoa tv bro ABA, 
BAT ywwdsv: napddAndoc &ou Eotlv 7 AB 17 TA. 

"Edy doa Sv0 evdeia 16 aute emimédm Ted¢ deddc Bow, 
TaPGAANAOL Eoovta at eUVEtoL Omep Eder SeiEau. 
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And BD and BE, which are in the reference plane, are 
each joined to AB. Thus, each of the angles ABD and 
ABE are right-angles. So, for the same (reasons), each 
of the angles CDB and CDE are also right-angles. And 
since AB is equal to DE, and BD (is) common, the 
two (straight-lines) AB and BD are equal to the two 
(straight-lines) FD and DB (respectively). And they 
contain right-angles. Thus, the base AD is equal to the 
base BE [Prop. 1.4]. And since AB is equal to DE, and 
AD (is) also (equal) to BE, the two (straight-lines) AB 
and BE are thus equal to the two (straight-lines) ED 
and DA (respectively). And their base AF (is) common. 
Thus, angle ABE is equal to angle EDA [Prop. 1.8]. And 
ABE (is) a right-angle. Thus, EDA (is) also a right- 
angle. ED is thus at right-angles to DA. And it is also at 
right-angles to each of BD and DC. Thus, ED is stand- 
ing at right-angles to the three straight-lines BD, DA, 
and DC at the (common) point of section. Thus, the 
three straight-lines BD, DA, and DC are in one plane 
[Prop. 11.5]. And in which(ever) plane DB and DA (are 
found), in that (plane) AB (will) also (be found). For 
every triangle is in one plane [Prop. 11.2]. And each of 
the angles ABD and BDC is a right-angle. Thus, AB is 
parallel to CD [Prop. 1.28]. 

Thus, if two straight-lines are at right-angles to 
the same plane then the straight-lines will be parallel. 
(Which is) the very thing it was required to show. 


+ In other words, the two straight-lines lie in the same plane, and never meet when produced in either direction. 


C 
"Edy Got 600 cvdetan TaodAANAOL, ANnOF dé E—’ Exatéoac 
avUTey TUYdVTA oNUElaA, N Eml TH oNUEia EmCevyvuuevy 
evuveta Ev 16) AUTE ExIMed EoTl Tolc NAPaAAANAotc. 


A ie B 


E Z A 


"Eotwouv d0o0 evdeta taedAAnrot ot AB, TA, xol 
ciAnmva Ep Exatéeac avTdy tuvydvta onucia ta E, Z: 
AEYO, OTL YH Ent ta HE, Z onveta emCevyvuyevn evveta ev 165 
AUTES EMINESW EOTL Talc TACUAAHAOLC. 

My ye, GAX’ El SUVaTOV, EoTW EV UETEWPOTEPW GC T 
EHZ, xai dijydw Sia tho EHZ extredov' touny dh nowjoer 


Proposition 7 


If there are two parallel straight-lines, and random 
points are taken on each of them, then the straight-line 
joining the two points is in the same plane as the parallel 
(straight-lines). 


A Ls B 


C F D 
Let AB and CD be two parallel straight-lines, and let 
the random points & and F' have been taken on each of 
them (respectively). I say that the straight-line joining 
points & and F is in the same (reference) plane as the 
parallel (straight-lines). 
For (if) not, and if possible, let it be in a more elevated 
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EV 16) UNOXEIUEVY) ETINESW CVVETaV. TOLEtTw w¢ THY EZ: vo 
goa evdetau at EHZ, EZ ywptov nepiéfouow: donee cotiv 
&d0vatov. ovx doa H and tod E énl tO Z emCevyvouevn 
evvetan Ev UETEWEOTEEW Coty Emiméday” Ev T6 Sid THv AB, 
TB toa naparkAnrwy cotly exinédm Nn ano tod E ent to Z 
emiCevyvuyevy cbdeta. 

"Edy doa Bor Svo evVeioan TapdAAnAor, Anpdy Se eq’ 
Exatépac AUTHY TLYOVTA ONMEta, N Eml TH Onucta EmCev- 
yvupuevn cuveta ev 16) avté Emimédw Eotl tollg MaparAANAotc’ 
Onee Eder SetZa. 


# 
‘Edy Got 600 eudetoar maedAAnAot, n SE EtEopa aUTHSY 
Emimedw Til Ted¢ OeVac F, Kol N AOITH TE KOTO Emimede 
TEOS OPDUC EoTOL. 


A Tr 


E 

"Eotwoay do euveta napcrdnarot at AB, TA, 1 dé Etéou 
autéyv 7 AB 16 broxewevo Emimédm Ted¢ dEVaC EotL 
Ev, StL xa NH AORY H TA 16 adTE Eminédw Ted¢ dEVa¢ 
EoTaL. 

LuyParrAetwoav yao ai AB, TA 16 broxewéeven eminéde 
uate ta B, A onueia, xal eneTevy0u n BA: ot AB, TA, BA 
doa év evi ciow eninédw. Fydw tH BA med¢ dpbuc Ev téS 
broxeweva emimédw 7 AE, xat xelodw tH AB ton 7 AE, 
xal eneCevywouy al BE, AE, AA. 

Kat net h AB 00h Eott mpd TO UnOxEtUEvoy Extnedoy, 
nal Teds TdoUd Goa The ANTONEVAS AUTIc CbVElac xal OVTAC 
év 1 UTOXEIUEVe) EriMedW TEOS OPDdc Eottv H AB’ deh doa 
[eotiv] exatépa tév bnd ABA, ABE ywwddv. xat Enel cic 
TapahAhArouc tag AB, TA ev¥eta gunéntwxev A BA, ai koa 
ond ABA, TAB yevia dvolv dedoic tom cictv. dedy dé H 
ond ABA: 699% dow xal A O26 TAB: WTA doa npd¢ thy BA 
op0r Eottv. xal Exel ton Eotlv H AB tf AE, xow7 de WH BA, 
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(plane), such as EGF’. And let a plane have been drawn 
through EGF. So it will make a straight cutting in the 
reference plane [Prop. 11.3]. Let it make EF’. Thus, two 
straight-lines (with the same end-points), EGF and EF, 
will enclose an area. The very thing is impossible. Thus, 
the straight-line joining & to F is not in a more elevated 
plane. The straight-line joining F to F is thus in the plane 
through the parallel (straight-lines) AB and CD. 

Thus, if there are two parallel straight-lines, and ran- 
dom points are taken on each of them, then the straight- 
line joining the two points is in the same plane as the 
parallel (straight-lines). (Which is) the very thing it was 
required to show. 


Proposition 8 


If two straight-lines are parallel, and one of them is at 
right-angles to some plane, then the remaining (one) will 
also be at right-angles to the same plane. 


A C 


E 

Let AB and CD be two parallel straight-lines, and let 
one of them, AB, be at right-angles to a reference plane. 
I say that the remaining (one), C'D, will also be at right- 
angles to the same plane. 

For let AB and CD meet the reference plane at points 
B and D (respectively). And let BD have been joined. 
AB, CD, and BD are thus in one plane [Prop. 11.7]. 
Let DE have been drawn at right-angles to BD in the 
reference plane, and let DE be made equal to AB, and 
let BE, AE, and AD have been joined. 

And since AB is at right-angles to the reference 
plane, AB is thus also at right-angles to all of the 
straight-lines joined to it which are in the reference plane 
[Def. 11.3]. Thus, the angles ABD and ABE [are] each 
right-angles. And since the straight-line BD has met the 
parallel (straight-lines) AB and CD, the (sum of the) 
angles ABD and CDB is thus equal to two right-angles 
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dvo of at AB, BA dvoi totic EA, AB toa ciotv: xal yevia 
n vnd ABA yovia ti tnd EAB ton: ded yao Exatéea: 
Baorg doa nH AA Bdoet tH BE ton. xol Enel ton eotly 7 
uev AB tf AE, n Sé BE th AA, 500 dF aft AB, BE bdvoi 
toiic EA, AA tom ciolv éxatéea Exatéog. xal Bdoug adtév 
now? 7 AE: yovia doa 7 Und ABE yovia tH ond EAA 
got ton. ded Se 7 UNO ABE’ 600% dow xal W Und EAA: 
n EA Sa med thy AA dpdy Eotw. Eott bE xal MPdC THY 
AB 6e07 7 EA dow xal te Sid TOV BA, AA éexinédw dedh 
got. “al Ted Tdous how Ta ANTONEVAS AUTH EvVElac xatl 
ovous év TH Std THY BAA Erinédm deduce nomjoet ywviag H 
EA. év dé 16 ie THY BAA éentnédw éotiv n AT, exerd%nee 
év 16) Sid tv BAA eminédw Eotiv ai AB, BA, év @ dé 
at AB, BA, év tobt gotl xai A AT. A EA Gow tH AT 
Ted OPVas EoTW: Bote xal n TA tH AE npdc¢ deVd&¢ Eotw. 
got dé xal ADA t¥ BA redc doddc. HTA doa dU0 edVetac 
teuvovoaic dAAVAas toic AE, AB and tic xat& 160 A toufic 
Ted OPVas EYEaTHXEV’ Gote H TA xal té Sta tv AE, AB 
ETINESW TEdG OEVES EoTIV. TO dE Sid THV AE, AB éEntnedov 
tO Unoxeiuevoyv cotw: 7 TA doa 16 Unoxeweven Eximéde 
TOS CPVdC COTW. 

‘Edy doa Gor S00 cvdeta maodrAAnAot, 7 Se ula xoTédy 
EMImedw Til Ted¢ Gedac F, xol N AOoiTH TE KOTO Emimede 
Ted, OEVAC Eota SrEO Eder Seizar. 


0. 


Al tH abty ed0eta mapdAAnAot xol Uh otoa aUTH Ev 68 
AVTES ETINESW KO GAAMAdUc Elol MAOAANAOL. 


B Ls) A 

Z H E 

ra 1% 
Kk 


"How yoo exatéea téiv AB, TA ti EZ napéddndoc 
UN) OVO AUTH Ev TE HUTE EmiMed” AC, OTL TAEGAANASS 
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[Prop. 1.29]. And ABD (is) a right-angle. Thus, CDB 
(is) also a right-angle. CD is thus at right-angles to BD. 
And since AB is equal to DE, and BD (is) common, 
the two (straight-lines) AB and BD are equal to the two 
(straight-lines) ED and DB (respectively). And angle 
ABD (is) equal to angle EDB. For each (is) a right- 
angle. Thus, the base AD (is) equal to the base BE 
[Prop. 1.4]. And since AB is equal to DE, and BE to 
AD, the two (sides) AB, BE are equal to the two (sides) 
ED, DA, respectively. And their base AE is common. 
Thus, angle ABE is equal to angle EDA [Prop. 1.8]. 
And ABE (is) a right-angle. EDA (is) thus also a right- 
angle. Thus, ED is at right-angles to AD. And it is also 
at right-angles to DB. Thus, ED is also at right-angles 
to the plane through BD and DA [Prop. 11.4]. And 
ED will thus make right-angles with all of the straight- 
lines joined to it which are also in the plane through 
BDA. And DC is in the plane through BDA, inas- 
much as AB and BD are in the plane through BDA 
[Prop. 11.2], and in which(ever plane) AB and BD (are 
found), DC is also (found). Thus, ED is at right-angles 
to DC. Hence, CD is also at right-angles to DE. And 
CD is also at right-angles to BD. Thus, C’D is standing 
at right-angles to two straight-lines, DE’ and DB, which 
meet one another, at the (point) of section, D. Hence, 
CD is also at right-angles to the plane through DE and 
DB [Prop. 11.4]. And the plane through DE and DB is 
the reference (plane). CD is thus at right-angles to the 
reference plane. 

Thus, if two straight-lines are parallel, and one of 
them is at right-angles to some plane, then the remain- 
ing (one) will also be at right-angles to the same plane. 
(Which is) the very thing it was required to show. 


Proposition 9 


(Straight-lines) parallel to the same straight-line, and 
which are not in the same plane as it, are also parallel to 
one another. 


B H A 

F G E 

D C 
K 


For let AB and CD each be parallel to EF, not being 
in the same plane as it. I say that AB is parallel to CD. 
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éotw 7 AB tH DA. 

EUKeVw yao ent thc EZ tuyov onuetov 10 H, xol an’ 
avtod t7 EZ év uév 16 81d tv EZ, AB eminédw med¢ 6eVa¢ 
HYVo A HO, ev dé 16 Sia tov ZE, TA tH EZ nddw med¢ 
oevac HYVo n HK. 

Kat enel 7 EZ neoc exatéoav tv HO, HK oedy Eotw, 
7 EZ doa xal 16 Sia tv HO, HK ennédw med¢ doddc 
got. “at cotw 7 EZ ti AB napddAndoc: xat A AB doa 
16 Sia THv OHK eEminédsw meo¢ deddc cot. oid Ta AUTH 
of xa 7 TA 16 die tv OHK Eminédw med¢ dedd¢ Eotwv’ 
exatéoa doa tév AB, TA 16 di& tv OHK Eninédw ted¢ 
opvac Eotw. Edy be GVO evVetu TH WUT EmiMéd5w TEdC 
OVA ow, NAeGAANAol ciow at cvdetou maodAAnAoc toa 
gotlv 7 AB t7 TA: oreo eden SeiEau. 


y, 
l. 
‘Eay 600 eudeta antoucvar GAAHAWY Tae& S00 evIEtac 
ANTOUEVaC GAAHAWY Got UA Ev TE avTH Emimédw, louc 
yovlag mepiegovov. 


Abo yoo edvdeia at AB, BI antéyevan WAAAY Taek 
d0o0 evVelac tac AE, EZ antouevac dAAhAwv Eotwoay Ur 
év 16) avTE Eminédw AEyw, Sti ton Eotly H UA ABT yovia 
tf bnd AEZ. 

‘Areirjpdwoav yuo at BA, BL, EA, EZ tom aAhAauc, 
xa eneCevyVwoav ai AA, TZ, BE, AT, AZ. 

Kol énet 7 BA tf} EA ton eotl xol napdrdnroc, xol 7 
AA éoa tH BE ton éotl xal mapddAndoc. Sie Ta HTH 5H 
xa 1 CZ th BE ton cot xol mapddrnroc: exatéoa dea Tay 
AA, TZ t¥ BE ton goti xol napddAnAoc. at dé TH adTH 
evveta TapdrAnAot xa UA OVO HUTT Ev TG HUTES EmiMEde 
xa GAAHAas clol Tapd&AANAOL TaCdAANAOS doa Eotlv H AA 
th TZ xat ton. nal emlevywwovow adtac at AD, AZ xaii 
n AD dou tH AZ ton otk xal mapdArnhoc. xa Exel SVO ati 
AB, BI 6voi totic AE, EZ tou ciotv, xal Baoug NH AT Beoer 
tf AZ ton, ywvia doa A bn ABT ywvia tH Und AEZ éotw 
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For let some point G have been taken at random on 
EF. And from it let GH have been drawn at right-angles 
to EF in the plane through EF and AB. And let GK 
have been drawn, again at right-angles to EF, in the 
plane through F'E and CD. 

And since EF is at right-angles to each of GH and 
GK, EF is thus also at right-angles to the plane through 
GH and GK [Prop. 11.4]. And EF is parallel to AB. 
Thus, AB is also at right-angles to the plane through 
HGK [Prop. 11.8]. So, for the same (reasons), C'D is 
also at right-angles to the plane through HGK. Thus, 
AB and CD are each at right-angles to the plane through 
HGK. And if two straight-lines are at right—angles 
to the same plane then the straight-lines are parallel 
[Prop. 11.6]. Thus, AB is parallel to CD. (Which is) 
the very thing it was required to show. 


Proposition 10 


If two straight-lines joined to one another are (respec- 
tively) parallel to two straight-lines joined to one another, 
(but are) not in the same plane, then they will contain 
equal angles. 


For let the two straight-lines joined to one another, 
AB and BC, be (respectively) parallel to the two 
straight-lines joined to one another, DE and EF, (but) 
not in the same plane. I say that angle ABC is equal to 
(angle) DEF. 

For let BA, BC, ED, and EF have been cut off (so 
as to be, respectively) equal to one another. And let AD, 
CF, BE, AC, and DF have been joined. 

And since BA is equal and parallel to ED, AD is thus 
also equal and parallel to BE [Prop. 1.33]. So, for the 
same reasons, C'F is also equal and parallel to BE. Thus, 
AD and CF are each equal and parallel to BE. And 
straight-lines parallel to the same straight-line, and which 
are not in the same plane as it, are also parallel to one an- 
other [Prop. 11.9]. Thus, AD is parallel and equal to CF. 
And AC and DF join them. Thus, AC is also equal and 
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ton. 

‘Edy doa Sv0 evVelon amtduevan GAAKAWY Taed dvO 
evvelag ANTOUEVAG GAAVAWY Bol UN EV TG) AUTE EmINEdO, 
loug ywviac neptéfovow: dreo edet Seta. 


, 


ta. 


Ano tod d00€évto¢g onuetou UetTewpou el TO doVEv 
éninedov xaVetov cuvetav ypauuny ayayely. 


"Eotw 10 pév Sovéey onuctiov uetéwpov To A, tO be S0VEvV 
éninedov 16 Uroxeiuevoy: Set O1) nO tod A onuctov Ext TO 
bmoxetuevoy eninedov xadetov evvetav yoouuuny ayoyely. 

Aijy8o ydo tic Ev TH Vnoxewevon ErinédH EvVETaA, dc 
étuyev, 7 BI, xat HyGw and tod A onueiou ext tyy BI 
xavd_etocg 7 AA. ci ev otv n AA xddetd¢ Eott xal Ext TO 
Umoxetuevoy exinedov, yeyovoc ay ely TO EmitayVev. El O€ 
ob, HxV@ &xd tod A onuctov tH BI ev 1 vnoxeweve 
eminédw Ted¢ OEVa H AE, xal HyVo and tod A Ext thy AE 
uadetoc 7 AZ, xl dia tod Z onuetou t7 BE naedAdndoc 
HYVo 7 HO. 

Kat énel y BL exatéog téiv AA, AE red¢ dpdde Eotw, 
7 BY dou xol 165 dia tHV EAA Erinédm med¢ deVdc EotwW. 
xal COTY AUTH TaodAANAOS N HO- ew be Gor dbo evdetan 
TAPGAANAOL, 1] Se Ulor KUTOY EINES Til MEdC OPVaC H, xal H 
AOLTY) TE KUTEH EMIMESW TESS GEVAC EoTa xal 7 HO doa 65 
did THv EA, AA Einéd Ted¢ GEVd Cott. xal TEd¢ Rdous 
doa tac AntouEvac aUTH¢ cvVElac xal OVO Ev TE Bid THY 
EA, AA éxinédm 6e0H cotw n HO. &atetom dé avtiic 7 AZ 
ovoa év T65 Sia THY EA, AA éexinédw° 7 HO dou de0% Eot 
med¢ thy ZA: Bote xal 1 ZA ded Eott Ted¢ thy OH. got 
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parallel to DF [Prop. 1.33]. And since the two (straight- 
lines) AB and BC are equal to the two (straight-lines) 
DE and EF (respectvely), and the base AC (is) equal to 
the base DF’, the angle ABC is thus equal to the (angle) 
DEF [Prop. 1.8]. 

Thus, if two straight-lines joined to one another are 
(respectively) parallel to two straight-lines joined to one 
another, (but are) not in the same plane, then they will 
contain equal angles. (Which is) the very thing it was 
required to show. 


Proposition 11 


To draw a perpendicular straight-line from a given 
raised point to a given plane. 


A 


Let A be the given raised point, and the given plane 
the reference (plane). So, it is required to draw a perpen- 
dicular straight-line from point A to the reference plane. 

Let some random straight-line BC have been drawn 
across in the reference plane, and let the (straight-line) 
AD have been drawn from point A perpendicular to BC 
[Prop. 1.12]. If, therefore, AD is also perpendicular to 
the reference plane then that which was prescribed will 
have occurred. And, if not, let DE have been drawn in 
the reference plane from point D at right-angles to BC 
[Prop. 1.11], and let the (straight-line) AF have been 
drawn from A perpendicular to DE [Prop. 1.12], and let 
GH have been drawn through point F’, parallel to BC 
[Prop. 1.31]. 

And since BC is at right-angles to each of DA and 
DE, BC is thus also at right-angles to the plane through 
EDA [Prop. 11.4]. And GH is parallel to it. And if two 
straight-lines are parallel, and one of them is at right- 
angles to some plane, then the remaining (straight-line) 
will also be at right-angles to the same plane [Prop. 11.8]. 
Thus, GH is also at right-angles to the plane through 
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STOIXEION to’. 


dé n AZ xal npd¢ thy AE ded; A AZ hoa med¢ Exatépav 
tév HO, AE de0y got. edv dé edVeia Svolv evDetac 
Teuvovouic GAANAac ENl TH¢ Toufc TeEdc GEVaC Emtotadf;, 
xa 16) bv aUTHY EmimEdH MEd GEDA Eota HW ZA koa TH 
dia tév EA, HO éEninédw mpd¢ dedd&> Eotw. TO SE Bie 
tév EA, HO éntreddv cot 16 broxetuevov' 7 AZ doa té5 
UNOXEIUEVD ETULTESD TED OPVAC EOTWV. 

Ano tod doa dodEvtOg oNLEiou UETeWooUu tod A Ent TO 
Unoxetuevov eninedov xdVetog cdVeia ypauur Fata A AZ: 
Onee eet ToLHoau. 


1". 
TS Sodévt emnédw and to} nedo¢ avtés dsodEvtoc 
onysiou Ted¢ opvac cbVElav YoaLUY avaoTHoa. 


A 


A 


"Hot tO yév dovdev entnedov tO Umoxeievoy, TO dé 
Ted AVE ONUEtov TO A: Set 57) dnd tot A oNUElou 1 Un0- 
XEIUEVY) ETITESW TEOS OPVAC cUVEtAV YEAUUY dvaAOTHiCaL. 

Nevoyjovw tt onuctov ustéweov 10 B, xal amo tot B ext 
TO Unoxeiuevoy exinedov xaV_etoc HyVw A BI, xot da tod 
A onystov tH BI napdddnroc HyVw 7 AA. 

‘Enel obdv 600 evVein taedAANAOl eiow at AA, PB, 7 dé 
ula avtésy 7 BI té5 Uroxewweve Eminédw Ted OPVdc EoTIV, 
xa A Aoinh Koa WH AA 165 Unoxewevn EmiMEdW Ted 6EDdC 
EOTl. 

TO doa sovdevtt Eminéd@ dnd tod Ted¢ wWTES ONUEloU 
tov A ted¢ dpa &véotata HAA: dre Edel ToLfjou. 


ELEMENTS BOOK 11 


ED and DA. And GH is thus at right-angles to all of 
the straight-lines joined to it which are also in the plane 
through E'D and AD [Def. 11.3]. And AF’, which is in the 
plane through ED and DA, is joined to it. Thus, GH is at 
right-angles to F'A. Hence, F’A is also at right-angles to 
HG. And AF is also at right-angles to DE. Thus, AF is 
at right-angles to each of GH and DE. And if a straight- 
line is set up at right-angles to two straight-lines cutting 
one another, at the point of section, then it will also be 
at right-angles to the plane through them [Prop. 11.4]. 
Thus, F’A is at right-angles to the plane through FD and 
GH. And the plane through ED and GH is the refer- 
ence (plane). Thus, AF is at right-angles to the reference 
plane. 

Thus, the straight-line AF has been drawn from the 
given raised point A perpendicular to the reference plane. 
(Which is) the very thing it was required to do. 


Proposition 12 


To set up a straight-line at right-angles to a given 
plane from a given point in it. 


B 
D 


A 


Let the given plane be the reference (plane), and Aa 
point in it. So, it is required to set up a straight-line at 
right-angles to the reference plane at point A. 

Let some raised point B have been assumed, and let 
the perpendicular (straight-line) BC have been drawn 
from B to the reference plane [Prop. 11.11]. And 
let AD have been drawn from point A parallel to BC 
[Prop. 1.31]. 

Therefore, since AD and CB are two parallel straight- 
lines, and one of them, BC, is at right-angles to the refer- 
ence plane, the remaining (one) AD is thus also at right- 
angles to the reference plane [Prop. 11.8]. 
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, 


LY’. 
Ano tot avtod onusiou 16 wut Eximédw S00 ecvdetou 
TEDS CEVA OLX AvAOTHOOVTAL ETL TA HUTH YEON. 


B 


E 


Et yao Suvatdyv, dnd tod adtod onuetou tod A té 
Dnoxewevan emitédw Sbo edVeta of AB, BI med¢ dedac 
dveotatwouy enl Ta HUTA UEEH, xal SIjYDW TO Bia THY 
BA, AT érinedov: touyy Sf roijoet Sia tod A ev 16) UTO- 
XEWEVY ETITEdSW EvVEtav. ToLeitw Thy AAE: ai doa AB, 
AT, AAE evden év ew ciow eminédm. xal Enel A TA 165 
UMOXEIWEV) ETIMESW TED OPVAC EoTIV, Kal MEd TdoUC toa 
TaS ANTONEVaAS ATIC ELVElug xal ObOAC Ev TE LTOKEILEVYD 
éminédw Oevac noufost ywviac. d&nteta € adtiic 7 AAE 
ovoa Ev 16 Unoxeweve Eminédw° A dea Und TAE yovia 
Op0h Eotw. Sia Ta HOTA OH xal H UTD BAE doedH Eotw: ton 
goa n Uno DAE tf tno BAE xatt ciow ev evi Eninédw Ome 
Eotly gdUVaTOV. 

Ovx dea ano Tod adtOD onuciov 16 wUTe Emimédw SvO 
evvdeta Ted¢ deVaC avacoTADOOVTH ETL TH HUTA UEON’ STEP 
eeu Seicoau. 


10. 
Tlodc & Exineda A adtH cdVEta dEDH coTIV, TASGAANAM 
cota Ta exineda. 
Evveia yoo tic NY AB moedc exdtepov tv TA, EZ 
ETINESWV TEdS CEDdC EoTW AEYW, STL TAPGAANAG EoTL TH 
entreda. 
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Thus, AD has been set up at right-angles to the given 
plane, from the point in it, A. (Which is) the very thing it 
was required to do. 


Proposition 13 


Two (different) straight-lines cannot be set up at the 
same point at right-angles to the same plane, on the same 
side. 


B 


E 


For, if possible, let the two straight-lines AB and AC 
have been set up at the same point A at right-angles 
to the reference plane, on the same side. And let the 
plane through BA and AC have been drawn. So it will 
make a straight cutting (passing) through (point) A in 
the reference plane [Prop. 11.3]. Let it have made DAE. 
Thus, AB, AC, and DAE are straight-lines in one plane. 
And since CA is at right-angles to the reference plane, it 
will thus also make right-angles with all of the straight- 
lines joined to it which are also in the reference plane 
[Def. 11.3]. And DAE, which is in the reference plane, is 
joined to it. Thus, angle CAE is a right-angle. So, for the 
same (reasons), BAF is also a right-angle. Thus, CAE 
(is) equal to BAF. And they are in one plane. The very 
thing is impossible. 

Thus, two (different) straight-lines cannot be set up 
at the same point at right-angles to the same plane, on 
the same side. (Which is) the very thing it was required 
to show. 


Proposition 14 


Planes to which the same straight-line is at right- 
angles will be parallel planes. 

For let some straight-line AB be at right-angles to 
each of the planes CD and EF. I say that the planes 
are parallel. 
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S) 


E 

Et yoo uh, exBadrAdueva ouuneooUvtal.  OUUMITTET- 
Woay? TolHoovaL Sf xoWw?)y Tourn cvElav. ToLettwoay Try 
HO, xol citAjode ent tic HO tuyov onuciov to K, xall 
éreCebyDwoav at AK, BK. 

Kat exet 7 AB 600% eott ted¢ 160 EZ Exinedov, xal med¢ 
thy BK dea evdetav ottoay ev 16) EZ exBandeva exinédw 
op0h Eotww 7H AB’ H koa Und ABK ywvia dodh Eottw. Sid 
TH KUTK SY) nal WH UND BAK dedH Eotw. toertya@vou di} tod 
ABK at 600 ywvion ai bnd ABK, BAK duolv deddiic ciow 
fou dneg Eotiv dd0vatov. ovx doa ta TA, EZ entneda 
exBarhrAdveva ouUTEooUVTaL TaEdAANAa doa eotl ta TA, 
EZ entneda. 

Tlodc & Exineda dow n wUTH evVEta deDY Eotw, TAPGAANAG 
gout Ta Erineda Sreo Eder Seigar. 


le’. 

‘Edy 600 eudetoan antéuevan GAAHAwY Taped S00 evVEtac 
UNTONEVAS GAAHAWY Gor UY Ev TG ATE EMINEdW OVO, 
THOGAANAG ETL TH SL AUTEY Ertmedax. 

Abo yoo eddeion antéuevan GAAHAwY at AB, BL rape 
d0o0 evVeluc antouevacg GAAVAWY tac AE, EZ Eotwoay yh 
Ev TG HUTES EmiMEdW OVO AEyw, OTL ExBarAAdUEva TH Side 
tév AB, BY, AE, EZ éntneda ob ovuureoeita dAANAOIC. 

"Hydw yaue &nd tot B onuetovu ext 16 bid tév AE, EZ 
érinedov xaVetoc 7 BH xot ovuBorretw té Eminédq xaTe 
to H onyetov, xal dua tob H tH uev EA napddAnroc Hy 
n HO, th 6¢ EZ n HK. 
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G 


E 

For, if not, being produced, they will meet. Let them 
have met. So they will make a straight-line as a common 
section [Prop. 11.3]. Let them have made GH. And let 
some random point K have been taken on GH. And let 
AK and BK have been joined. 

And since AB is at right-angles to the plane EF, AB 
is thus also at right-angles to BK, which is a straight-line 
in the produced plane EF [Def. 11.3]. Thus, angle ABK 
is a right-angle. So, for the same (reasons), BAK is also 
a right-angle. So the (sum of the) two angles ABK and 
BAK in the triangle ABK is equal to two right-angles. 
The very thing is impossible [Prop. 1.17]. Thus, planes 
CD and EF, being produced, will not meet. Planes CD 
and FF are thus parallel [Def. 11.8]. 

Thus, planes to which the same straight-line is at 
right-angles are parallel planes. (Which is) the very thing 
it was required to show. 


Proposition 15 


If two straight-lines joined to one another are parallel 
(respectively) to two straight-lines joined to one another, 
which are not in the same plane, then the planes through 
them are parallel (to one another). 

For let the two straight-lines joined to one another, 
AB and BC, be parallel to the two straight-lines joined to 
one another, DE and EF (respectively), not being in the 
same plane. I say that the planes through AB, BC and 
DE, EF will not meet one another (when) produced. 

For let BG have been drawn from point B perpendic- 
ular to the plane through DE and EF [Prop. 11.11], and 
let it meet the plane at point G. And let GH have been 
drawn through G parallel to ED, and GK (parallel) to 
EF [Prop. 1.31]. 
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Z 
ie 


A 
S) 


Kat énel 4 BH de0% Eott mepd¢ 16 Bid tHv AE, EZ 
éninedov, xal Ted¢ Mdouc Goa Tac ANTOUEVAC AUTH¢ EvVElac 
xal otloug év 16) dia tHv AE, EZ érinédw dedac nojoet 
ywovlac. anteta b€ wvTH¢ exatéoa Tv HO, HK ovoa ev 
TH Oia Tv AE, EZ eninéd° Opdh dow eotlv Exatéea tiv 
vnd BHO, BHK ywwddv. xol énel napddAAnrdc Eotw A BA 
tf, HO, at goa bnd HBA, BHO ywvion dvolv dedoaiic tou 
ciotv. dedy dé 7 Und BHO: de0% &pa xal A Und HBA: 7 HB 
dea tH BA mpd¢ dpddc Eottv. Bid TH QUOTE 64 H HB xo tH 
BI cot nedc Oeddc. Enel odv cevVEta 7 HB dvolv cvdetouc 
toiic BA, BI teuvovoa ddAnAac Med¢ OPVas EPEOTHHEY, 1 
HB doa xal 16 die tv BA, BY emnédw med¢ deddc Eotw. 
[ie te abt OF A BH xol tH Sid tv HO, HK eEniredw 
Teds CPVdC EoTI. TO dé Sia THv HO, HK exineddv cot to 
dia tév AE, EZ: 7 BH dow té die tév AK, EZ exinédwo 
éotl med¢ Ova. Edetydn Se 7 HB nol 16 did Tv AB, BP 
Emimeda) TEds GEVdc]. MEd & SE Exineda H ITH edVEta dedy 
COTW, TAPGAANAG CoTL TH Eximeda MAOKAANAOY Hoa EOTL TO 
dia tv AB, BI éntredov 65 Sie tv AE, EZ. 

‘Edy doa Sv0 evVeton amtduevan GAAKAWY Taek SvO 
evvetac aNTOUEVAC GAAHAWY Got UA Ev TG HUTG ErinedeD, 
TAUPGAANAK Eott Ta OV AUTH Exineda Omep Eder Seiga. 


IF. 
‘Edy 600 enineda MACGAANAG UNO EMIMESOV TIvOG TENT, 
al Kowal aLVTeV ToUal TAEGAANAOL Elow. 
Abo yuo énineda napddAnra te AB, TA ond Exinédou 
tol EZHO teyvéodw, xowal d€ abtév tToual Eotwouv atl 
EZ, HO: réyoo, Ott TAEGAANASS EotW 7H EZ tf HO. 


ELEMENTS BOOK 11 


an 


And since BG is at right-angles to the plane through 
DE and EF, it will thus also make right-angles with all 
of the straight-lines joined to it, which are also in the 
plane through DE and EF [Def. 11.3]. And each of 
GH and GK, which are in the plane through DE and 
EF, are joined to it. Thus, each of the angles BGH and 
BGK are right-angles. And since BA is parallel to GH 
[Prop. 11.9], the (sum of the) angles GBA and BGH is 
equal to two right-angles [Prop. 1.29]. And BGH (is) 
a right-angle. GBA (is) thus also a right-angle. Thus, 
GB is at right-angles to BA. So, for the same (reasons), 
GB is also at right-angles to BC. Therefore, since the 
straight-line GB has been set up at right-angles to two 
straight-lines, BA and BC, cutting one another, GB is 
thus at right-angles to the plane through BA and BC 
[Prop. 11.4]. [So, for the same (reasons), BG is also 
at right-angles to the plane through GH and GK. And 
the plane through GH and GK is the (plane) through 
DE and EF. And it was also shown that GB is at right- 
angles to the plane through AB and BC.] And planes 
to which the same straight-line is at right-angles are par- 
allel planes [Prop. 11.14]. Thus, the plane through AB 
and BC is parallel to the (plane) through DE and EF. 

Thus, if two straight-lines joined to one another are 
parallel (respectively) to two straight-lines joined to one 
another, which are not in the same plane, then the planes 
through them are parallel (to one another). (Which is) 
the very thing it was required to show. 


Proposition 16 


If two parallel planes are cut by some plane then their 
common sections are parallel. 

For let the two parallel planes AB and C'D have been 
cut by the plane EFGH. And let EF and GH be their 
common sections. I say that FF is parallel to GH. 
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r 


Et yoo uh, exBorAAduevon at EZ, HO tor ext ta Z, O 
veer 7 ert ta KH, H ovuuneootyta. exBeBAjodwouy we Erl 
ta Z, O ueoen xal ouumITTETWOAY TEdTEPOY KATH TO K. xaul 
énet n EZK év 163 AB Eotw Eminedm, xal navta doa Te Ertl 
tic EZK onueia ev 165 AB éotw Eminédw. Ev dé tév Ent tic 
EZK evvetuc onyeiwv cot 160 K: 16 K dea ev 16 AB éotw 
ETIMES). Sia TH MUTA BY TO K vol Ev 16 TA Eotw Erinédw" 
ta AB, TA Gow entreda exBarrAdueva ouuTEcovTa. ov 
ouutintovor b€ Si& TO TaPdAANAa UoxEloVau oObx toa 
at EZ, HO evveion exBarkAduevon ext ta Z, O ugen ovu- 
Teoovvtat. Ouotwc SH dSetEouev, StL at EZ, HO cvdeta 
ovoe emt ta BE, H ugon exBardAduevon ovuumecoUvta. atl 
dé ent undétepa ta Ueen oLUTintoVcM TAEdAANAOL cloL. 
TAeKArAAnAos dpa cotly y EZ th HO. 

‘Edy doa S00 Exineda TaPdAANAM LTO EmIMedoU TIWO¢ 
TEUVITOL, Ol XOLVaL AUTESY TOMA TAOdAANAOL Elo: Sree det 
deicoau. 


IC. 

‘Edy d00 cv¥eioan UNO TAPAAAHAWY EXLIMESOV TELVOVTOL, 
ig TOUS AVTOLS AdYOUS TUNDHoovTH. 

Abo yao evdeta at AB, TA 026 napadAhrwv exinédwv 
tév HO, KA, MN teuvéotwouy xata ta A, E, B, I, Z, 
A onucia AEyw, dtt Eotly Oc H AE cvdeia med¢ thy EB, 
obtw> 7 UZ npd¢ thy ZA. 

"EneCevydwouv yoo ot AT, BA, AA, xat ovuuBarrAétw 7 
AA 16 KA émuinédm xate 10 E onusiov, xal eneCevywouv 
ai EE, =Z. 

Kol enel 00 entneda mapddAdAnda ta KA, MN tno 
émmédsov tod EBAE téuveta, ai xotval adtéyv topo att 
EE, BA rnapdéddnroi ctow. Sid Ta aUTH SH Exel SUO Exineda 
TapdAnra ta HO, KA bn eminédou tod AEZT téuvetu, 
at xowal adtev toval ai AP, EZ raeddAnAot eiow. xat enet 
tety@vou tol ABA raed utav tév mAcupéY thy BA cbVeia 
Feta n EE, dvérkoyov doa éotiv wc 7 AE ted¢ EB, ottwe 
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G H 


C 

For, if not, being produced, EF and GH will meet ei- 
ther in the direction of F', H, or of E, G. Let them be 
produced, as in the direction of F’, H, and let them, first 
of all, have met at kK. And since EF'K is in the plane 
AB, all of the points on EF’K are thus also in the plane 
AB [Prop. 11.1]. And K is one of the points on EF'K. 
Thus, K is in the plane AB. So, for the same (reasons), 
K is also in the plane CD. Thus, the planes AB and CD, 
being produced, will meet. But they do not meet, on ac- 
count of being (initially) assumed (to be mutually) paral- 
lel. Thus, the straight-lines EF and GH, being produced 
in the direction of F, H, will not meet. So, similarly, we 
can show that the straight-lines EF and GH, being pro- 
duced in the direction of LE, G, will not meet either. And 
(straight-lines in one plane which), being produced, do 
not meet in either direction are parallel [Def. 1.23]. EF 
is thus parallel to GH. 

Thus, if two parallel planes are cut by some plane then 
their common sections are parallel. (Which is) the very 
thing it was required to show. 


Proposition 17 


If two straight-lines are cut by parallel planes then 
they will be cut in the same ratios. 

For let the two straight-lines AB and CD be cut by the 
parallel planes GH, KL, and MN at the points A, E, B, 
and C, F’, D (respectively). I say that as the straight-line 
AE is to EB, so CF (is) to F'D. 

For let AC, BD, and AD have been joined, and let 
AD meet the plane KL at point O, and let EO and OF 
have been joined. 

And since two parallel planes KL and MN are cut 
by the plane EBDO, their common sections EO and BD 
are parallel [Prop. 11.16]. So, for the same (reasons), 
since two parallel planes GH and KL are cut by the 
plane AOFC, their common sections AC and OF are 
parallel [Prop. 11.16]. And since the straight-line EO 
has been drawn parallel to one of the sides BD of trian- 
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STOIXEION ta’. 


n AE nedc BA. ndéAw enet torymvovu tod AAT nape utov 
Tov TAcueGY Thy AT cvVeta Auta 7 EZ, avidoyév Eotw 
a> 7 AE nedc BA, otttwc HZ npd¢ ZA. edetyOn 5é xal 
a> 7 AE nmed¢ GA, ottwo 1 AE me6¢ EB: xal wo boa A AE 
med¢ EB, ottw¢ 7 TZ med¢ ZA. 


M 


‘Edy doa 600 cbvVetar UNO TAPAAAHAWY ETIMESWV TELVOV- 
Tat, cig tos autos Adyous tunYioovta’ Smee Eder SerEan. 


tn. 

‘Edy cvveta eminédw tit med¢ OeVae H, xol Méevta TH Bi 
avtH¢ erineda 16 aUTe Emimédw Ted GEVuC EoTH. 

Evveta yéo tic 9 AB 16 Unoxeweven EmiméEdw Ted GEDEC 
Eotw’ AEYW, Ott xal Mé&vtIa TH Sid tiH¢ AB Exineda 1H Ono- 
ASIMEVY ETIMESD TODS CEVA EOTIV. 

"ExBeBAjodw yao oe tic AB entnedov 160 AE, xal Eotw 
nowy tour tod AE énnédou xal tod Unoxewwevou 7 DE, xot 
cidnpve ent tic TE tuyov onuetov to Z, xol ano tod Z tH 
TE med¢ opdac HyVw Ev 16 AE exinédw fH ZH. 

Kat éxet n AB xpdc 16 broxetuevov eninedov doy 
EOTW, XA TEOS TdOUC Kou Tac ANTOUEVAC AUTH EvVElAc xatl 
ovoug év 16) Unoxeiwevw Exinédw 6EVH Eotw A AB’ Gote 
nal mpd¢ thy TE deb gotw: H &pa Und ABZ ywvia dedy 
got. gott dé xal 7 UNO HZB oedt raeddAdndoc dea Eotiv 
n AB ty ZH. n Se AB 16 Onoxeweven Eminédw Ted 6EVdC 
éotw “al 7 ZH doa 16) Unoxeiwevey Erimédw Ted¢ Cova 
got. xal emtmedov Ted¢ Extnedov Gedy EoTIY, STAY al TH 
XOWH TOUA Tv ErimedwWv Ted CEVA KydUEVaL EbVETAL Ev 
Evl TOY EnimeSwv 16) Aoinés ErimedW TEd¢ OEDAC How. xall 
Th XoWwf Tou THv emmédov tH TE év evi tv eminéduv 
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gle ABD, thus, proportionally, as AE is to EB, so AO 
(is) to OD [Prop. 6.2]. Again, since the straight-line OF 
has been drawn parallel to one of the sides AC of trian- 
gle ADC, proportionally, as AO is to OD, so CF (is) to 
FD [Prop. 6.2]. And it was also shown that as AO (is) 
to OD, so AE (is) to FB. And thus as AF (is) to EB, so 
CF (is) to F'D [Prop. 5.11]. 


M 


Thus, if two straight-lines are cut by parallel planes 
then they will be cut in the same ratios. (Which is) the 
very thing it was required to show. 


Proposition 18 


If a straight-line is at right-angles to some plane then 
all of the planes (passing) through it will also be at right- 
angles to the same plane. 

For let some straight-line AB be at right-angles to 
a reference plane. I say that all of the planes (pass- 
ing) through AB are also at right-angles to the reference 
plane. 

For let the plane DE have been produced through 
AB. And let CE be the common section of the plane 
DE and the reference (plane). And let some random 
point F' have been taken on C’E. And let F'G have been 
drawn from F’, at right-angles to CE, in the plane DE 
[Prop. 1.11]. 

And since AB is at right-angles to the reference plane, 
AB is thus also at right-angles to all of the straight- 
lines joined to it which are also in the reference plane 
[Def. 11.3]. Hence, it is also at right-angles to CE. Thus, 
angle ABF is a right-angle. And GFB is also a right- 
angle. Thus, AB is parallel to FG [Prop. 1.28]. And AB 
is at right-angles to the reference plane. Thus, FG is also 
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16 AE red¢ opdac aydeton n ZH edetyYn 16 Unoxeweven 
ETIMESW TOG OEVEc’ T6 doa AE entredov deddv Eott MEd¢ 
TO Unoxetuevoyv. Ouotwc SY Setydhoeto “ol Mé&vtTa TH Sie 
tic AB éexineda dp0&d tuyyavovta mpd¢ TO UnoxeiLevov 
entredsov. 


‘Edy dou evveta eminédew twl medc¢ Oda F, xal M&vta TH 
OV HvUTH¢ Exineda TE HUTES EmINEdW MEd OPDAC EoTaL’ STEP 
Eder Scien. 


i’. 


‘Edy O00 exineda téuvovta GAANAG ErImEdW TIvl TEdC 
oedac fH, xal A xown) aby Tou TH ATES EnINEdW TEdC 


oedac Eota. 
| ; 
A in 


Abo yoo éntreda te AB, BI 16 Onoxewéve exinédw 
Ted, OEVAC Zot, KOI SE AUTHY Tour Eotw 7 BA: Ey, 
ou 7 BA 16 Unoxeweven Eminédw TEd¢ GEA EoTW. 
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at right-angles to the reference plane [Prop. 11.8]. And 
a plane is at right-angles to a(nother) plane when the 
straight-lines drawn at right-angles to the common sec- 
tion of the planes, (and lying) in one of the planes, are 
at right-angles to the remaining plane [Def. 11.4]. And 
FG, (which was) drawn at right-angles to the common 
section of the planes, CE, in one of the planes, DE, was 
shown to be at right-angles to the reference plane. Thus, 
plane DE is at right-angles to the reference (plane). So, 
similarly, it can be shown that all of the planes (passing) 
at random through AB (are) at right-angles to the refer- 
ence plane. 
A 


D G 


Thus, if a straight-line is at right-angles to some plane 
then all of the planes (passing) through it will also be at 
right-angles to the same plane. (Which is) the very thing 
it was required to show. 


Proposition 19 


If two planes cutting one another are at right-angles 
to some plane then their common section will also be at 
right-angles to the same plane. 


Ss 
ni 


For let the two planes AB and BC be at right-angles 


to a reference plane, and let their common section be 


BD. I say that BD is at right-angles to the reference 
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STOIXEION ta’. 


My yee, xal AyDwouy &xd tod A onusiou ev ev 16 
AB eninédm tH AA cdVete tod¢ de0a¢ A AE, ev 5¢ 16 BI 
éminédw tH TA ned¢ dpdac nH AZ. 

Kat énel 16 AB Exinedov dp0dv Eott Ted¢ TO UnOxElUEvoy, 
nal TH “ows avtev tou tH AA moedc dedac Ev tH 
AB éninédm fxta 7 AE, 7 AE &pa ded Eott med TO 
Unoxetuevoy éninedov. OUoiwc of SelGouev, dtt xal 7 AZ 
opvh Eotl MEd¢ TO UnOxEtuevoy Exinedov. ano TOU adTOU 
&ea onuetou tol A ti bnoxewevw emmédw SvO cbVeta 
TEDS CPDUC aVEOTALEVAL Eloly ETL TH AUT EEN OEE EoTIV 
&d0vatov. ovx koa TH UnoxEWEeVWD EmiTédW dnd tod A 
onystov dvaotadnoeta med¢ de0ac TAH tij¢ AB xowyic 
toufc tv AB, BI émnédev. 

‘Edy doa 600 exineda TeUvovte GAANAG ETITEdSW TIVl TES 
opdac fH, Xal A own abdtHY Ton TH ATES ENIMEdW TEdC 
opvac Eota mee Eder Seiga. 


, 


Xx. 


‘Edy oteped Ywvla UNO TeLdy Ywwdy Emiméduov Teeleyn- 
tat, SVO OTOLMODY tij¢ AOITTc UEtCovec cion AévTH UETAACU- 
Bovouevoat. 


A 


B E Tr 

Diteped yuo ywvia A Ted¢ 16H A UNO TeLdv yYwwddy 
éminédwv tév ond BAT, TAA, AAB repieyéodu AEyo, 
ou tv bnd BAT, TAA, AAB ywwdsy S00 droimody tic 
hownijc wetCovec ciow névty WETAACUBavduevan. 

Et yév obv ai bn BAT, PAA, AAB yoovion too GAANA CU 
ciotv, pavepdy, Ott SV0 OnOLMOY Tic AotTic UetTovec ciow. 
et 6€ ov, Eotw UEtTwv Hn Und BAT, xa ouveotdtw medc TH 
AB cd0eta xal 16 med¢ adTH onUetw 16 A tH bnd AAB 
yovig év 16 Sia tév BAT émnédw ton A V20 BAE, xa 
xetodw th AA fon n AB, xol dtd tot E onuetou Siaydeion 
7 BED teuvétw tac AB, AT cdVetuc xat& ta B, P onueta, 
nal eneTevywouy at AB, AT. 

Kat énet ton gotlv n AA ty AE, xow? dé 7 AB, d00 
dvolv tom xol yovia 7 Und AAB yovia tf Und BAE tor; 
Baoug doa 7 AB Baoet tH BE gotw ton. xal enet 500 at BA, 
AT tic BI ueilovéc ciow, Gv 7 AB ti BE edetydn ton, 


ELEMENTS BOOK 11 


plane. 

For (if) not, let DE also have been drawn from point 
D, in the plane AB, at right-angles to the straight-line 
AD, and DF, in the plane BC, at right-angles to CD. 

And since the plane AB is at right-angles to the refer- 
ence (plane), and DE has been drawn at right-angles to 
their common section AD, in the plane AB, DE is thus at 
right-angles to the reference plane [Def. 11.4]. So, simi- 
larly, we can show that DF is also at right-angles to the 
reference plane. Thus, two (different) straight-lines are 
set up, at the same point D, at right-angles to the refer- 
ence plane, on the same side. The very thing is impossible 
[Prop. 11.13]. Thus, no (other straight-line) except the 
common section DB of the planes AB and BC can be set 
up at point D, at right-angles to the reference plane. 

Thus, if two planes cutting one another are at right- 
angles to some plane then their common section will also 
be at right-angles to the same plane. (Which is) the very 
thing it was required to show. 


Proposition 20 


If a solid angle is contained by three plane angles then 
(the sum of) any two (angles) is greater than the remain- 
ing (one), (the angles) being taken up in any (possible 


way). 
D 


B E C 


For let the solid angle A have been contained by the 
three plane angles BAC’, CAD, and DAB. I say that (the 
sum of) any two of the angles BAC, CAD, and DAB 
is greater than the remaining (one), (the angles) being 
taken up in any (possible way). 

For if the angles BAC, CAD, and DAB are equal to 
one another then (it is) clear that (the sum of) any two 
is greater than the remaining (one). But, if not, let BAC 
be greater (than CAD or DAB). And let (angle) BAE, 
equal to the angle DAB, have been constructed in the 
plane through BAC, on the straight-line AB, at the point 
A onit. And let AE be made equal to AD. And BEC be- 
ing drawn across through point F, let it cut the straight- 
lines AB and AC at points B and C (respectively). And 
let DB and DC have been joined. 

And since DA is equal to AE, and AB (is) common, 
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hownh, Goa n AL Aoinfic tic ED yetCwv cotty. xat Enel ion 
éotlv 7 AA ti AE, xowy be 7 AD, xal Bdorg n AT Bdoewe 
tic ED uci@wv eotty, ywvia doa 9 Und AAT ywviduc tie UnO 
EAT veil@ov gotty. edetydn dé xal 7 Und AAB tH Ond BAE 
fon ai dou Ond AAB, AAT tic tnd BAT uci@ovec ciow. 
Ouotws S17 SetEouev, Ott xal at Aoimal cUvdvO AauBavduevan 
Tiic Aone UetCovec ciow. 

"Edy dow oteped Ywvia UNO TeLdv yond y emimédov 
Tepleyntat, S00 OnoLmMovy ti¢ AoInfic UetCovec cior NdvTH 
yetaAnuBavouevat Onep Eder detEau. 


r 
xa. 
“Araoa otcpek ywvia Und Edacodvuoy [A] tecodoewv 
Opvdy yowdsy EmiméSwv meerveyetou. 


A 
B 


"Eotw oteped ywvia A mpdc 16 A repieyouevn UNO 
ETUNESWV Yowdy tv Und BAT, TAA, AAB: dEyoo, dt at 
ono BAT, TAA, AAB tecodewy dpddiv Ehcoooves cio. 

Etjpdo yee eg’ exdotyn¢ tv AB, AD, AA tuydvta 
onycia ta B,D, A, xa eneTevyIwouv ot BP, TA, AB. xai 
émel oTEpEd Ywvla n TEd¢ 16 B UNO TELdv yowdy Emimédov 
nepleyeta THv Und TBA, ABA, TBA, 650 droimody tic 
hours ustCovéec iow: at dea Und PBA, ABA tic bn PBA 
uciovéc ciow. Sie Ta aUTe d7 xl of Uv Ord BVA, ATA 
tic Und BLA uei@ovéc ciow, at b¢ Ond PAA, AAB tij¢ bx 
TAB ust@ovés ciow: at EF doa ywvion ai bnd TBA, ABA, 
BIA, ATA, TAA, AAB totésv tv Und TBA, BVA, TAB 
uetCovec elow. GAAd al teeic at bnd PBA, BAT, BTA bdvoiv 
opVoi¢c tou eiotv: at EF &ea ai Und PBA, ABA, BTA, ATA, 
TAA, AAB 800 dpdGv UEtTovéc elow. xol Emel Excotou Téyv 
ABI, ATA, AAB tetyovey at tozic ywvia Svolv dedaiic 
loo cloty, al dopa THY TELdY TolLyYOVaY Evvéa yYovion ol LTO 
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the two (straight-lines AD and AB are) equal to the 
two (straight-lines EA and AB, respectively). And an- 
gle DAB (is) equal to angle BAE. Thus, the base DB 
is equal to the base BE [Prop. 1.4]. And since the (sum 
of the) two (straight-lines) BD and DC is greater than 
BC [Prop. 1.20], of which DB was shown (to be) equal 
to BE, the remainder DC is thus greater than the re- 
mainder EC. And since DA is equal to AE, but AC 
(is) common, and the base DC is greater than the base 
EC, the angle DAC is thus greater than the angle EAC 
[Prop. 1.25]. And DAB was also shown (to be) equal to 
BAE. Thus, (the sum of) DAB and DAC is greater than 
BAC. So, similarly, we can also show that the remain- 
ing (angles), being taken in pairs, are greater than the 
remaining (one). 

Thus, if a solid angle is contained by three plane an- 
gles then (the sum of) any two (angles) is greater than 
the remaining (one), (the angles) being taken up in any 
(possible way). (Which is) the very thing it was required 
to show. 


Proposition 21 


Any solid angle is contained by plane angles (whose 
sum is) less [than] four right-angles.' 


C 


D 
B 


Let the solid angle A be contained by the plane angles 
BAC, CAD, and DAB. | say that (the sum of) BAC, 
CAD, and DAB is less than four right-angles. 

For let the random points B, C, and D have been 
taken on each of (the straight-lines) AB, AC, and AD 
(respectively). And let BC, CD, and DB have been 
joined. And since the solid angle at B is contained 
by the three plane angles CBA, ABD, and CBD, (the 
sum of) any two is greater than the remaining (one) 
[Prop. 11.20]. Thus, (the sum of) CBA and ABD is 
greater than CBD. So, for the same (reasons), (the sum 
of) BCA and ACD is also greater than BCD, and (the 
sum of) CDA and ADB is greater than CDB. Thus, 
the (sum of the) six angles CBA, ABD, BCA, ACD, 
CDA, and ADB is greater than the (sum of the) three 
(angles) CBD, BCD, and CDB. But, the (sum of the) 
three (angles) CBD, BDC, and BCD is equal to two 
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STOIXEION ta’. 


TBA, ATB, BAT, ATA, TAA, TAA, AAB, ABA, BAA 2 
opvoi¢c tou eloty, Sv ai bnd ABP, BVA, ATA, TAA, AAB, 
ABA é& ywviat d00 de0Gv ciot uetTovec’ Aoimal Goa ai UT 
BAT, TAA, AAB tosic [ywvion] mepieyovom tiv otepedy 
yoviav tecodewy detdy Ehdaaovec Elow. 

“Araoa dea otepek ywvia UNO EAacodvoy [A] tecodewv 
OpVGY yowdy Eninédwv neoréyetau Smee Eder SeiEar. 
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right-angles [Prop. 1.32]. Thus, the (sum of the) six an- 
gles CBA, ABD, BCA, ACD, CDA, and ADB is greater 
than two right-angles. And since the (sum of the) three 
angles of each of the triangles ABC, ACD, and ADB 
is equal to two right-angles, the (sum of the) nine angles 
CBA, ACB, BAC, ACD, CDA, CAD, ADB, DBA, and 
BAD of the three triangles is equal to six right-angles, of 
which the (sum of the) six angles ABC, BCA, ACD, 
CDA, ADB, and DBA is greater than two right-angles. 
Thus, the (sum of the) remaining three [angles] BAC, 
CAD, and DAB, containing the solid angle, is less than 
four right-angles. 

Thus, any solid angle is contained by plane angles 
(whose sum is) less [than] four right-angles. (Which is) 
the very thing it was required to show. 


+ This proposition is only proved for the case of a solid angle contained by three plane angles. However, the generalization to a solid angle 


contained by more than three plane angles is straightforward. 


, 
xB". 

‘Edy Got tecic ywvian eninedor, Gv al S00 Tic AoInfic 
ueiCovéc clot n&vtTH UeTaAauBavouevan, TepLleywor SE ATES 
tou ev0ciat, Suvatdv Eotl Ex THY ErITevY WOVE Tac toa 
euvdetac Totywvov ovothoaovan. 


A ra ZH K 

"Eotwouv teeic ywovian éninedor ai bnd ABI, AEZ, 
HOK, @v ai S00 ti¢ Aotniic yetCovéc elow ndvtn WeToH 
auBavduevan, at uev Ond ABT, AEZ tic tnd HOK, ai 
dé Und AEZ, HOK tic bnd ABL, xol Ett ai bnd HOK, 
ABI tij¢ tnd AEZ, xai gotwoav tom at AB, BI, AE, 
EZ, HO, OK eddeion, xal exeCedyDwoay at AT, AZ, HK: 
EY, OTL Suvatéyv Eotw Ex TV towv toic AT, AZ, HK 
totywvov ovotioaova, toutéotw 6t tv AT, AZ, HK 
S00 OnoLMody Tic AOINT¢ UEtTovec Elo. 

Et yuev otv ai bn0 ABT, AEZ, HOK ywvio fom 
wAhAag ciotv, pavepdv, 6tt xal tHv AD, AZ, HK towv 
yivovevwv dSuvatdyv gotw ex tév lowy toc AT, AZ, HK 
totywvoy ovotyjoaota. el be 00, Eaotwoav g&vicol, xal ov- 
veotatw Ted TH OK evdveig xal TG med¢ HTH oNUEle TES 
O tf Uno ABT ywvig ton 7 UNO KOA: xat xeiodw We tév 
AB, BI, AE, EZ, HO, OK ton 7 OA, nal exeCebyDwoav 
ai KA, HA. xol eret 500 ot AB, BI duct toiic KO, OA toon 
ciotv, xal Ywvia 7 med¢ 16) B ywvia tH Und KOA ton, Bdorc 
goa n AL Béoe 17 KA ton. xat Enel at bnd ABIL, HOK tijc 


Proposition 22 


If there are three plane angles, of which (the sum of 
any) two is greater than the remaining (one), (the an- 
gles) being taken up in any (possible way), and if equal 
straight-lines contain them, then it is possible to construct 
a triangle from (the straight-lines created by) joining the 
(ends of the) equal straight-lines. 


H 


A cD FG K 

Let ABC, DEF, and GHK be three plane angles, of 
which the sum of any) two is greater than the remain- 
ing (one), (the angles) being taken up in any (possible 
way)—(that is), ABC and DEF (greater) than GHK, 
DEF and GHK (greater) than ABC, and, further, GH kK 
and ABC (greater) than DEF. And let AB, BC, DE, 
EF, GH, and HK be equal straight-lines. And let AC, 
DF, and GK have been joined. I say that that it is possi- 
ble to construct a triangle out of (straight-lines) equal to 
AC, DF, and Gk—that is to say, that (the sum of) any 
two of AC, DF, and GK is greater than the remaining 
(one). 

Now, if the angles ABC, DEF, and GHK are equal 
to one another then (it is) clear that, (with) AC, DF, 
and GK also becoming equal, it is possible to construct a 
triangle from (straight-lines) equal to AC, DF, and GK. 
And if not, let them be unequal, and let kK HL, equal to 
angle ABC, have been constructed on the straight-line 
HK, at the point H on it. And let HL be made equal to 
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ono AEZ yeiCoves etow, fon dé 7 Und ABI tH Und KOA, 
n dea Und HOA tic Und AEZ uci@wv cotiv. xal Exel dvO0 
at HO, OA do totic AE, EZ tom ciotv, xal ywvia 7 bn 
HOA ywviac ti¢ Und AEZ ueiCav, Bors doa n HA Bdoewe 
tic AZ ustCwv eottv. GAAw at HK, KA tic HA yetCovéc 
ciow. ToAAd doa at HK, KA tic AZ yetCovéc eiow. ton 5€ 
n KA tH AT: ot AT, HK Spa tH¢ Downie tio AZ uctCovec 
ciow. OUolwe d7 Sel€ouev, Ott xal at uev AT, AZ tific HK 
uetCovec ciow, xal étt ot AZ, HK tic AT uei@ovec ciow. 
duvatov dea éotiv €x THv flowy toiic AT, AZ, HK tetywvov 
ovotyoaovau Smee Eder SeiEar. 


é 
ny’. 

Ex Tey ywovdy emmédsov, Ov al d0o0 tic Aortic 
ueiCovéc clot mé&vtyn YetakauBavouevan, oteopsav yuoviay 
ovotioaova det bY) Tac Tocic tecokowyv optiy eAdoc- 
ovas civau. 


es 
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one of AB, BC, DE, EF, GH, and HK. And let KL 
and GL have been joined. And since the two (straight- 
lines) AB and BC are equal to the two (straight-lines) 
KH and HL (respectively), and the angle at B (is) equal 
to KHL, the base AC is thus equal to the base KL 
[Prop. 1.4]. And since (the sum of) ABC and GHK 
is greater than DEF, and ABC equal to KHL, GHL 
is thus greater than DEF’. And since the two (straight- 
lines) GH and HL are equal to the two (straight-lines) 
DE and EF (respectively), and angle GHL (is) greater 
than DEF, the base GL is thus greater than the base DF 
[Prop. 1.24]. But, (the sum of) GK and KL is greater 
than GL [Prop. 1.20]. Thus, (the sum of) GK and KL is 
much greater than DF’. And KL (is) equal to AC. Thus, 
(the sum of) AC and GK is greater than the remaining 
(straight-line) DF’. So, similarly, we can show that (the 
sum of) AC and DF is greater than GK, and, further, 
that (the sum of) DF and GK is greater than AC. Thus, 
it is possible to construct a triangle from (straight-lines) 
equal to AC, DF, and Gk. (Which is) the very thing it 
was required to show. 


Proposition 23 


To construct a solid angle from three (given) plane 
angles, (the sum of) two of which is greater than the re- 
maining (one, the angles) being taken up in any (possible 
way). So, it is necessary for the (sum of the) three (an- 
gles) to be less than four right-angles [Prop. 11.21]. 

H 


B 
E 


A ra ZH K 

"Kotwoay at dSoveiom toecic ywvlor entmedor at U0 
ABI, AEZ, HOK, 6v at 500 ti\¢ Aoinfic UtTovec Eotwoav 
TaVTY WETHANUBavduEvat, ETL bE al Tocic tecodoewv oeVdSy 
éhdooovec’ det Ot) Ex tHv lowy toiic Und ABT, AEZ, HOK 
otepedy Ywviav cvothoaova. 

Areirypdwouv tou at AB, BP, AE, EZ, HO, OK, xol 
ereCeby0woav at AL, AZ, HK: duvatov dou eotiv ex tiv 
towv totic AT, AZ, HK tetywvov ovotioacta. ouveotatw 
to AMN, Gote tony civ thy uev AD tH AM, thy de AZ 
tf, MN, xot tt thy HK ti NA, xol neotyeyedpdw rei 
to AMN telywvoyv xbxAoc 6 AMN, xotl ciAfpde adtod 16 
xEVTPOV xa EoTU TO E, xal eneTevyIwouy ai AE, ME, NE: 


A CD F G K 

Let ABC, DEF, and GHK be the three given plane 
angles, of which let (the sum of) two be greater than the 
remaining (one, the angles) being taken up in any (pos- 
sible way), and, further, (let) the (sum of the) three (be) 
less than four right-angles. So, it is necessary to construct 
a solid angle from (plane angles) equal to ABC, DEF, 
and GHK. 

Let AB, BC, DE, EF, GH, and HK be cut off (so 
as to be) equal (to one another). And let AC, DF, and 
GK have been joined. It is, thus, possible to construct a 
triangle from (straight-lines) equal to AC, DF’, and GK 
[Prop. 11.22]. Let (such a triangle), LM N, have be con- 
structed, such that AC is equal to LM, DF to MN, and, 
further, GK to NL. And let the circle LM N have been 
circumscribed about triangle LM WN [Prop. 4.5]. And let 
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Aéyo, 61 1 AB uei@av gotl tic AE. ei yoo wh, FHtor 
ton cotiv WH AB t7 AE 7 cAdttwv. Eotw Tedtepov ton. xa 
énel ton cotly 7 AB ti AE, GAAG A ev AB tH BI cotw 
ton, 4 Oé EA tH EM, dbo 5H at AB, BI 500 tolic AE, EM 
tom elolv exatéoa exatéeg xal Bé&orc H AD Bdoe: tH AM 
vndxettat ton yovia doa 7 bnd ABT ywvia tH Ond AEM 
cot ton. Side Ta AVTE OH xo H UEV UNO AEZ tH Und MEN 
gow ton, xal Ett H UO HOK t7 bnd NEA: of dow toeeic ait 
ono ABL, AEZ, HOK yoviow toto tolic bnO AEM, MEN, 
NEA ciow fom. GAAX ai tesic ai bnd AEM, MEN, NEA 
téttapow dpVoiic elow toa xal at tecic doa ai Und ABT, 
AEZ, HOK téttapow dpvaic tou ciotv. bndxewtar S€ xaul 
tecoodowyv Oday Ehdooovec 6TEe &tonOV. ovx goa WH AB 
tf AE ton éotiv. AEyoo OH, Sti OVSE EAdTIOY Eotlv H AB tic 
AE. ei yao Suvatdv, gotw: xal xeiodw tA UEv AB ton 7 EO, 
tf Se BL ion n EH, xal ExeCedvy9w 7 OIL. xot enet ton Eotiv 
7 AB tf BI, ton cot xa y SO th SIL ote xai Aowny H 
AO tf IIM Eotw ton. napddAAndoc &oa Eotly 7 AM t7 OF, 
xal iooyovuov 16 AME 16 OIE: gotw doa wo n EA med¢ 
AM, odtw¢ 7 ZO npd¢ OIL EvarkAaE wc 7 AE red¢ ZO, 
ovtac 7 AM xedc OIL. uei@ov dé A AE tic ZO- uetTwv doa 
xa 7 AM tijc OIL. GAA HAM xeiton tH AP ton: xot q AT 
dou tY¢ OIL uci@wv eottv. Exel obv S00 at AB, BL duol totic 

5, EID toa ciotv, xat Baorg n AT Bdoews tic OI vei@ov 
éotly, Ywovla dea 7 Und ABT yewviag tic bn6 OEIL yei@ov 
éotlv. Ouotwc 57 SeiGouev, Ott xa H UEv UNO AEZ tic bro 
MEN uei@ov eotty, 7 bé bnO HOK tic Und NEA. al doa 
tosic ywvion at ond ABT, AEZ, HOK toeiésv tév Ono AEM, 
MEN, N&A uetCovés ciow. GAd at bnd ABP, AEZ, HOK 
tecodpwyv opvdy Ehtioooves UNOXEWTAL’ TOAAG Goa al UMO 
AEM, MEN, NEA tecodewv deddv Ehioooves ciow. GAA 
xal lou émee Eotly &tonov. ovx doa WH AB edAc&oowy Eotl 
tic AE. edety dn 5é, St O0dE ton: UElTwv Goa H AB tic AE. 

Aveotétw 81 dno tol E onuectov 165 tot AMN xdxAou 
eminédw Ted¢ OEVaC A =P, xal @ ueiTdv Eott TO ANO Tic 
AB tetekywvoy tot ano tic AE, exetve toov Eotw TO ano 
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its center have been found, and let it be (at) O. And let 
LO, MO, and NO have been joined. 


I say that AB is greater than LO. For, if not, AB is 
either equal to, or less than, LO. Let it, first of all, be 
equal. And since AB is equal to LO, but AB is equal to 
BC, and OL to OM, so the two (straight-lines) AB and 
BC are equal to the two (straight-lines) LO and OM, re- 
spectively. And the base AC’ was assumed (to be) equal 
to the base LM. Thus, angle ABC is equal to angle 
LOM [Prop. 1.8]. So, for the same (reasons), DEF is 
also equal to MON, and, further, GH kK to NOL. Thus, 
the three angles ABC, DEF, and GH K are equal to the 
three angles LOM, MON, and NOL, respectively. But, 
the (sum of the) three angles LOM, MON, and NOL is 
equal to four right-angles. Thus, the (sum of the) three 
angles ABC, DEF, and GH K is also equal to four right- 
angles. And it was also assumed (to be) less than four 
right-angles. The very thing (is) absurd. Thus, AB is 
not equal to LO. So, I say that AB is not less than LO 
either. For, if possible, let it be (less). And let OP be 
made equal to AB, and OQ equal to BC, and let PQ 
have been joined. And since AB is equal to BC, OP 
is also equal to OQ. Hence, the remainder LP is also 
equal to (the remainder) QM. LM is thus parallel to PQ 
[Prop. 6.2], and (triangle) LMO (is) equiangular with 
(triangle) PQO [Prop. 1.29]. Thus, as OL is to LM, so 
OP (is) to PQ [Prop. 6.4]. Alternately, as LO (is) to OP, 
so LM (is) to PQ [Prop. 5.16]. And LO (is) greater than 
OP. Thus, LM (is) also greater than PQ [Prop. 5.14]. 
But LM was made equal to AC. Thus, AC is also greater 
than PQ. Therefore, since the two (straight-lines) AB 
and BC are equal to the two (straight-lines) PO and OQ 
(respectively), and the base AC is greater than the base 
PQ, the angle ABC is thus greater than the angle POQ 
[Prop. 1.25]. So, similarly, we can show that DEF is 
also greater than MON, and GHK than NOL. Thus, 
the (sum of the) three angles ABC, DEF, and GHK is 
greater than the (sum of the) three angles LOM, MON, 
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tic EP, xal exeCebyDwoav ai PA, PM, PN. 

Kol éxel 7 PE dpi Eo med¢ tO toU AMN xvxdovu 
éninedov, xal Tedc ExdotHy doa té&v AZ, ME, NE doedy 
éotw fh PE. xol enet ton eotly A AE tH =M, xown 5 xa 
Ted¢ OeVac A EP, Baorc doa AH PA Bédoer tH PM Eotw ion. 
Ste Ta AOTA OF wal A PN Exatéog tév PA, PM éotw ion: 
at teeic doa ai PA, PM, PN foo GAAYAac ciotv. xol Emel 
@ ysiCov Eott TO and tic AB tod dnd tic AZ, exetvw toov 
UNOXELTAL TO ARO Thc EP, 16 doa and t¥j¢ AB toov got toic 
ano tév AE, EP. toic 6€ and tév AE, EP ioov Eoti tO and 
tiic AP deh yao n bnO AEP: 16 &—a and tic AB ioov 
éotl 16) and tij¢ PA: ton dea 7 AB tH PA. GAAG TH YEv AB 
ton eotly excoty tv BY, AE, EZ, HO, OK, t7 5é PA ion 
exatéoa té&iv PM, PN: éxcotn &ou tev AB, BI, AE, EZ, 
HO, OK exdoty tév PA, PM, PN ion éotiv. xal Enel dv0 
at AP, PM dvol tac AB, BI tom ciotv, xol Bdorc A AM 
Baoe tH AD ondxeita ton, yovia gpa 7 bnd APM ywvin 
tf 0nd ABL gotw fon. die te QUTH OF Kal H UEV UO MPN 
tf bn6 AEZ éotw ion, 4 5€ bnO APN tH Uno HOK. 

"Ex Teldv doa Yowdy eminédwv tv brd APM, MPN, 
APN, ait etow tom tetol taiic SoVetoms totic bd ABI’, AEZ, 
HOK, oteoe& ywvia ovvéotata 7 med Té) P nepreyouevy 
bno tv APM, MPN, APN yowdiv: nee det rotfjow. 
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and NOL. But, (the sum of) ABC, DEF, and GH K was 
assumed (to be) less than four right-angles. Thus, (the 
sum of) LOM, MON, and NOL is much less than four 
right-angles. But, (it is) also equal (to four right-angles). 
The very thing is absurd. Thus, AB is not less than LO. 
And it was shown (to be) not equal either. Thus, AB (is) 
greater than LO. 

So let OR have been set up at point O at right- 
angles to the plane of circle LMN [Prop. 11.12]. And 
let the (square) on OR be equal to that (area) by which 
the square on AB is greater than the (square) on LO 
[Prop. 11.23 lem.]. And let RL, RM, and RN have been 
joined. 

And since RO is at right-angles to the plane of cir- 
cle LMN, RO is thus also at right-angles to each of LO, 
MO, and NO. And since LO is equal to OM, and OR 
is common and at right-angles, the base RL is thus equal 
to the base RM [Prop. 1.4]. So, for the same (reasons), 
RN is also equal to each of RE and RM. Thus, the three 
(straight-lines) RL, RM, and RN are equal to one an- 
other. And since the (square) on OR was assumed to 
be equal to that (area) by which the (square) on AB is 
greater than the (square) on LO, the (square) on AB 
is thus equal to the (sum of the squares) on LO and 
OR. And the (square) on LR is equal to the (sum of 
the squares) on LO and OR. For LOR (is) a right-angle 
[Prop. 1.47]. Thus, the (square) on AB is equal to the 
(square) on RL. Thus, AB (is) equal to RL. But, each 
of BC, DE, EF, GH, and HK is equal to AB, and each 
of RM and RN equal to RL. Thus, each of AB, BC, 
DE, EF, GH, and HK is equal to each of RL, RM, 
and RN. And since the two (straight-lines) LR and RM 
are equal to the two (straight-lines) AB and BC (respec- 
tively), and the base LM was assumed (to be) equal to 
the base AC, the angle LRM is thus equal to the angle 
ABC [Prop. 1.8]. So, for the same (reasons), MRN is 
also equal to DEF, and LRN toGHK. 

Thus, the solid angle R, contained by the angles 
LRM, MRN, and LRN, has been constructed out of 
the three plane angles LRM, MRN, and LRN, which 
are equal to the three given (plane angles) ABC, DEF, 
and GH K (respectively). (Which is) the very thing it was 
required to do. 
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A B 
Afiuua. 

“Ov d€ Tedrov, & UEiTév Eott TO aNO Tic AB tod dnd 
tic AE, éxeive toov AaBetv Eott TO and tic EP, detEouev 
ovtac. exxetodwouv at AB, AE edVeton, xal Eotw yeitov 
AB, xat yeyedpde én’ adic Nuxdxdtov To ABIL, xa cic TO 
ABI nuxdxdtov évnoudote tf AE cbvVeig uh ueitow otlon 
tic AB Siayeteou ton 7 AD, xat exeTedy0w 7 PB. exet odv 
év juixvuxrtw 16 ALB ywvia cotiv 7 bnd ALB, de0% dea 
gotly H Und ADB. 16 doa and tij¢ AB toov gotl toic and 
tév AT, TB. Sote 16 &nd tig AB tod and tic AT uciZov 
gout 6) ano tic TB. ton 5 H AT tH AE. tO dow and tic 
AB tot ano tij¢ AE usi@ov ot 16 and tic PB. ev odv 
tf BI tony thy EP anordBwyev, gota 10 &nd thc AB tod 
ano tij¢ AE usiCov 16 dno tij¢ EP: Sree neoexetto notion. 


xo’. 


‘Ey OTEQEOV UNO TAPAAAHAWY ETUMESWV TEOlEyNTOL, TO 
dnevavttov auto exineda toa te xal maoadkAndAdyoouud 


2 


EOTly. 


B O 


A E 

Liteosov yxo TO TAOH vn naparArrwv eninédwv Te- 
eteyeodw THv AT, HZ, AO, AZ, BZ, AE: Aéyo, St te dne- 
vavttov autod exineda toa te xal TAPAAANACYPAUUs EOTLY. 

‘Enel yao d0o éEnineda mapdAAnAa ta BH, TE uno 
émimédou tov AT téuvetan, ai xowal autéy toual napdAAnrot 
ciow. Tapd&rAndoc tea cotiv A AB tH AL. nédw, Enel 
dvo énineda napddhAndAn ta BZ, AE Ono éemtngdov tod 
AD téyvetot, al xowal avtéyv tool mapdAAnaot ciow. 
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A B 


Lemma 


And we can demonstrate, thusly, in which manner to 
take the (square) on OR equal to that (area) by which 
the (square) on AB is greater than the (square) on LO. 
Let the straight-lines AB and LO be set out, and let AB 
be greater, and let the semicircle ABC have been drawn 
around it. And let AC, equal to the straight-line LO, 
which is not greater than the diameter AB, have been 
inserted into the semicircle ABC [Prop. 4.1]. And let 
CB have been joined. Therefore, since the angle AC'B 
is in the semicircle ACB, ACB is thus a right-angle 
[Prop. 3.31]. Thus, the (square) on AB is equal to the 
(sum of the) squares on AC and CB [Prop. 1.47]. Hence, 
the (square) on AB is greater than the (square) on AC 
by the (square) on C'B. And AC (is) equal to LO. Thus, 
the (square) on AB is greater than the (square) on LO 
by the (square) on CB. Therefore, if we take OR equal 
to BC then the (square) on AB will be greater than the 
(square) on LO by the (square) on OR. (Which is) the 
very thing it was prescribed to do. 


Proposition 24 


If a solid (figure) is contained by (six) parallel planes 
then its opposite planes are both equal and parallelo- 
grammic. 


B H 


D E 

For let the solid (figure) CDHG have been contained 
by the parallel planes AC, GF, and AH, DF, and BF, 
AE. I say that its opposite planes are both equal and 
parallelogrammic. 

For since the two parallel planes BG and CE are 
cut by the plane AC, their common sections are parallel 
[Prop. 11.16]. Thus, AB is parallel to DC. Again, since 
the two parallel planes BF and AE are cut by the plane 
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TapdhAnArog toa cotiv H BI tH AA. edetydn dE xol 7 AB 
th AT napdAndrocg taparAnrdypauuov dea cott tO AT. 
Ouotuc 57 SetEouev, ott xal Exaotov téiv AZ, ZH, HB, BZ, 
AE rapadkAnrdypauydoy éottv. 

"EneCevydwouv ai AO, AZ. xal Enel napdAAnddc Eotw 7 
uev AB ti AT, 7 5¢ BO 1H PZ, 500 SF at AB, BO antéuevan 
DAVAwv tape S00 evVelag tag AT, PZ antouevac aAAHAwY 
ciolv obx Ev 16 MUTE Erinédey" loag hoa Ywviag neeLeCovow’ 
fon dea H UNO ABO ywvia tH Und ATZ. xa Exel S00 at AB, 
BO dbvol tac AT, PZ tom eiotv, xal ywvia HR Ond ABO yoovia 
tf, ond ATZ eotw ton, Baorc dou 7 AO Bdoes tH AZ cotw 
ton, xal to ABO toetywvov 165 ATZ tetryovw toov gottv. xa 
éott tol uév ABO ditAcowwv 160 BH rapadAnddyeauuoy, 
tot b¢ ATZ sSimAdowov tO TE napadkAnddyeauyov’ toov 
goa tO BH nopadAnddyeauuoy 16) TE rapakAnroyeduue’ 
Ouotucg 57 SeiZouev, Sti xal TO ev AT 16 HZ Eo ioov, 
tO 6¢ AE 16) BZ. 

"Eqy Gea OTECEOV UTO TAPAAAHAWY ETLMESWV TEPLEY NTL, 
TX Unevavttov avtod exineda low te xal MaoHrAANADYEAUUc 
éotw: Onee eer Setau. 


, 
KE. 
‘Eay otepeov mapaAAnAerinesov eminédo tH Ta- 
COAAHAW Ovtt toic amevavtioy Emimédolc, Eota ac NH Bdotc 
TEOS THY Bauow, OUTWS TO OTEPEOV TED TO OTEPEOY. 


Ms = eT Po 


M N 

Ditepedv yuo maoaAAndentredsov t6 ABTA éEninédw 1H 
ZH tetujotu napakAhrAw dvtt toic dnevavtiov emimédotc 
toic PA, AO: AEyuo, Sti Eotlv Wo NH AEZO® Bdorg ned¢ thy 
EOVZ Bdéow, odtwo 16 ABZY otepedv modc 16 EHTA 
OTEpeéy. 

"ExBeBAjodw yuo n AO ey’ Exdtepa ta YEeN, xall 
xetodwoay tH uev AE tom domdyrototy at AK, KA, ti 5é 
EO tou oombdynotoby a OM, MN, xal cuurerAnowodu 
tz AO, Kb, OX, ME rapadAndrdyoeauya xo ta AIT, KP, 


A K A E..6 
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AC, their common sections are parallel [Prop. 11.16]. 
Thus, BC is parallel to AD. And AB was also shown (to 
be) parallel to DC. Thus, AC is a parallelogram. So, sim- 
ilarly, we can also show that DF, FG, GB, BF, and AE 
are each parallelograms. 

Let AH and DF have been joined. And since AB is 
parallel to DC, and BH to CF, so the two (straight-lines) 
joining one another, AB and BH, are parallel to the two 
straight-lines joining one another, DC and CF (respec- 
tively), not (being) in the same plane. Thus, they will 
contain equal angles [Prop. 11.10]. Thus, angle ABH 
(is) equal to (angle) DCF. And since the two (straight- 
lines) AB and BH are equal to the two (straight-lines) 
DC and CF (respectively) [Prop. 1.34], and angle ABH 
is equal to angle DCF, the base AH is thus equal to the 
base DF’, and triangle ABH is equal to triangle DCF 
[Prop. 1.4]. And parallelogram BG is double (triangle) 
ABH, and parallelogram CE double (triangle) DCF 
[Prop. 1.34]. Thus, parallelogram BG (is) equal to paral- 
lelogram CE. So, similarly, we can show that AC is also 
equal to GF, and AE to BF. 

Thus, if a solid (figure) is contained by (six) parallel 
planes then its opposite planes are both equal and paral- 
lelogrammic. (Which is) the very thing it was required to 
show. 


Proposition 25 


If a parallelipiped solid is cut by a plane which is par- 
allel to the opposite planes (of the parallelipiped) then as 
the base (is) to the base, so the solid will be to the solid. 


X Q R UE. De = , 
O B G I 
P V Fi; C}| Wit S 
L K A E H M N 


For let the parallelipiped solid ABCD have been cut 
by the plane F'G which is parallel to the opposite planes 
RAand DH. I say that as the base AE FV (is) to the base 
EHCF, so the solid ABFU (is) to the solid EGCD. 

For let AH have been produced in each direction. And 
let any number whatsoever (of lengths), AK and KL, 
be made equal to AE, and any number whatsoever (of 
lengths), HM and MN, equal to EH. And let the paral- 
lelograms LP, KV, HW, and MS have been completed, 
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AM, MT oteped. 

Kat énet toa ciolv at AK, KA, AE evdeta ddArAac, tou 
éotl xal ta uev AO, K®, AZ napadAnrdyeauua aAAHAOIc, TH 
dé KE, KB, AH aAnhots xat Ett tH AW, KT, AP dAAHAOIC: 
anevavttov yuo. Sie TH HUTA OH xal Te uev ELT, OX, MU 
TUEMAANAOY PAULA tow cloly aAANAOIc, Ta 6¢ OH, OI, IN tow 
ciolv dAAVAotc, xol Ett TH AO, MOQ, NT: tein dou extneda 
tév AIT, KP, AY otepedsy totaly eminédoig Eotlv toa. GAA 
TX Tela TELol toic anevavtiov cotiv tow Ta dpa toia oteepEd 
ta AIT, KP, AY tou dddnrots Eotiv. die Te HOTA BH xal TH 
toia oteped ta EA, AM, MT toa cAAnAoIg Eotiv: Oou- 
TAaotwy dea cotiv A AZ Bdouc tic AZ Béoews, tooav- 
tanAcovov gott xal to AY otepedov tod AY otepcod. Sid 
TK KUTA BY) OOaTAACiwY Eotlv n NZ Bdorc tic ZO Bdacewe, 
TooMUTATAcoLoY Cot xal TO NY otepeov tot OT otepeod. 
xal et ton cotiv n AZ Bdoug tH NZ Boer, toov goti xal 10 
AY otegedv 16 NYT otepeds, xol ci Unepéyet 1 AZ Baous tic 
NZ Bdoews, Urepéyet xal to AT otepedv tot NY otegeod, 
xo et cddcinet, CAACitEL. Tecodewv St Ovtwv UsyeVGy, SVO 
utv Baoewy tv AZ, ZO, d00 d€ otepedy tv AT, TO, 
etANTta lodxic NMoAAaTAdowe tic uev AZ Bd&oews xa tot 
AY otepeot 4 te AZ Baoug xa to AY otepedy, tic 5¢ OZ 
Baéoews xal tod OT oteoscod 4 te NZ Bdorc xal to NY 
otepedy, xal SédeixtaH, OTL el Unepéyet Nn AZ Bdorc tic ZN 
Baoeuc, Unepéyet ual TO AT otepedv tot NYT [otepcot], xat 
ei ton, toov, xal et edAAeinet, cdAciner. Eotw doa ac n AZ 
Baoug npd¢ thy ZO Béow, ottwc T6 AT otepedv ned¢ TO 
TO otepedv: Onee Eder SeiEa. 
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and the solids LQ, KR, DM, and MT. 

And since the straight-lines Lk, KA, and AEF are 
equal to one another, the parallelograms LP, KV, and 
AF are also equal to one another, and KO, KB, and AG 
(are equal) to one another, and, further, LX, KQ, and 
AR (are equal) to one another. For (they are) opposite 
[Prop. 11.24]. So, for the same (reasons), the parallelo- 
grams EC, HW, and MS are also equal to one another, 
and HG, HI, and IN are equal to one another, and, 
further, DH, MY, and NT (are equal to one another). 
Thus, three planes of (one of) the solids LQ, KR, and 
AU are equal to the (corresponding) three planes (of the 
others). But, the three planes (in one of the soilds) are 
equal to the three opposite planes [Prop. 11.24]. Thus, 
the three solids LQ, KR, and AU are equal to one an- 
other [Def. 11.10]. So, for the same (reasons), the three 
solids ED, DM, and MT are also equal to one another. 
Thus, as many multiples as the base LF is of the base AF, 
so many multiples is the solid LU also of the the solid AU. 
So, for the same (reasons), as many multiples as the base 
NF is of the base F'H, so many multiples is the solid NU 
also of the solid HU. And if the base LF is equal to the 
base NF then the solid LU is also equal to the solid NU.' 
And if the base LF’ exceeds the base NF then the solid 
LU also exceeds the solid NU. And if (LF) is less than 
(NF) then (LU) is (also) less than (NU). So, there are 
four magnitudes, the two bases AF’ and F'H, and the two 
solids AU and UH, and equal multiples have been taken 
of the base AF and the solid AU— (namely), the base 
LF and the solid LU—and of the base HF and the solid 
HU—(namely), the base NF and the solid NU. And it 
has been shown that if the base LF exceeds the base FN 
then the solid LU also exceeds the [solid] NU, and if 
(LF is) equal (to FN) then (LU is) equal (to NU), and 
if (LF is) less than (F'N) then (LU is) less than (NU). 
Thus, as the base AF is to the base F'H, so the solid AU 
(is) to the solid UH [Def. 5.5]. (Which is) the very thing 
it was required to show. 


+ Here, Euclid assumes that LF = NF implies LU = NU. This is easily demonstrated. 


XT. 

Tlod¢ th Soveion cveta xa 16 meoc wUTH onucio TH 
doveion otepsd Ywvig tony otepsdv Ywviay ovothoaova. 

"Eotw 1 Yev doveion evdeia nA AB, tO 5€ Ted aUvTH; 
dovev onyeiov 10 A, 7 Sé SoVEion oTepEk Ywvia A TEd¢ 
16 A nepreyouévn bro tv Und EAT, EAZ, ZAT yowdy 
eminéduv' Set dH Ted¢ tH AB cvVeig xal 16 ned adTH 
onyetw 16 A tf med¢ 16 A otepe& ywvia tony otepedy 
ywviay ovotioaova. 


Proposition 26 


To construct a solid angle equal to a given solid angle 
on a given straight-line, and at a given point on it. 

Let AB be the given straight-line, and A the given 
point on it, and D the given solid angle, contained by the 
plane angles EDC, EDF, and F'DC. So, it is necessary 
to construct a solid angle equal to the solid angle D on 
the straight-line AB, and at the point A on it. 
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A 


Etjp0a yao ent tic AZ twyov onuetoy 10 Z, xal Hy0o 
ano tot Z ent to dia tév EA, AT éentnedov xad_etoc 7 ZH, 
xa cup Barret 16 Exinédw “ata TO H, xol exeTevyVw 7 
AH, xal ovveotétw med tH AB cvdeia xal 16 med adTH 
onyetw 16 A ty uev Ord EAT ywovig fon 7 UNO BAA, tH 5 
bno EAH ion n ono BAK, nol xetodw tH AH ton 7 AK, xa 
d&veotdtw ano tod K onuetou 16 Sd tHv BAA érinédw med¢ 
opdac 7 KO, xa xeiodw ton tH HZ 7 KO, nati exeCevydu 
n OA: réyw, Sti H MEd 16 A otepsd Ywvia NepLleyouevy 
vno Tv BAA, BAO, OAA yowdsy ton Eotl tH Ted¢ 16 A 
oteped Ywvia ty} Mepleyouevy Und tHv EAT, EAZ, ZAT 
YOUOr. 

Areirjpdwoav yao toa at AB, AE, xal eneTevyDwouv 
at OB, KB, ZE, HE. xa exet ny ZH opdn cot med¢ TO 
bmoxetuevoy einedov, xal MEO TdouC Hoa Tac ANTOUEVALC 
avtic cvdetug xal OVouc Ev T6 UNOXEINEVD ETITEdW CODEC 
Towjoet yoviac dp bea Eotiv Exatéea tHv Und ZHA, 
ZHE yowdv. dic te abt OF ual Exatéoea téHv Und OKA, 
OKB ywwdsy de0%4 cotw. xal Enel S00 at KA, AB d00 
toiic HA, AE too ciolv exatéea exatéea, xal ywviac tou 
Tepleyouow, Baéouc dea 7 KB Bdoe: tH HE ton eotiv. got 
dé xal 7 KO tH HZ ton: xal ywviac dodac nepiéyovow: toy 
dou xal 7 OB tf ZE. néAw éenet S00 ai AK, KO dvol taiic 
AH, HZ tow cioty, xai ywviacg deduce nepiéyovow, Bdoig dea 
n AO Baoet tH ZA ton éotiv. got dé xat n AB tH AE ion: 
dvo B57 at OA, AB d00 toc AZ, AE fou ciotv. xalt Béou H 
OB Bdoet tH ZE ton ywvia dou 7 ONd BAO ywvia tH On 
EAZ got ton. Sie te HTH OH xal WH UNO OAA tH Und ZAT 
éotw ton. Eott 5€ xa 7 UNO BAA tf Und EAT ‘on. 

Ilod¢ dea tH Soveton cbVeig tH AB xal 16 mpd¢ adTH 
onyet 6 A tH Soveton otepe& ywvia TY Ted¢ Té A ion 
ovvéotata OTE EdEL TOLFOUL. 
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H 


A 


For let some random point F' have been taken on DF, 
and let FG have been drawn from F' perpendicular to 
the plane through £D and DC [Prop. 11.11], and let it 
meet the plane at G, and let DG have been joined. And 
let BAL, equal to the angle EDC, and BAK, equal to 
EDG, have been constructed on the straight-line AB at 
the point A on it [Prop. 1.23]. And let AK be made equal 
to DG. And let KH have been set up at the point K 
at right-angles to the plane through BAL [Prop. 11.12]. 
And let kK H be made equal to GF. And let HA have 
been joined. I say that the solid angle at A, contained by 
the (plane) angles BAL, BAH, and HAL, is equal to the 
solid angle at D, contained by the (plane) angles EDC, 
EDF, and FDC. 

For let AB and DE have been cut off (so as to be) 
equal, and let HB, KB, FE, and GE have been joined. 
And since FG is at right-angles to the reference plane 
(EDC), it will also make right-angles with all of the 
straight-lines joined to it which are also in the reference 
plane [Def. 11.3]. Thus, the angles FGD and FGE 
are right-angles. So, for the same (reasons), the an- 
gles HK A and HKB are also right-angles. And since 
the two (straight-lines) kK A and AB are equal to the two 
(straight-lines) GD and DE, respectively, and they con- 
tain equal angles, the base kK B is thus equal to the base 
GE [Prop. 1.4]. And KH is also equal to GF’. And they 
contain right-angles (with the respective bases). Thus, 
HB (is) also equal to FE [Prop. 1.4]. Again, since the 
two (straight-lines) Ak and KH are equal to the two 
(straight-lines) DG and GF (respectively), and they con- 
tain right-angles, the base AH is thus equal to the base 
FD [Prop. 1.4]. And AB (is) also equal to DE. So, 
the two (straight-lines) HA and AB are equal to the two 
(straight-lines) DF and DE (respectively). And the base 
HB (is) equal to the base F'E. Thus, the angle BAH is 
equal to the angle EDF [Prop. 1.8]. So, for the same 
(reasons), H AL is also equal to FDC. And BAL is also 
equal to EDC. 

Thus, (a solid angle) has been constructed, equal to 
the given solid angle at D, on the given straight-line AB, 
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5 age 

Ano tic Sodetone eWVelac TG SOVEVTL OTEOEG TAPAAAN- 
AETINES®) OUOLOV TE Xa OUOlwWS XEiUEVOV OTEEEOV TAEAAAN- 
Aetinedov dvayecbau. 

"Eotw 7 ev Soveion evdeta 7 AB, 10 dé S0VEv otEpEOv 
TapadAndrerinedov tO TA: det Of and tic SOVEtoNe evDEtuc 
tic AB 16 Sdodevtm otepets naparkAndrerinédw tH TA 
OUOLOY TE Kal OUOlwWS xEl~EvOV OTEPEOV TAPAAANAETinEdSOV 
dvayedupau. 

huveotatw yao med¢ tH AB cvVeia xal 16 Ted¢ avTH 
onueto 16 A tH medc 16 T otepe& ywvig ton 7 mepreyouevn 
vno Tév BAO, OAK, KAB, dote tony civ thy yev UO 
BAO yewviay tf Und EVZ, thy 5¢ Ono BAK tH Oxo ETH, 
thy € UO KAO tH Und HITZ: xal yeyovétw wc uev HW ED 
med¢ thy TH, ottw¢ W BA npdc thy AK, wc dé A HE red¢ 
thy [Z, ottwe A KA ned¢ thy AO. xal dv toou bea Eotiv 
ac i ED ned¢ thy [Z, obtw>o 7 BA med¢ thy AO. xol ovy- 
TEeTANEMoVY TO OB naparAnrdyeauwov xa to AA otepedv. 


A 


A B 


T 

Kat énet cotw wo H ED ned¢ thy TH, obtw¢ 7 BA med¢ 
thy AK, xat reel toa ywviag tac UNO ETH, BAK att reveal 
davédoydy ciotv, Ouolov doa cotl TO HE napadAnAdyeauuoy 
1 KB napodAnroyeduue. Sid Ta aUTd Oh xl TO Uev KO 
TAPMAANAOYEAULOYV T6) HZ maparAnAoyeduu® SYOLov EoTL 
nal étt tO ZE 16 OB: teta doa raparAnrddyeauua tot TA 
OTEPEOD TELOl TaCMAANAOYeEdUUOIc TOD AA otepeot) dYoLd 
COTW. GAAL TH UEV Tola teLol Tolc amevavtiov tow té EoTL 
xal GUOLaA, TH OE Tota TeLol Totc anevavtiov toa TE EoTL xa 
duoww dAov doa TO TA otepedv dAw té5 AA otepeé) duotdv 
EOTLY. 

Ano tic Sovelons toa edVetac tH¢ AB 16 Sodeévt 
otepegs TapadAnrerinédw 16 TA dyovdy te xal ouotec 
xetuevoy avayeyounta TO AA émee det Totfjoa. 


xn» 


‘Eay otepeoyv maeaAANAETiMEsoV EmimédO TUNA Kate 
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at the given point A on it. (Which is) the very thing it 
was required to do. 


Proposition 27 


To describe a parallelepiped solid similar, and simi- 
larly laid out, to a given parallelepiped solid on a given 
straight-line. 

Let the given straight-line be AB, and the given par- 
allelepiped solid CD. So, it is necessary to describe a 
parallelepiped solid similar, and similarly laid out, to the 
given parallelepiped solid C'D on the given straight-line 
AB. 

For, let a (solid angle) contained by the (plane angles) 
BAH, HAK, and K AB have been constructed, equal to 
solid angle at C, on the straight-line AB at the point A on 
it [Prop. 11.26], such that angle BAH is equal to ECF, 
and BAK to ECG, and K AH to GCF. And let it have 
been contrived that as EC (is) to CG, so BA (is) to AK, 
and as GC (is) to CF, so KA (is) to AH [Prop. 6.12]. 
And thus, via equality, as EC is to CF, so BA (is) to AH 
[Prop. 5.22]. And let the parallelogram HB have been 
completed, and the solid AL. 

D 


A B 


C 

And since as EC is to CG, so BA (is) to AK, and 
the sides about the equal angles ECG and BAK are 
(thus) proportional, the parallelogram GE is thus simi- 
lar to the parallelogram KB. So, for the same (reasons), 
the parallelogram K H is also similar to the parallelogram 
GF, and, further, FE (is similar) to HB. Thus, three 
of the parallelograms of solid C'D are similar to three of 
the parallelograms of solid AL. But, the (former) three 
are equal and similar to the three opposite, and the (lat- 
ter) three are equal and similar to the three opposite. 
Thus, the whole solid CD is similar to the whole solid 
AL [Def. 11.9]. 

Thus, AL, similar, and similarly laid out, to the given 
parallelepiped solid C'D, has been described on the given 
straight-lines AB. (Which is) the very thing it was re- 
quired to do. 


Proposition 28 
If a parallelepiped solid is cut by a plane (passing) 
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Tag Slaywviouc THY dnevavtiov Eminédwv, Siya TunDAoeta 
TO OTECEOV UNO TOD Emimédov. 


B Z, 


A 


Litepeov yuo mapadkAnAeninedov 10 AB éennédw 16 
TAEZ tetyyodw xatk tac Staywvioug tv d&mevavttov 
eminéduv tag DZ, AE A€yw, St Stya tundhoeta tO AB 
otepeoyv Und tol TAEZ énnédov. 

‘Enel yuo toov cotl 10 yev [HZ tetywvov 16 PZB 
Totryovm, TO dé AAE 16) AEO, got dé xal tO pev TA roe 
eorAnrAdyeauUov té) EB tcov: anevavtiov yde: to dé HE 
t6) TO, xal 160 nolo doa TO Tepleydusvov UNO SVO YEV 
totryovey tév THZ, AAE, tev 5€ napadkAnAoyeduUov 
tév HE, AT, TE ioov égotl 1 roeiouatt 163 meeteyougve 
vn S00 EV TeLYOvwy tTév [TZB, AEO, tev 5€ maowd- 
Anroyeduuwy tév TO, BE, TE: ond yuo towv eminédeov 
TMECLEYOVTaL TES te TAVVEL xal TH eyeVer. ote dAov TO 
AB otepeov dlya tétunta Und tod TAEZ ennédou bree 
eet Seizau. 
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through the diagonals of (a pair of) opposite planes then 
the solid will be cut in half by the plane. 


B F 


D A 


For let the parallelepiped solid AB have been cut by 
the plane CDEF (passing) through the diagonals of the 
opposite planes C'F and DE." I say that the solid AB will 
be cut in half by the plane CDEF. 

For since triangle CGF is equal to triangle CFB, and 
ADE (is equal) to DEH [Prop. 1.34], and parallelo- 
gram C’A is also equal to EB—for (they are) opposite 
[Prop. 11.24]—and GE (equal) to CH, thus the prism 
contained by the two triangles CGF and ADE, and the 
three parallelograms GE, AC, and CE, is also equal to 
the prism contained by the two triangles CFB and DEH, 
and the three parallelograms CH, BE, and CE. For they 
are contained by planes (which are) equal in number and 
in magnitude [Def. 11.10]. Thus, the whole of solid AB 
is cut in half by the plane CDEF. (Which is) the very 
thing it was required to show. 


+ Here, it is assumed that the two diagonals lie in the same plane. The proof is easily supplied. 


t However, strictly speaking, the prisms are not similarly arranged, being mirror images of one another. 


, 

x0’. 
Ta ent tic adtH¢ Phoews Svta oTepEd TapAAANAETinEdaA 
nal UNO TO AITO Bho, Gv ai EpeotHoat Ent THv avTHYV ciow 


cvuvelOdv, tow arAAAAols Coty. 


\ Ay 
a 


"How emt tii¢ adtii¢ Bduoews thc AB otepek tapaAdn- 


Proposition 29 


Parallelepiped solids which are on the same base, and 
(have) the same height, and in which the (ends of the 
straight-lines) standing up are on the same straight-lines, 
are equal to one another. 


D 


(la 
\ 


For let the parallelepiped solids CM and CN be on 
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Aerineda te TM, PN b10 16 abdt0 boc, Gv ai Epeotioa 
ai AH, AZ, AM, AN, TA, TE, BO, BK ent tév adtésv 
cuverisv Eotwoay tév ZN, AK: AEéyo, dtt toov Eotl to TM 
otepeoy 16) 'N oteped). 

‘Enel yuo TapaAAndoypayoy cotw exdtepov tv TO, 
TK, ion eotiv 7 TB exatéea téiv AO, EK: dote xal 
AO ti EK éoww ‘ton. xowh aprnejodw n EO: dont doa 
n AE dow th OK eotw ton. Gote xai tO uev ATE 
totywvoyv 16 OBK terymve toov gotty, 16 66 AH rapaa- 
ANACYEAUMOY TH ON naparAnroyedwue. Sid TH HTH BY) XeUl 
to AZH tetywvov 16) MAN tetyovw toov gotiv. ott 6é xall 
to vev PZ noparAnddypauuoy 4) BM raparAnroyeduue 
toov, to 6¢ [TH 16 BN: anevavtiov yao: xal tO meicua doa 
TO TEpleydUEvov UNO d00 EV TeLyYMvwy Tév AZH, ATE, 
Toldv 5é TapahAnAoyeduwv tv AA, AH, TH toov éoti 
TG) Teicuat Té TMEpleyoUgva UNO SO LEV TELYMVOV TOV 
MAN, OBK, toiév 5é napadAnroyeduuwyv tév BM, ON, 
BN. xowodv neooxetodw TO otepedv, ot Bd&oic yev TO AB 
TUPMAANAOYEAULOV, amevavtiov dé T6 HEOM: ddov doa TO 
I'M otepedoyv napaddAnrerinedov OAw 16) 'N otegets napaa- 
Anretimédw toov Eotty. 

Ta doa em tic adtiic Baoewo 6vta otepsk TAEMAAN- 
Aetineda xal UNO TO AUTO Uiboc, Gv at EpeotHou Ent tov 
avtav ciow eudetdsv, flow dAANAOIc Eotiv’ SnEo Eder Seiga. 


NV 
Ta ent tic avtiic Bauoewc Ovta otTeped TAOMAANAETITESA 
nal UNO TO adTO Loc, Gv at Epeotioau ovx ciolv Ext tov 
avtéy cvderdsy, lox HAAHAotc Eotly. 


N O 


A r 
"How emt tic adtii¢ Buoews tic AB otepek TapaAdn- 
Aerineda te TM, PN b1d 16 avt6 Udoc, Sv at Epeatioar att 
AZ, AH, AM, AN, TA, TE, BO, BK yh gotwouy ent tév 
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the same base AB, and (have) the same height, and let 
the (ends of the straight-lines) standing up in them, AG, 
AF, LM, LN, CD, CE, BH, and BK, be on the same 
straight-lines, FN and DK. I say that solid CM is equal 
to solid CN. 

For since CH and CK are each parallelograms, C'B 
is equal to each of DH and EK [Prop. 1.34]. Hence, 
DH is also equal to EK. Let EH have been subtracted 
from both. Thus, the remainder DE is equal to the re- 
mainder HK. Hence, triangle DCE is also equal to tri- 
angle HBK [Props. 1.4, 1.8], and parallelogram DG to 
parallelogram HN [Prop. 1.36]. So, for the same (rea- 
sons), traingle AFG is also equal to triangle MLN. And 
parallelogram CF is also equal to parallelogram BM, 
and CG to BN [Prop. 11.24]. For they are opposite. 
Thus, the prism contained by the two triangles AF'G and 
DCE, and the three parallelograms AD, DG, and CG, is 
equal to the prism contained by the two triangles MLN 
and HBK, and the three parallelograms BM, HN, and 
BN. Let the solid whose base (is) parallelogram AB, and 
(whose) opposite (face is) GE HM, have been added to 
both (prisms). Thus, the whole parallelepiped solid CM 
is equal to the whole parallelepiped solid CN. 

Thus, parallelepiped solids which are on the same 
base, and (have) the same height, and in which the 
(ends of the straight-lines) standing up (are) on the same 
straight-lines, are equal to one another. (Which is) the 
very thing it was required to show. 


Proposition 30 


Parallelepiped solids which are on the same base, and 
(have) the same height, and in which the (ends of the 
straight-lines) standing up are not on the same straight- 
lines, are equal to one another. 


N P K R 


A C 
Let the parallelepiped solids CM and CN be on the 
same base, AB, and (have) the same height, and let the 
(ends of the straight-lines) standing up in them, AF, AG, 
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avtéy evderdiv’ Eye, Sti loov cotl tO TM otepeoy 165 TN 
OTEPES). 

"ExBeBAroVwoay yee at NK, AO xat ovuunintétwouv 
AA Aa xatae TO P, xo Ett ExBeBAHoVwouv ot ZM, HE 
emt ta O, I, xa eneTevyIwouv at AE, AO, TH, BP. ioov 
d4 got. tO [TM otepedy, ob} Bdorg uév TO ATBA rapod- 
AnAdyeauov, anevavtiov b¢ 10 ZAOM, 165 TO otepeds, ob 
Baoug wev tO ATBA rapadAnddypauoy, amevavtiov 6€ TO 
SHPO: ent te yuo tic adtiH¢ Pkoews eior tic ATBA xa 
UNO TO AUTO Bos, Hy ai Epeotiou at AZ, AE, AM, AO, 
TA, TU, BO, BP ent tHv adtév ciow evderisv tv ZO, AP. 
GAA TO TO otepedy, ot Bdoug uev ott TO ATBA rapad- 
ANAOYeaUUOY, amevavtioy 66 TO SITPO, toov eott 165 TN 
oteoea), 00 Bd&oig wev 10 ATBA napa Anddoyeayuov, d&ne- 
vavttov 6¢ T6 HEKN: ext te yuo médw tic wwtiic Bacewds 
eiot tij¢ ATBA xol 0nd 16 adTO Bios, Gv ai EpeotHoa ai 
AH, A&, TE, TT, AN, AO, BK, BP ent tév adtédv ciow 
evvelv tév HIT, NP. dote xat to [PM otepedv toov cotl 
t6) I'N oteped). 

Ta doa Ent thc adTH¢ Bhoews otepEk MaCadANAETiTEdaA 
xa UNO TO ADTO Uhoc, Gv at EpeotHoa ovx ciolv Ent Tov 
avtev edVerdy, tox aAAoIs Eotiv’ Ste Eder SetEau. 


ho. 

Ta ent towv Bdoewy dévta otepek TapaAAnAertmEedar x1 
UNO TO HUTO Bog tow GAAVAOIC EoTiv. 

"Eotw ett towv Baoswv tv AB, TA otepek napahAn- 
Aentneda ta AE, PZ bro 16 adt6 bog. AEyw, Stt toov Eotl 
to AE otepedy 16 PZ oteped). 

"Eotwouy 57) medtepov at EMeotyxUTar ot OK, BE, AH, 
AM, OII, AZ, T=, PX ned¢ deda¢ totic AB, TA Bdoeow, 
xa exBeBrAnodw en’ cdVelac tH PP evdeta n PT, xa ov- 
veotdtw Tedc TH PT cvdeia xal 16 med¢ HTH oNUEtw TO 
P ti ono AAB yovia ton 7 UNO TPT, xal xeiodw tH Yev 
AA ton 7 PT, th 5¢ AB ton 7 PY, xol ovurerAnpaode F 
te PX Borg xal to WT otepedv. 
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LM, LN, CD, CE, BH, and BK, not be on the same 
straight-lines. I say that the solid CM is equal to the 
solid CN. 

For let NA and DH have been produced, and let 
them have joined one another at R. And, further, let FM 
and GE have been produced to P and Q (respectively). 
And let AO, LP, CQ, and BR have been joined. So, solid 
CM, whose base (is) parallelogram ACBL, and oppo- 
site (face) F DH M, is equal to solid CP, whose base (is) 
parallelogram AC'BL, and opposite (face) OQRP. For 
they are on the same base, AC'BL, and (have) the same 
height, and the (ends of the straight-lines) standing up in 
them, AF’, AO, LM, LP, CD, CQ, BH, and BR, are on 
the same straight-lines, #P and DR [Prop. 11.29]. But, 
solid C’P, whose base is parallelogram AC BL, and oppo- 
site (face) OQRP, is equal to solid CN, whose base (is) 
parallelogram ACBL, and opposite (face) GEKN. For, 
again, they are on the same base, ACBL, and (have) 
the same height, and the (ends of the straight-lines) 
standing up in them, AG, AO, CE, CQ, LN, LP, BK, 
and BR, are on the same straight-lines, GQ and NR 
[Prop. 11.29]. Hence, solid CM is also equal to solid 
CN. 

Thus, parallelepiped solids (which are) on the same 
base, and (have) the same height, and in which the (ends 
of the straight-lines) standing up are not on the same 
straight-lines, are equal to one another. (Which is) the 
very thing it was required to show. 


Proposition 31 


Parallelepiped solids which are on equal bases, and 
(have) the same height, are equal to one another. 

Let the parallelepiped solids AE and CF be on the 
equal bases AB and C’D (respectively), and (have) the 
same height. I say that solid AE is equal to solid CF. 

So, let the (straight-lines) standing up, HK, BE, AG, 
LM, PQ, DF, CO, and RS, first of all, be at right-angles 
to the bases AB and CD. And let RT have been produced 
in a straight-line with CR. And let (angle) TRU, equal 
to angle ALB, have been constructed on the straight-line 
RT, at the point R on it [Prop. 1.23]. And let RT be 
made equal to AL, and RU to LB. And let the base RW, 
and the solid XU, have been completed. 
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Kol exe 500 of TP, PY Svoi toc AA, AB tou cioty, 
xa ywvlac toucg mepiéyouow, toov dea xal duolov TO PX 
TAPAAANASYpaUNov 16) OA raparAnroyeduue. xal Emel 
nédw ton uev WH AA tH PT, A OE AM tH PY, xal ywviac 
opvac TEpleyouoty, loov hoa xa GUoLdy cot TO PW rapaad- 
Anrdoyeauov té AM rnaparAnroyeduye. Side TH xUTe 57 
nal to AE té XY ioov té gott xal duowov’ tela &pa TO 
exrAnroypauua tol AE otepeot tetol napadAnroyeduuotc 
tol WT otepcod tou té cot “al OUOla. HAAG Ta EV Tota 
TOLOl Toic amevavtiov low Té EoTL xal OuoLA, TH dE Tota 
Tolol toic &nevavtiov’ dAov doa TO AE otepedv TmapaAAn- 
Aerinedov OAw 165 UT oteped napadAnremimédy toov Eotty. 
diHxVwoav ai AP, XT xol ovurintétwouv aAAAaic Kate 
tO Q, xal ia tod T tH AO napdrrAnroc HyVo A ATA, xa 
exBeBAfodw n OA xat& 16 a, xa ouuTeTANEwWoVY Ta OW, 
PI oteged. toov 64 cott TO WL otepsdyv, od dog Yev 
éott TO PW naparAnAdyeauuov, anevavtiov 6€ TO (4, TO 
WT otepeds, ob} Bdog UEv TO PW rapadrrAndAdyeauoy, ome- 
vavttov 66 TO TH: ent te yuo tic autiic Bhoeas clot tic 
PW xal b126 tO av1O Bhoc, Sv at Epeotéiiom ai PQ, PT, 
T”, TX, Us, Uo, Wh, US Eni tv avdtédsv ciow evderésv tov 
OX, +B. GAG TO WT otepedy 16 AE éotw toov: xal 10 WO 
&ou otepeov 16) AE otepeé) gotw toov. xal enel toov éotl 
tO PYXT naparAnddyeauuoy 6 OT rapadkAnroyeduye 
ent Te yuo Thc aUtis P&oeade clot tH¢ PT xa Ev tolic wwtoiic 
TaparhAhAoic toic PT, OX HA& TO PYXT 16 TA éotw 
toov, énel xal 16 AB, xat 16 OT doa napardAndhdoyeauLov 
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And since the two (straight-lines) TR and RU are 
equal to the two (straight-lines) AL and LB (respec- 
tively), and they contain equal angles, parallelogram 
RW is thus equal and similar to parallelogram HL 
[Prop. 6.14]. And, again, since AL is equal to RT, 
and LM to RS, and they contain right-angles, paral- 
lelogram RX is thus equal and similar to parallelogram 
AM [Prop. 6.14]. So, for the same (reasons), LE is also 
equal and similar to SU. Thus, three parallelograms of 
solid AF are equal and similar to three parallelograms 
of solid XU. But, the three (faces of the former solid) 
are equal and similar to the three opposite (faces), and 
the three (faces of the latter solid) to the three opposite 
(faces) [Prop. 11.24]. Thus, the whole parallelepiped 
solid AE is equal to the whole parallelepiped solid XU 
[Def. 11.10]. Let DR and WU have been drawn across, 
and let them have met one another at Y. And let aTb 
have been drawn through T parallel to DY. And let PD 
have been produced to a. And let the solids YX and 
RI have been completed. So, solid XY, whose base is 
parallelogram RX, and opposite (face) Yc, is equal to 
solid XU, whose base (is) parallelogram RX, and oppo- 
site (face) UV. For they are on the same base RX, and 
(have) the same height, and the (ends of the straight- 
lines) standing up in them, RY, RU, Tb, TW, Se, Sd, 
Xc and XV, are on the same straight-lines, YW and 
eV [Prop. 11.29]. But, solid XU is equal to AE. Thus, 
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16 TA éotw toov. &hdo dé 16 AT: Eotw doa Wo A TA 
Baoug tedg thy AT, ottwo 7 OT red¢ thy AT. not Exel 
otepeoy TapadAnrerinedov to TI eninédw 165 PZ tétunto 
TAPAAAHAW Ovtt toic &nevavttov emimédoic, Eotw wo A TA 
Baoug med¢ thy AT Baow, ottw¢ 16 [Z otepedv ned¢ 16 PI 
otepeéyv. Sid TH HUTA OH, ENE OTEPEdV TAPAAANAETinEdSOV 
TO OI Eminédw 16 PW tétuntou maepaxrdAHAw Ove toi¢ ame- 
vavtiov eminédoic, Eotty O¢ HOT Bdoug npd¢ thy TA Bdow, 
obtws TO OW otepsdv med¢ TO PI. GAN’ we n TA Bdotc 
med¢ thy AT, odtwc 7 OT Ted¢ thy AT: xal ac koa TO 
TZ otegedv med¢ tO PI otepedyv, oUtwo TO QW otepedv 
med¢ TO PI. exctepov tow tHv TZ, QW otepetsv med¢ tO 
PI tov avtov Eyer Adyov: toov doa Eotl To TZ otepeoy t65 
QW otepeG. GAG TO OW 16 AE edetyDy toov: xal 16 AE 
doa t63 DZ eotw toov. 


T\A 
oe 
A 
My Eotwouv 57 al Egeotyxuia ai AH, OK, BE, AM, 
T=, OL, AZ, PX npd¢ deVdu¢ toc AB, TA Bd&oeow: héeyw 
TéAw, Ott loov 16 AE otepedy 165 TZ otepeds. Hy Iwoav yuo 
and tév K, EB, H, M, UW, Z, =, & onueiwv ent to bnoxetuevov 
éntnedov x&0etor at KN, ET, HY, M®, IX, ZW, SO, XI, 
XL CUUBAAAETWOAY TH) EINES xaTa THN, T, T, ®, X, UV, 
Q, I onucia, xal eneTevydwouv at NT, NY, T®, T®, XV, 
XQ, OI, IW. toov 64 cott 16 K@ otepedy 16) HI otepeds: 
ent te Yue lowv Ba&oewvy ctor Tv KM, IId xot bn tO avTO 
bho, Sv at Epeotiaam med¢ dpVd¢ Elor toiic Bhoeow. GAA 
to uev K® otepedyv 16 AE otepeds eotw toov, to dé IIT té5 
TZ: ent te vue tic adTHS¢ Bkoews ciot xal ONO T6 aUTO Bosc, 
OY al EpeotHoat obx ciow ent tév autd&dy cvderdv. xal tO 
AE dea otepedy 16) PZ otepea eotw toov. 
Ta doa ent lowy Baoewv Ovta oTEpSdk TACMAANAETI TESA 
xa DO TO ATO Bog toa HAAHAOIc Eotiv’ Gre Eder SetEau. 
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solid XY is also equal to solid AE. And since parallel- 
ogram RUWT is equal to parallelogram YT. For they 
are on the same base RT, and between the same par- 
allels RT and YW [Prop. 1.35]. But, RUWT is equal 
to CD, since (it is) also (equal) to AB. Parallelogram 
YT is thus also equal to CD. And DT is another (par- 
allelogram). Thus, as base C'D is to DT, so YT (is) to 
DT [Prop. 5.7]. And since the parallelepiped solid CI 
has been cut by the plane RF’, which is parallel to the 
opposite planes (of CJ), as base CD is to base DT, so 
solid CF (is) to solid RI [Prop. 11.25]. So, for the same 
(reasons), since the parallelepiped solid Y J has been cut 
by the plane RX, which is parallel to the opposite planes 
(of YI), as base YT is to base T'D, so solid Y X (is) to 
solid RI [Prop. 11.25]. But, as base C'D (is) to DT, so 
YT (is) to DT. And, thus, as solid CF (is) to solid RI, 
so solid YX (is) to solid RI. Thus, solids CF and YX 
each have the same ratio to RJ [Prop. 5.11]. Thus, solid 
CF is equal to solid Y X [Prop. 5.9]. But, YX was show 
(to be) equal to AE. Thus, AF is also equal to CF. 


U\A 


re 


And so let the (straight-lines) standing up, AG, Hk, 
BE, LM, CO, PQ, DF, and RS, not be at right-angles 
to the bases AB and C'D. Again, I say that solid AE 
(is) equal to solid CF. For let KN, ET, GU, MV, QW, 
FX, OY, and SI have been drawn from points K, F, 
G, M, Q, F, O, and S (respectively) perpendicular to 
the reference plane (i.e., the plane of the bases AB and 
CD), and let them have met the plane at points N, T, 
U,V, W, X, Y, and I (respectively). And let NT, NU, 
UV, TV, WX, WY, YI, and IX have been joined. So 
solid KV is equal to solid QJ. For they are on the equal 
bases kK M and QS, and (have) the same height, and the 
(straight-lines) standing up in them are at right-angles 
to their bases (see first part of proposition). But, solid 
KV is equal to solid AE, and QI to CF. For they are 
on the same base, and (have) the same height, and the 
(straight-lines) standing up in them are not on the same 
straight-lines [Prop. 11.30]. Thus, solid AF is also equal 
to solid CF. 

Thus, parallelepiped solids which are on equal bases, 
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Ta tno tO avtd bhog évta otepek TapaAANAETtTEdSa 
TEDS GAANAG COTW w¢ at Bost. 
B A K 


A ie H 9 

"Eotw Und TO adtTO Uog otepek TAPMAANAETinEdaA TH 
AB, TA: eyo, 611 te AB, TA oteped napadAnrerineda 
TEOS GAANAG Cot W¢ al Bdoetc, ToUTEOTW OTL EoTIY Wc 7 
AE Bdoug ned¢ thy PZ Béow, ottw¢ 10 AB otepedv med¢ 
to TA otepedy. 

TlopaBeBrAjodw yuo nap& thy ZH 16 AE toov 16 ZO, 
xal and Bdoews yev tic ZO, bhouc 6€ tod avtod 16 TA 
OTEpeoOV TAPAAANAETiMEsoOV OUUTETANOWOVW tO HK. toov 
df Eott tO AB otepedv 165 HK otepeds: ext te yao towv 
Baoeav cio. tv AE, ZO xal bn0 16 adto Bho. xal Enel 
otepeoyv TapadkAnAeninedsov 16 LK énunédw 16 AH tétyntaHe 
TUCMAAHAG OvtL Toc amevavtiov Emimedoic, Eotw hoa wo 7 
TZ Baoig ned¢ thy ZO Bdow, ottw¢ 10 TA otepedy med¢ TO 
AO otepedy. ton dé H Uev ZO Bdorg tH AE Bdoet, 16 5¢ HK 
otepeoy 16) AB otepeds: Eotw dow xal ac WH AE Bdoug med¢ 
thy TZ Béow, odtwc To AB otepedv mepd¢ TO TA otepedy. 

Ta dpa Und TO aDTO Bog 6vta oTEpEd TaPAAANAETITESA 
TENS GAANAK EotW wc at Bdoetc’ Sree Eder SetEau. 


ry’. 

Ta duorm oteped TapaAAnAETineda TEdS GAANAG EV TEL- 
TAXotov Ady Elol Tév OUOADYWYV TAEUPOY. 

"Eot Guo otepek TapadhAnAentreda ta AB, TA, 
OudAo0yos Sé Eotw H AE 17 TZ Aéyw, 611 16 AB otepedv 
med¢ tO TA otepedy toimAaotova Adyov Eyet, Anep 7 AE 
med¢ thy UZ. 

"ExBeBAroVwoay yuo en’ edVetac totic AE, HE, OE ot 
EK, EA, EM, xali xetodw tH uév PZ ton 1 EK, tH 5e ZN 
ton n EA, xol ét tH ZP ton 7 EM, xol ouunerAnowodw tO 
KA raparAnrdoypaumov xol to KO otepedy. 
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and (have) the same height, are equal to one another. 
(Which is) the very thing it was required to show. 


Proposition 32 


Parallelepiped solids which (have) the same height 
are to one another as their bases. 
K 


G H 

Let AB and CD be parallelepiped solids (having) the 
same height. I say that the parallelepiped solids AB and 
CD are to one another as their bases. That is to say, as 
base AF is to base CF, so solid AB (is) to solid CD. 

For let FH, equal to AF, have been applied to FG (in 
the angle FGH equal to angle LCG) [Prop. 1.45]. And 
let the parallelepiped solid Gk, (having) the same height 
as C'D, have been completed on the base F'H. So solid 
AB is equal to solid GK. For they are on the equal bases 
AE and FH, and (have) the same height [Prop. 11.31]. 
And since the parallelepiped solid CK has been cut by 
the plane DG, which is parallel to the opposite planes (of 
CK), thus as the base CF is to the base F'H, so the solid 
C'D (is) to the solid DH [Prop. 11.25]. And base F'H (is) 
equal to base AF, and solid GK to solid AB. And thus 
as base AF is to base CF, so solid AB (is) to solid CD. 

Thus, parallelepiped solids which (have) the same 
height are to one another as their bases. (Which is) the 
very thing it was required to show. 


Proposition 33 


Similar parallelepiped solids are to one another as the 
cubed ratio of their corresponding sides. 

Let AB and CD be similar parallelepiped solids, and 
let AE correspond to CF. I say that solid AB has to solid 
CD the cubed ratio that AF (has) to CF. 

For let EK, EL, and EM have been produced in a 
straight-line with AE, GE, and HE (respectively). And 
let EK be made equal to CF, and E'L equal to F'N, and, 
further, EM equal to FR. And let the parallelogram KL 
have been completed, and the solid Kk P. 
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A 

Kol éxel 600 at KE, EA dvol totic TZ, ZN too cioty, 
GAG xal ywvia n Und KEA ywvia tH nd TZN éotw ion, 
érevdynep xol W Und AEH ty ond TZN éotw fon die thy 
ouootyta tév AB, TA otepedsy, toov &9u Eotl [xa duoLov] 
tO KA napadAndoyeauuoy 165 TN napadkAnroyeduuw. did 
TH HUTA OH Kal TO UEV KM raparAndAdyeauuoy toov oth xatl 
duotoyv té TP [nropwdAndroyeduue) xal Ett to EO 165 AZ: 
Tota dopa TaparkAnrAcyeaya tod KO otepsod telol mapar- 
Anroyeduuotc tol TA otepod tow Eotl xal Guo. GAA TH 
uev Tela ToLol toic amevavtiov toa EoTl xal OuoLa, Ta SE Toto. 
Tool toic amevavtiov toa Eotl xal GUoLa dAOoV doa TO KO 
otepeoyv hw T63 TA otepeds toov Eotl xol Guolov. ouUTE- 
TANE@oVY TO HK naparAnrdyeauov, xal ano Bdoewy Yev 
tOv HK, KA napadAnddypauwv, Bboug 5€ to adtob tés 
AB oteped ouurenAnepmodw ta EE, AIT. xol enet Sd thy 
ouotdtyta tév AB, TA otepediv gotw wo A AE mpd thy 
TZ, o¥tw¢ 7 EH ned¢ thy ZN, xal 7 EO ned¢ thy ZP, ton 
dé 4 ev CZ tH EK, 9 de ZN tH EA, 4 5e ZP tH EM, gotw 
dea wo W AE mpd¢ thy EK, otttwc 1 HE med¢ thy EA xal H 
OE nod¢ thy EM. a’ wc uev 7 AE ed¢ thy EK, otvtwe 16 
AH [ropwAnréyeaypoy] med¢ to HK napadAnddyoauoy, 
a> 6€ 7 HE med¢ thy EA, ottwo 10 HK med¢ 10 KA, we 
dé n OE ned¢ EM, ottw¢ 10 HE med¢ 16 KM: xt we tow 
to AH napahAnrdyeauov ted TO HK, ottw¢ 16 HK med¢ 
tO KA xai 16 IIE mpd¢ 10 KM. oA’ we yev 10 AH med¢ 
tO HK, o¥tw¢ 16 AB otepedv mpd¢ 10 EE otepedy, wo 5é 
to HK nodc 10 KA, ottwo 16 EE otepedv med¢ tO IIA 
otepedy, Wo 5é TO IIE npd¢ 10 KM, ottw¢ 16 IIA otepedv 
med¢ TO KO otepedv: xal wo doa To AB otepedv Ted¢ TO 
EE, ottw>o 16 EE npdc tO ILA xat 16 IIA mpd¢ 16 KO. 
eayv S€ TéEcouea UEyeDN xATRX TO GUVEYEC AVEAOYOV 7, TO 
TEGTOV Teds TO TETUETOV TeELTAUCLOVa ADYOV EXEL HEE TEOC 
tO deUtepov' 10 AB doa otepedv med¢ tO KO teitAaotova 
Oyo Eyer meg tO AB ned¢ tO EE. GAN’ wo 16 AB med¢ 
tO EE, ottw¢ 16 AH rapadAnddoypauuov med¢ 16 HK xol H 
AE cbd0eia nepd¢ thy EK: ote xa t6 AB otepedv med¢ TO 
KO teitdactova Adyov Exe Fnee 7 AE medc thy EK. toov 
dé tO [ueév] KO otepedv 16 TA otepeds, 7 de EK evdeta 
tf TZ xai t6 AB doa otepedv mpdc 10 TA otepedy tet 
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R 
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And since the two (straight-lines) KE and EL are 
equal to the two (straight-lines) CF and FN, but angle 
KEL is also equal to angle CF'N, inasmuch as AEG is 
also equal to CF'N, on account of the similarity of the 
solids AB and CD, parallelogram KL is thus equal [and 
similar] to parallelogram CN. So, for the same (reasons), 
parallelogram K M is also equal and similar to [parallel- 
ogram] C'R, and, further, EP to DF. Thus, three par- 
allelograms of solid KP are equal and similar to three 
parallelograms of solid CD. But the three (former par- 
allelograms) are equal and similar to the three opposite 
(parallelograms), and the three (latter parallelograms) 
are equal and similar to the three opposite (parallelo- 
grams) [Prop. 11.24]. Thus, the whole of solid KP is 
equal and similar to the whole of solid C.D [Def. 11.10]. 
Let parallelogram G'K have been completed. And let the 
the solids EO and LQ, with bases the parallelograms GK 
and KL (respectively), and with the same height as AB, 
have been completed. And since, on account of the sim- 
ilarity of solids AB and CD, as AE is to CF, so EG (is) 
to FN, and FH to FR [Defs. 6.1, 11.9], and CF (is) 
equal to EK, and F'N to EL, and FR to EM, thus as 
AE is to EK, so GE (is) to EL, and HE to EM. But, 
as AEF (is) to EK, so [parallelogram] AG (is) to paral- 
lelogram GK, and as GE (is) to EL, so GK (is) to KL, 
and as HE (is) to EM, so QE (is) to KM [Prop. 6.1]. 
And thus as parallelogram AG (is) to GK, so GK (is) 
to KL, and QE (is) to KM. But, as AG (is) to GK, so 
solid AB (is) to solid HO, and as GK (is) to KL, so solid 
OE (is) to solid QL, and as QE (is) to KM, so solid QL 
(is) to solid KP [Prop. 11.32]. And, thus, as solid AB 
is to FO, so EO (is) to QL, and QL to KP. And if four 
magnitudes are continuously proportional then the first 
has to the fourth the cubed ratio that (it has) to the sec- 
ond [Def. 5.10]. Thus, solid AB has to KP the cubed 
ratio which AB (has) to LO. But, as AB (is) to HO, so 
parallelogram AG (is) to GK, and the straight-line AE 
to EK [Prop. 6.1]. Hence, solid AB also has to KP the 
cubed ratio that AF (has) to EK. And solid KP (is) 
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TAaotova AGYov Eyet Aree YH OUdAOyos avtod TAcvEd 7 AE 
TES THY OVdAOYOY TAcVEdY THY TZ. 


B 


[1] 


CS) I 


M 


O 


Ta dou dUoLH oTEpSdX TACMAANAETITESA EV TeLTAdCLOVL 
LOY EoTl THY OUOADYwV TACUEGY? STEO Edel Seta. 


IIde1cue. 

‘Ex Of Tovtov gavepdv, OTL Ev TécoUpEc eLNEtan 
dvédAoyoy Gow, EOTAL W¢ N METH MEdS THY TETUETHY, OUTW 
TO UNO TH\¢ TEMTHS OTEpEOYV TAPAAANAETinEdOV TEOCS TO ATO 
Thc Seutépac TO GUOLoOV xal OLOtwWs avayeapduEvoy, ETElTEE 
HAL N MOOTH MES TH TEeTUETHY TELMAAGlova AGYOV ExeEL HEE 
TEOS Thy SEevTEPAy. 


dO’. 


Tv flowy otepediv TapahAnAetinédwv avtimetdvdaow 
at Ba&oetc toic Ueow xal Gv otepedyv taowdAnremimédwv 
avtnendvdaow at B&oetc totic Ueow, tow éotlv exeiva. 

"Eotw tow otepek napadAnrenineda ta AB, TA: Aévus, 
ou tév AB, TA otepeéiv napadAnAeminéduv &vtimetovOaow 
at Ba&oetc toic beow, xat Eotw wo HN EO Bdoug ted¢ thy 
NII Béow, ottw¢ t6 tod TA otepeod tog med¢ 16 tod AB 
otepeod oc. 

"Eotwouy yup TedtEpoy at Eyeatynxvian ot AH, EZ, AB, 
OK, I'M, NE, OA, IIP ned¢ de0uc totic Béoeow wdtéiv: 
AEYO, OTL Eotly > n EO Baoic ned¢ thy NII Baow, obtwe 
1 TM redc¢ thy AH. 

Et uev ov ton cotiv 7 EO Béow th NII Bae, got be 
xal to AB otepedy 65 TA otepeds toov, gota xol YIM tH 
AH ion. ta yao ONO 16 adtO Koc oTEpEk TaPAAANAETinEdaA 
TEOS HAANA EoTW W¢ al Bdoelc. xal Eota wo A EO Bdotc 
med¢ thy NII, obtw¢ 7 TEM red¢ thy AH, xol wavepdy, dt 
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equal to solid C'D, and straight-line EK to CF. Thus, 
solid AB also has to solid C'D the cubed ratio which its 
corresponding side AF (has) to the corresponding side 
CF. 


B O 
H Q 


M 


P 


Thus, similar parallelepiped solids are to one another 
as the cubed ratio of their corresponding sides. (Which 
is) the very thing it was required to show. 


Corollary 


So, (it is) clear, from this, that if four straight-lines are 
(continuously) proportional then as the first is to the 
fourth, so the parallelepiped solid on the first will be to 
the similar, and similarly described, parallelepiped solid 
on the second, since the first also has to the fourth the 
cubed ratio that (it has) to the second. 


Proposition 34' 


The bases of equal parallelepiped solids are recip- 
rocally proportional to their heights. And those paral- 
lelepiped solids whose bases are reciprocally proportional 
to their heights are equal. 

Let AB and CD be equal parallelepiped solids. I say 
that the bases of the parallelepiped solids AB and CD 
are reciprocally proportional to their heights, and (so) as 
base FH is to base NQ, so the height of solid CD (is) to 
the height of solid AB. 

For, first of all, let the (straight-lines) standing up, 
AG, EF, LB, HK, CM, NO, PD, and QR, be at right- 
angles to their bases. I say that as base FH is to base 
NQ, so CM (is) to AG. 

Therefore, if base E'H is equal to base NQ, and solid 
AB is also equal to solid CD, CM will also be equal to 
AG. For parallelepiped solids of the same height are to 
one another as their bases [Prop. 11.32]. And as base 
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tév AB, TA otepedsy napadAnAeminédwv avirendvdaow ati 
Bdoeic toic Upeow. 


A E ib N 


My éotw dy ton n EO Bou tH NIT Bdoet, ar’ Eotw 
uei@wv 7 EO. got be xal tO AB otepedv 165 TA otepeds 
foov' usitwv dea cotl xat 7 IM tij¢ AH. xelodw odv th 
AH ton 7 UT, xal ovuunenAnomodw and Bdoews yey tic 
NI, tdouc 8¢ tod VT, otepedv napadAnderinesov 16 OL. 
xa enet toov gotl 16 AB otepedy 16 TA otepes, E€wlev 5€ 
tO [®, tau be tow Ted¢ TO MVTO TOV AUTOV Exel AdYOV, EoTLV 
&ea wc TO AB otepedv npd¢ 16 [®@ otepedy, ottwe 16 TA 
otepeoyv Teds TO [@ otepedv. GAM’ Wo Uev TO AB otepedv 
tTed¢ TO '@ otepedy, ottw¢ n EO Baoic ned¢ thy NII Baow: 
too, yuo ta AB, [® otepek we 5¢ 16 TA otepedyv med¢ 
tO [® otepedv, ottwo AW MIT Baoug nedog thy TH Bdow 
xo AIM med¢ thy PT: xa wo doa 1 EO Bdoug ted¢ thy 
NII dow, ott 7 MLD node thy VT. ion 5¢ H PT tH AH 
xal ac doa i EO Bcoucg ned¢ thy NIT Baow, otbtw¢o 7 MT 
med thy AH. tv AB, TA dou otepeéiv rapadAnAeminédwv 
avinendvdaow at B&oetc totic teow. 

IIdAw 57 tev AB, TA otepediv napadkAnAeminédev avtt- 
Tetovwetwoav al Ba&oeic toic Beow, xal Eotw wo AH EO 
Baoug Teds thy NII Bdow, ottwe¢ 16 tot PA otepeot boc 
med¢ tO tov AB otepeod toc: AEyw, St toov Eotl t6 AB 
oteoeoyv 16) TA otepeds. 

"Eotwoay [yuo] néAw at Epeotynxuioan med¢ deVaC Tole 
Baceow. xal el uev ton cotiv n EO Béoic tH NIT Béoen, xat 
éotw w¢ i EO Béorg ted¢ thy NII Baow, ottw¢ tO tod 
TA otepeod thos med¢ 16 to} AB otepeod toc, toov dea 
éotl xal t6 tot TA otepeod Uiboc 16 tod AB otepeod brpet. 
ta OE ETl Lowy Pdoewy oTEpEd TAOMAANAETIMEdA xal ONO TO 
avto Bog tow HAAOIc Eotiv: toov dea Eotl T6 AB otepedv 
16 TA oteped). 

Mi gotw 54 H EO Béors tH NIL [Bdoet] ton, GA’ Zot 
ueiCwv i EO: uciFov &ea Eotl xal t6 tot TA otepeot boc 
tot tov AB otepecod touc, toutéotw 4 TM tic AH. 
xetodw tH AH ton nddw 7 UT, xot ovuunenAnomoda ouotwe 
tO [® otepedy. Enel Eotw wc i EO Bdorg ned¢ thy NII 
Baow, obtwo n MI ned¢ thy AH, fon de y AH tH IT, 
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EH (is) to NQ, so CM will be to AG. And (so it is) clear 
that the bases of the parallelepiped solids AB and CD 
are reciprocally proportional to their heights. 


H L 
A E C 


So let base EH not be equal to base NQ, but let EH 
be greater. And solid AB is also equal to solid CD. Thus, 
CM is also greater than AG. Therefore, let CT be made 
equal to AG. And let the parallelepiped solid VC’ have 
been completed on the base NQ, with height CT. And 
since solid AB is equal to solid CD, and CV (is) extrinsic 
(to them), and equal (magnitudes) have the same ratio to 
the same (magnitude) [Prop. 5.7], thus as solid AB is to 
solid CV, so solid CD (is) to solid CV. But, as solid AB 
(is) to solid CV, so base EH (is) to base NQ. For the 
solids AB and CV (are) of equal height [Prop. 11.32]. 
And as solid CD (is) to solid CV, so base MQ (is) to base 
TQ [Prop. 11.25], and CM to CT [Prop. 6.1]. And, thus, 
as base FH is to base NQ, so MC (is) to AG. And CT 
(is) equal to AG. And thus as base EH (is) to base NQ, 
so MC (is) to AG. Thus, the bases of the parallelepiped 
solids AB and CD are reciprocally proportional to their 
heights. 

So, again, let the bases of the parallelepipid solids AB 
and CD be reciprocally proportional to their heights, and 
let base FH be to base NQ, as the height of solid CD (is) 
to the height of solid AB. I say that solid AB is equal to 
solid CD. [For] let the (straight-lines) standing up again 
be at right-angles to the bases. And if base F'H is equal 
to base NQ, and as base FH is to base NQ, so the height 
of solid CD (is) to the height of solid AB, the height of 
solid CD is thus also equal to the height of solid AB. 
And parallelepiped solids on equal bases, and also with 
the same height, are equal to one another [Prop. 11.31]. 
Thus, solid AB is equal to solid CD. 

So, let base EH not be equal to [base] NQ, but let 
EH be greater. Thus, the height of solid CD is also 
greater than the height of solid AB, that is to say CM 
(greater) than AG. Let CT again be made equal to AG, 
and let the solid CV have been similarly completed. 
Since as base EH is to base NQ, so MC (is) to AG, 


N 
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éotw doa wo n EO Baoug ned¢ thy NII Baow, obtwo n PM 
neds TAVI'T. GA’ wo ev 7 EO [Bédorc] med¢ thy NII Béow, 
otwo TO AB otepsdv nepd¢ 16 [@ otepedv: tooth yuo 
éott ta AB, [® otepe& we bE HTM nped¢ thy VT, ottwe 
nH te MIL Baoug npd¢ thy HT Bdow xol to TA otepedv 
med¢ T0 [@ otepedv. xal wc doa to AB otepedv Ted¢ TO 
T'@ otepedv, ottwo 10 TA otepedv mepd¢ 10 [® otegedv: 
exctepov doa téiv AB, TA medc 16 P@ tov adtov Eyer 
oyov. toov dou Eotl t6 AB otepedy 165 TA oteped). 


kK B 


P 


M li 


My Eotwoay di) ot EQeotynxvia at ZE, BA, HA, KO, 
EN, AO, MI, PI red¢ deduc taiig Baoeow adtév, xa 
HYVwouy and tv Z, H, B, K, &, M, P, A onuetwv exi 
ta Sta THY EO, NII exineda x&Vetor xat ovuBarAstwoav 
toicg emmédoig xata te U, T, T, &, X, VY, O, ¢, xo ovp- 
TeTAnoMo vu Ta ZP, EO oteped AEyw, Ott xal OUTS towv 
dvtwv tv AB, TA otepediv avtnendvdaow at Ba&oetc totic 
bheow, xal Eotw wo 7 EO Baow medc thy NII Baow, ottw¢ 
to tov TA otepeot tibocg med¢ 16 tod AB otepeod Uo. 

‘Exel toov ott to AB otepedv 16 TA otepeds, GAAG TO 
uev AB 163 BT éotw ioov: ent te yap tic adtiic Bdoews 
eiot thc ZK xol bn6 TO adTO Bhoc: 16 6€ TA otepedy té5 
AW éotw foov: ent te yuo néAW Tic WTI¢ Bkoeus elot Tic 
PE xal Und 16 adtO Bho xal t6 BT &pa otepedv 16 AV 
oteped) loov Eotiv. gotw doa wo H ZK Baoug ned¢ Thy EP 
Baow, ottw¢ TO tod AW otepeot toc med¢ 16 tod BT 
otepeod Uo. ton dé H YEv ZK Bdorc tH HO Bdoe, n dE 
EP Bdorg th NII Bdoer Eotw doa wo 7 EO Bdoic med¢ thy 
NII Béow, ottwe 16 to} AW otegeot tog ned¢ 16 tot BT 
otepcod boc. Ta 8’ aUTH UH Eotl tv AW, BT otepediv 
xa tv AT, BA: Zotw dea we 7 EO Béoug ned¢ thy NI 
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and AG (is) equal to CT, thus as base F'H (is) to base 
NQ, so CM (is) to CT. But, as [base] LH (is) to base 
NQ, so solid AB (is) to solid CV. For solids AB and CV 
are of equal heights [Prop. 11.32]. And as C'M (is) to 
CT, so (is) base MQ to base QT [Prop. 6.1], and solid 
C'D to solid CV [Prop. 11.25]. And thus as solid AB (is) 
to solid CV, so solid CD (is) to solid CV. Thus, AB and 
CD each have the same ratio to CV. Thus, solid AB is 
equal to solid C'D [Prop. 5.9]. 


K B 
G F 
L, 

HOH i 
A 
T E Ng 
a 
D P| \w 
N 
O Y 
R Q Nx 
M C 


So, let the (straight-lines) standing up, FE, BL, GA, 
KH, ON, DP, MC, and RQ, not be at right-angles to 
their bases. And let perpendiculars have been drawn to 
the planes through EH and NQ from points F’, G, B, K, 
O, M, R, and D, and let them have joined the planes at 
(points) S, T,U, V, W, X, Y, and a (respectively). And 
let the solids FV and OY have been completed. In this 
case, also, I say that the solids AB and CD being equal, 
their bases are reciprocally proportional to their heights, 
and (so) as base FH is to base NQ, so the height of solid 
CD (is) to the height of solid AB. 

Since solid AB is equal to solid CD, but AB is equal 
to BT. For they are on the same base F’K’,, and (have) the 
same height [Props. 11.29, 11.30]. And solid CD is equal 
is equal to DX. For, again, they are on the same base RO, 
and (have) the same height [Props. 11.29, 11.30]. Solid 
BT is thus also equal to solid DX. Thus, as base F’K (is) 
to base OR, so the height of solid DX (is) to the height 
of solid BT (see first part of proposition). And base Fk 
(is) equal to base EH, and base OR to NQ. Thus, as 
base FH is to base NQ, so the height of solid DX (is) to 
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Baow, ota 16 tob AT otepeot tpoc med¢ 16 tod AB ote- 
ecov Uyoc. tév AB, TA dou otepeéiv napadAnreminédwv 
avtnendvdaow at B&oetc totic beow. 

IldAw 87 tev AB, TA otepedv napadkAnAeminédev cvtt- 
Tetovetwoauv al Ba&oetc toic Beow, xal Eotw wc 7 EO 
Baoug Teds thy NII Baow, ottwe¢ 16 tot PA otepeot boc 
med¢ TO tov AB otepeod boc: AEyw, St toov Eotl T6 AB 
otepeoy 16) TA otepeds. 

Tv yao avtéy xataoxevacVEevtwy, Enel Cot ac n EO 
Bdoug Teds thy NII Bdow, ottw¢ 16 tot TA otepeot boc 
med¢ tO tov AB otepeod boc, ton 5€ 7 UEv EO Béorc tH 
ZK Béoe, 7 Se NIT th EP, gotw doa We H ZK Bcoug ned¢ 
thy EP Béow, ottwe tO told TA otepeoti Uhog med¢ tO 
tot AB otepeot boc. ta 8 adta BH Eotl tv AB, TA 
otepeiv xal tv BT, AW: Eotw doa wo n ZK Bedoig ned¢ 
thy EP Béow, ottwe 16 toh AW otepod tog med¢ tO tO 
BT otepeod boc. tv BT, AV doa otepetiv mapadkAnAe- 
Tunédwv aviirerdvdaow at Bdoetc tots Ueow: toov doa Eotl 
to BT otepeov 16 AW oteped). GhAd 10 uev BT 16 BA 
toov éotty: ext te yuo tic adTHc Bose [eiot] tho ZK xal 
ONO TO AUTO Bog. TO 5 AW otepedv 16 AT otepeds toov 
éotlv. xal tT AB doa otepedv té3 TA oteped) Eotw toov: 
Onee Eder Seiea. 
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the height of solid BT. And solids DX, BT are the same 
height as (solids) DC, BA (respectively). Thus, as base 
EH is to base NQ, so the height of solid DC (is) to the 
height of solid AB. Thus, the bases of the parallelepiped 
solids AB and CD are reciprocally proportional to their 
heights. 

So, again, let the bases of the parallelepiped solids 
AB and CD be reciprocally proportional to their heights, 
and (so) let base EH be to base NQ, as the height of 
solid C'D (is) to the height of solid AB. I say that solid 
AB is equal to solid CD. 

For, with the same construction (as before), since as 
base FH is to base NQ, so the height of solid CD Cis) to 
the height of solid AB, and base F'H (is) equal to base 
FK, and NQ to OR, thus as base F’'K is to base OR, 
so the height of solid C'D (is) to the height of solid AB. 
And solids AB, CD are the same height as (solids) BT, 
DX (respectively). Thus, as base F'K is to base OR, so 
the height of solid DX (is) to the height of solid BT. 
Thus, the bases of the parallelepiped solids BT and DX 
are reciprocally proportional to their heights. Thus, solid 
BT is equal to solid DX (see first part of proposition). 
But, BT is equal to BA. For [they are] on the same base 
FK, and (have) the same height [Props. 11.29, 11.30]. 
And solid DX is equal to solid DC [Props. 11.29, 11.30]. 
Thus, solid AB is also equal to solid CD. (Which is) the 
very thing it was required to show. 


+ This proposition assumes that (a) if two parallelepipeds are equal, and have equal bases, then their heights are equal, and (b) if the bases of 


two equal parallelepipeds are unequal, then that solid which has the lesser base has the greater height. 


Ke’. 


‘Ey Got obo ywvion entredor tom, ent S& T&v xo- 
eLEdy avutdyv vetéwoot cvdeioa EmrotadHow toac ywviac 
TEeleyovoa yETa Tév E€ doyfic cbVerdv Exatéoav Exatéea, 
Ett OE TEV UETEWOWY ANPDA TUYOVTA oNEIA, xa dm” KUTEY 
emt ta enineda, Ev ol¢ elow at €€ doyfic ywvian, xdVetor 
ayddouw, and bé Tv Yevouevov onuslwv Ev Toic EmImEd0I¢ 
etl tac €€ dpyfic Ywviac EniCevyDGow evvdeta, toa ywoviac 
TEPLECOVOL METH THY UETEWOUY. 

"Eotwoav S00 ywovian ev0bypauuot fom at bnd BAT, 
EAZ, ono dé tév A, A onuciov uetéwoot evdeta Epeotat- 
woav at AH, AM toucg ywviac mepiéyovuow Uet& tiv e€ 
doyic evderv exatéeav exatéeg, thy uev Und MAE tf 
ono HAB, thy de bn0 MAZ ty tno HAT, xal citfgdw 
emt tv AH, AM tvuydvta onueia te H, M, xal HyIwoav 
ano tv H, M onuetov ent td did THv BAT, EAZ éxtneda 
xadeto. ot HA, MN, xat ovpBorrAétwoav toic emnédotc 
xata ta A, N, xol eneTevy0wouv ai AA, NA° déyw, Sti ton 
gotly 7 UnO HAA ywvia tH bnd MAN yoovig. 


Proposition 35 


If there are two equal plane angles, and raised 
straight-lines are stood on the apexes of them, containing 
equal angles respectively with the original straight-lines 
(forming the angles), and random points are taken on 
the raised (straight-lines), and perpendiculars are drawn 
from them to the planes in which the original angles are, 
and straight-lines are joined from the points created in 
the planes to the (vertices of the) original angles, then 
they will enclose equal angles with the raised (straight- 
lines). 

Let BAC and EDF be two equal rectilinear angles. 
And let the raised straight-lines AG and DM have been 
stood on points A and D, containing equal angles respec- 
tively with the original straight-lines. (That is) MDE 
(equal) to GAB, and MDF (to) GAC. And let the ran- 
dom points G and M have been taken on AG and DM 
(respectively). And let the GL and MN have been drawn 
from points G and M perpendicular to the planes through 
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Ketodw ti AM ton 7 AO, xal HyDw Sia to O onueiou 
tf, HA napdrdrnroc 7 OK. 9 dE HA xdVetd¢ Eotw Eri tO 
dia tv BAT extnedov: xal 7 OK dow xadetd¢ Eottv Ext TO 
dia tv BAL eEninedov. Hydwouy and tév K, N onuetov 
ext tac AT, AZ, AB, AE cddetac x&0etor at KT, NZ, KB, 
NE, xal eneCedyDwoav ai OL, TB, MZ, ZE. éxet tO ano 
tic OA toov gol toic and TV OK, KA, 165 5é and tic KA 
fou cotl ta dnd tev KT, TA, xal to and tic OA doa toov 
éotl toic and tév OK, KT, TA. toic 6€ dnd tv OK, KT 
fooy Eotl 10 and tic OL 16 dpa dnd tic OA toov Eotl toic 
ano tév OL, TA. 6007 &pa eotlv n On6 OTA ywovia. Sid te 
avte Sh xal NY Und AZM ywvia de0% eotw. ton doa Eotiv 
n bro ATO ywvia tH Und AZM. got dé xal A Und OAT 
tf 0nd MAZ ion. d5b0 5h tetywva Eott ta MAZ, OAT dv0 
yoviag duol ywviaic tou Eyovta Exateoav Exatéog xa utorv 
TACUEAY ULE TALES tony Thy LmotEtvovoay UNO Ulav Tov 
fowy ywwdiv thy OA tH MA: xa tac Aoimds Kea TAEVEdC 
toiic Aowmolic mAcUPdic touc EEer Exatépav Exapgoa. ton doa 
cot 7 AD ti AZ. ouolwe dh SetEouev, ou xal A AB ti 
AE éow ‘on. Enel odv ton Eotlv H uev AT tH AZ, fH SE 
AB tf AE, 500 57 ot TA, AB duol totic ZA, AE iow ciotv. 
GAd xal ywvia n Ord TAB ywvia tH bnd ZAE Eotw ion: 
Baoig doa 7 BI Bdoet tH EZ ton coti xal 10 tetywvov 16 
ToLyYOva xal at AoiTal ~wvlat tolic Aoimoig Ywwvloic: ton doa 7 
ono ATB yovia tH Und AZE. gout 5€ xai ded} H Uno ATK 
op0f tH Und AZN ‘for: xat Aoi? Koa H UNO BLK AoinF tH 
vn EZN éotw ton. die Ta HUTA OH xa WY UNO PBK tH Uno 
ZEN gow ion. S00 Sf telywve Eott te BIK, EZN [tu&c] 
S00 yeviag Svol yeviouc loucg Eyovta Exatépav Exatéog xatl 
ulav TAEVEdY WL TACUES tony Thy TEd¢ Tolig Toog Ywviauc 
thy BL th EZ: xot tac Aowmdc doa TAEVEKC Tollg AoLMailc 
TAEupdic toug EEouow. ton koa Eotiv n TK tH ZN. Eotr 5é 
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BAC and EDF (respectively). And let them have joined 
the planes at points L and N (respectively). And let LA 
and ND have been joined. I say that angle GAL is equal 
to angle MDN. 

G 


H 

JL 

vs 
K 


G 


Let AH be made equal to DM. And let HK have been 
drawn through point H parallel to GL. And GL is per- 
pendicular to the plane through BAC. Thus, HK is also 
perpendicular to the plane through BAC [Prop. 11.8]. 
And let KC, NF, KB, and NE have been drawn from 
points k and N perpendicular to the straight-lines AC, 
DF, AB, and DE. And let HC, CB, MF, and FE have 
been joined. Since the (square) on HA is equal to the 
(sum of the squares) on HK and KA [Prop. 1.47], and 
the (sum of the squares) on KC and CA is equal to the 
(square) on KA [Prop. 1.47], thus the (square) on HA 
is equal to the (sum of the squares) on HK, KC, and 
CA. And the (square) on HC is equal to the (sum of 
the squares) on HK and KC [Prop. 1.47]. Thus, the 
(square) on HA is equal to the (sum of the squares) 
on HC and CA. Thus, angle HCA is a right-angle 
[Prop. 1.48]. So, for the same (reasons), angle DFM 
is also a right-angle. Thus, angle AC'H is equal to (an- 
gle) DFM. And HAC is also equal to MDF’. So, MDF 
and HAC are two triangles having two angles equal to 
two angles, respectively, and one side equal to one side— 
(namely), that subtending one of the equal angles —(that 
is), HA (equal) to MD. Thus, they will also have the re- 
maining sides equal to the remaining sides, respectively 
[Prop. 1.26]. Thus, AC is equal to DF’. So, similarly, we 
can show that AB is also equal to DE. Therefore, since 
AC is equal to DF’, and AB to DE, so the two (straight- 
lines) CA and AB are equal to the two (straight-lines) 
FD and DE (respectively). But, angle CAB is also equal 
to angle FDE. Thus, base BC is equal to base EF, and 
triangle (ACB) to triangle (DFE), and the remaining 
angles to the remaining angles (respectively) [Prop. 1.4]. 
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nal A AD t¥ AZ ton: S00 SF ai AT, PK dvoi totic AZ, ZN 
fou elotv: xal devdc ywvlacg nepiéyovow. Bdotc doa n AK 
Béoet tH AN ton Eotiv. xal Exel ton Eotlv n AO tH AM, 
toov Eotl xal 10 dnd tic AO 16 and tic AM. GAAG 1H YEV 
ano thc AO tou goti ta dnd téHvV AK, KO: de0H yuo 7H bn 
AKO: 16 6€ and thc AM tou t& and tév AN, NM: de0% 
yoo n Und ANM: t& dpa and tHv AK, KO toa Eotl tic 
ano tév AN, NM, @v 16 and tij¢ AK toov éotl 16 and tic 
AN: doindy bea TO &nO Tio KO toov Eotl 16 and thc NM: 
ton toa 7 OK tH MN. xol exet S00 at OA, AK duo taiic 
MA, AN tou cioiv exatéea exatéoa, xa Boos 7 OK Baoer 
tf, MN édetydn fon, yovia dea A UNO OAK yuwvig tf O20 
MAN éow ton. 

"Ev dea Gor Sv ywvion Extredot foo xol tk ECi¢ TiH¢ 
meothoews [nee eSer Seizau]. 


IIde1oua. 

‘Ex 57) ToUtTOU Pavepoy, OTL, EXV Dot OVO ywvion Eximedot 
fom, Emrotavdésor dé En’ adtHV YUETEweot cdVeEton too toa 
yovlag Tepleyovoa Weta Tov € dpyfic cvVelev Exatépav 
EXATEOA, al AN AVTEV xdVETOL aYOUEVOU Em TH Entmeda, Ev 
oic ciow at €€ doyic ywvlou, foo GAAHAac clotv. Smee Eder 
Seteou. 


Ae. 


‘Edy teeic cvudetar avddoyov Gow, TO Ex THY TELodY 
otepeov TapadAnAerinedov toov Eotl té) ANO Thc YEON 
OTEPEG) TUPUAANAETUNESW loomAcbew LEV, looywviw sé TO 
TPOSLONUEVYD. 


ELEMENTS BOOK 11 


Thus, angle ACB (is) equal to DFE. And the right-angle 
ACK is also equal to the right-angle DF.N. Thus, the 
remainder BC'K is equal to the remainder EF'N. So, 
for the same (reasons), CBK is also equal to FEN. 
So, BCK and EF are two triangles having two an- 
gles equal to two angles, respectively, and one side equal 
to one side—(namely), that by the equal angles—(that 
is), BC (equal) to EF’. Thus, they will also have the re- 
maining sides equal to the remaining sides (respectively) 
[Prop. 1.26]. Thus, C'K is equal to FN. And AC (is) also 
equal to DF. So, the two (straight-lines) AC and CK are 
equal to the two (straight-lines) DF’ and F'N (respec- 
tively). And they enclose right-angles. Thus, base AK is 
equal to base DN [Prop. 1.4]. And since AH is equal to 
DM, the (square) on AH is also equal to the (square) on 
DM. But, the the (sum of the squares) on AK and KH 
is equal to the (square) on AH. For angle AKA (is) a 
right-angle [Prop. 1.47]. And the (sum of the squares) 
on DN and NM (is) equal to the square on DM. For an- 
gle DN M (is) a right-angle [Prop. 1.47]. Thus, the (sum 
of the squares) on AK and Kd is equal to the (sum of 
the squares) on DN and NM, of which the (square) on 
AK is equal to the (square) on DN. Thus, the remaining 
(square) on KH is equal to the (square) on NM. Thus, 
HK (is) equal to MN. And since the two (straight-lines) 
HA and AK are equal to the two (straight-lines) MD 
and DN, respectively, and base Hk was shown (to be) 
equal to base MN, angle HAK is thus equal to angle 
MDN [Prop. 1.8]. 

Thus, if there are two equal plane angles, and so on 
of the proposition. [(Which is) the very thing it was re- 
quired to show]. 


Corollary 


So, it is clear, from this, that if there are two equal 
plane angles, and equal raised straight-lines are stood 
on them (at their apexes), containing equal angles re- 
spectively with the original straight-lines (forming the 
angles), then the perpendiculars drawn from (the raised 
ends of) them to the planes in which the original angles 
lie are equal to one another. (Which is) the very thing it 
was required to show. 


Proposition 36 


If three straight-lines are (continuously) proportional 
then the parallelepiped solid (formed) from the three 
(straight-lines) is equal to the equilateral parallelepiped 
solid on the middle (straight-line which is) equiangular 
to the aforementioned (parallelepiped solid). 
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‘e) Kk 
OOD 
M A Z E 
A 
B 
Te 


"Eotwouy tesic ebdeian dvédoyoy ot A, B, PT, ac H A 
Teds THY B, obtwo HB red¢ THY T° Ayu, OTL TO Ex THY 
A, B, I otepedv toov gotl 16 and tic B otepes) iconAcvow 
UEV, looywviad Se 1G) TEOSLONUEVYD. 

‘Exxetodm oteped ywvia f medc 6) E nepieyouevy Uno 
tév bro AEH, HEZ, ZEA, xai xetodw tH uev B ton excotn 
tév AE, HE, EZ, xol ouynerAnomodw 16 EK otepedv ma- 
eaAAnAeninedoy, tH dé A ton 7 AM, xol ouveotdéte med¢ 
th AM evveta xal 16 med¢ aUTY oNetea 16 A TH TEdS TE 
E otepe% ywvia ton oteoed ywvia n mepetyouevy UNO Tév 
NAS, ZAM, MAN, xai xelodw tYj uev B ton HAE, tH 5 
T ton 7 AN. xa enet cotw wc 7 A mpd¢ Thy B, odtw¢ H B 
medc tHY T, ton 6€ H UEv A tH AM, 1 Oé B exatéog tév AZ, 
EA, 74 dé T tH AN, Zotw doa Ho 7 AM npd¢ thy EZ, ottw¢ 
n AE npdc thy AN. xol rept toug ywviag tac bnd NAM, 
AEZ at mAcveal &vtunerdévbaow: foov doa gott tO MN xa- 
CHAAANACYeauUOY t6) AZ ropahAnroyeoucuU. xol Exel 500 
yovia exinedor ceb00yeauot fom ciolv at nd AEZ, NAM, 
xa én’ adtv yetéweot evdeta epeotaow at AE, EH tom 
te GAAVAa xa toug Ywviag Neeleyovom UETa THY EE dpY Fic 
evvelisv ExaTéoay ExaTéea, al doa dnd tév H, & onuetwv 
xadetor ayouevan ent Ta Sia tv NAM, AEZ éexineda too 
GAVAas Elotv’ Bote Te AO, EK otepedk Und 16 adtO Bho 
éotly. Tu O€ Ext lowv Pdoewy oTEpEd NAPAAANAETITEdSA xaUl 
UNO TO adTO Bog tow GAAHAOIs Eotiv: oov doa Eotl T6 OA 
otepeov 16) EK otepeds. “at gout 10 uev AO 10 Ex Hv A, 
B, I’ otepedéy, to 6¢ EK 10 ano tic B otepedv: 16 dou Ex 
tév A, B, TP otepedv napaddndeninedov toov eotl 16 ano 
tic B otepeG toomhevew UEV, looywvle SE TG TEOELONUEVED 
Onee Eder Seiza. 


dO. 


‘Edy técoapes cudeta avedoyov Gow, xal Ta an’ HUToY 
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Let A, B, and C be three (continuously) proportional 
straight-lines, (such that) as A (is) to B, so B (is) to C. 
I say that the (parallelepiped) solid (formed) from A, B, 
and C is equal to the equilateral solid on B (which is) 
equiangular with the aforementioned (solid). 

Let the solid angle at F, contained by DEG, GEFP, 
and F'ED, be set out. And let DE, GE, and EF each 
be made equal to B. And let the parallelepiped solid 
EK have been completed. And (let) LM (be made) 
equal to A. And let the solid angle contained by NLO, 
OLM, and MLN have been constructed on the straight- 
line LM, and at the point L on it, (so as to be) equal 
to the solid angle E [Prop. 11.23]. And let LO be made 
equal to B, and LN equal to C. And since as A (is) 
to B, so B (is) to C, and A (is) equal to LM, and B 
to each of LO and ED, and C to LN, thus as LM (is) 
to EF, so DE (is) to LN. And (so) the sides around 
the equal angles NLM and DEF are reciprocally pro- 
portional. Thus, parallelogram MN is equal to parallel- 
ogram DF [Prop. 6.14]. And since the two plane recti- 
linear angles DEF and NLM are equal, and the raised 
straight-lines stood on them (at their apexes), LO and 
EG, are equal to one another, and contain equal angles 
respectively with the original straight-lines (forming the 
angles), the perpendiculars drawn from points G and O 
to the planes through NLM and DEF (respectively) are 
thus equal to one another [Prop. 11.35 corr.]. Thus, the 
solids LH and EK (have) the same height. And paral- 
lelepiped solids on equal bases, and with the same height, 
are equal to one another [Prop. 11.31]. Thus, solid HL 
is equal to solid EA. And LH is the solid (formed) from 
A, B, and C, and EK the solid on B. Thus, the par- 
allelepiped solid (formed) from A, B, and C is equal to 
the equilateral solid on B (which is) equiangular with the 
aforementioned (solid). (Which is) the very thing it was 
required to show. 


Proposition 37% 


If four straight-lines are proportional then the similar, 
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OTEPER TACAAANAETI TESA OUOLE TE Kal OLOLWs avaYeAPduEVaL 
avéAoyoy gota xal Edv TA an aUTHY OTEPEd TAPOAAN- 
Aetineda SUOLd Te Kol OUOlWs avaAypAPdUEVa avdrovov 7H, 
xal aotal at cevVeta avdAoyov Eoovtat. 


SD ene 
A B r A 
N 
M 7 | 
E Z 
H ie) 


"Eotwouy téooapec evUeia avdédoyov at AB, TA, EZ, 
HO, o¢ 7 AB npd¢ thy TA, obtw¢ H EZ ned¢ thy HO, xa 
avayeyed~twouy and tév AB, TA, EZ, HO duok te xai 
Ouotws xeiueva oteped TapaAANAETineda Ta KA, AD, ME, 
NH: Aéyo, étt Eotly Wc TO KA npd¢ 16 AT, otwo t6 ME 
medo¢ tO NH. 

‘Enel yup duotdy gott TO KA otepedv rapadAnrentnedov 
16 AT, 16 KA dea ned¢ 160 AL toitAaotova Adyov Eyer free 
7 AB red thy TA. die te MOTH BY xal TO ME med¢ t6 NH 
ToimAactova Advov Eye Aree n EZ nodc thy HO. xat cotw 
a> 7) AB med¢ thy TA, ottwc A EZ nepd¢ thy HO. xal we 
&ea to AK nedc 16 AT, o}two tO ME med¢ 16 NH. 

AdA& BH Eotw Go TO AK otepedv med¢ 16 AT otepedy, 
ovtwc TO ME otepeov mepdc to NH: Aéyoo, 6tt EoTW wo 7 
AB evveta med¢ thy TA, obtw¢ 7 EZ ned thy HO. 

‘Enel yuo médkw 10 KA med¢ 16 AT teitAaotova Ad6yov 
éyet Hneo n AB mode thy TA, Eyer 6€ xal t6 ME med¢ 10 
NH teirkactova Adyov mee n EZ neoc thy HO, xat cotw 
a> 70 KA npd¢ 10 AT, ottw¢ T6 ME ned¢ 16 NH, xa we 
goa y AB npdc thy TA, ottwe< n EZ ned thy HO. 

"Eay oa técoapec evVein dvdAOYOV Bor xal ta E€fc 
Tic Meothoewc’ Smee Eder Sete. 
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and similarly described, parallelepiped solids on them 
will also be proportional. And if the similar, and similarly 
described, parallelepiped solids on them are proportional 
then the straight-lines themselves will be proportional. 


SH SH 
A B Cc D 
N 
| | | 
E F 
G H 


Let AB, CD, EF, and GH, be four proportional 
straight-lines, (such that) as AB (is) to CD, so EF (is) 
to GH. And let the similar, and similarly laid out, par- 
allelepiped solids KA, LC, ME and NG have been de- 
scribed on AB, CD, EF, and GH (respectively). I say 
that as kK A is to LC, so ME (is) to NG. 

For since the parallelepiped solid K A is similar to LC, 
KA thus has to LC the cubed ratio that AB (has) to CD 
[Prop. 11.33]. So, for the same (reasons), M/E also has to 
NG the cubed ratio that EF (has) to GH [Prop. 11.33]. 
And since as AB is to CD, so EF (is) to GH, thus, also, 
as AK (is) to LC, so ME (is) to NG. 

And so let solid AK be to solid LC, as solid ME (is) 
to NG. I say that as straight-line AB is to CD, so EF (is) 
to GH. 

For, again, since KA has to LC the cubed ratio that 
AB (has) to CD [Prop. 11.33], and ME also has to NG 
the cubed ratio that EF (has) to GH [Prop. 11.33], and 
as kK A isto LC, so ME (is) to NG, thus, also, as AB (is) 
to CD, so EF (is) to GH. 

Thus, if four straight-lines are proportional, and so 
on of the proposition. (Which is) the very thing it was 
required to show. 


+ This proposition assumes that if two ratios are equal then the cube of the former is also equal to the cube of the latter, and vice versa. 


M1. 

‘Eay x0Bou tv anevavtiov emmédwv al mAcveal Siya 
TUNIGow, Sic SE Tév ToUdy Eentreda exBANYF, 7H xow? tour 
TOY emimédsuov xal n ToD xvBov SidueToeO Siya tTéUVOUOL 
OAH Aa. 


Proposition 38 


If the sides of the opposite planes of a cube are cut 
in half, and planes are produced through the pieces, then 
the common section of the (latter) planes and the diam- 
eter of the cube cut one another in half. 
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Kv0Bovu yae tot AZ tv dnevavtiov erinédwv tov CZ, 
AO at tAcveal Stya tetufoIwouy xate Ta K, A, M, N, &, 
II, O, P onucia, die Se tov toudy Exineda ExBeBAhoVu ta 
KN, EP, xowy be touy tév Exinédwv Eotw A TU, tov dé 
AZ xbBovu siayavog A AH. AEyw, Sti ton Eotlv H UEv TT 
tf TX, 7 6¢ AT tH TH. 

"EneCevydwoav yao oat AY, TE, BU, UH. xati Exel 
TapgANAds cotw n AE ti OE, at Evarrde ywvion at bro 
AEY, TOE tom aAhAac elotv. xal enel fon cotly A Yev 
AE ti OE, 7 5 ZT tH TO, xal yeovlac tou nepréyovow, 
Baoug doa 7 AY tH TE eotw ton, xai t AZT toetywvov 16 
OTE tetyove cot toov xal at Aowtal ywvlou tolic Aoumoiic 
yoviac toa ton doa Ah UNO ETA ywovia tH Und OTE yeovia. 
Ste 57) totto cbVeid Eotw H ATE. Sid td wdTH 6H xl BUH 
evvei& cotw, xal ton 7 BU th UH. xol enet n PA tH AB 
fon Eotl xal maedAAnAoc, GAAG WTA xal tf EH ion té 
éott xal TapdAAndoc, xal 7 AB &pa tH EH ton té cot 
xa TapdrAnArog. xal emCevywwouow adtac evdeta at AK, 
BH: rapddAnroc dea Eotily 7 AE ti BH. ton doa H ev bn 
EAT yovia tH 0nd BHT: évadrde yéo: 9 bE Und ATTY tH 
ond HTX. d00 of tetywvd ott te ATY, HTD ta dv 
yuviag toiig Svol ywviaic loa Eyovta xal uloav TATVEdY We 
TAcue& tony Thy UToTEtvoucay LTO Ulav Té&v lowy ywwlddy 
thy AY tH HE: qyioeim yde cio. tv AE, BH: xol tac 
Aoindc TAEvEac tol¢ Aotndiic TAcUPAIc touc Ear. ton dou 7H 
yev AT tH TH, 4 6e YT tH TX. 

"Eay Goa KUBOu téSv anevavtioy Eminédwv al TAcveal Sixa. 
TUNIBow, Sie Se Tv TOUS Extreda exBANDA, A xow? touny 
TOV ETinedsov xal A tol x0Bou SiduEteoc Siya TéUvOUOLW 
GhAnrac Sree eer Seta. 
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For let the opposite planes CF’ and AH of the cube 
AF have been cut in half at the points K, L, M, N, O, 
Q, P, and R. And let the planes kK N and OR have been 
produced through the pieces. And let US be the common 
section of the planes, and DG the diameter of cube AF’. 
I say that UT is equal to TS, and DT to TG. 

For let DU, UE, BS, and SG have been joined. And 
since DO is parallel to PE, the alternate angles DOU and 
UPE are equal to one another [Prop. 1.29]. And since 
DO is equal to PE, and OU to UP, and they contain 
equal angles, base DU is thus equal to base UE, and tri- 
angle DOU is equal to triangle PU EF, and the remaining 
angles (are) equal to the remaining angles [Prop. 1.4]. 
Thus, angle OUD (is) equal to angle PUE. So, for this 
(reason), DUE is a straight-line [Prop. 1.14]. So, for 
the same (reason), BSG is also a straight-line, and BS 
equal to SG. And since CA is equal and parallel to DB, 
but CA is also equal and parallel to EG, DB is thus also 
equal and parallel to EG [Prop. 11.9]. And the straight- 
lines DE and BG join them. DE is thus parallel to BG 
[Prop. 1.33]. Thus, angle EDT (is) equal to BGT. For 
(they are) alternate [Prop. 1.29]. And (angle) DTU (is 
equal) to GT'S [Prop. 1.15]. So, DTU and GTS are two 
triangles having two angles equal to two angles, and one 
side equal to one side—(namely), that subtended by one 
of the equal angles—(that is), DU (equal) to GS. For 
they are halves of DE and BG (respectively). (Thus), 
they will also have the remaining sides equal to the re- 
maining sides [Prop. 1.26]. Thus, DT (is) equal to TG, 
and UT to TS. 

Thus, if the sides of the opposite planes of a cube are 
cut in half, and planes are produced through the pieces, 
then the common section of the (latter) planes and the 
diameter of the cube cut one another in half. (Which is) 
the very thing it was required to show. 
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rV’. 
"Edy 7) 600 Totouata tooth, xal TO uev Eyxf| Bdow ma- 
PXAANAGYEALUOY, TO SE TElLywvoy, diTAcOLOV bE f TO TACAA- 
ANAOYEAULOY To TeLyavon, low Eota Ta TeloyaTta. 


B A 


(1] 
i 
Z 


A I 


E Z H K 

"Eotww dvo0 netoyata toot te ABTAEZ, HOKAMN, 
xal TO yev eyétw Béow tO AZ napaddAnddyeayyov, tO 
dé 10 HOK tolywvoy, ditAcowov 6€ Eotw TO AZ tapar- 
Andoyeauoy tol HOK teiyovou: AEyw, Sti toov Eotl TO 
ABLAEZ netoua 174 HOKAMN roiouatt. 

LuyrerAnowoda yoo tu AE, HO oteped. Enel SumAcovdv 
éott T0 AZ naparAnddypauwoyv tol HOK teryovou, gott 
dé xal TO OK raparkAnddyeauov dsitAcowov to) HOK 
Toery@vou, toov doa gotl 16 AZ raparAnrdyeauuoy 165 OK 
TUPUAANAOYEUUNG. TH bE El lowy BPdoewv Ovta otTEESd& 
TapadAnAerineda xal OO TO aT Uibos tow GAAVAOI Eotiv: 
foov dea Eotl tO AE otepeov 16) HO otepeds. nat éotr 
tot uév AE otepecod yutov to ABLTAEZ netoya, tod dé 
HO otepeobd yutov to HOKAMN nroetoua toov dea éotl TO 
ABYAEZ zetoua 14 HOKAMN roitouat. 

"Ev doa 7 S00 Telouata tloodipi, xal TO ev Ex Bdow 
TAPAXAANAOYEAULOV, TO SE Telywvov, SimAcOLOV OE Ff TO TA- 
PXAANADYEAULOY TOD TeLyavon, loa Eotl Ta TeicuATa STEE 
Eder Seizau. 
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Proposition 39 


If there are two equal height prisms, and one has a 
parallelogram, and the other a triangle, (as a) base, and 
the parallelogram is double the triangle, then the prisms 
will be equal. 


B D M P 


6: [eas 
2 
Nee 


E F G K 

Let ABCDEF and GHKLMN be two equal height 
prisms, and let the former have the parallelogram AF, 
and the latter the triangle GH K, as a base. And let par- 
allelogram AF be twice triangle GH K. I say that prism 
ABCDEF is equal to prism GHKLMN. 

For let the solids AO and GP have been com- 
pleted. Since parallelogram AF is double triangle GHK, 
and parallelogram Hk is also double triangle GHK 
[Prop. 1.34], parallelogram AF is thus equal to paral- 
lelogram Hk. And parallelepiped solids which are on 
equal bases, and (have) the same height, are equal to 
one another [Prop. 11.31]. Thus, solid AO is equal to 
solid GP. And prism ABCDEF is half of solid AO, and 
prism GHKLMN half of solid GP [Prop. 11.28]. Prism 
ABCDEF is thus equal to prism GHKLMN. 

Thus, if there are two equal height prisms, and one 
has a parallelogram, and the other a triangle, (as a) base, 
and the parallelogram is double the triangle, then the 
prisms are equal. (Which is) the very thing it was re- 
quired to show. 


A C 
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Proportional Stereometryl! 


+The novel feature of this book is the use of the so-called method of exhaustion (see Prop. 10.1), a precursor to integration which is generally 
attributed to Eudoxus of Cnidus. 
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# 
Qa. 
Ta ev tog xOxAOIC OUOLA TOADYWVA TEOS GAANAG EOTIV 
OS TA AMO THY Sraetowv TetTEeywva. 


A 
Z, 
B 
E H A 
M N 
r 
in e) Kk 


"Eotwouv xvxdor ot ABT, ZHO, xal ev adtoic duo 
ToAvywva got te ABLTAE, ZHOKA, dideteo Se tév 
xvuxAwV Eotwouy BM, HN: Aévw, ott Eotly @¢ TO AMO Tic 
BM tete&ywvov med¢ tO and tij¢ HN tete&ywvoy, obtw< 
to ABLTAE nodvywvoy med¢ 10 ZHOKA rodvywvov. 

‘EneCevydwouv yoo at BE, AM, HA, ZN. xai énxel 
duotov 10 ABLAE nodvywvoy 16 ZHOKA rokvyave, ton 
éotl xal W UNO BAE yovia tf Und HZA, xat cotw wc 7 BA 
med¢ Thy AE, ottw<¢ 7 HZ ned thy ZA. db0 Sh tetywve 
gow Ta BAB, HZA utav yoviav wae yeovia tony Eyovta thy 
ono BAE tf bn HZA, nepi 5€ tac toug yeviag the TAEVEdC 
a&véhoyov: icoyavov gpa éotl t6 ABE totywvov 16 ZHA 
Toryave. ton doa €otiv 7 Und AEB ywvia tH On ZAH. Gar’ 
7 vev Uno AEB tf 0nd AMB éow ton: Ent yuo ti\¢ avtiic 
mepipepetac BeBrxaow 7 Se Und ZAH t¥j bnd ZNH: xa H 
vmod AMB éoa tH bnd ZNH éotw ton. got SE xal dody 
n Lnd BAM oed% tH bn0 HZN ton xol n Aoi Gow TH 
hoinf; Eotwv ton. icooymvoy doa Eotl TO ABM totywvov té5 
ZHN tetywvw. davédoyov doa cotly ac 7 BM xedc¢ thy 
HN, ottwo 4 BA ned¢ thy HZ. wAd tod Uev tic BM 
ted¢ thy HN Adyov SitAactwv Eotlv 6 tot and tic BM 
TETEAYWVOU Teds TO ano Tic HN teted&ywvov, tod be tic 
BA ne6¢ thy HZ dirdaotwv cotiv 6 tot ABLAE rodkvyovou 
med¢ T6 ZHOKA rodvywvov: xal @¢c &pa 16 aNd TH¢ BM 
TeTeEdywWVoV Ted¢ TO ano Thc HN tetekywvov, ottw¢ TO 
ABTAE roibvywvoyv mpd¢ 16 ZHOKA rodbywvov. 

Ta dpa Ev TOic xOXAOIC OUOLA TOADYWVA TEOG GAANAG 
EOTWV WS TA ATO THY SravETOWV TeTEdywWva STE Edel Seigar. 


Ot xbdxAo1 TEd¢ GAAAAOUS Eloly G¢ TU ATO THY BraLETOwY 
TETORY WV. 
*Eotwoauy x0xdot ot ABLA, EZHO, didueteor 5€ avtév 
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Proposition 1 


Similar polygons (inscribed) in circles are to one an- 
other as the squares on the diameters (of the circles). 


A 
F 
B 
E G L 
M N 
Cc 
D H K 


Let ABC and FGH be circles, and let ABCDE and 
FGHKL be similar polygons (inscribed) in them (re- 
spectively), and let BM and GN be the diameters of the 
circles (respectively). I say that as the square on BM is to 
the square on GN, so polygon ABCDE (is) to polygon 
FGHKL. 

For let BE, AM, GL, and F'N have been joined. And 
since polygon ABC DE (is) similar to polygon FGHK L, 
angle BAE is also equal to (angle) GFL, and as BA 
is to AE, so GF (is) to FL [Def. 6.1]. So, BAF and 
GFL are two triangles having one angle equal to one 
angle, (namely), BAE (equal) to GFL, and the sides 
around the equal angles proportional. Triangle ABE is 
thus equiangular with triangle FGL [Prop. 6.6]. Thus, 
angle AFB is equal to (angle) FLG. But, AEB is equal 
to AMB, and F'LG to F'NG, for they stand on the same 
circumference [Prop. 3.27]. Thus, AWB is also equal 
to FNG. And the right-angle BAM is also equal to the 
right-angle GFN [Prop. 3.31]. Thus, the remaining (an- 
gle) is also equal to the remaining (angle) [Prop. 1.32]. 
Thus, triangle ABM is equiangular with triangle FGN. 
Thus, proportionally, as BM is to GN, so BA (is) to GF 
[Prop. 6.4]. But, the (ratio) of the square on BM to the 
square on GN is the square of the ratio of BM to GN, 
and the (ratio) of polygon ABCDE to polygon FGHKL 
is the square of the (ratio) of BA to GF [Prop. 6.20]. 
And, thus, as the square on BM (is) to the square on 
GN, so polygon ABCDE (is) to polygon FGHK L. 

Thus, similar polygons (inscribed) in circles are to one 
another as the squares on the diameters (of the circles). 
(Which is) the very thing it was required to show. 


Proposition 2 


Circles are to one another as the squares on (their) 
diameters. 
Let ABCD and EFGH be circles, and [let] BD and 
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USTOIXEION 16’. 


[Eotwoay] ai BA, ZO: AEyoo, dtt Eotly Wo 6 ABTA xdxAoc¢ 
med¢ tov EZHO xdxdov, ottw¢ TO and tic BA tetekywvov 
TEOS TO AMO Thc ZO teto&kywvov. 


Et yee uh éotw wc 0 ABTA xbxdo0¢ mpd¢ tov EZHO, 
otwWs TO &nd tic BA tetedkywvoyv ned¢ TO ano tij¢ ZO, 
Eota Go TO and tic BA red¢ 16 and Thc ZO, ott 6 
ABTA xvxro¢ tot Ted¢ EAacodv tt tol EZHO xdxAou 
yoptov i med¢ UEiCov. Eotw TEdtEpOV TOC EAXOOOV TO 
bu. xa evyyeyedodw cic tov EZHO xvxdov tetexywvov tO 
EZHO. 10 57 Ey yeypauuevoy teto&kywvoy UeiCdv Eotw 7 TO 
Hutov to} EZHO xbxrou, exerdynee Exy 61a THV E, Z, H, O 
onuetwyv epantouevacs [evdetac] tot xbxAou ayeyouev, tot 
TEELYPAPOUEVOU Teel TOV XUXAOY TETEAXYwVOU FULOU EoTL 
tO EZHO tetexywvov, tol € meprypapevtog TeTePAYwVOU 
eAdttwyv cotly o xbxdoc: Bote 10 EZHO eyyeyeauyevov 
TetTedywvoy yEiCdv Eotl TOU HUloewe tod EZHO xvxdov. 
TetUHoVWoay Siya ot EZ, ZH, HO, OF mepupépermn xate 
ta K, A, M, N onueia, nol eneCebydwoav ai EK, KZ, 
ZA, AH, HM, MO, ON, NE: xat éxaotov déoa tév EKZ, 
ZAH, HMO, ONE teryovoy pysiZov Eottw 7 tO Futov tot 
xa)” AUTO TUAYATOS TOU xUXAOL, EMELOATEE Edv Sid TOV 
kK, A, M, N onuetwv epantouévac tod xbxdov &yaywuev 
xa AvaTANnEmowvEY Ta El Tv EZ, ZH, HO, OE evderéiv 
TAUPUAANAGYPAUNA, Exaotov tv EKZ, ZAH, HMO, ONE 
TOLYOVOY FuLoV ~otat Tol xa’ cautd TAaPpArANAOYEaUNOD, 
Ad TO “ad” EaUTO Tua EAaTtdOV EoTL TOD TAPAAAN- 
oyeduuou Gote éxaotoy tv EKZ, ZAH, HMO, ONE 
TOLYOVUY UiZov Eott TOD HUloewe TOD xa)’ EaUTO TUHWATOG 
tol xbxAOU. TéuvovTEec SY Tac UMOAEIMOUEVaAC TEPLpECEtac 
dtya xal EmiCevyvovtec evVetac xa totto del nolotvtEes xa- 
TOHAStPOUEYV TIva ATOTUNHUATA TOU xOXAOL, & EoTaL EAcOoOVa 
thc Uneeoyfic, | Unepéye: 0 EZHO xbxdoc tod & ywoiou. 
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FH [be] their diameters. I say that as circle ABCD is to 
circle EF'GH, so the square on BD (is) to the square on 


For if the circle ABCD is not to the (circle) EFGH, 
as the square on BD (is) to the (square) on F'H, then as 
the (square) on BD (is) to the (square) on F'H, so circle 
ABCD will be to some area either less than, or greater 
than, circle HF'GH. Let it, first of all, be (in that ratio) to 
(some) lesser (area), S. And let the square EFG'H have 
been inscribed in circle EFGH [Prop. 4.6]. So the in- 
scribed square is greater than half of circle EF'GH, inas- 
much as if we draw tangents to the circle through the 
points £, F, G, and H, then square EFGH is half of the 
square circumscribed about the circle [Prop. 1.47], and 
the circle is less than the circumscribed square. Hence, 
the inscribed square EF'GH is greater than half of cir- 
cle EFGH. Let the circumferences EF’, FG, GH, and 
HE have been cut in half at points kK, L, M, and N 
(respectively), and let EK, KF, FL, LG, GM, MH, 
HN, and NE have been joined. And, thus, each of 
the triangles EK F, FLG, GMH, and HNE is greater 
than half of the segment of the circle about it, inasmuch 
as if we draw tangents to the circle through points Kk, 
L, M, and N, and complete the parallelograms on the 
straight-lines EF, FG, GH, and HE, then each of the 
triangles EKF, FLG, GMH, and HNE will be half 
of the parallelogram about it, but the segment about it 
is less than the parallelogram. Hence, each of the tri- 
angles EK F, FLG, GMH, and HNE is greater than 
half of the segment of the circle about it. So, by cutting 
the circumferences remaining behind in half, and joining 
straight-lines, and doing this continually, we will (even- 
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UTOIXEION 16’. 


edety0n yuo Ev TH TEwTW Veweruatt tod Sexdtov BiBAtov, 
ott SU UeyeVGy aviowy Exxeievwv, EXvV AO TOD WetCovoc 
apapeds ueiCov 7 10 Fuov xal tod xatadetmouUevou UEtTov 
1] TO Hulov, xol toto del ytyvnta, ActpDhoetal ti Uevettoc, 
6 gota EAacoov tov Exxewevov EAdooovoc uUeyédouc. 
hedcigdw odv, xal Zotw ta Ent tv EK, KZ, ZA, AH, 
HM, MO, ON, NE tujuata to} EZHO xvxdovu ehattova 
Tic Unepoyfic, f Uneptye: 0 EZHO xdxdro¢ tot U ywotov. 
hoinov Goa TO EKZAHMON rodbywvov uei@év got tot Us 
yoptov. eyyeyedoda xal cic tov ABPA xvxdov 165 EKZ- 
AHMON rokvyove duotov ToADYwvoy TO AEBOTIIAP- 
Eotw doa w¢ TO aNd Thc BA tetedywvov TEd¢ TO ANO Tic 
ZO tetpdywvov, odtw>o TO AEBOTIIAP nodvywvov med¢ 
tO EKZAHMON nodvywvov. Grd xal @¢ TO dnd Tic BA 
TETEUYWVOV TEOG TO &NO Tic ZO, o'tTwo O ABLA xvxroc 
Ted¢ TO U ywelov: xal co dow O ABTA xdxdo0¢ med¢ TO U 
yoptov, obtag 16 AEBOTIIAP rodvywvov med¢ 10 EKZ- 
AHMON rodkbywvov' EvahAKk doa ae 0 ABLA xvxhoc 
TENS TO EV AVTE TOAVYwWVOV, OVTWC TO LU ywetov med¢ 
to EKZAHMON zodvywvoyv. uct@wv 6€¢ 0 ABLA xvxroc 
tov Ev avTG) ToAVYMvoU' UEiTov koa xal TO LE ywetov tod 
EKZAHMON nodvya@vovu. GAc xal EAattov’ émee Eotiv 
&d0vatov. obx boa Eotlv Wc TO and Tic BA tete&ywvov 
Ted TO aNd Tic ZO, otTwo O ABTA xdudo¢ ned¢ EAaoodv 
tt ToD EZHO xdxAou ywptov. ouotwc d7) Seifouev, Sti OSE 
a> TO and ZO ned¢ 16 and BA, otttwc 6 EZHO xvxroc 
TMed¢ EAaoodyv tt TOU ABTA xvxrou yupiov. 

Aéyw dh, bt Ode Wo TO aNd Tic BA med¢ TO and 
tic ZO, obtwc O ABLA xdxAo¢ Ted¢ UEiTév tt to EZHO 
XUXAOV Ywptov. 

Et yao Suvatdyv, Eotw mMed¢ UEITov TO L. avaradw koa 
[Eeotiy] G¢ tO dnd tHic ZO tetodywvov TEd¢ TO and Tic AB, 
otTw>s TO L ywptov ted¢ tov ABTA xbxdov. GAA’ @¢ TO 
Xx ywetov med¢ tov ABTA xbxrov, odtw¢ 6 EZHO xvxroc 
mTed¢ Ehattév tt toU ABTA xdxdov ywetov: xal we doa tO 
ano tic ZO med¢ 16 and tic BA, ottw¢o O EZHO xvdxroc 
Ted¢ EAaoody tt ToD ABTA xbxAov ywptov’ érep KUvVatTOV 
edety0n. o0x doa Eotlv we TO dnd Tic BA tetEdywvov Ted¢ 
TO and tig ZO, otwo O ABTA x0xd0¢ Ted¢ YEiTov tL TOD 
EZHO xvxdov ywotov. edetyOn 6¢, 611 OVSE TEdC EAacoov' 
Zot dpa Wo TO &NO Tic BA tetedywvov ned¢ TO ANO Tic 
ZO, ottwo 6 ABTA xvxdoc¢ med¢ tov EZHO xdxAov. 

Ol doa xvxAOL TEdS HAAHAOUC Elolv Mo Ta AMO THY 
dtauetPwWV TeTEdywva OnEp Eder Seigau. 
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tually) leave behind some segments of the circle whose 
(sum) will be less than the excess by which circle EFGH 
exceeds the area S. For we showed in the first theo- 
rem of the tenth book that if two unequal magnitudes 
are laid out, and if (a part) greater than a half is sub- 
tracted from the greater, and (if from) the remainder (a 
part) greater than a half (is subtracted), and this hap- 
pens continually, then some magnitude will (eventually) 
be left which will be less than the lesser laid out mag- 
nitude [Prop. 10.1]. Therefore, let the (segments) have 
been left, and let the (sum of the) segments of the circle 
EFGH on EK, KF, FL, LG, GM, MH, HN, and NE 
be less than the excess by which circle EFGH exceeds 
area S. Thus, the remaining polygon EKFLGMHN is 
greater than area S. And let the polygon AOBPCQDR, 
similar to the polygon EKFLGMHN, have been in- 
scribed in circle ABCD. Thus, as the square on BD is 
to the square on F'H, so polygon AOBPCQDR (is) to 
polygon EKFLGMHN [Prop. 12.1]. But, also, as the 
square on BD (is) to the square on F'H, so circle ABCD 
(is) to area S. And, thus, as circle ABCD (is) to area S, 
so polygon AOBPGQDR (is) to polygon EK FLGM HN 
[Prop. 5.11]. Thus, alternately, as circle ABCD (is) to 
the polygon (inscribed) within it, so area S' (is) to poly- 
gon EKFLGMHN [Prop. 5.16]. And circle ABCD (is) 
greater than the polygon (inscribed) within it. Thus, area 
S is also greater than polygon EK FLGMHN. But, (it is) 
also less. The very thing is impossible. Thus, the square 
on BD is not to the (square) on FH, as circle ABCD Cis) 
to some area less than circle EF-GH. So, similarly, we can 
show that the (square) on F'H (is) not to the (square) on 
BD as circle EFGH (is) to some area less than circle 
ABCD either. 

So, I say that neither (is) the (square) on BD to 
the (square) on F'H, as circle ABCD (is) to some area 
greater than circle EFGH. 

For, if possible, let it be (in that ratio) to (some) 
greater (area), S. Thus, inversely, as the square on FH 
[is] to the (square) on DB, so area S (is) to circle ABC'D 
[Prop. 5.7 corr.]. But, as area S (is) to circle ABC'D, so 
circle EF GH (is) to some area less than circle ABCD 
(see lemma). And, thus, as the (square) on F'H (is) to 
the (square) on BD, so circle EF GH (is) to some area 
less than circle ABCD [Prop. 5.11]. The very thing was 
shown (to be) impossible. Thus, as the square on BD is 
to the (square) on F'H, so circle ABCD (is) not to some 
area greater than circle EFGH. And it was shown that 
neither (is it in that ratio) to (some) lesser (area). Thus, 
as the square on BD is to the (square) on F'H, so circle 
ABCD (is) to circle EFGH. 

Thus, circles are to one another as the squares on 
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Afiuua. 

Aéyw 54, 6tt tod Us ywetou yetCovog 6vto¢g to} EZHO 
xvxhov Eotlv Wo TO L ywelov mpd¢ tov ABTA xdxAov, 
odtw> 6 EZHO xdxdoc ned¢ EAatt6v tt ToD ABTA x0xAou 
yoptov. 

Teyovétw yuo ac 16 & ywetov mpd¢ tov ABLA xvxhov, 
ovtw¢o 0 EZHO xvxdoc med¢ 10 T yuwpiov. A€yw, OTL 
éhattov gott tO T ywptov tot ABTA xvxdov. éenel ydo 
Eotlv WS TO LU ywptov med¢ tov ABTA xdxArov, ottws 6 
EZHO xdxdo¢ ted¢ 10 T ywpiov, EvarAdE EotW WS TO U 
ywptov med¢ tov EZHO xdbxdrov, o0two 6 ABTA xvxhoc 
med¢ 10 T ywotov. yeitov 6 TO L ywptov tob EZHO 
xvxrou veilwov doa xal O ABLA xbxdo¢ tod T ywetou. 
ote Eotlv wo TO UL ywetov med¢ tov ABFA xvxhov, 
odtw> 6 EZHO xdxdoc npd¢ EAatt6v tt TOU ABTA x0xAou 
ywotov’ onee Eder Seta. 

v7 

Iléou mupauic totywvov Eyovoa Bdow Siapetta cic S00 
mupautdac toug te ual OUotac GAAHAIC xat [Ouolac] tH SAF 
Toly@vouc Eyovoac Baoetc xal el¢ 600 TeicyaTa toa xal TH 
S00 Tetouata UstTove Eotw H TO Hutov tic GANcs TUEAUtdSOc. 
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(their) diameters. (Which is) the very thing it was re- 
quired to show. 


Lemma 


So, I say that, area S' being greater than circle EFGH, 
as area Sis to circle ABCD, so circle EF'GH (is) to some 
area less than circle ABCD. 

For let it have been contrived that as area S (is) to 
circle ABCD, so circle EF'GH (is) to area T. I say that 
area T is less than circle ABCD. For since as area S is 
to circle ABCD, so circle EFGH (is) to area T, alter- 
nately, as area S is to circle EFGH, so circle ABCD (is) 
to area T [Prop. 5.16]. And area S' (is) greater than circle 
EFGH. Thus, circle ABCD (is) also greater than area 
T [Prop. 5.14]. Hence, as area S is to circle ABCD, so 
circle EF'GH (is) to some area less than circle ABCD. 
(Which is) the very thing it was required to show. 


Proposition 3 


Any pyramid having a triangular base is divided into 
two pyramids having triangular bases (which are) equal, 
similar to one another, and [similar] to the whole, and 
into two equal prisms. And the (sum of the) two prisms 
is greater than half of the whole pyramid. 


*Eotw mueautc, fic Bots uév ott tO ABT tetywvov, xo- 
evug7 dé 10 A onueiov: Aéye, étt 7 ABTA nupapic Siampeitan 
cic BVO TUPAUIdaAC Tou GAANAaC ToLlywvous BaoElc EyoUGAC 
xal Ouolac TH OAR xal cic 600 Tetcouata tou xal Ta SvO 
Tetouata wetCove Eottv FTO uLou tij¢ GANS TUEMULdOC. 

Tetufjo wou yee at AB, BY, PA, AA, AB, AT dtya 
xata te BE, Z, H, O, K, A onucia, xol exeCebyIwoav at 
OE, EH, HO, OK, KA, AO, KZ, ZH. éxel ton éotlv n ev 
AE ti EB, 9 5¢ AO tH AO, napdrAndroc koa Eotiv 7H EO 
th AB. Sid ta aT BH nal A OK tH AB napddAndrdc Eotw. 


Let there be a pyramid whose base is triangle ABC, 
and (whose) apex (is) point D. I say that pyramid 
ABCD is divided into two pyramids having triangular 
bases (which are) equal to one another, and similar to 
the whole, and into two equal prisms. And the (sum of 
the) two prisms is greater than half of the whole pyramid. 

For let AB, BC, CA, AD, DB, and DC have been 
cut in half at points FF, F, G, H, K, and L (respectively). 
And let HE, EG, GH, HK, KL, LH, KF, and FG have 
been joined. Since AF is equal to EB, and AH to DH, 
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UTOIXEION 16’. 


TAEMAANAOYEAULOV doa cotl T OEBK: ton doa cativ 7 OK 
tf, EB. Ad 7 EB ti EA éotw ion xat 7 AE doa 17 OK 
gow ton. Eott 5€ xal 7 AO tH OA ton S00 5H ai EA, AO 
dvol taic KO, OA tou ciolv exatéou Exatéeg xa yavia A 
vno EAO yuvig tH bnd KOA ton: Béorg dow 7 EO Bdoet tH 
KA éow ton. toov dou xa 6uotdv Eott TO AEO toelywvov 
tT OKA teryove. Side TH WUTH 54 xal TO AOH tolywvov 
tT OAA teryove toov té Eott xal Guotov. xal Exel 500 
evden aNTOUEVaL GAAHAWY ot EO, OH rape Sv0 evdetac 
antouevac aAAHAwy tac KA, AA ciow obx Ev TH avs 
éminédw ovoa, loac ywviac neptéfovow. ton dea éotly 7 LTO 
EOH yovia tH tnd KAA ywvia. xol Exel B00 evdeta ai EO, 
OH duol toc KA, AA tow ciolv exatéoa exatéeg, xa yovlo 
n bro EOH ywvig tH Und KAA éotw ton, Ba&oig doa 7 EH 
Béoet th KA [Eotw] ton: toov dou xal duotdy Eott T6 EOH 
totywvov 16 KAA teryove. die Te adTe OA xal TO AEH 
totywvov TH OKA terymve toov te xal Guotdv Eotw. 1 ka 
mupauic, Hc Bdoug uev ott TO AEH totywvoy, xopupy dé TO 
O onyustoy, ton xal O“ola EoTtl NUEAULOL, Ho Bdouc UEV EOTL TO 
OKA tetywvov, xopuer bé T0 A onuctov. xal Exel torymvou 
tot AAB rap& lav tév mAcupéiv thy AB fxta 7 OK, 
iooyavudyv éott TO AAB tetywvov 16 AOK tetyovw, xa 
Tag TAcuedc avdAOYOY ExouoW’ SuoLov &pa Eotl tO AAB 
totywvov 16 AOK toeryove. sid ta auTd OH wal TO YEV 
ABT tetywvov 16 AKA toryove duotdy gotw, 10 5¢ AAT 
t@ AAO. xol Enel S00 edVeton antdUEVaL GAAHAwY ai BA, 
AT rape d00 evVetac antouevac dAAHAWY tac KO, OA ciow 
ovx Ev 16 wT EmITEdH, toug Ywviac neeLeCovow. ton koa 
éotlv 9 bn0 BAT ywvia tH bn KOA. xat gotw wo 7 BA 
medc thy AT, ottwo 7 KO ned¢ thy OA: Suotov &pa Eotl 
to ABD tetywvov 16 OKA teryove. xal mupauic doa, ie 
Baotc uév ott TO ABL tetywvoy, xopue7y 5é to A onusioy, 
Ouota gotl TUEAULSL, Aco B&oig UEv EoTL TO OKA telywvoy, 
xoeueg7n dé T0 A onusiov. GAA& nupautc, Ae Béots wev [EoT!] 
10 OKA tetywvoy, xopugr be TO A onueiov, ouota edetydn 
TUPAULSL, Ho Bdoug UEv Cott TO AEH toelywvov, xopuph dé 
tO © onusiov. Exatéoa dea tv AEHO, OKAA rupautdov 
ouota cotl tH OAH tH ABTA xupayton. 

Kat enet ton eotlv n BZ th ZIT, ditAdowdv gott tO 
EBZH rapadAndoypauyov tot HZ teryovovu. xal ent, 
éav 7) S00 Totouata ioodiy, xal TO Uev Eyn Bdow tapar- 
ANAOYEAUMOY, TO SE Tolywvov, SimAcovov SE 7 TO TAEAA- 
ANAOYeaUWOV Tov Telywvou, toa Eotl Ta Teloyata, toov 
dpa Eotl TO TelouUa TO TEpLeydUEVOV UTO S00 EV TOLYOVeY 
tOv BKZ, EOH, teiésv 5€ napadAnroyeduwv Tv EBZH, 
EBKO, OKZH 16 nervouatt 16 neoieyougva UNO BVO YE 
toryovey tv HZD, OKA, tev & napadAnAoyeduUwv 
tév KZDA, ATHO, OKZH. xai wavepdy, dtt Exdteov tiv 
TOLCUATOV, OD Te B&oig TO EBZH rapadAnrddyeauov, ame- 
vavttov 5€ 7 OK evdeta, xal ob} Bduowg tO HZD tetywvov, 
anevavttov d€ TO OKA totywvoy, ucidv Eotw exatéoac 
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EH is thus parallel to DB [Prop. 6.2]. So, for the same 
(reasons), HK is also parallel to AB. Thus, HEBK is 
a parallelogram. Thus, HK is equal to EB [Prop. 1.34]. 
But, EB is equal to EA. Thus, AEF is also equal to HK. 
And AH is also equal to HD. So the two (straight-lines) 
EA and AH are equal to the two (straight-lines) KH 
and HD, respectively. And angle EAH (is) equal to an- 
gle KHD [Prop. 1.29]. Thus, base EH is equal to base 
KD [Prop. 1.4]. Thus, triangle AEH is equal and simi- 
lar to triangle HK D [Prop. 1.4]. So, for the same (rea- 
sons), triangle AHG is also equal and similar to trian- 
gle HLD. And since EH and HG are two straight-lines 
joining one another (which are respectively) parallel to 
two straight-lines joining one another, KD and DL, not 
being in the same plane, they will contain equal angles 
[Prop. 11.10]. Thus, angle EHG is equal to angle K DL. 
And since the two straight-lines EH and HG are equal 
to the two straight-lines KD and DL, respectively, and 
angle EHG is equal to angle K DL, base EG [is] thus 
equal to base KL [Prop. 1.4]. Thus, triangle EHG is 
equal and similar to triangle K DL. So, for the same (rea- 
sons), triangle AEG is also equal and similar to triangle 
HKL. Thus, the pyramid whose base is triangle AEG, 
and apex the point H, is equal and similar to the pyra- 
mid whose base is triangle Hk L, and apex the point D 
[Def. 11.10]. And since HK has been drawn parallel to 
one of the sides, AB, of triangle ADB, triangle ADB 
is equiangular to triangle DH K [Prop. 1.29], and they 
have proportional sides. Thus, triangle ADB is similar to 
triangle DH K [Def. 6.1]. So, for the same (reasons), tri- 
angle DBC is also similar to triangle Dk L, and ADC to 
DLH. And since two straight-lines joining one another, 
BA and AC, are parallel to two straight-lines joining one 
another, KH and HL, not in the same plane, they will 
contain equal angles [Prop. 11.10]. Thus, angle BAC is 
equal to (angle) KHL. And as BA is to AC, so KH (is) 
to HL. Thus, triangle ABC is similar to triangle Hk L 
[Prop. 6.6]. And, thus, the pyramid whose base is trian- 
gle ABC, and apex the point D, is similar to the pyra- 
mid whose base is triangle Hk L, and apex the point D 
[Def. 11.9]. But, the pyramid whose base [is] triangle 
HKL, and apex the point D, was shown (to be) similar 
to the pyramid whose base is triangle AEG, and apex the 
point H. Thus, each of the pyramids AEGH and HK LD 
is similar to the whole pyramid ABCD. 

And since BF is equal to FC, parallelogram EBFG 
is double triangle GFC [Prop. 1.41]. And since, if two 
prisms (have) equal heights, and the former has a par- 
allelogram as a base, and the latter a triangle, and the 
parallelogram (is) double the triangle, then the prisms 
are equal [Prop. 11.39], the prism contained by the two 
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TOY TueaUldwv, Gv Béoetc uev Te AEH, OKA totywva, xo- 
evga, dé ta O, A onueta, exevdyiree [nat] edv emTevEwuev 
tac EZ, EK ev¥etac, to uev meioua, ob Ba&oic 16 EBZH ro- 
exrANASYeaULOV, dnevavtiov dé HN OK evUeta, ustZov Eott 
Thc Tueautdoc, Ac Baoic 10 EBZ tetywvov, xopuey dé TO 
K onuciov. add’ A mupautc, Ac Buowe To EBZ teiywvovy, 
xopven sé TO K onuctov, ton cot mupautd:, Ac Baoic tO 
AEH toetywvov, xopuet 5€ 16 O onyueiov’ UNO vue towy 
xa ONOlWY ETIMESWYV TEELEYOVTAL. Gote xal TO Teloua, o 
Baowg uev TO EBZH rapadAnddoypauyoyv, amevavtiov 6¢ 7 
OK evveia, ueitov cott mupautdoc, Ho Baow ev 16 AEH 
totywvov, xoeUugy de TO © onuctov. toov be TO Lev Teloud, 
ov Baoig 10 EBZH rapadAnddyeauuoy, anevavtiov 5 7 OK 
evvela, 16) motovatt, ob Bdowg uev TO HZT tetywvov, ane- 
vavtiov dé 16 OKA tetywvov 7 5é nupauic, fe Boog 10 
AEH tetywvov, xopugn 6€ 16 O onuetoy, ton Eotl nupautsr, 
As Baog 16 OKA tetywvov, xopugy 5¢ To A onyueiov. t& 
doa cionuéva svo0 nelouata ueiCova cot THV clonuevay 500 
TUPAULSwy, dv Bdoetc uev te AEH, OKA tolywva, xoeugai 
d¢ Ta O, A onueta. 

“H &ea 6An mueautc, Fic B&otc t6 ABT tetywvov, xo- 
eugy dé To A onuetov, dijenta cic te 500 nupautdac tou 
dAAHAatc [nal Ouotac tf CAN] xal cic S00 Totouata toa, xal Te 
dvo Telopata yeiCova Eottv 7} TO HuLou Tic GANs TUEAUidOC 
Onee Eder Seiea. 


0. 


"Ey Got 500 nupauldec nd TO avTO Khog teLyYwvouc 
éyovou Bdoetc, dSimpedf SE ExaTéoa avtév elc te SvO 
TUEAtSac toa¢g GAANAaIc xol OUolac TY GAN xal cic SvO 
TELCUATA toa, EOTAL W¢ N Thc Uldic MUEAULdO¢ BdoIg TEd¢ TY 
Thc Etéeac Tueautdoc Bdow, OUTS TH EV TH We TLEQULSL 
TetoUAaTA Td&VTA MEDS TX EV TH EThOM TUEAULSL TEloUATA 
TavtA loonAndy. 

"Eotwoav 500 mupautdec Und TO HUTO Bog TeLtyavouc 
éyovou Baoetc tac ABI’, AEZ, xopupac 5é 14 H, O onueta, 
xa Sinefodu exatéepa avtéy cic te BVO mveaulda¢ touc 
GAAHAac Kal OUOlac TY OAN xal Elc S00 Telo“aTa toa AEyoo, 
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triangles Bk F and EHG, and the three parallelograms 
EBFG, EBKH, and HK FG, is thus equal to the prism 
contained by the two triangles GFC and HKL, and 
the three parallelograms KFCL, LCGH, and HKFG. 
And (it is) clear that each of the prisms whose base (is) 
parallelogram EBFG, and opposite (side) straight-line 
HK, and whose base (is) triangle GF'C, and opposite 
(plane) triangle HAL, is greater than each of the pyra- 
mids whose bases are triangles AEG and HKL, and 
apexes the points H and D (respectively), inasmuch as, 
if we [also] join the straight-lines EF and EK then the 
prism whose base (is) parallelogram EBFG, and oppo- 
site (side) straight-line HK, is greater than the pyramid 
whose base (is) triangle E BF’, and apex the point AK’. But 
the pyramid whose base (is) triangle EBF, and apex the 
point K, is equal to the pyramid whose base is triangle 
AEG, and apex point H. For they are contained by equal 
and similar planes. And, hence, the prism whose base 
(is) parallelogram EBFG, and opposite (side) straight- 
line HK, is greater than the pyramid whose base (is) 
triangle AEG, and apex the point H. And the prism 
whose base is parallelogram EBFG, and opposite (side) 
straight-line H Kk, (is) equal to the prism whose base (is) 
triangle GFC, and opposite (plane) triangle HAL. And 
the pyramid whose base (is) triangle AEG, and apex the 
point H, is equal to the pyramid whose base (is) trian- 
gle HK L, and apex the point D. Thus, the (sum of the) 
aforementioned two prisms is greater than the (sum of 
the) aforementioned two pyramids, whose bases (are) tri- 
angles AEG and HK L, and apexes the points H and D 
(respectively). 

Thus, the whole pyramid, whose base (is) triangle 
ABC, and apex the point D, has been divided into two 
pyramids (which are) equal to one another [and similar 
to the whole], and into two equal prisms. And the (sum 
of the) two prisms is greater than half of the whole pyra- 
mid. (Which is) the very thing it was required to show. 


Proposition 4 


If there are two pyramids with the same height, hav- 
ing trianglular bases, and each of them is divided into two 
pyramids equal to one another, and similar to the whole, 
and into two equal prisms then as the base of one pyra- 
mid (is) to the base of the other pyramid, so (the sum of) 
all the prisms in one pyramid will be to (the sum of all) 
the equal number of prisms in the other pyramid. 

Let there be two pyramids with the same height, hav- 
ing the triangular bases ABC’ and DEF, (with) apexes 
the points G and H (respectively). And let each of them 
have been divided into two pyramids equal to one an- 
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USTOIXEION 16’. 


du Eotly wo H ABI Béorg nepd¢ thy AEZ Baow, ottw¢ T& 
év tH ABH rmupautd: roiouata n&vta med¢ ta Ev TH AEZO 
TUEQULSL Telouata toonAndy. 


‘Enel yoo ton cotlv 7 uev BE tH EY, 4 Oe AA tH AT, 
TapdAnrog toa cotiv HA AE t7 AB xai duotov 16 ABP 
totywvov 16 AED teryovea. Sid Te wdTe BY) xal TO AEZ 
totywvoy 4 P&Z torywvea duovdy cot. xal Emel b- 
TAgotwv cotly n wev BI tic TE, n be EZ tic ZO, Eotw 
goa wo A BI ned¢ thy TE, ottwe H EZ nedc¢ thy Z®. xo 
avayéypanta and yev tv BI, TE suowk te xal ouoiws 
xetueva ev0Oyeauua ta ABT, AED, and 5¢ tv EZ, Z® 
duos te “ol OUolwc xelUeva [eODdyeauua] te AEZ, P®Z: 
got doa wo TO ABT tetywvov npd¢ 16 AST tetywvoy, 
odtw>o 16 AEZ tetywvov med¢ tO P®Z tetywvov: EvarAa 
goa cotlv wc TO ABT tetywvov med¢ t6 AEZ [tetywvovI, 
ovta¢ T0 AET [tetywvoy] med¢ tO P®Z tetywvov. GAX’ 
w>¢ 10 AED tetywvov medc 10 P®Z telywvov, ottw>¢ 10 
Tetoya, ob Bdatc uev [Eott] T6 AST tetywvov, dnevavttov 5& 
to OMN, medc¢ 10 Tetoua, ob Bdouc Uev 16 P&Z tetywvov, 
anevavttov 6¢ 16 UT YT: xat wc doa to ABT totywvov med¢ 
t0 AEZ toetywvov, ottws 16 Teioua, ob B&oig wev TO AED 
totywvoy, anevavtiov dé TO OMN, medc¢ tO Tetoua, ob Bdiotc 
yev T0 P®Z tetywvov, anevavtiov 6€ TO UTY. wc be tH 
clONUEVa TELGUATA TEOS GAANAG, OUTWS TO Teloua, OD Biotc 
uev To KBEA rapadkAnddypauoyv, anevavtiov d¢ 7 OM 
evvela, Ted TO Teicoua, OD Bauoig UEv TO NE®P rapa- 
AndOyeauoy, anevavtiov 66 A UT cvdeia. xal ta S00 doa 
metouata, o8 te Bkoig uev 10 KBEA rapadAnddyeauuoy, 
anevavttov 6¢ 7 OM, xat ob Béorg wev 10 AET, dnevavttov 
dé 76 OMN, zed¢ Ta neicuata, oD te Bé&oc ev TO IIE®P, 
anevavttov 66 n UT evvdeta, xal ot Bdorg uev 10 POZ 
totywvov, dnevavtiov 6 T0 UT TY. xal wo doa 7 ABT Bdotc 
med¢ THY AEZ Bdow, odtwc Te cipnuéva dbo Telowata Ted¢ 
TH Elonueva SVO Teicuata. 

Kat ouotac, cav dioupeGdow at OMNH, LTYTO nv- 
eauidec elc te 6U0 TelouaTa xal SVO MUEAULSAc, EoTH wd 7 
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other, and similar to the whole, and into two equal prisms 
[Prop. 12.3]. I say that as base ABC is to base DEF, 
so (the sum of) all the prisms in pyramid ABCG (is) to 
(the sum of) all the equal number of prisms in pyramid 
DEFAH. 

H 


S Na 
A D \ F 

K >; «KD 

BO E 

For since BO is equal to OC, and AL to LC, LO is 
thus parallel to AB, and triangle ABC similar to triangle 
LOC [Prop. 12.3]. So, for the same (reasons), triangle 
DEF is also similar to triangle RVF. And since BC is 
double CO, and EF (double) FV, thus as BC (is) to 
CO, so EF (is) to FV. And the similar, and similarly 
laid out, rectilinear (figures) ABC’ and LOC have been 
described on BC and CO (respectively), and the sim- 
ilar, and similarly laid out, [rectilinear] (figures) DEF 
and RVF on EF and FV (respectively). Thus, as tri- 
angle ABC is to triangle LOC, so triangle DEF (is) to 
triangle RVF [Prop. 6.22]. Thus, alternately, as trian- 
gle ABC is to [triangle] DEF, so [triangle] LOC Cis) 
to triangle RVF [Prop. 5.16]. But, as triangle LOC 
(is) to triangle RV F, so the prism whose base [is] trian- 
gle LOC, and opposite (plane) PMN, (is) to the prism 
whose base (is) triangle RV F’, and opposite (plane) STU 
(see lemma). And, thus, as triangle ABC (is) to trian- 
gle DEF, so the prism whose base (is) triangle LOC, 
and opposite (plane) PN, (is) to the prism whose base 
(is) triangle RV F, and opposite (plane) STU. And as 
the aforementioned prisms (are) to one another, so the 
prism whose base (is) parallelogram K BOL, and oppo- 
site (side) straight-line PM, (is) to the prism whose base 
(is) parallelogram QEV R, and opposite (side) straight- 
line ST [Props. 11.39, 12.3]. Thus, also, (is) the (sum 
of the) two prisms—that whose base (is) parallelogram 
K BOL, and opposite (side) PM, and that whose base 
(is) LOC, and opposite (plane) PM N—to (the sum of) 
the (two) prisms—that whose base (is) QEV R, and op- 
posite (side) straight-line ST, and that whose base (is) 
triangle RV F’, and opposite (plane) STU [Prop. 5.12]. 
And, thus, as base ABC (is) to base DEF, so the (sum 
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STOIXEION 10’. 


OMN Béotg ned¢ thy UTT Baow, otwe ta Ev tH OMNH 
TUEQULSL SVO Tetoyata MEd Ta Ev TH UTTO rnveaytd: dvo 
Tetouata. odd’ ac 1 OMN Bao med¢ thy LTT Baow, 
odtwc 7 ABT Bdoucg nepd¢ thy AEZ Baow: toov yup Exctepov 
tév OMN, UTT tetyovwy exatéew tv AED, P&Z. xol we 
goa NW ABT Béotg npd¢ thy AEZ Bdow, ottwse Ta téEcoapa 
TELGCUATA TEOS TH TEGOUPA TEloMATA. OUOluc bE xdV Th 
UNOAELTOMEVaS TMUEAULSaC SiEAWUEV Eic Te SVO TUEMULSaAC 
xal cic 500 Telouata, Zota ¢ 7 ABT Bdog ned¢ thy AEZ 
Baow, otw¢ ta év TH ABH nupautd: nptouata mévta med¢ 
ta év tH AEZO rvpayid. moiouata m&vta toonAnvdi} Step 
eeu Seicoau. 


Afiuo. 

“Ou d€ Eotty wo TO AST tetywvov mpd¢ 10 P&Z 
totywvov, otw¢ TO Tetoua, ob} Bdowg T6 AET toetywvoy, 
anevavttov 6¢ T6 OMN, medc 16 meicua, ob Baoicg Ev TO 
P®Z [tetywvoy], dnevavtiov 5 16 NUTT, ottw Seixtéov. 

"Eml Yue Thc adTIc xaTaYEA~PAc VevorfovwWouy ano THY 
H, © xd&etor ext te ABT, AEZ éExineda, toa sndadi 
tuyxdvovont Sik TO tooveic Unoxeiodan ta mupauidac. 
xal exel d00 evVeta 4 te HE xal n and told H xddetoc 
UNO TACMAANAWY Emitédwv Tv ABT, OMN téuvovta, eic 
tov¢ autovds Adyouc TunYAoovta. xol tTétTUNTa A HT dtya 
vn tov OMN eninédovu xata to N- xal n and tot H tow 
xadetoc ext to ABI Exinedov diya tunDhoeta Ondo tod 
OMN eninédov. die Ta HOTA BY Xa NANO TOD O x&Vetog Ext 
to AEZ éxinedov diya tundjoeta Und tob UTY emnédsov. 
nat ciow tou at and tv H, O xdVetor ent te ABI, AEZ 
éntneda’ tou dou xal at and tiv OMN, UTYT totyovev 
ent tz ABT, AEZ xddetor. icottF gow [Eotl] ta netoyata, 
Ov Béoetc uev ciot te AST, POZ totywva, anevavtiov sé 
ta OMN, TY. dote xol te oteped napahAnAerineda td 
ONO TOV ElonUEVWV TELOUdTWY avayeapdouEva icoodF, xatl 
TEOS GAANAS [elow] G¢ ai B&oetc: xal ta Hulon how Eotiv 
ac 7 AST Bdoug npd¢ thy P&Z Baow, odtw¢ Ta elonueva 
Telowata Ted> GAANAa Sree Fer SetEau. 
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of the first) aforementioned two prisms (is) to the (sum 
of the second) aforementioned two prisms. 

And, similarly, if pyramids PM NG and STUH are di- 
vided into two prisms, and two pyramids, as base PMN 
(is) to base STU, so (the sum of) the two prisms in pyra- 
mid PMNG will be to (the sum of) the two prisms in 
pyramid STUH. But, as base PMN (is) to base STU, so 
base ABC (is) to base DEF. For the triangles PMN 
and STU (are) equal to LOC and RVF, respectively. 
And, thus, as base ABC (is) to base DEF’, so (the sum 
of) the four prisms (is) to (the sum of) the four prisms 
[Prop. 5.12]. So, similarly, even if we divide the pyra- 
mids left behind into two pyramids and into two prisms, 
as base ABC (is) to base DEF’, so (the sum of) all the 
prisms in pyramid ABCG will be to (the sum of) all the 
equal number of prisms in pyramid DE F'H. (Which is) 
the very thing it was required to show. 


Lemma 


And one may show, as follows, that as triangle LOC 
is to triangle RV F, so the prism whose base (is) trian- 
gle LOC, and opposite (plane) PMN, (is) to the prism 
whose base (is) [triangle] RV F', and opposite (plane) 
STU. 

For, in the same figure, let perpendiculars have been 
conceived (drawn) from (points) G and H to the planes 
ABC and DEF (respectively). These clearly turn out to 
be equal, on account of the pyramids being assumed (to 
be) of equal height. And since two straight-lines, GC 
and the perpendicular from G, are cut by the parallel 
planes ABC and PMN they will be cut in the same ra- 
tios [Prop. 11.17]. And GC was cut in half by the plane 
PMN at N. Thus, the perpendicular from G to the plane 
ABC will also be cut in half by the plane PMN. So, 
for the same (reasons), the perpendicular from H to the 
plane DEF will also be cut in half by the plane STU. And 
the perpendiculars from G and H to the planes ABC and 
DEF (respectively) are equal. Thus, the perpendiculars 
from the triangles PMN and STU to ABC and DEF 
(respectively, are) also equal. Thus, the prisms whose 
bases are triangles LOC and RV F, and opposite (sides) 
PMN and STU (respectively), [are] of equal height. 
And, hence, the parallelepiped solids described on the 
aforementioned prisms [are] of equal height and (are) to 
one another as their bases [Prop. 11.32]. Likewise, the 
halves (of the solids) [Prop. 11.28]. Thus, as base LOC 
is to base RV F’,, so the aforementioned prisms (are) to 
one another. (Which is) the very thing it was required to 
show. 
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, 


€. 


At bn TO adTO Bog otom mUpauidec xal ToELryavouc 
éyovoa Bdoeic TEdG HAAHAUS Elolv w¢ at Baoetc. 


"Eotwouy 010 16 auto Uocg nupauldec, Gv Bdoeic YEev 
ta ABI, AEZ tetywva, xopupal € Ta H, O onueia AEYO, 
ou Eotlv wo WH ABT Béoug ned¢ thy AEZ Béow, odtw¢ 
ABTH xupauic med¢ thy AEZO nupayidoa. 

Et yao uy cotw wo WH ABI Bé&otg npd¢ thy AEZ Baow, 
odtws W ABI'H nupauic npd¢ thy AEZO nupautda, Zotar we 
n ABT Bdouc ned¢ thy AEZ Baow, otw¢ 7 ABL'H rupapic 
Ato TEdG EAaoody tt tij¢ AEZO nupauidoc otepedv 7} TEd¢ 
usiGov. Eotw TedtEpov TEdG EAaoooy TO X, xal Sinohjodw 
n AEZO mueaulc elic te BVO TUPAUtdac fou GAAAAaIC xaul 
ouoiag TH CAN xal cic S00 Telouata toa TA OH SVO TEloaUTA 
uetCoveé cotw 7 TO Hutov tic GANs TUPaULdOC. ual MAW al Ex 
Thc Stapgoewe ywduevar TUeaUidec OUOlUWC SinEefodwour, 
xa TOUTO del yweodw, Ewe Ob Aepddot twec NUEAULSEC ATO 
tific AEZO nupayidoc, al eiow Ehdttovec tic Unepoyfs, 7H 
uneptyet n AEZO nupauic tot X otepecod. Achetpdwouv xa 
Eotwoay Adyou Evexev ai AIIPH, UTYO> Aoind ow te Ev 
tH AEZO rupauid: netouata yeiCove Eott to X otepeod. 
dinejodw xat A ABIH nupapic Ouotwe xal toonAndic th 
AEZO rueautd. Eotw doa a¢ 7 ABT Bdotg ned¢ thy AEZ 
Baow, odtw¢ Te év TH ABI'H nupauidr npiouata med¢ Te Ev 
tf, AEZO rvupauid: motopata, GAA nal ac NH ABT Bdouc ned¢ 
thy AEZ Béouw, ottw>o 7 ABLH nupauic med¢ 16 X otegedv 
nal oc doa n ABI'H nupauic mpd¢ tO X otepedy, odtWC 
ta ev tH ABH nvpauid: moiouata med¢ ta ev tH AEZO 
Tupautd. Tetouata EvarAAgE Goa wc 7 ABI'H mupaule med¢ 
TK EV AUTH Tolouata, OUTWS TO X otepeOv TEdS TH EV TH 
AEZO rueautd: reiouata. yetCwv 5¢ 1 ABLH nupapic tév 
EV MUTY} ToLoUdTwV: YEiTov Goa xal TO X otepsdv tiv Ev TH 
AEZO xvepautd: moroudtwv. GAAG xal EAXattov’ Smee Eotiv 
&d0vatov. ovx &oa Eotlv ac WH ABT Bé&otcg nepd¢ thy AEZ 
Baow, odtwco 7 ABT'H nupauic med¢ EAucodv tt t¥j¢ AEZO 
TupAldoc OTEPEOV. OUOlwc O71 SetyOhoetal, OTL OVSE WC 7 
AEZ Baoig med¢ thy ABT Bdow, ottwo A AEZO nupayic 
Ted EAattOv Tt tic ABL'H nupayidoc otepedv. 

Aéyw oh, 61 obx Eotw ObdE Go H ABT Bdouc ned Thy 
AEZ Bdow, ottwo 7 ABIH nupauic med¢ ysiZov tu tic 
AEZO xupayidoc otepedv. 
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Proposition 5 


Pyramids which are of the same height, and have tri- 
angular bases, are to one another as their bases. 
G 


B O 

Let there be pyramids of the same height whose bases 
(are) the triangles ABC and DEF, and apexes the points 
G and H (respectively). I say that as base ABC is to base 
DEF, so pyramid ABCG (is) to pyramid DEF H. 

For if base ABC is not to base DEF, as pyramid 
ABCG (is) to pyramid DE FH, then base ABC will be 
to base DEF’, as pyramid ABCG (is) to some solid ei- 
ther less than, or greater than, pyramid DE FH. Let it, 
first of all, be (in this ratio) to (some) lesser (solid), W. 
And let pyramid DE FH have been divided into two pyra- 
mids equal to one another, and similar to the whole, and 
into two equal prisms. So, the (sum of the) two prisms 
is greater than half of the whole pyramid [Prop. 12.3]. 
And, again, let the pyramids generated by the division 
have been similarly divided, and let this be done contin- 
ually until some pyramids are left from pyramid DEF H 
which (when added together) are less than the excess by 
which pyramid DEF'H exceeds the solid W [Prop. 10.1]. 
Let them have been left, and, for the sake of argument, 
let them be DQRS and STUH. Thus, the (sum of the) 
remaining prisms within pyramid DE FH is greater than 
solid W. Let pyramid ABCG also have been divided sim- 
ilarly, and a similar number of times, as pyramid DEF H. 
Thus, as base ABC is to base DEF, so the (sum of the) 
prisms within pyramid ABCG (is) to the (sum of the) 
prisms within pyramid DEFH [Prop. 12.4]. But, also, 
as base ABC (is) to base DEF, so pyramid ABCG (is) 
to solid W. And, thus, as pyramid ABCG (is) to solid 
W, so the (sum of the) prisms within pyramid ABCG 
(is) to the (sum of the) prisms within pyramid DE FH 
[Prop. 5.11]. Thus, alternately, as pyramid ABCG (is) to 
the (sum of the) prisms within it, so solid W (is) to the 
(sum of the) prisms within pyramid DE FH [Prop. 5.16]. 
And pyramid ABCG (is) greater than the (sum of the) 
prisms within it. Thus, solid W (is) also greater than the 
(sum of the) prisms within pyramid DE FH [Prop. 5.14]. 
But, (it is) also less. This very thing is impossible. Thus, 
as base ABC is to base DEF, so pyramid ABCG (is) 
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Et yap Suvatdyv, Eotw Ted¢ UEiTov TO X° avaradw doa 
éotly Oc n AEZ Béoicg nod¢ thy ABT Baow, obtw¢ tO X 
otepeOv Ted¢ thy ABT'H mupautda. ac d€ 16 X otepedv 
med¢ thy ABL'H rupaytda, obtwc 7 AEZO nupauic med¢ 
éhaoody tt tij¢ ABI'H nupautdoc, wo Eunpoovey edetyOn: 
xa ac doa 1 AEZ Baoic toed¢ thy ABI Béow, ottwo 
AEZO xupauic med¢ EAacodv tw tH¢ ABLH mupautdoc: 
bree &tonov edetyOn. Ovx doa Eotlv Oc 7 ABT Bdouc ned¢ 
thy AEZ Béow, odtac 7 ABTH nupauic med¢ yei@ov tt 
tic AEZO nupayidoc otepedv. edetyOn SE, dt OVSE TEdC 
éaooov. Eotw dea aco W ABT Bdoug ted¢ thy AEZ Bdow, 
odtw>o 7 ABI'H nupauic med¢ thy AEZO nupautda dee 
édeu Seicau. 


, 


a 


Al 0126 16 adtO Bog odoa nUEaUlde¢ Xal TOAVYOVOUG 
éyovoa Buoeic Teds HAATAac Elolv ac al B&oetc. 


M N 


A 
E Z 


"Eotwoay Und tO avtO Whos nupautdec, Gv [at] Bdoetc 
yev ta ABPAE, ZHOKA xodvywva, xopugal 5¢ ta M, 
N onusia’ A€yw, dtr ECotlv Gc WH ABLAE Béoug med¢ thy 
ZHOKA Baow, obtw¢ 7 ABTAEM rupauic med¢ thy ZHO- 
KAN rueautda. 

"EneCevydwoav yoo at AT, AA, ZO, ZK. enei otv 
dvo nupautdec ciolv aot ABI'M, ATAM toetyavouc éyou- 
oat Baoetc xa Uoc toov, med¢ GAAAaC Eloly Go at Bd&oetc: 
got doa ac 7 ABT Bdotcg npd¢ thy ATA Bdow, owe 7H 
ABIM nupayic med¢ thy ATAM xupautda. xl ouwdevtt 
a> i ABTA Bao red¢ thy ATA Bdow, ottwo 7 ABTAM 
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not to some solid less than pyramid DEF H. So, simi- 
larly, we can show that base DEF is not to base ABC, 
as pyramid DEF H (is) to some solid less than pyramid 
ABCG either. 

So, I say that neither is base ABC to base DEF, as 
pyramid ABCG (is) to some solid greater than pyramid 
DEFAH. 

For, if possible, let it be (in this ratio) to some 
greater (solid), W. Thus, inversely, as base DEF 
(is) to base ABC, so solid W (is) to pyramid ABCG 
[Prop. 5.7. corr.]. And as solid W (is) to pyramid ABCG, 
so pyramid DEF H (is) to some (solid) less than pyramid 
ABCG, as shown before [Prop. 12.2 lem.]. And, thus, 
as base DEF (is) to base ABC, so pyramid DEF H (is) 
to some (solid) less than pyramid ABCG [Prop. 5.11]. 
The very thing was shown (to be) absurd. Thus, base 
ABC is not to base DEF, as pyramid ABCG (is) to 
some solid greater than pyramid DEF'H. And, it was 
shown that neither (is it in this ratio) to a lesser (solid). 
Thus, as base ABC is to base DEF, so pyramid ABCG 
(is) to pyramid DE FH. (Which is) the very thing it was 
required to show. 


Proposition 6 


Pyramids which are of the same height, and have 
polygonal bases, are to one another as their bases. 


M N 


A 


E F 

Let there be pyramids of the same height whose bases 
(are) the polygons ABCDE and FGHKL, and apexes 
the points M and N (respectively). I say that as base 
ABCDE is to base FGH KL, so pyramid ABCDEM (is) 
to pyramid FGHKLN. 

For let AC, AD, FH, and F'K have been joined. 
Therefore, since ABCM and ACDM are two pyramids 
having triangular bases and equal height, they are to 
one another as their bases [Prop. 12.5]. Thus, as base 
ABC is to base AC'D, so pyramid ABC'M (is) to pyra- 
mid ACDM. And, via composition, as base ABC'D 
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mupauic medc THY ALAM rxupautida. GAAG xal Oo A ATA 
Baoug Teds thy AAE Béow, ottw>o A ATAM rupauic med¢ 
thy AAEM mupautda. 6 toou dea ae 7 ABTA Bou med¢ 
thy AAE Baow, ottw>o h ABTAM nupauic med¢ thy AAEM 
mupautda. xal ouvdevtt nddw, ac A ABLAE doug mpd¢ thy 
AAE Bdow, odtw¢ 7 ABTAEM mupauic med¢ thy AAEM 
mupauida. Ouotwc di SeiyOhoeta, dtr xal wc A ZHOKA 
Baoug med¢ Thy ZHO Baow, obtw< xat A ZHOKAN xvpauic 
medc thy ZHON rueautda. xol Enel 600 nueautdec eloly ail 
AAEM, ZHON tetyovoug Exyovom Bdoetg xal bog toov, 
got doa wc WH AAE Bdoug nepd¢ thy ZHO Bdow, ottw< 
n AAEM rupauic ned¢ thy ZHON nupautda. ddr’ wc H 
AAE Béoug nepd¢ thy ABLAE Bdow, ottw¢ Ay A AAEM 
mupauic Ted¢ THY ABTAEM rupaytda. xal dv’ toou dea w¢ 
n ABTAE Bdotg ned¢ thy ZHO Baow, ottwo n ABTAEM 
Tupauic Tedc THY ZHON rnveauida. HAG UHV xal wc H ZHO 
Baoug meds thy ZHOKA Baow, odtw¢ Hy xal 7 ZHON mv- 
eauic med¢ thy ZHOKAN nuveaulda, xat 51’ tcov doa we H 
ABTAE Béouc ned¢ thy ZHOKA Bdow, odtwo AH ABTAEM 
mupauic Ted¢ thy ZHOKAN rnupautda Sree Eder SeiEau. 


Il&v netoua tetywvov Eyov Bdow Sioupetton cic tocic Mu- 
eauidac toug adhAhAac Terywvouc Bdoetc Eyobous. 


Z 


B A 


"Hot tetova, ob} Bé&oig wév TO ABI totywvov, &ne- 
vavttov 6é T6 AEZ: AEyw, 611 176 ABLTAEZ rotoua dStarpetton 
cic Teeic mupaidac toac aAAHAoIC TeLlymvouc EyovGuc 
Bacetc. 

‘EneCevy0wouv yuo ai BA, ED, TA. énet napad- 
AnAdyeauudv Eott TO ABEA, didueteo¢ b€ adTOD EotW 
1 BA, ‘oov dou Eott tO ABA tetywvov 16 EBA tetywve 
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(is) to base ACD, so pyramid ABCDM (is) to pyra- 
mid ACDM [Prop. 5.18]. But, as base AC'D (is) to 
base ADE, so pyramid ACDM (is) also to pyramid 
ADEM [Prop. 12.5]. Thus, via equality, as base ABCD 
(is) to base ADE, so pyramid ABC'DM (is) to pyramid 
ADEM [Prop. 5.22]. And, again, via composition, as 
base ABC'DE (is) to base ADE, so pyramid ABCDEM 
(is) to pyramid ADEM [Prop. 5.18]. So, similarly, it can 
also be shown that as base FGHKL (is) to base FGH, 
so pyramid FGH K LN Cis) also to pyramid FGHN. And 
since ADEM and FGHN are two pyramids having tri- 
angular bases and equal height, thus as base ADE (is) to 
base FGH, so pyramid ADEM (is) to pyramid FGHN 
[Prop. 12.5]. But, as base ADE (is) to base ABC'DE, so 
pyramid ADEM (was) to pyramid ABCDEM. Thus, via 
equality, as base ABC DE (is) to base FGH, so pyramid 
ABCDEM (is) also to pyramid FGHWN [Prop. 5.22]. 
But, furthermore, as base FGH (is) to base FGHKL, 
so pyramid FGHN was also to pyramid FGHKLN. 
Thus, via equality, as base ABC'DE (is) to base FGHKL, 
so pyramid ABCDEM (is) also to pyramid FGHKLN 
[Prop. 5.22]. (Which is) the very thing it was required to 
show. 


Proposition 7 


Any prism having a triangular base is divided into 
three pyramids having triangular bases (which are) equal 
to one another. 

F 


B A 


Let there be a prism whose base (is) triangle ABC, 
and opposite (plane) DEF’. I say that prism ABCDEF 
is divided into three pyramids having triangular bases 
(which are) equal to one another. 

For let BD, EC, and CD have been joined. Since 
ABED is a parallelogram, and BD is its diagonal, tri- 
angle ABD is thus equal to triangle EBD [Prop. 1.34]. 
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nal A Tueauic dea, fc Ba&oig uev TO ABA tolywvov, xo- 
even S¢ TO T onuetov, ton cotl mupautd:, Aco Baéou yév 
éott to AEB tetywvov, xopuet 5é tO TI onuetov. aru 
7 Tupauic, ic Bdoug uév Eott tO AEB totywvov, xopuer 
dé TO T onustov, A avty cott mupaUtd:, ic Buog YEv EoTL 
to EBT tetywvov, xopueh 6é 160 A onuciov: bn6 yao tév 
aUTEY ETINMESWV TEELEyETal. Kal MLEAUIC dea, Ho Baou Lev 
éott to ABA totywvov, xopugy dé 10 T onuetov, ton eott 
mupautds., Ac Bdowg yev Eott TO EBL tetywvov, xopuey 
d¢ To A onyciov. ndéAw, Exel TaparhANAdYEAUOY EoTL TO 
ZVBE, diaueteog 6€ cot avtod 7 TE, toov éoti 10 LEZ 
totywvoy 16 [BE tetyavw. xol mupaulc doa, Ac Bdotc 
uév got, TO BLE tetywvov, xopugr dé to A onueiov, ion 
Eotl TUEAUtSL, Ac Boog uev Cott TO EV'Z tetywvov, xoeuey 
dé T0 A onuciov. 7 5€ mUpautc, Ho Bdotc Uev Eott TO BLE 
totywvov, xopue?n dé TO A onustoy, ton edetyOy mupautdr, fe 
Baoug uev cot, TO ABA tetywvov, xopugy dé to T onuciov: 
xal Tupaulc doa, Ac B&owg yév cott TO LEZ tetywvov, xo- 
ever sé TO A onusiov, ton éotl nupauld:, fe Boog yev 
[eott] tO ABA totywvov, xopueh 6é t0 T onuetov: Sufjento 
goa To ABLAEZ nrotoua cic teeic mupautduc toug dAANACUC 
Tolry@vouc exovoac Bdoetc. 

Kat énet mupauic, fic Bdoug uev ott TO ABA tolywvoy, 
xoevuen be tO I’ onyuciov, H avtH cot MUEAULSL, Ho Bdouc 
tO TAB tetywvov, xopugrh 5¢ tO A onueiov’ O16 yao tév 
avtéy |eminédwv Teeléyovta nH Se Mupauic, ic Bdowc TO 
ABA ‘tetywvov, xopugr dé 10 T onustov, teltov edetydn 
tov metovatoc, ot Bdoic 16 ABT tetywvov, &nevavtiov sé 
tO AEZ, xol h mupauic doa, Ao Buoug to ABI tetywvoy, 
xopugr b€ 10 A onueiov, tettov éotl tod metouato¢c tov 
éyovtocg Bdots thy avdtHY TO ABT totywvoy, anevavtiov sé 
to AEZ. 


IIde1cye. 
‘Ex 6) ToUTOU ~avepdv, OTL T&OA TUPAIc TELTOV EEOC 
€otl tov metoyatoc tot thy avuthy Baow Eyovtoc adTH xa 
boc toov’ énep Eder SetEan. 


y a 

At duoim mupautde¢ xal toryavoucg Eyovoa Bdoetc év 
TolmAaotow Aya cial Tv OUOADYWYV TAEUEOY. 

"Kotwoay ouowm xol ouotwe xeiuevar mueauidec, @v 
Baoetcg uev eiot tx ABT, AEZ totywva, xopveal dé t& H, 
O onucia: A€yw, Stt NH ABI'H rupayic nedo¢c thy AEZO 
TUEAISA TeitAdctova Adyov Eyet Aree n BI npd¢ thy EZ. 
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And, thus, the pyramid whose base (is) triangle ABD, 
and apex the point C, is equal to the pyramid whose base 
is triangle DEB, and apex the point C [Prop. 12.5]. But, 
the pyramid whose base is triangle DEB, and apex the 
point C’, is the same as the pyramid whose base is trian- 
gle EBC, and apex the point D. For they are contained 
by the same planes. And, thus, the pyramid whose base 
is ABD, and apex the point C, is equal to the pyramid 
whose base is £ BC and apex the point D. Again, since 
FCBE is a parallelogram, and CE is its diagonal, trian- 
gle CEF is equal to triangle CBE [Prop. 1.34]. And, 
thus, the pyramid whose base is triangle BCE, and apex 
the point D, is equal to the pyramid whose base is trian- 
gle ECF, and apex the point D [Prop. 12.5]. And the 
pyramid whose base is triangle BC'E, and apex the point 
D, was shown (to be) equal to the pyramid whose base is 
triangle ABD, and apex the point C. Thus, the pyramid 
whose base is triangle CEF, and apex the point D, is 
also equal to the pyramid whose base [is] triangle ABD, 
and apex the point C. Thus, the prism ABCDEF has 
been divided into three pyramids having triangular bases 
(which are) equal to one another. 

And since the pyramid whose base is triangle ABD, 
and apex the point C, is the same as the pyramid whose 
base is triangle CAB, and apex the point D. For they are 
contained by the same planes. And the pyramid whose 
base (is) triangle ABD, and apex the point C’, was shown 
(to be) a third of the prism whose base is triangle ABC, 
and opposite (plane) DEF, thus the pyramid whose base 
is triangle ABC, and apex the point D, is also a third of 
the pyramid having the same base, triangle ABC, and 
opposite (plane) DEF. 


Corollary 


And, from this, (it is) clear that any pyramid is the 
third part of the prism having the same base as it, and an 
equal height. (Which is) the very thing it was required to 
show. 


Proposition 8 


Similar pyramids which also have triangular bases are 
in the cubed ratio of their corresponding sides. 

Let there be similar, and similarly laid out, pyramids 
whose bases are triangles ABC and DEF, and apexes 
the points G and H (respectively). I say that pyramid 
ABCG has to pyramid DEF H the cubed ratio of that 
BC (has) to EF. 
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Lf “qt 
ME, | SX 
y \V E Z 


LuyrenAnowodu yue te BHMA, EOIIO otepek napaa- 
Anrerineda. xal Enel ouota cotiv n ABL'H nupaulc tH AEZO 
mupautdr, lon doa gotly H Uev Und ABT ywvia tH tnd AEZ 
yovig, 7 6é Und HBL t7 0nd OEZ, fH € Und ABH tf bro 
AEO, xat gotw ac 7 AB ted¢ thy AE, ottw¢ A BI ned¢ 
thy EZ, xai n BH medc¢ thy EO. xa énet Eotw ac n AB 
ted¢ thy AK, odtw> 7 BI ned thy EZ, xal negl toac yeviac 
at TAEVEAl avdAoYOy ciol, SUOLOV doa Eotl TO BM rapah- 
AnAoyeauoy t6) EIT rapadkAnrAoyeduye. Sid TH HOTA SY) Kol 
to uev BN 16) EP dyoidy cot, 10 dé BK 16) ES: t& toa 
goa ta MB, BK, BN tetot totic EH, EZ, EP duo cot. 
OAAG TH NEV Tota Ta MB, BK, BN toetot totc anevavtiov tow 
Te xal Ouold Eotw, Ta SE tela ta EDI, EE, EP terol toic 
dnevavttov toa te xal duoik Eottv. te BHMA, EOIIO dea 
OTECEX UNTO OUOlwWY EmiNedwv lowy TO TAVoc nepleyeTa. 
duotov dea Eotl tT BHMA otepedv 165 EOIIO otepeds. t& 
d€ OUOLA OTECEa TAPAAANAETIMESA EV TeLTAKCLOML AOYW EoTI 
THY OUOADYWV TAcUEGV. TO BHMA doa otepedv med¢ TO 
EOIIO otepedv teinAuctova Advov Exel AmEe N OUdAOYOS 
TAcved 7) BI ned¢ thy OudAOYoV TAcLVEdy Thy EZ. wc 5é TO 
BHMA otepedyv ted¢ 16 EOIO otepedy, ottw¢ Y ABC'H 
mupauic Ted thy AEZO xupaulda, enewdrnee A mupapulic 
EXTOV WEEOS EOTL TOD OTEEcOD Siu TO xal TO TEloUM FULOV 
Ov Tod otepcod TAPAAANAETINESOU TELTAcOLOV Elva TY\¢ TU- 
eautdoc. xal 7 ABLTH toa mupayic med¢ thy AEZO mv- 
eauida toitAactova Adyoy Eyet Anco A BI nopdc thy EZ: 
Onee Eder Seiea. 


TIde1cya. 

‘Ex 67 tovtou gavepdy, StL xa al ToAVY@VOUC EYOU- 
ou Bdoeic Ouoim mupaldec MEd¢ HAAHAac Ev TelTAaciow 
OY Eiol TOV OLOASYOV TACUEGY. StapsDELOHY YAO HUTOSY 
gic Tac Ev adtolc MUEAULSac ToeLywvouc Bdoelc EyoVGUC TES 
xa TA GUOLA TOAVYWVA TéV BdéoEwY ic OUOLA Tetywva 
Srargetovon xa low Té5 TANVEr xa OUDAOYA Toi GAoIc EoTaUL 
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For let the parallelepiped solids BGML and EHQP 
have been completed. And since pyramid ABCG is simi- 
lar to pyramid DEF'H, angle ABC is thus equal to angle 
DEF, and GBC to HEF, and ABG to DEH. Andas AB 
is to DE, so BC (is) to EF’, and BG to FH [Def. 11.9]. 
And since as AB is to DE, so BC (is) to EF’, and (so) 
the sides around equal angles are proportional, parallel- 
ogram BM is thus similar to paralleleogram EQ. So, 
for the same (reasons), BN is also similar to ER, and 
BK to EO. Thus, the three (parallelograms) MB, BK, 
and BN are similar to the three (parallelograms) EQ, 
EO, ER (respectively). But, the three (parallelograms) 
MB, BK, and BN are (both) equal and similar to the 
three opposite (parallelograms), and the three (parallel- 
ograms) EQ, EO, and ER are (both) equal and simi- 
lar to the three opposite (parallelograms) [Prop. 11.24]. 
Thus, the solids BGML and EHQP are contained by 
equal numbers of similar (and similarly laid out) planes. 
Thus, solid BGML is similar to solid EH@P [Def. 11.9]. 
And similar parallelepiped solids are in the cubed ratio of 
corresponding sides [Prop. 11.33]. Thus, solid BGML 
has to solid EHQP the cubed ratio that the correspond- 
ing side BC (has) to the corresponding side EF. And as 
solid BGM (is) to solid EHQP, so pyramid ABCG Cis) 
to pyramid DE FH, inasmuch as the pyramid is the sixth 
part of the solid, on account of the prism, being half of the 
parallelepiped solid [Prop. 11.28], also being three times 
the pyramid [Prop. 12.7]. Thus, pyramid ABCG also has 


to pyramid DE FH the cubed ratio that BC (has) to EF. 
(Which is) the very thing it was required to show. 


Corollary 


So, from this, (it is) also clear that similar pyra- 
mids having polygonal bases (are) to one another as the 
cubed ratio of their corresponding sides. For, dividing 
them into the pyramids (contained) within them which 
have triangular bases, with the similar polygons of the 
bases also being divided into similar triangles (which are) 
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ac [yn] Ev tH Etéoa ula nupaulc tetywvov ~yovoa Bdow 
TEOS THY EV TH ETEOPY Ulav TUPAULda Tolywvov EyovVoay 
Baow, obtw¢ xol dracon at Ev TH EtTEEA TLEAUIdL MUEAULS|EC 
Tolty@voucg Exovoa. Bdoeic MEO Tuc EV TH EtEOA TLEAULSL 
Tueatdac Telyavouc Bdoelc EyovVouc, ToUTEOTIV aUTY 7 
TOALYWVOY Bd&ow Eyovoa MUEAUlc Ted THY TOAVYWvov 
Baow ~yovouv nupaylda. 7 dé Tolywvov Bd&ow eyouca mv- 
pauic MEO THY Tetywvov Bdow Eyovoay Ev ToITAAGtow Ady 
Eotl Tv OWOASYOY TAEUEéYV: xal H TOAVYwVvov doa Biot 
EyOvGa Teds Thy OLOlav Bdow Eyovoay TeITAUCova ADYOV 
Eel AMEE H MAEVE TEC TY TAEUEdY. 


ae 


Tv towyv mueautdmv xal terymvouc Bkoelc Eyovadiy 
avinendvdacw at Bdoetc toic Ubeow xal Gv nueautdev 
Torya@vouc Bdoeic Eyovody avinendvdaow at Baoetc toic 
beow, too ciolv exeivar. 


mal 
al 


INI S 


STN 
Z, II 


"Hotwoay yuo toa mupautdec tetywvouc Bacetc Eyovuom 
tac ABT, AEZ, xopugac 5¢ ta H, O onueta AEyw, Sti TOV 
ABTH, AEZO rupautdwv avinendvdacw at Bdoetc toic 
bheow, xat Eotty wo H ABIL Béorg npd¢ thy AEZ Bdow, 
o’tws 16 tic AEZO nupayidoc biog ned¢ 16 tic ABH 
mupautdoc bboc. 

NuuTenAnowovw yao te BHMA, EOIIO otepek napad- 
Anderineda. xol Exel fon cotlv n ABI'H nveapic tH AEZO 
mupautdt, xal €ott thc uev ABIH nupautdoc e€anAcovov 
to BHMA otepedy, tic 5€ AEZO mupaputdoc e€andcovov 
t6 EOIIO otepedyv, toov toa gotl t4 BHMA otepedy té5 
EOIIO otepeds. tév 5€ towv otepedy NapAAANAETUIMAdWV 
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both equal in number, and corresponding, to the wholes 
[Prop. 6.20]. As one pyramid having a triangular base in 
the former (pyramid having a polygonal base is) to one 
pyramid having a triangular base in the latter (pyramid 
having a polygonal base), so (the sum of) all the pyra- 
mids having triangular bases in the former pyramid will 
also be to (the sum of) all the pyramids having triangu- 
lar bases in the latter pyramid [Prop. 5.12]—that is to 
say, the (former) pyramid itself having a polygonal base 
to the (latter) pyramid having a polygonal base. And a 
pyramid having a triangular base is to a (pyramid) hav- 
ing a triangular base in the cubed ratio of corresponding 
sides [Prop. 12.8]. Thus, a (pyramid) having a polygonal 
base also has to to a (pyramid) having a similar base the 
cubed ratio of a (corresponding) side to a (correspond- 
ing) side. 


Proposition 9 


The bases of equal pyramids which also have trian- 
gular bases are reciprocally proportional to their heights. 
And those pyramids which have triangular bases whose 
bases are reciprocally proportional to their heights are 
equal. 


H 


For let there be (two) equal pyramids having the tri- 
angular bases ABC and DEF, and apexes the points G 
and H (respectively). I say that the bases of the pyramids 
ABCG and DEFH are reciprocally proportional to their 
heights, and (so) that as base ABC is to base DEF’, so 
the height of pyramid DE FH (is) to the height of pyra- 
mid ABCG. 

For let the parallelepiped solids BGML and EHQP 
have been completed. And since pyramid ABCG is 
equal to pyramid DEF H, and solid BGML is six times 
pyramid ABCG (see previous proposition), and solid 
EHQP (is) six times pyramid DEF'H, solid BGML is 
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avunetdvdaow ai B&oetc toic Ueow: Eotw toa ac A BM 
Baoig medo¢ THY EII Baow, obtw¢ 16 tod EOIIO otepeod 
bog Ted¢ tO to’ BHMA otepeot tio. GAA’ Oo 7 BM 
Baoug npd¢ tH EII, obtw¢ t6 ABT tetywvov med¢ to AEZ 
totywvov. xal aco dea to ABI tetywvov medc to AEZ 
totywvov, ottw¢ TO tov EOIIO otegeot tog mpd¢ 16 tod 
BHMA otegeot biog. GAAX TO EV TOU EOHO otepeod 
bog tO adTO EotL T6H TH¢ AEZO mupautdoc Byer, tO sé 
to0 BHMA otepeod tog 16 adt6 Eott 16 TH¢ ABI'H mv- 
eautdoc Uher gotw goa wc WH ABT Béog npd¢ thy AEZ 
Baow, ottws tO tic AEZO mupautdoc boc Ted¢ TO Tic 
ABTH mupautdoc bog. tv ABTH, AEZO da rupautdov 
avinendvdaow at B&oetc totic beow. 

AAG OF tHv ABLTH, AEZO rvupaytdwv avtmenovdét- 
woav al Bd&oetc totic Ueow, xal Cotw wo 7 ABT Bdotcg ned¢ 
thy AEZ Baow, ottw< 16 thc AEZO nupautdoc biog med¢ 
to tHj¢ ABI'H nupautdoc boc: AEyw, dt ton Eotlv H ABH 
mupauic tH AEZO rupauton. 

Tév yoo avt&v xataoxevacdevtwy, Emel COTW WC H 
ABP Bdotg ted¢ thy AEZ Baow, ottw¢ 16 tig AEZO mv- 
eautdoc Uo ned¢ 10 tH\¢ ABT'H nupayidoc toc, GAM’ we 
n ABT Baotc npd¢ thy AEZ Baow, ottw>o 16 BM rapad- 
ANAOYeaUWoV Ted TO EIT naparAnrdyeauoy, xal w¢ doa 
tO BM naparAnrdyeauuoy Ted¢ TO EIT napadkAnrdyeauuoy, 
o’tws TO tic AEZO nupautdoc biog ned¢ 16 tH\¢ ABH 
mupautdoc Hoc. GAAG tO [YEV] tic AEZO nupautdoc boc 
TO MUTO Eott T6 ToD FOTO raporAnreminédov Beer, TO Sé 
tic ABLH nvupauidoc bhog 16 adtd Eott TH tod BHMA 
TapadAnAeninésou Ue Eotw koa wo AH BM Bdoug ned¢ 
tHY EIT Béow, ottwe 16 tod) EONO rnopadrdnremnédou 
bog med¢ tO to’ BHMA ropodAndeminédou bhoc. Ov 
d& otepeHv TapadAnAerinédwv avtinendovdacw al Bdoetc 
toic Ueow, toa Eotlv exeiva’ toov doa éotl t BHMA 
OTEpEoY TapAAANAETinedoyv té) EOIIO otepeés mapadAnac- 
munédw. at gotr tod uev BHMA éxtov ugeoc 7 ABLT'H 
mupauic, tol s¢ EONO napadAndemmédsou Extov Ugeoc H 
AEZO xupayic: fon doa 7 ABIH mupauic tH AEZO mv- 
eauid.. 

Tv doa towy mupaUidwv xal TeLryavous Bacelc EYOUVGEY 
avtnendvdacw at Bd&oetc toic Ubeow xal Gv mveauidev 
totyavouc Bdoeic Eyovody avtinerdvdaow al Bdoeic toic 
bheouw, toa ciolv exeivory dmep Eder Seiga. 


, 
ts 
Tl&¢ xéSvocg xvAivSpou Teltov UEeo¢ EoTL to Thy avTHy 
Baow Eyovtog avt6 xa Bog toov. 
"Eyéto yuo xdvocg xvdtvdeds Baow te Thy wuTyy Tov 
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thus equal to solid EHQP. And the bases of equal par- 
allelepiped solids are reciprocally proportional to their 
heights [Prop. 11.34]. Thus, as base BM is to base EQ, 
so the height of solid EHQP (is) to the height of solid 
BGML. But, as base BM (is) to base EQ, so triangle 
ABC (is) to triangle DEF [Prop. 1.34]. And, thus, as 
triangle ABC (is) to triangle DEF, so the height of solid 
EHQP (is) to the height of solid BGML [Prop. 5.11]. 
But, the height of solid EHQP is the same as the height 
of pyramid DEFH, and the height of solid BGML is 
the same as the height of pyramid ABCG. Thus, as base 
ABC is to base DEF, so the height of pyramid DEF H 
(is) to the height of pyramid ABCG. Thus, the bases 
of pyramids ABCG and DEF H are reciprocally propor- 
tional to their heights. 

And so, let the bases of pyramids ABCG and DEFH 
be reciprocally proportional to their heights, and (thus) 
let base ABC be to base DEF, as the height of pyramid 
DEFH (is) to the height of pyramid ABCG. I say that 
pyramid ABCG is equal to pyramid DEF H. 

For, with the same construction, since as base ABC 
is to base DEF, so the height of pyramid DEF H (is) to 
the height of pyramid ABCG, but as base ABC (is) to 
base DEF, so parallelogram BM (is) to parallelogram 
EQ [Prop. 1.34], thus as parallelogram BM (is) to paral- 
lelogram EQ, so the height of pyramid DEF'H (is) also 
to the height of pyramid ABCG [Prop. 5.11]. But, the 
height of pyramid DEF H is the same as the height of 
parallelepiped EHQP, and the height of pyramid ABCG 
is the same as the height of parallelepiped BGM L. Thus, 
as base BM is to base EQ, so the height of parallelepiped 
EHQP (is) to the height of parallelepiped BGML. And 
those parallelepiped solids whose bases are reciprocally 
proportional to their heights are equal [Prop. 11.34]. 
Thus, the parallelepiped solid BG'M L is equal to the par- 
allelepiped solid EHQP. And pyramid ABCG is a sixth 
part of BGML, and pyramid DE FH a sixth part of par- 
allelepiped EHQP. Thus, pyramid ABCG is equal to 
pyramid DEF H. 

Thus, the bases of equal pyramids which also have 
triangular bases are reciprocally proportional to their 
heights. And those pyramids having triangular bases 
whose bases are reciprocally proportional to their heights 
are equal. (Which is) the very thing it was required to 
show. 


Proposition 10 


Every cone is the third part of the cylinder which has 
the same base as it, and an equal height. 
For let there be a cone (with) the same base as a cylin- 
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ABTA xvdxrov xal Bhog toov' AEyw, Ott 6 xGvOg tO 
xvVAtVSeou Teltov EoTl UEEOC, TOUTEOTLV OTL O XDALVSEO¢ TOD 
XOVOU TelTAaciwy Eotiv. 


iy 


Et yoo yh eotty O xvAWbe0¢ TOD xHvoU TeLTAaCloy, 
~otat 0 xVAtvSpo¢ Tot xavou AtoL UECav 7 TeLTAGOLV 


oN 


H EAdoowy A toimAaoiwy. gotw Medtepov yEiTwv A ToL 
TAdotwv, xal eyyeyedqdu cic tov ABLA xdxAov tetodywv- 
ov to ABTA: 16 54 ABTA tete&ywvov ysiZov Eottw 7 10 
futov tod ABTA xvxrov. xal dveotdétw and tod ABLA te- 
Teaywvou Teioua toobec TG xvVAivSoW. TO OT dvioTHEVOV 
Totowa YeiCdv Eotw 7H TO FULov tod xvAtvdov, Enedrnee 
xav meet tov ABLA xvxdov tetecyavov neoryedbauey, 
TO Eyyeypauevoyv cic tov ABTA xdxAov tetekywvov 
HuLlov Eott tod mEeplyeyeauUevou’ xal Eotl Ta aM’ aUToY 
dviotdveva otepsdx TaparAnAerineda metouata toodpy tH 
dé UNO TO aAdTO Bog Svta oTepEk TaPUAANAETiMEdSA TEdC 
BANAL Eotw ws at Bhoetc? xal TO Ext tol ABTA doa te- 
Toayavou avaotavey Toloua HuLov cot To dvaotadevtoc 
Tetouatog ano tot nept tov ABTA xdxdov reprypapéevtoc 
TeTeayawvou’ xa cot O xVAWSeOG EAATTWY TOD TEelo“ATOC 
tov avateavévtog and tot nept tov ABTA xdxAov mept- 
yeuwévtog TeTpAYWVOU' TO Gea TEloUa TO avactavEY AMO 
tov ABTA tetpayavou tootéc 1H xvAtvew UEtZov EotL 
Tov AUloews tod xvAtvSeov. tetUhoVwouv at AB, BI, 
TA, AA repupépetat dtya xate te E, Z, H, © onueta, xu 
éreCeby0woav at AE, EB, BZ, ZIP, TH, HA, AO, OA: 
xal Exaotov dea tév AEB, BZT, THA, AOA teryovev 
uetCov Eotw ¥ TO Hulov tod xa’ EauTO tHAYATOC TOD 
ABTA xvxiov, ac Eunpoodev edeixvuuev. dveotdtw ey’ 
excotov tv AEB, BZT, THA, AOA tetyavev reiouata 
tooddy, Té xvAivSpw xal Exaotov dea THv dvacotadEvtu 
TeLoudtwy UEtTdv Eotw 7 tO Fou YEpoc Tod xa)’ EavuTd 
TUNnUatos To xvAivpou, Eneldymee cdv Sid tTHv E, Z, H, 
O oneiwv TapadArAous totic AB, BI, TA, AA ayeyouey, 
xoal OUUTANEOowYEY TH Ext THv AB, BL, TA, AA rapor- 
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der, (namely) the circle ABCD, and an equal height. I 
say that the cone is the third part of the cylinder—that is 
to say, that the cylinder is three times the cone. 


For if the cylinder is not three times the cone then the 
cylinder will be either more than three times, or less than 
three times, (the cone). Let it, first of all, be more than 
three times (the cone). And let the square ABC'D have 
been inscribed in circle ABCD [Prop. 4.6]. So, square 
ABCD is more than half of circle ABCD [Prop. 12.2]. 
And let a prism of equal height to the cylinder have been 
set up on square ABCD. So, the prism set up is more 
than half of the cylinder, inasmuch as if we also circum- 
scribe a square around circle ABCD [Prop. 4.7] then the 
square inscribed in circle ABCD is half of the circum- 
scribed (square). And the solids set up on them are par- 
allelepiped prisms of equal height. And parallelepiped 
solids having the same height are to one another as their 
bases [Prop. 11.32]. And, thus, the prism set up on 
square ABCD is half of the prism set up on the square 
circumscribed about circle ABCD. And the cylinder is 
less than the prism set up on the square circumscribed 
about circle ABCD. Thus, the prism set up on square 
ABCD of the same height as the cylinder is more than 
half of the cylinder. Let the circumferences AB, BC, 
CD, and DA have been cut in half at points E, F, G, 
and H. And let AE, EB, BF, FC, CG, GD, DH, and 
HA have been joined. And thus each of the triangles 
AEB, BFC, CGD, and DHA is more than half of the 
segment of circle ABC'D about it, as was shown pre- 
viously [Prop. 12.2]. Let prisms of equal height to the 
cylinder have been set up on each of the triangles AFB, 
BFC, CGD, and DHA. And each of the prisms set up is 
greater than the half part of the segment of the cylinder 
about it—inasmuch as if we draw (straight-lines) parallel 
to AB, BC, CD, and DA through points F, F, G, and H 
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ANACYEAUUA, XOl GT” AUTEY KvAOTHOWUEV OTEPER TALEOLAAN- 
Aetineda tooby 16 xvAtvdoew, Exdoou tv dvaotadevtuy 
nylon cotl ta Tetovata t& ent tv AEB, BZP, THA, AOA 
Tolyo@vay’ xal Cot TH ToD xvAivSp0U TUAATA EAATTOVA 
TOV KVACTAVEVTIWY OTEPEGY TAOMAANAETINESWV' WoTE xatl 
ta ent tév AEB, BZT, THA, AOA teryovev meiouata 
ucitova Eotlv fH TO YuLov téHv xad’ Eaute tov xvLAtvdeouU 
TUNUATOV. TEUVOVTES OH Tuc UmoAEIMOUEVAC MEEL~pEEslac 
dtya xal emCevyvovtec evdetac xal dviot&vtec EN" Exdoou 
TOV TELYOVOV Tetoyata iooddA TH xvAivSew xol Toto del 
movodvteg xatoAcipouey tia amotUnUata tol xvAtvdeou, 
& €otou EAdTTOVa Thc Une—oyfic, fF Umepeyet O xULAtVSeOC 
Tov teimAactov tod xmvov. Aedeioda, xal gotw tu AE, 
EB, BZ, ZP, TH, HA, AO, OA: doindv dou 16 etoua, ob 
Baoug uev TO AEBZPHA®O rodvywvov, tog b€ TO adTO 
TG) “VALVOEG, UstTdv Eotlv H TeLTAc&OLOV TOU xadvoU. GAA 
tO Totowa, o} Bé&otg uev Eotl tT AEBZTHAO rodbywvov, 
bog b€ TO AUTO TE xXVALVSEW, TEITAcOLdY EOTL Tig TL- 
eautdoc, fc Baoig uev Eott To AEBZTHAO rokbywvov, 
KOEVEN OE YH AUTH TH Xv xal TUPAC tea, Ac Bdouc 
uév [cott] to AEBZTHAO xodtvywvov, xopugy dé A wdTH, 
TH xOVO, UEtTwv Eotl to xovou tot Bdow Eyovtec tov 
ABTA xvxrov. Gd xol EAdtIWY’ EUuMEoLeyeta yoo br’ 
avtov: Onep Eotly GdvVaTOV. Ox hoa EoTly O xVAvdeoc 
Tov xvov UEi@wv A TeLTAcOLOC. 

Aéyw d4, Ott OvdE EXdtIWV Eotly 7 TeITAcoLOg O 
uvkdwoeo¢ To xavov. 

El yuo Suvatdyv, Eotw EAATTwv 7} TelMAcOLOS O KVALWOEOG 
Tov x@vou avdnarw dea oO x@voc Tod xvAtvdeou UEiTav 
éotly Hf teltov yepoc. Evyevyedge dy cic Tov ABTA xvxhov 
tetodywvov 70 ABLA: 10 ABTA dou tetekywvov usiZdov 
EOTW 7H TO Yutov tol ABTA xbxAov. xal dveotdétw dno tot 
ABIA teteayavou mupauic thy abtiy xopuPhy Eyovoa Té8 
XOV’ h doa dvactaveton nueauic WetCav Eotly 7 TO Hutov 
ugeoc Tov xwvovu, Eneldymep, ac EUTPOOVEV edelxvUUEY, 
Ott Eav Tepl tov xbxAOV TeTEdywvov TepLyed&PwEYV, EoTaL 
to ABTA teted&ywvov fou tod mepl tov xOxAov TeEpl- 
YEYPUUNEVOL TeTpAYwVOoU' Kol EXV ATO THY TETEAYHVWY 
oteped TAPAAANAETiTESA dvaoTHOWUEY LooUYF TH xOVW, & 
xa xarsita tetouata, Gotu TO avaotavey and tod ABLA 
TETEAYWVOU FULoV TOU avactavévtog and tov Tel tov 
XUAKAOV TEELYEApEvtOs TETEAYMVOU’ MEd GAANAa Yue clot 
@¢ al B&oetc. Mote xol Ta teita xal mUeaUlc doa, Fc 
Baoug 16 ABTA tetedywvoy, futod ott t¥j¢ Nueautdoc Tic 
avactaveiong ano tod mepl Tov xOxAOV TEELYPAPEevTOC TE- 
teaywvou. xat cout ueiTwv A mupauic A dvactaveion ano 
tov megl TOV KUXAOV TeTEAYMVOU TOU KXMVOU' EUTE—LEYXEL 
yuo adtdv. n &ea nUEaUlc, Fic Buog To ABTA tetedywvov, 
Koeugy sé 7 avtH TG xOVvw, UEiCwy Eotly 7 TO Fou tod 
xOvov. tetunodwoav ai AB, BF, TA, AA mepipepern 
diya xate te E, Z, H, O onucta, xol eneTedyBwour ati 
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(respectively), and complete the parallelograms on AB, 
BC, CD, and DA, and set up parallelepiped solids of 
equal height to the cylinder on them, then the prisms on 
triangles AEB, BFC, CGD, and DHA are each half of 
the set up (parallelepipeds). And the segments of the 
cylinder are less than the set up parallelepiped solids. 
Hence, the prisms on triangles AEB, BFC, CGD, and 
DHA are also greater than half of the segments of the 
cylinder about them. So (if) the remaining circumfer- 
ences are cut in half, and straight-lines are joined, and 
prisms of equal height to the cylinder are set up on each 
of the triangles, and this is done continually, then we will 
(eventually) leave some segments of the cylinder whose 
(sum) is less than the excess by which the cylinder ex- 
ceeds three times the cone [Prop. 10.1]. Let them have 
been left, and let them be AE, EB, BF, FC, CG, GD, 
DH, and HA. Thus, the remaining prism whose base 
(is) polygon AEBF'CGDH, and height the same as the 
cylinder, is greater than three times the cone. But, the 
prism whose base is polygon AEBF'.CGDH, and height 
the same as the cylinder, is three times the pyramid whose 
base is polygon AEBF'CGDH, and apex the same as the 
cone [Prop. 12.7 corr.]. And thus the pyramid whose 
base [is] polygon AEBFCGDH, and apex the same as 
the cone, is greater than the cone having (as) base circle 
ABCD. But (it is) also less. For it is encompassed by it. 
The very thing (is) impossible. Thus, the cylinder is not 
more than three times the cone. 

So, I say that neither (is) the cylinder less than three 
times the cone. 

For, if possible, let the cylinder be less than three times 
the cone. Thus, inversely, the cone is greater than the 
third part of the cylinder. So, let the square ABC'D have 
been inscribed in circle ABCD [Prop. 4.6]. Thus, square 
ABCD is greater than half of circle ABCD. And let a 
pyramid having the same apex as the cone have been set 
up on square ABCD. Thus, the pyramid set up is greater 
than the half part of the cone, inasmuch as we showed 
previously that if we circumscribe a square about the cir- 
cle [Prop. 4.7] then the square ABCD will be half of the 
square circumscribed about the circle [Prop. 12.2]. And 
if we set up on the squares parallelepiped solids—which 
are also called prisms—of the same height as the cone, 
then the (prism) set up on square ABC'D will be half 
of the (prism) set up on the square circumscribed about 
the circle. For they are to one another as their bases 
[Prop. 11.32]. Hence, (the same) also (goes for) the 
thirds. Thus, the pyramid whose base is square ABCD 
is half of the pyramid set up on the square circumscribed 
about the circle [Prop. 12.7 corr.]. And the pyramid set 
up on the square circumscribed about the circle is greater 
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AE, EB, BZ, ZT, TH, HA, AO, OA: xai Exaotov tea 
tév AEB, BZT, THA, AOA teryovev usi@év gotw 7H 10 
TUlov UEeoc Tou xa)’ EavtTS tTuRUatoc tov ABLA xvdxAov. 
xa dveotdtwmoay eg’ exdotov 16Hv AEB, BZ, THA, AOA 
TOLYOVUV TUPAULdEs THY AUTHY KOPLOHY EXOVOAL TE KOVED’ 
xal Exdotn doa tv dvaotadetody mupautdwv xat& Tov 
avtOV tednov yEitwv Eotlv 7 TO Hulov yee0c tot xa)’ 
EQUTNY TUHUATOS TOU xMvoL. TéUvovTec BY Tac UTOAEL- 
Touevac Teoupepetac Stya ual EemiCevywovtec edVetac xa 
dvlotdvtEes E EXhOTOU THY TELYOVUY TLUPAULSA THY AUTYY 
xopugrny Eyovoay 6 xaovu nal TOTO ael molottec xa- 
ToAEtPOUEV TIva ATOTUNUATA TOD xOVOU, & ota EAATTOVA 
thc Uneeoyfic, f Uneeéyet 6 xévoc tod tettou Ugeouc TOU 
xvAvoeov. Acrei~vw, xal Eotw Té Et tv AE, EB, BZ, ZT, 
TH, HA, AO, OA: downy Gow H MLPA, Ao Bog UEv EoTL 
to AEBZPHAO xodvywvoy, xopupy 5€ A avTH TH XOVvE, 
uciCav Eotlv H tettov ueeoc Tov xvAtvbpov. GAA’ A TUPAC, 
Hs Buoug ev cots TO AEBZT'HAO rodtywvov, xopug7) dé 
1 AUTY TE XV, TeitTov Eotl UEEOS TOD Telouatoc, Ob Biotc 
uév cott TO AEBZPHAO nodvywvoy, tog dé TO adTO TE 
xvUAvbew" TO doa Tetoua, ob Bdoug Uev ott tT AEBZTHAO 
ToAVywvoy, Uog 5€ TO AUTO TH KLAIVSEW, UEICdv EoTL TOD 
xvMvbeov, ob B&otg Eotiv Oo ABTA xvdxroc. GAG xal EAat- 
Tov’ EUuTEpLeyeTat Yao Un avtot: Smee cotly KdVVaTOV. OVX 
doa Oo xVAWSp0¢ Tot xavoU EAdTTWY EoTly 7} TELTAcOLOG. 
edetyOn 5, StL OLSE UEiTwv 7} ToLMAcOLOG: TEIMAcOLOg Gow O 
xvAtvbeoc TOU XvoU' ote 6 xGvoc Teitov EoTtl UEeoc TOU 
xuuhtivoeou. 

Il&c doa xéivocg xvAtvSeou teltov Ueeoc¢ Eat tov thy 
avtiy B&ow Eyovtos avté xal Woc toov Sree Eder Seita. 


Lo’. 

Ot bro 16 adtO Khog dvte xdvor xal xVAWOeOL TEd¢ 
GAAHAOUS Eiolv @¢ at Bdoetc. 

"Eotwoayv 0n6 TO auto bog xévor xal xVAtvd—eoL, Gv 
Bdoeic uév [eiow] ot ABTA, EZHO xdxdo1, &ovec Sé ol 
KA, MN, diduetpor 5¢ tiv Booewy at AL, EH: Aéyw, dtu 
gotlv wo O ABLA xbxdo¢ mepd¢ tov EZHO xdxAov, ot 
0 AA x@vog mpd¢ Tov EN xé5vov. 
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than the cone. For it encompasses it. Thus, the pyramid 
whose base is square ABC'D, and apex the same as the 
cone, is greater than half of the cone. Let the circum- 
ferences AB, BC, CD, and DA have been cut in half 
at points E, F, G, and H (respectively). And let AEF, 
EB, BF, FC, CG, GD, DH, and HA have been joined. 
And, thus, each of the triangles AEB, BFC, CGD, and 
DHA is greater than the half part of the segment of cir- 
cle ABCD about it [Prop. 12.2]. And let pyramids having 
the same apex as the cone have been set up on each of the 
triangles AEB, BFC, CGD, and DHA. And, thus, in the 
same way, each of the pyramids set up is more than the 
half part of the segment of the cone about it. So, (if) the 
remaining circumferences are cut in half, and straight- 
lines are joined, and pyramids having the same apex as 
the cone are set up on each of the triangles, and this is 
done continually, then we will (eventually) leave some 
segments of the cone whose (sum) is less than the excess 
by which the cone exceeds the third part of the cylinder 
[Prop. 10.1]. Let them have been left, and let them be 
the (segments) on AE, EB, BF, FC, CG, GD, DH, and 
HA. Thus, the remaining pyramid whose base is poly- 
gon AEBFCGDH, and apex the same as the cone, is 
greater than the third part of the cylinder. But, the pyra- 
mid whose base is polygon AEBFCGDH, and apex the 
same as the cone, is the third part of the prism whose 
base is polygon AEBFCGDH, and height the same as 
the cylinder [Prop. 12.7 corr.]. Thus, the prism whose 
base is polygon AEBFCGDH, and height the same as 
the cylinder, is greater than the cylinder whose base is 
circle ABCD. But, (it is) also less. For it is encompassed 
by it. The very thing is impossible. Thus, the cylinder is 
not less than three times the cone. And it was shown that 
neither (is it) greater than three times (the cone). Thus, 
the cylinder (is) three times the cone. Hence, the cone is 
the third part of the cylinder. 

Thus, every cone is the third part of the cylinder which 
has the same base as it, and an equal height. (Which is) 
the very thing it was required to show. 


Proposition 11 


Cones and cylinders having the same height are to one 
another as their bases. 

Let there be cones and cylinders of the same height 
whose bases [are] the circles ABCD and EFGH, axes 
KL and MN, and diameters of the bases AC and EG (re- 
spectively). I say that as circle ABCD is to circle EFGH, 
so cone AL (is) to cone EN. 
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Et yee uh, gota wc 6 ABTA xbxdo¢ npd¢ tov EZHO 
xbdxrov, oUtws O AA xdvoc Ato Ted¢ EAaoody t1 toU EN 
X@VOU OTEPEOV TH TEOCG UEiCov. EoTW MEdTEPOV Td EAao- 
Ooy T0 &, xal @ Ehacody Eott 10 & otepeoyv tol EN xavou, 
éxetva loov Eotw TO VW otepedv: 0 EN xéSvoc dou toog Eotl 
toic &, UW otepeoic. evyyeyede0w cic tov EZHO xbxAov 
tetodywvov 16 EZHO: 16 doa tete&ywvov UeiCédv Eotw 
fH TO Fulov tov xvxAov. aveotétw ano tol EZHO te- 
Teaywvou Tupauic isos 1 xOvoO HR koa avaotadeton 
TUpauic yeitwv eotly f TO FuLov ToD xOvov, Emeld%mee Ecev 
Teptyp&tpwuev Teel Tov xbxAOV TeTEcywvov, xal dan” adtOD 
dvaothowpeyv Tupaulda icodH7 1 xOvw, H eyyoapetoa mu- 
eauic Hod Eott Tic Neelyeapetonc Medc GAANAAC Yé&e Eloww 
> al Bostic: chdtIwv bE O xBvog Thc Teplypapeton¢g TL- 
eautdoc. tetufxodwouv al EZ, ZH, HO, OE reoupeoeru 
dtya wate te O, WH, P, U onuetia, nal emeTevyIwoav att 
00, OE, EI, IZ, ZP, PH, HX, UO. Exactov doa tév 
OOE, ENZ, ZPH, HZO tetyavev ueiZdv eotw 7 tO FUtou 
tot xa’ ExUTO TUAUATOS TOU xUxXAOL. dvEeoTdTW EG’ 
éxdotov tv OOH, ELIZ, ZPH, HUO teyovev nueauic 
toobdic TH xOvu xal Exdoty doa Tv avactadetody TU- 
eautdwv usitwv gotlv 7} TO Hutov tod x00’ Eautry TUAWAToc 
toU xMvoU. TéUVOVTES Of Tac UNOAELTOUEVAC TEPLpE—Etac 
dtya xal emCevyvbvtec cbVelac xal dvioTavtEs Em ExdotoU 
TOV Tetyovwrv Tupautdac icotieic TH xwve “al del todtO 
Tovobvtec xaTaAEipouev tiva amotUAYATA ToD xavov, & 
gota EAciooova tol VW oteosod. AcAstpdw, xal Eotw TH 
én tv OOE, ENZ, ZPH, HUO> Aownh doa Nn mveaute, Ae 
Baoig t6 OOENZPH™ norvywvov, hog dé 16 adTO TH 
xOve, UeiCwv Eotl tod BE otepeod. eyyeyedupde nal elc tov 
ABTA x0x\ov 16 OOENZPH nodvywve dyodv te xa 
ouotwe xeluevoyv ToAVYwvov 10 ATAYBOLX, xat dveot&ta 
én’ avTOU Tupac iootdAc 16 AA xOve. Exel obv EotW w¢ 
tO ano tic AT npd¢ 16 and tic EH, o¥two T6 ATAYBOLX 
ToAVYwWVov TeO¢ TO OOEIIZPHE rnoddywvoyv, wa¢ 5€ TO 
ano tij¢ AD npd¢ tO and tic EH, ottwo 0 ABLA xvxroc 
mTed¢ tov EZHO xdxAov, xal Oc doa 6 ABLA xvdxrocg med¢ 
tov EZHO xdxdov, ottwo 10 ATAYBOLX rokvywvov 
med¢ TO OOENZPHY nodvywvov. a¢ 56 6 ABTA xvdxroc 
med¢ tov EZHO xdxAov, ottw>o 6 AA xivog Ted¢ TO EF 
otepedyv, Wc b¢ 16 ATAYTBOLX rnodvywvov ted¢ 16 OO- 
EIIZPHS nodvywvov, ottw¢ A mueauic, fe Bhowg yev TO 
ATAYB®LX rodvywvov, xopugy 5 10 A onuetov, med¢ 
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For if not, then as circle ABCD (is) to circle EFGH, 
so cone AL will be to some solid either less than, or 
greater than, cone EN. Let it, first of all, be (in this ra- 
tio) to (some) lesser (solid), O. And let solid X be equal 
to that (magnitude) by which solid O is less than cone 
EN. Thus, cone E'N is equal to (the sum of) solids O 
and X. Let the square EF GH have been inscribed in cir- 
cle EFGH [Prop. 4.6]. Thus, the square is greater than 
half of the circle [Prop. 12.2]. Let a pyramid of the same 
height as the cone have been set up on square EFGH. 
Thus, the pyramid set up is greater than half of the cone, 
inasmuch as, if we circumscribe a square about the cir- 
cle [Prop. 4.7], and set up on it a pyramid of the same 
height as the cone, then the inscribed pyramid is half 
of the circumscribed pyramid. For they are to one an- 
other as their bases [Prop. 12.6]. And the cone (is) less 
than the circumscribed pyramid. Let the circumferences 
EF, FG, GH, and HE have been cut in half at points 
P, Q, R, and S. And let HP, PE, EQ, QF, FR, RG, 
GS, and SH have been joined. Thus, each of the trian- 
gles HPE, EQF, FRG, and GSH is greater than half 
of the segment of the circle about it [Prop. 12.2]. Let 
pyramids of the same height as the cone have been set up 
on each of the triangles HPE, EQF, FRG, and GSH. 
And, thus, each of the pyramids set up is greater than 
half of the segment of the cone about it [Prop. 12.10]. 
So, (if) the remaining circumferences are cut in half, and 
straight-lines are joined, and pyramids of equal height 
to the cone are set up on each of the triangles, and 
this is done continually, then we will (eventually) leave 
some segments of the cone (the sum of) which is less 
than solid X [Prop. 10.1]. Let them have been left, and 
let them be the (segments) on HPE, EQF, FRG, and 
GSH. Thus, the remaining pyramid whose base is poly- 
gon HPEQFRGS, and height the same as the cone, is 
greater than solid O [Prop. 6.18]. And let the polygon 
DT AU BVCW, similar, and similarly laid out, to polygon 
HPEQFRGS, have been inscribed in circle ABC'D. And 
on it let a pyramid of the same height as cone AL have 
been set up. Therefore, since as the (square) on AC is 
to the (square) on EG, so polygon DT AU BV CW (is) to 
polygon HPEQFRGS [Prop. 12.1], and as the (square) 
on AC (is) to the (square) on HG, so circle ABCD (is) 
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THY Tueauida, Ac Baow yev 10 OOEIIZPHY nodrvywvovy, 
xoeugn 5é To N onytov. xal ac doa 6 AA xévog Ted¢ TO 
= otepedv, ot H Mupauic, Ho B&org ev 10 ATAYBOLX 
TOADYwvoy, xopLgr) 5 tO A oNUEtov, Ted¢ THY TUPALtda, 
Ac B&oug uev To OOEIIZPHD rodbywvoy, xopuey be to N 
ONUEiov’ EvaAAGE Koa Eotiv wc O AA xévog MEd Thy Ev 
avtés mupautda, OUtTwWS TO E atepedv TEOC THY Ev t6) EN 
xove Tupautda. eiCwv b€ 6 AA xévog tii¢ Ev AUTH TL- 
eautdoc: Ueitov doa xal 160 E otepeby tijc Ev 16 EN xoven 
TUpAldOc. GAA xal EAaooov OTEE &toTOV. OVX hoa Eotly 
aco 6 ABTA xvxho¢ med¢ tov EZHO xdxdov, ottwo 6 AA 
xBvog Ted¢ EAaoody Tt TOU EN xovovu otepsdv. ovoiwe 
dé deifouev, 6tL OVSE COTW wo O EZHO xbxdo¢ Ted¢ tov 
ABIA xdxrov, ota 6 EN xévog mepd¢ EAacody tt tO 
AA x@vovu otepedy. 

Aéyw 5%, dtt OSE EoTW co O ABTA xdxurog med¢ Tov 
EZHO xvxrov, ottwo 6 AA xévoc Ted¢ UEiTév tt ToD EN 
X@VOU OTECEOY. 

Et yao duvatév, Eotw med¢ ysiCov 160 E dvanadw doa 
gotly wo O EZHO xbxdoc¢ nepd¢ tov ABTA xdxAov, ot 
tO E otepedv mpd¢ tov AA xéivov. GAN’ Wo TO E otepedv 
med¢ tov AA xévov, otw>o 6 EN xévocg ted EAaoody Tt 
tot AA xavou otepedv: xal wo Koa 6 EZHO xbxhoc med¢ 
tov ABLA xdxdov, ottwo 6 EN xévog med¢ ZAnoodv Tt 
tov AA xavou otepeév: bree adbvatov edelyOn. obx doa 
gotly Wc O ABTA xvxdog med¢ Tov EZHO xdxA0ov, ottw¢ 6 
AA x@vog Ted¢ UsiZov Tt toU EN xevou otepedv. edetydn 
dé, StL OVSE MEDC Ehacoov: EotW doa wo O ABTA xvxroc 
mTed¢ Tov EZHO xvxdrov, ottwo 6 AA xéivocg Ted¢ tov EN 
XO@VOY. 

AN > O x@vog MEd TOV x@vov, O xVAtvbe0¢ TEd¢ 
TOV xVAWSPOV' TeELTAACLWY Yue ExdtTEpOs EXATEPOL. xOl WC 
goa O ABTA xdxdo¢ ted¢ tov EZHO xdxrov, otw¢ ot Er’ 
avtav toobbeic. 

Ot dpa Und TO adTO Bho Svtec xBvor xa xbAwdeot 
TENS GAAHAOUS Eiolv G¢ al Bdoeic SEO Eder SetEau. 


13". 
Ot Guotor xévor xol xbAtvpoL TEOC GAAHAOUC EV TOL- 
TAXStow Ady Elol tév Ev tolc Baoeot StaUeTEv. 
"Kotwoay Ouotot xésvor xal xvAwSeoL, OV Bdoelic Wev 
ot ABTA, EZHO xvxro1, diduetoot Sé tv Bdoewv at BA, 
ZO, &€ovec SE TH xavVwY xa xVAtVSEwV ot KA, MN: dévo, 
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to circle EFGH [Prop. 12.2], thus as circle ABCD (is) 
to circle EF GH, so polygon DT AUBVCW also (is) to 
polygon HPEQFRGS. And as circle ABCD (is) to cir- 
cle EFGH, so cone AL (is) to solid O. And as poly- 
gon DT AU BVCW (is) to polygon HPEQFRGS, so the 
pyramid whose base is polygon DT AU BV CW, and apex 
the point L, (is) to the pyramid whose base is polygon 
HPEQFRGS, and apex the point N [Prop. 12.6]. And, 
thus, as cone AL (is) to solid O, so the pyramid whose 
base is DT AUBV CW, and apex the point L, (is) to the 
pyramid whose base is polygon HPEQF RGSS, and apex 
the point N [Prop. 5.11]. Thus, alternately, as cone AL 
is to the pyramid within it, so solid O (is) to the pyramid 
within cone E'N [Prop. 5.16]. But, cone AL (is) greater 
than the pyramid within it. Thus, solid O (is) also greater 
than the pyramid within cone EN [Prop. 5.14]. But, (it 
is) also less. The very thing (is) absurd. Thus, circle 
ABCD is not to circle EFGH, as cone AL (is) to some 
solid less than cone EN. So, similarly, we can show that 
neither is circle EF'GH to circle ABCD, as cone E’'N (is) 
to some solid less than cone AL. 

So, I say that neither is circle ABCD to circle EFGH, 
as cone AL (is) to some solid greater than cone EN. 

For, if possible, let it be (in this ratio) to (some) 
greater (solid), O. Thus, inversely, as circle EF'GH is to 
circle ABCD, so solid O (is) to cone AL [Prop. 5.7 corr.]. 
But, as solid O (is) to cone AL, so cone EN (is) to some 
solid less than cone AL [Prop. 12.2 lem.]. And, thus, as 
circle EF GH (is) to circle ABCD, so cone EN (is) to 
some solid less than cone AL. The very thing was shown 
(to be) impossible. Thus, circle ABCD is not to circle 
EFGH, as cone AL (is) to some solid greater than cone 
EN. And, it was shown that neither (is it in this ratio) to 
(some) lesser (solid). Thus, as circle ABCD is to circle 
EFGH,so cone AL (is) to cone EN. 

But, as the cone (is) to the cone, (so) the cylin- 
der (is) to the cylinder. For each (is) three times each 
[Prop. 12.10]. Thus, circle ABCD (is) also to circle 
EFGH, as (the ratio of the cylinders) on them (having) 
the same height. 

Thus, cones and cylinders having the same height are 
to one another as their bases. (Which is) the very thing it 
was required to show. 


Proposition 12 


Similar cones and cylinders are to one another in the 
cubed ratio of the diameters of their bases. 

Let there be similar cones and cylinders of which the 
bases (are) the circles ABCD and EF'GH, the diameters 
of the bases (are) BD and F'H, and the axes of the cones 
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bt O xdvoc, 0b Bots YEv [Eotw] 6 ABTA xbx)0c, xopuer 
dé TO A onuciov, mpd¢ Tov xHvov, Oo} Bdowg yev [ott] 
0 EZHO xdxdoc, xopupy dé TO N onuciov, teitAactova 
oyov Exel Free Hh BA npd¢ thy ZO. 


( 
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and cylinders (are) KL and MN (respectively). I say 
that the cone whose base [is] circle ABCD, and apex the 
point L, has to the cone whose base [is] circle EFGH, 
and apex the point N, the cubed ratio that BD (has) to 
FH. 

N 


Et yuo uh éyer O ABLAA xésvocg mpd¢ tov EZHON 
xBvov TeimAactova Adyov Fnep WH BA npd¢ thy ZO, eer 
6 ABTAA xévocg 4 1ed¢ Ehacodv tt toU EZHON xwvou 
OTEpEOY ToLTAaolova Adyov 7} TEd¢ UEiTov. EYETU TEOTEPOV 
TEOS EANOOOY TO &, xal eyyeyeapda cic TOV EZHO xbxrov 
tetedywvov 70 EZHO: 16 doa EZHO tete&ywvov uci@dov 
éotw TO FUlov tov EZHO xbxdrov. xal aveotatw ert 
tol EZHO teteayavou mupaulc Thy aUTHY XoEUgHY ExOVEa 
TH XOvVW' NH boa avaotadeion MUpaic YEiCwv Eotly 74 TO 
Hulov Yee0cg TOU xWVoV. TetTUHoIJWoav 6) at EZ, ZH, 
HO, OE repupépeim dtya xata te O, H, P, U onueia, xot 
ereCeby0woav at EO, OZ, ZI, WH, HP, PO, OX, UE. xai 
éxaotoyv goa tiv EOZ, ZITH, HPO, ONE teryovev uciZov 
EOTW 1H TO HULL Epc TOU xa’ EautO TUHWATOS TOD EZHO 
XUKAOV. Kal dAveotatw Ep” Excotov tv EOZ, ZMH, HPO, 
OXE teryovev mueaulc Thy avtTyVY xopvony Eyovca tO 
XOvey’ xal Exdotn dea Tv dvactavercGy nupautdwv ystCwv 
gotly f TO fHulov UEeeog tod xo’ EauTAY TUAUATOS TOD 
XOVOU. TéUvovTEs BY Tuc UNOAEIMOUEVac TEeeLepeiag Sixa 
xal emiCevyvovtec evvetac xol dviotdvtec EY’ ExdoToOU Tév 
TOLYOVOY TUEAULSas THY AVTHY xoCLEOHY ExobvoUs TE KOVYD 
xal todto del Movobvtec xataAcipouey twa dnotUAata TOD 
XOVOV, & Etat EAdooova tic Unepoytic, AH UMEesyer oO 
EZHON xévoc¢ tot = otegecod. Ackeigdw, xol gotw td 
én tv EO, OZ, ZH, WH, HP, PO, OX, LE: Aowrh doa 7 
mupauic, A¢ Baowg uev cot, tO KOZIHPOX roddywvov, 
xopugn d5€ tO N onuciov, uettwv gotl to¥ = otegeod. 
evyyeyed~dw ual cic tov ABTA xdxdov 1764 EOZTHPOX 
TOAVYWVO GUOLOV Te xal OUOlwe xEl~Evov TOALYWVOY TO 
ATBYT®AX, xol dveotéta exit toh) ATBYT®AX zo- 
AVYOVOU TUEAUIC THY AUTHY XOEUPTV EYOVGA TG) XOVOD, 
xl TV UEV TepleYOvTIwY Thy MUEAUISaA, Aco Ba&otg Uev EoTL 
to ATBYT®AX roarvywvov, xopuer sé tO A onusioy, 
év totywvov ~otw TO ABT, tév dé TEpELyovtIwY THY TL- 
eauida, Aco Bdowg uev cott To EOZITHPODX rodvywvovy, 


For if cone ABC DL does not have to cone EFGHN 
the cubed ratio that BD (has) to FH then cone ABCDL 
will have the cubed ratio to some solid either less than, or 
greater than, cone FF GHN. Let it, first of all, have (such 
a ratio) to (some) lesser (solid), O. And let the square 
EFGH have been inscribed in circle EF.GH [Prop. 4.6]. 
Thus, square EF'GH is greater than half of circle EFGH 
[Prop. 12.2]. And let a pyramid having the same apex 
as the cone have been set up on square EFGH. Thus, 
the pyramid set up is greater than the half part of the 
cone [Prop. 12.10]. So, let the circumferences EF’, FG, 
GH, and HE have been cut in half at points P, Q, R, 
and S (respectively). And let EP, PF, FQ, QG, GR, 
RH, HS, and SE have been joined. And, thus, each 
of the triangles EPF, FQG, GRH, and HSE is greater 
than the half part of the segment of circle EF GH about it 
[Prop. 12.2]. And let a pyramid having the same apex as 
the cone have been set up on each of the triangles EPF, 
FQG, GRH, and HSE. And thus each of the pyramids 
set up is greater than the half part of the segment of the 
cone about it [Prop. 12.10]. So, (if) the the remaining cir- 
cumferences are cut in half, and straight-lines are joined, 
and pyramids having the same apex as the cone are set 
up on each of the triangles, and this is done continu- 
ally, then we will (eventually) leave some segments of the 
cone whose (sum) is less than the excess by which cone 
EFGHN exceeds solid O [Prop. 10.1]. Let them have 
been left, and let them be the (segments) on EP, PF, 
FQ, QG, GR, RH, HS, and SE. Thus, the remaining 
pyramid whose base is polygon EPFQGRHS, and apex 
the point N, is greater than solid O. And let the polygon 
AT BUCVDW, similar, and similarly laid out, to poly- 
gon EPFQGRHS, have been inscribed in circle ABCD 
[Prop. 6.18]. And let a pyramid having the same apex 
as the cone have been set up on polygon ATBUCV DW. 


492 


USTOIXEION 16’. 


xoeug? Se to N onusiov, Ev tetywvov gotw to NZO, xail 
éreCeby0woav at KT, MO. nol enet duord¢ cotw 6 ABTAA 
xdvocg 14 EZHON xv, gotw koa Oo H BA npd¢ thy 
ZO, ottwo 0 KA &Ewv med¢ tov MN &ova. wo bE H BA 
Teds THY ZO, ottw> Wy BK med¢ thy ZM: xal wc dea H BK 
med¢ thy ZM, odtwc A KA npd¢ thy MN. xol EvarAaE we 
n BK ned¢ thy KA, ottw¢ A ZM ted¢ thy MN. xa reel 
fous ywviag tac bnO BEA, ZMN aii tAcupal avdAoydv ciow: 
duotov dea ott TO BK A totywvov 16 ZMN tetyove. adr, 
émet cot wc H BK npoc thy KT, ottwc 7 ZM medc thy 
MO, xal reel toug ywviac tac Un BKT, ZMO, Enevdtneoe, 
0 Yéeog Eotlv H UNO BKT ywvia tv med¢ t65 K xévtew 
tecodowy opVéy, TO AUTO UEpOC EOTI xal H UNO ZMO Yoovia 
TOV TEdc 16) M xévtew tecodowv dev: Enel Ovv Teel touc 
yuoviag al TAcueal dvéAoydv elow, S6UOLov goa cott TO BKT 
totywvoy 6) ZMO teryave. médw, Enel cdety0n wo 7 BK 
med¢ thy KA, ottwc A ZM med¢ thy MN, ion dé H YEV 
BK th KT, 7 be ZM tH OM, Eotw sow we n TK med¢ 
thy KA, ottwo 7 OM medc thy MN. xal rept toa yaviac 
tac Und TKA, OMN: dpdol yao: ai tAcUpal avdAoydv ciow: 
duotov doa Eotl t6 AKT totywvoyv 16 NMO teryove. xa 
émel Sid THY OYoLOTHTA TOV AKB, NMZ totyavwv eotiv 
a> 7) AB ned¢ thy BK, obtwc n NZ toed thy ZM, did dé 
THY O“oLoTHTa Tv BKT, ZMO teryavwv Eotly ac n KB 
med¢ thy BT, o¥tw¢ 1 MZ ned¢ thy ZO, dV toov doa we 
n AB noed¢ thy BT, ottwo WH NZ med¢ thy ZO. nédw, Enel 
Sta THY OYoLoTHTa T&v ATK, NOM totyavev éotlv ae H 
AT red¢ thy TK, ottw¢ 7 NO med¢ thy OM, Sie Se thy 
ouoLoThnta Tv TKB, OMZ tetyavey eotly ac 7 KT medc¢ 
thy TB, o'tw>o 7 MO med¢ thy OZ, bv’ toov doa wo 7 AT 
med¢ THY TB, ottawa 7 NO xedc¢ thy OZ. sdetyDn dE xo 
a> i TB med¢ thy BA, ottw¢ 7 OZ npd¢ thy ZN. 5v toou 
goa wc H TA med¢ thy AB, ottw¢o A ON rod¢ thy NZ. 
tév ATB, NOZ dpa toryovwv averoydy ciow al mAeveat: 
tooyavua dea €otl ta ATB, NOZ tetywva Gote xal duora. 
xal Tupaulc doa, Hc Béou uev 10 BKT tetywvoy, xopugy, 
dé tO A onuciov, Ouola goth mueauld:, Ao Bduoug wev TO 
ZMO tetywvov, xoeugy sé TO N onuetov’ Uno vue Guotwy 
ETINESWV TeCleyovtTa flowy TO TAT Voc. al SE Golo TU- 
eauidec xal Tolywvoucg Exyovoat Bacelc Ev TolmAaotow Ady 
ciol Tv OUOASywv TAcUEGY. F dow BETA mupauic ted¢ THY 
ZMON zveauida tertAactova Adyov Eyer neo 7 BK neoc 
thy ZM. duoiws b7 EmiCevyvwovtec and tév A, X, A, 6, PT, T 
emt to K evVetuc xai ano tév E, U, O, P, H, lent to M xot 
AvloTaVTES EY’ EXLOTOV THY TOLYOVOY TUEAULSACG THY AUTHY 
Koeuyhny Exovouc toic xOvotc SelEouev, StL xa Exdoty THY 
OUOTAYHY TUEAUISWV MEO ExhOTHY OLOTAYA TLEAULdSA TeL- 
TAaotova Aéyov &€et Hee H BK OudAoyoc TAcVEd TEOG THY 
ZM ouddoyov nAcupd&y, toutéot Free W BA ned¢ thy ZO. 
xal Wo Ev TOY NYOLUEVWY TEOG EV THY ETOUEVWY, OUTWC 
ONAVTA TA NYOWNEVA TEdS Amavta TH ENdUEVA EoTIW hoa 
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And let LBT be one of the triangles containing the pyra- 
mid whose base is polygon AT BUCV DW, and apex the 
point L. And let N F'P be one of the triangles containing 
the pyramid whose base is triangle EPFQGRHS, and 
apex the point NV. And let KT and M P have been joined. 
And since cone ABC DL is similar to cone EFGHN, thus 
as BD isto FH, so axis K L (is) to axis MN [Def. 11.24]. 
And as BD (is) to FH, so BK (is) to FM. And, thus, as 
BK (is) to FM, so KL (is) to MN. And, alternately, as 
BK (is) to KL, so FM (is) to MN [Prop. 5.16]. And 
the sides around the equal angles BK L and FMN are 
proportional. Thus, triangle BAL is similar to triangle 
FMN [Prop. 6.6]. Again, since as BK (is) to KT, so 
FM (is) to MP, and (they are) about the equal angles 
BKT and FMP, inasmuch as whatever part angle BAT 
is of the four right-angles at the center K, angle FM P is 
also the same part of the four right-angles at the cen- 
ter M. Therefore, since the sides about equal angles 
are proportional, triangle BAT is thus similar to train- 
gle FMP [Prop. 6.6]. Again, since it was shown that 
as BK (is) to KL, so FM (is) to MN, and BK (is) 
equal to KT, and FM to PM, thus as TK (is) to KL, 
so PM (is) to MN. And the sides about the equal angles 
TKL and PM N—for (they are both) right-angles—are 
proportional. Thus, triangle L.KT (is) similar to triangle 
NMP [Prop. 6.6]. And since, on account of the similarity 
of triangles LK B and NMF, as LB (is) to BK, so NF 
(is) to FM, and, on account of the similarity of triangles 
BKT and FMP, as KB (is) to BT, so MF (is) to FP 
[Def. 6.1], thus, via equality, as LB (is) to BT, so NF 
(is) to FP [Prop. 5.22]. Again, since, on account of the 
similarity of triangles LT K and NPM, as LT (is) to TK, 
so NP (is) to PM, and, on account of the similarity of 
triangles TK B and PM F, as KT (is) to TB, so M P (is) 
to PF, thus, via equality, as LT (is) to TB, so NP (is) 
to PF [Prop. 5.22]. And it was shown that as T'B (is) 
to BL, so PF (is) to FN. Thus, via equality, as TL (is) 
to LB, so PN (is) to NF [Prop. 5.22]. Thus, the sides 
of triangles LTB and N PF are proportional. Thus, tri- 
angles LTB and N PF are equiangular [Prop. 6.5]. And, 
hence, (they are) similar [Def. 6.1]. And, thus, the pyra- 
mid whose base is triangle BAT, and apex the point L, 
is similar to the pyramid whose base is triangle FMP, 
and apex the point N. For they are contained by equal 
numbers of similar planes [Def. 11.9]. And similar pyra- 
mids which also have triangular bases are in the cubed 
ratio of corresponding sides [Prop. 12.8]. Thus, pyramid 
BKTL has to pyramid F'M PN the cubed ratio that BK 
(has) to FM. So, similarly, joining straight-lines from 
(points) A, W, D, V, C, and U to (center) K, and from 
(points) E, S, H, R, G, and Q to (center) M, and set- 
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UTOIXEION 16’. 


nal oc H BETA nupauic mpd¢ thy ZMON xupauida, obtw 
1H OAH Tupac, He Baotg 16 ATBYTPAX rordbywvov, xo- 
ever dé tO A onueiov, Ted¢ THY OAHY TUPAULda, fic Bdotc 
yev TO EOZIHPO® nodvywvoy, xopupy 6¢ to N onuetov: 
Hote xal nueauic, fic Baouc uev 16 ATBYT PAX, xoeug7 dé 
tO A, med¢ Thy nUEAULdSa, Ac Béotc [yev] t6 EOZTIHPOX 
TOAVYWVOY, KOEUgT), b€ TO N onuElov, TolTAaclova AdVOV 
éxet free N BA ned¢ thy ZO. vndxerta 5é xal 6 xévoc, ob 
Béog [uév] 6 ABTA xvxdoc, xopuey 5é TO A onueiov, Ted¢ 
tO & otepedv toimAaotova Adyov Eywv Aree NY BA ned¢ thy 
ZO: gotw doa We O xdvoc, ob Bdog UEv cot 6 ABTA 
uburoc, xoPULET é TO A, NEOC TO E otepsdy, OUTS H TU- 
eauic, Fc Bdoug yev To ATBYT SAX [ro\vywvoy, xoeuer, 
d€ TO A, TEdC THy TUPAUtdaA, Fic Béorg Uev Eott TO EOZ- 
IIHPOd norvywvoy, xopuey dé 6 N- Evora koa, Ge O 
xdvoc, ot} Bé&oic uev 0 ABTA xvxdoc, xopuer dé TO A, 
TENS THy Ev avTe Tueautda, fic Bog Ev TO ATBYT PAX 
TOAVYHVOY, XoEUET dé TO A, OUTS TO E [otepEdy] TEd¢ THy 
TupANlda, Ac Ba&oic uév €ott TO KOZNTHPOX nodvywvovy, 
noeugn dé tO N. yetCwv b€ 0 cionuévoc xBvoc tic Ev adTH 
Tupautdoc eunepiéyet yao autyy. yEitov dea xal TO =F 
OTEPEOY Thc TuEAUtdoc, Ac Bao Uev ott TO EOZIIHPOX 
TOAVYWVoV, xoEULEH be TON. GAAG xa ELattov: Stee Eotly 
&d0vatov. vx koa 6 xévoc, ob} Bdotg O ABTA x0xA0oc, xo- 
evgi dé TO A [onuctov], med Ehattév Tt TOU xwvoU OTEPEdY, 
00 Bdotc uev 0 EZHO xbxhoc, xopuen b¢ to N onuciov, tet- 
TAaotova Adyov Eyer neo AH BA med¢ thy ZO. duoiwe 5H 
de(fouev, dtt OVSE O EZHON xéivoc ned¢ EAattdOV TW TOD 
ABLTAA xevou otepedy teitAaotova Adyoy Eyer Hnee Nn ZO 
ted thy BA. 

Aéyw oh, 611 o0dé O ABLAA xéivog Ted¢ UEiTév Tt Tob 
EZHON xevovu otegedy teitAaotova Adyov Eyet mee H BA 
Teds Thy ZO. 

Et yao duvatév, Eyétw Teds UEITov TO E. avaradw goa 
tO & otepeov med tov ABLAA xévov teimAactova Adyov 
éyet ynep Nn ZO mpdc¢ thy BA. we dé 10 E otepedv med¢ 
tov ABLAA xésvoy, obtw>o 6 EZHON xévoc med¢ EAaTTOV 
tt tol ABLAA xavou otepedv. xal 0 EZHON doa xéivoc 
med¢ EAattéOv tt toU ABLAA xavou otepedv teitAaotova 
oyov Exel Free H ZO moed¢ thy BA: ézep KSUvatov edety Dn. 
ovx tea 6 ABLAA xésvocg med¢ UEiTév tL tob EZHON 
XOVOU oTEpEdV TeLTAaclova AdYOV Eyet neo 7 BA xed 
thy ZO. edetydn SE, Sti OSE TEd¢ EAaTTOV. O ABTAA doa 
xOvocg TeEO¢ TOV EZHON xésvov teitAactova Advov EyxEL 
Anco n BA med¢ thy ZO. 

‘Og O€ 0 xBvog TEd¢ TOV xévov, O xUAIWSEOG TEC TOV 
xvdwoeoy: TelmAcoLog YaO O xUAIWSeOS TOD xHVOU O Ext Tic 
AUTHHS Bdoews TE XOVO Kal loodbbic ATH. xal O xVAWSeOc¢ 
dou TEdG Tov xAWOpOV TeEITAAOlova AdYOY Exel Free NH BA 
Teds Thy ZO. 

Ot dea dyotor xdvor xal xOAWwSpOL TEOG HAANAOUC Ev 
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ting up pyramids having the same apexes as the cones 
on each of the triangles (so formed), we can also show 
that each of the pyramids (on base ABCD taken) in or- 
der will have to each of the pyramids (on base EFGH 
taken) in order the cubed ratio that the corresponding 
side BK (has) to the corresponding side F'/—that is to 
say, that BD (has) to FH. And (for two sets of propor- 
tional magnitudes) as one of the leading (magnitudes is) 
to one of the following, so (the sum of) all of the leading 
(magnitudes is) to (the sum of) all of the following (mag- 
nitudes) [Prop. 5.12]. And, thus, as pyramid BKT L (is) 
to pyramid F MPN, so the whole pyramid whose base 
is polygon ATBUCV DW, and apex the point L, (is) to 
the whole pyramid whose base is polygon EPFQGRHS, 
and apex the point N. And, hence, the pyramid whose 
base is polygon ATBUCV DW, and apex the point L, 
has to the pyramid whose base is polygon EPFQGRHS, 
and apex the point N, the cubed ratio that BD (has) 
to FH. And it was also assumed that the cone whose 
base is circle ABCD, and apex the point L, has to solid 
O the cubed ratio that BD (has) to FH. Thus, as the 
cone whose base is circle ABCD, and apex the point L, 
is to solid O, so the pyramid whose base (is) [polygon] 
AT BUCV DW, and apex the point L, (is) to the pyramid 
whose base is polygon EPFQGRHS, and apex the point 
N. Thus, alternately, as the cone whose base (is) circle 
ABCD, and apex the point L, (is) to the pyramid within 
it whose base (is) the polygon ATBUCV DW, and apex 
the point LZ, so the [solid] O (is) to the pyramid whose 
base is polygon EPFQGRHS, and apex the point N 
[Prop. 5.16]. And the aforementioned cone (is) greater 
than the pyramid within it. For it encompasses it. Thus, 
solid O (is) also greater than the pyramid whose base is 
polygon EPFQGRHS, and apex the point N. But, (it 
is) also less. The very thing is impossible. Thus, the cone 
whose base (is) circle ABCD, and apex the [point] L, 
does not have to some solid less than the cone whose 
base (is) circle EF'GH, and apex the point N, the cubed 
ratio that BD (has) to EH. So, similarly, we can show 
that neither does cone EFGHN have to some solid less 
than cone ABC DL the cubed ratio that F'H (has) to BD. 

So, I say that neither does cone ABC DL have to some 
solid greater than cone EFGHN the cubed ratio that BD 
(has) to FH. 

For, if possible, let it have (such a ratio) to a greater 
(solid), O. Thus, inversely, solid O has to cone ABCDL 
the cubed ratio that F'H (has) to BD [Prop. 5.7 corr.]. 
And as solid O (is) to cone ABCDL, so cone EFGHN 
(is) to some solid less than cone ABCDL [12.2 lem.]. 
Thus, cone EF'GHN also has to some solid less than cone 
ABCDL the cubed ratio that FH (has) to BD. The very 
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USTOIXEION 16’. 


TolmAdotow ADYW Elol THY Ev tolic Buoeot SiaUeTEWV' STEP 
Eder Scien. 


, 
Ly’. 
“Edy x0Atvbe0¢ Erimédw TUNDA TAPAAAHAG Ovtt toic ame- 
VAVTLOV ETLMESOLS, EOTAL W¢ O KVALVSEOG TOC TOV XUALVSpOV, 
ee re) = TEOS oe ee 


NTATATATATAYS 
VAVIVIVIVIN 


rae yuo o ae Set TOS oe eee te TLOL- 
CXAAHAG Svtt toic &nevavttov emmédoic totic AB, TA, xa 
OUUBOAAET TH KEow t6 HO Exinedov xat& 16 K onusiov 
EY, OTL Eatlv Wc O BH xvAwdeo¢ TEd¢ Tov HA xbAwdoov, 
ottw> 6 EK &€wv med¢ tov KZ &€ova. 

"ExBeBAjovw yuo 0 EZ &€wv eo’ exdtepa ta ween Ent 
ta A, M onusia, xal exxetodwoav té3 EK &€0u toot doot- 
dnnotoby ot EN, NA, 16 dé ZK toot doowdnnotoby ot ZE, 
EM, xal vociodw 6 ext tol AM &£ovoc xvAwodeoc¢ 0 OX, 
o0 Bdoeic ot OI], PX xbxdrov. nol ExBeBAhoVu Sia tov 
N, = onyctwyv extneda maecAAnda toic AB, TA xal toiic 
Bacco. tol OX xvAtvdeou xal moveitwoav tobc PL, TY 
xvuroug mept ta N, = xévtoa. ual enet ot AN, NE, EK 
&ovec toot clolv dAAVAotc, ot dow ITP, PB, BH xvaAtvdeor 
TOS GAANAouC Eloly w¢ at Bdoetc. too dé Elow at Bdoeic: 
toot dea xo ot ITP, PB, BH xdAwdpor wAAnAotc. Exel obv 
oi AN, NE, EK &€ovec toot eiotv &AAHAotc, elol bE xal ot 
IIP, PB, BH xvAwdeor too wAnAotc, xal Eotw toov TO 
TAR Vos té TANVEt, OoatAcclwy doa O KA &wv tot EK 
&ovoc, tooavtankaotwy gota. xal o ITH xvAtvSeoc¢ to} HB 
XUAVOEOV. Bid TA HUTH BY xal OoanAnotwyv Eotiv Oo MK &wv 
tot KZ &ovoc, tooautanAaotwy goth xal 6 XH xvAwvdeo0c¢ 
tov HA xvatvdeou. xol et uev tooc gotly 0 KA dwv 165 
KM é€ow, toog gota xa 6 WH xvAwdeoc 165 HX xvaivdow, 
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thing was shown (to be) impossible. Thus, cone ABC'DL 
does not have to some solid greater than cone EFGHN 
the cubed ratio than BD (has) to FH. And it was shown 
that neither (does it have such a ratio) to a lesser (solid). 
Thus, cone ABCDL has to cone EF'GHN the cubed ra- 
tio that BD (has) to FG. 

And as the cone (is) to the cone, so the cylinder (is) 
to the cylinder. For a cylinder is three times a cone on 
the same base as the cone, and of the same height as it 
[Prop. 12.10]. Thus, the cylinder also has to the cylinder 
the cubed ratio that BD (has) to FH. 

Thus, similar cones and cylinders are in the cubed ra- 
tio of the diameters of their bases. (Which is) the very 
thing it was required to show. 


Proposition 13 


If a cylinder is cut by a plane which is parallel to the 
opposite planes (of the cylinder) then as the cylinder (is) 
to - er so a axis ee be to a ne 


MTATATATATATS 
WLC IS LTS. 


a let he ee AD en oe cut ze the sine 
GH which is parallel to the opposite planes (of the cylin- 
der), AB and CD. And let the plane GH have met the 
axis at point Kk. I say that as cylinder BG is to cylinder 
GD, so axis EK (is) to axis KF. 

For let axis EF have been produced in each direction 
to points L and M. And let any number whatsoever (of 
lengths), FN and NL, equal to axis E-K, be set out (on 
the axis #L), and any number whatsoever (of lengths), 
FO and OM, equal to (axis) FK, (on the axis KM). 
And let the cylinder PW, whose bases (are) the circles 
PQ and VW, have been conceived on axis LM. And 
let planes parallel to AB, CD, and the bases of cylinder 
PW, have been produced through points N and O, and 
let them have made the circles RS and TU around the 
centers N and O (respectively). And since axes LN, NE, 
and EK are equal to one another, the cylinders QR, RB, 
and BG are to one another as their bases [Prop. 12.11]. 
But the bases are equal. Thus, the cylinders QR, RB, 
and BG (are) also equal to one another. Therefore, since 
the axes LN, NE, and EK are equal to one another, 
and the cylinders QR, RB, and BG are also equal to one 
another, and the number (of the former) is equal to the 
number (of the latter), thus as many multiples as axis Kk L 
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et b€ yeiwv O &wv tod &ovoc, uciTwv xal 6 xvAwde0c¢ 
tod xvAivdpou, xa Et EAdoOowy, EAdOOWV. Tecodewv Ot) UE- 
yev@v dviwv, &dvev yev tv EK, KZ, xvAtvdowy Sé tév 
BH, HA, efdnata tod nodAarAcoa, tot uev EK &€ovoc 
xa tod BH xvAivopou 6 te AK &€wv xol o ITH xvAtvieoc, 
tot dé KZ &€ovec xa to) HA xvaAtvdpou 6 te KM d&€uv 
xat o HX xbdAwdeoc, xal Séderxta, Sti et Umepéyer O KA 
&wv tol KM aovoc, trepeyet xal O TH xvAtwvdeo¢ tod 
HX xvatvoeou, xa et too, tooc, ual el ehtioowy, EAdoowy. 
got goa Wo O EK &€wv med tov KZ &€ova, otwo 6 BH 
xbAwwdeo¢ MEd Tov HA xbAwbpov: Sree Eder SetEan. 


10’. 


Ol El towy Pdéoewy Svtec xdvor xal “vVAWSEOL TEdC 
addhAoug eiolv ac ta By. 


aK 
E 
mR Es. 


"Eotwouv yoo ent towyv Bdoewy tv AB, TA xbdxhwv 
xvAtvseot ot EB, ZA: AEyw, 6ti Eotlv Wo O EB xvAwsde0c¢ 
med¢ tov ZA xvAwvbpoy, OUTwWo O HO &wv med¢ tov KA 
&ova. 

"ExBeBAjovw yuo 0 KA &€wv ent to N onuetov, xat 
xetodw 16 HO dow tooc 6 AN, xal nepi GEova tov AN 
xvudwoeoc vevojodw Oo IM. enet odv ot EB, PM xbAwodeor 
UNO TO aUTO Bhog elotv, TEd¢ GAAHAOUG Elolv w¢ at Bdoetc. 
tout 5€ eloty at Bacetc GAANAaIc: toot doa ciol xol ot EB, PM 
xbAtvOeot. Kal Emel xVAWSeOc O ZM eEninédw téetuNnto TES 
TA raparAnrw dvtt toic anevavttoyv Eminédoic, Eottv doa we 
OTM xddAw6deog ned¢ tov ZA xbAwdeov, oUtTws O AN &€wv 
med¢ tov KA &ova. toog b€ Eotw 6 yey TM xvAwdeoc té5 
EB xvatvoow, 6 dé AN &€wv 165 HO dow: Eotw goa we 6 
EB xbAwdeo¢ ted¢ tov ZA xbAwbgoy, ota 0 HO &wv 
med¢ tov KA &ova. we 5¢ 6 EB xbAwdeoc ted¢ tov ZA 
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is of axis EK, so many multiples is cylinder QG also of 
cylinder GB. And so, for the same (reasons), as many 
multiples as axis MK is of axis K F', so many multiples 
is cylinder WG also of cylinder GD. And if axis KL is 
equal to axis KM then cylinder QG will also be equal 
to cylinder GW, and if the axis (is) greater than the axis 
then the cylinder (will also be) greater than the cylinder, 
and if (the axis is) less then (the cylinder will also be) 
less. So, there are four magnitudes—the axes EK and 
KF, and the cylinders BG and GD—and equal multiples 
have been taken of axis EK and cylinder BG—(namely), 
axis LK and cylinder QG—and of axis kK F and cylinder 
GD—(namely), axis KM and cylinder GW. And it has 
been shown that if axis KL exceeds axis kK M then cylin- 
der QG also exceeds cylinder GW, and if (the axes are) 
equal then (the cylinders are) equal, and if (AL is) less 
then (QG is) less. Thus, as axis EK is to axis KF, so 
cylinder BG (is) to cylinder GD [Def. 5.5]. (Which is) 
the very thing it was required to show. 


Proposition 14 


Cones and cylinders which are on equal bases are to 


ea 


For let EB and FD be cylinders on equal bases, 
(namely) the circles AB and CD (respectively). I say 
that as cylinder E'B is to cylinder F'D, so axis GH (is) to 
axis KL. 

For let the axis KL have been produced to point N. 
And let LN be made equal to axis GH. And let the cylin- 
der C'M have been conceived about axis LN. Therefore, 
since cylinders EB and C'M have the same height they 
are to one another as their bases [Prop. 12.11]. And the 
bases are equal to one another. Thus, cylinders EB and 
CM are also equal to one another. And since cylinder 
FM has been cut by the plane CD, which is parallel to 
its opposite planes, thus as cylinder C'M is to cylinder 
FD, so axis LN (is) to axis KL [Prop. 12.13]. And cylin- 
der C'M is equal to cylinder E'B, and axis LN to axis GH. 
Thus, as cylinder FB is to cylinder F'D, so axis GH (is) 
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xbAtvbeoy, ovtTw¢ 0 ABH xéivoc med¢ tov TAK xévov. xa 
ac dpa 0 HO &wv med¢ tov KA &€ova, ottwo 6 ABH 
x@vog Ted¢ tov TAK xéivov xai O EB xvAtvde0¢ Ted¢ TOV 
ZA xbdwoeov: Oreo Eder SetEau. 


# 
le. 
Tév flowy xdvov xal xvAiv6owv davtinendvdaow at 
Bdoeic toic Bheow xol GV xOvwov xual xVALVSEWV dvTI- 
netovdaow at Bdoetc toic Ueow, toot ciolv Exeivor. 


(1] 


"Hotwouy toot xévor xol xbAwdeot, @v Bdoetc Ue ol 
ABTA, EZHO xdxAot, didueteor dé avtéyv at AD, EH, 
&€ovec 6€ ot KA, MN, oftwec xal tyn elol tv xovov F 
xvAlvdewv, xal ouuretAnewodwoay ot AE, EO xvawseo. 
Ey, Ott THV AE, EO xvatvoowv avinendw0aow att Boers 
toic byeow, xat Eotw ac AH ABTA Bdorg red¢ thy EZHO 
Baow, o0two to MN bog med¢ 16 KA Udo. 

To yee AK boc 14 MN beet Ato toov Eotiv F ov. 
€otw Tedtepov toov. Eott dé xal O AE xbAwdeoc 163) EO 
xUMvbBew toog. ot SE UNO TO adTO Bog Svteg xévor xal 
xUAIVSEOL TEOS BAATAOUC Eloly wd al Bdoetc: ton doa xa 
n ABLA Bao tH EZHO Béoe. ote xal avinénovey, 
ac ) ABA Bdo1g ned¢ thy EZHO Bdow, ottwo tO MN 
bog ted TO KA Bhoc. GAA BH UH Eotw TO AK Bho 
16 MN toov, ad’ Eotw ueiTov 10 MN, xal agrejode ano 
tov MN vdouc 16 KA ioov 10 TIN, xal da tod HI onuetou 
tetunove o EO xvaAwédeoc eminédw 16) TYU naparAnrw 
toic tv EZHO, PO xbxrwv exinédotc, xal and Baoewe YEV 
tov EZHO xbdxdov, byouc 5€ tod NII xbAwdeoc¢ vevonotw 
6 EX. xat énel toog Eotly 6 AE xbAwbeoc 165 EO xvatvoow, 
got goa Wo O AE xbAtvbpo¢ Ted TOV ED xvAtvdgov, otw<¢ 
0 EO xvbawigoc¢ ned¢ Tov EX xvAwopov. GAN’ wo yev 6 AZ 
xUMvSe0¢ TEOG TOV EL xbAwdeov, o'two 7 ABTA Bdotc 
med¢ thy EZHO: bro yao 16 adtO Bog ciolv ot AZ, EX 
xvAtvbeor @c 6€ O EO xvAtvbeoc Ted¢ Tov EU, otwe 16 
MN toc ned¢ 10 IIN boc: 6 yao EO xbAwdpoc Erinéde 
TETUNTAL TACMAANAG Svtt Toic amevavtioy Emimédolc. Cott 
doa xat ac 7 ABTA Badoug nepd¢ thy EZHO Bdow, ottw¢ 10 
MN vdog zed¢ 16 IIN boc. toov 6é 16 TIN boc 14 KA 
ber Eotw doa wo 7 ABLA Bdog npd¢ thy EZHO Bdow, 
otw>o T6 MN bog mpd¢ 16 KA Boog. tév dpa AE, EO 
xvVAivoowy d&vtietdvdaow ai Bd&oetc toic Bbeow. 
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to axis KL. And as cylinder FB (is) to cylinder FD, so 
cone ABG (is) to cone CDK [Prop. 12.10]. Thus, also, 
as axis GH (is) to axis KL, so cone ABG (is) to cone 
CDK, and cylinder EB to cylinder FD. (Which is) the 
very thing it was required to show. 


Proposition 15 


The bases of equal cones and cylinders are recipro- 
cally proportional to their heights. And, those cones and 
cylinders whose bases (are) reciprocally proportional to 
their heights are equal. 


B 

Let there be equal cones and cylinders whose bases 
are the circles ABCD and EFGH, and the diameters 
of (the bases) AC and HG, and (whose) axes (are) KL 
and MN, which are also the heights of the cones and 
cylinders (respectively). And let the cylinders AO and 
EP have been completed. I say that the bases of cylinders 
AO and EP are reciprocally proportional to their heights, 
and (so) as base ABCD is to base EF GH, so height MN 
(is) to height KL. 

For height LK is either equal to height MN, or not. 
Let it, first of all, be equal. And cylinder AO is also equal 
to cylinder FP. And cones and cylinders having the same 
height are to one another as their bases [Prop. 12.11]. 
Thus, base ABC'D (is) also equal to base EFGH. And, 
hence, reciprocally, as base ABCD (is) to base EFGH, 
so height WN (is) to height KL. And so, let height Lk 
not be equal to MN, but let WN be greater. And let QN, 
equal to KL, have been cut off from height IN. And 
let the cylinder EP have been cut, through point Q, by 
the plane TUS (which is) parallel to the planes of the 
circles EFGH and RP. And let cylinder ES have been 
conceived, with base the circle EF'GH, and height NQ. 
And since cylinder AO is equal to cylinder EP, thus, as 
cylinder AO (is) to cylinder E'S, so cylinder EP (is) to 
cylinder E'S [Prop. 5.7]. But, as cylinder AO (is) to cylin- 
der E'S’, so base ABCD (is) to base EF GH. For cylinders 
AO and E'S (have) the same height [Prop. 12.11]. And 
as cylinder EP (is) to (cylinder) E'S, so height MN Cis) 
to height QN. For cylinder EP has been cut by a plane 
which is parallel to its opposite planes [Prop. 12.13]. 
And, thus, as base ABCD is to base EFGH, so height 
MN (is) to height QN [Prop. 5.11]. And height QN 
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AAG OF tHvV AE, EO xvAtvipwv avinenowétwoay at 
Baoetc toic teow, xal Eotw Go 7 ABTA PBéorg med¢ thy 
EZHO Bdow, ottwo to MN bog ted¢ 10 KA Bhoc: AE, 
but toog Eotly O AE xdAwdeoc 16 EO xvatvoow. 

Tév yao autéy xataoxevaovevtwy emel Eotw ac 7 
ABIA Béorg ned¢ thy EZHO Bdow, ottwo 16 MN boc 
med¢ 10 KA toc, foov 5 16 KA Bog 16 TIN beet, ota 
goa ac 7 ABTA Bdorg npd¢ thy EZHO Bdow, ottw<¢ 10 
MN tog nmed¢ to TIN toc. GAN wo uev H ABLA Bdotc 
med¢ thy EZHO Bdow, ottw>o 6 AE xbAwdeoc¢ med¢ tov 
EX xbAwseov: bn yuo TO adTO Bog eiotv: wc bE TO MN 
bog med¢ tO TIN [¥doc], ote O EO xvAtwSeo¢ Ted¢ TOV 
EX xdAwdeov: Eottw doa Wc 6 AE xbAtvSe0c¢ Ted¢ Tov EX 
xvAwSeov, OUTWS 0 EO xbAtwbeo¢ ted¢ Tov EX. too¢ toa 
0 AE xv0dwopoc 16) EO xvAtvoew. @oadtw¢ 5& xol Ext TOV 
xovwv’ OTE Eder SetEau. 


: 
WT. 
Ato xv0xrwv tepl TO wT xEvTPOV SvTWY Eig TOV 
ustCova xUxAov TOAUYWvov lodTAEUPOY TE Xal dOTIOTAEUEOV 
evyyeupar un padov tod EAdooovoc xvxAov. 


*"Eotwoav ot SovEvtes BVO xbxAor ot ABTA, EZHO 
Teel TO MUTO xévToOV TO K-° det SH) cic TOV UEiCova xOXAOV 
tov ABTA rodkbywvov todrmAcvedv te xol detIOTAEUEOV 
eyyeadvar ur padov to} EZHO xbxdov. 

"Hyd yae dia tod K xévtpou evdeia n BKA, xat 
ano tod H onuciou ti BA cvdeta nod¢ dedac FyVw A 
HA xol difydw ext to Ty AT how epanteta tot EZHO 
x0xAov. téuvovtes Of thy BAA rzepupeperav dtya xo thy 
Nulociav adtiic Stya xal totto del novlobvtec xatarelbouev 
Tepipépetav cAcooova tic AA. Acheinde, xal Eotw 7 AA, 
xal ano tod A ent thy BA x&Vetoc HyVw HAM xal Sinydo 
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(is) equal to height KL. Thus, as base ABCD is to base 
EFGH, so height MN (is) to height KL. Thus, the bases 
of cylinders AO and FP are reciprocally proportional to 
their heights. 

And, so, let the bases of cylinders AO and EP be 
reciprocally proportional to their heights, and (thus) let 
base ABCD be to base EFGH, as height MN (is) to 
height KL. I say that cylinder AO is equal to cylinder 
EP. 

For, with the same construction, since as base ABCD 
is to base EF'GH, so height MN (is) to height KL, and 
height KL (is) equal to height QN, thus, as base ABCD 
(is) to base EFGH, so height MN will be to height 
QN. But, as base ABCD (is) to base EFGH, so cylin- 
der AO (is) to cylinder E'S. For they are the same height 
[Prop. 12.11]. And as height MN (is) to [height] QN, 
so cylinder EP (is) to cylinder E'S [Prop. 12.13]. Thus, 
as cylinder AO is to cylinder E'S, so cylinder EP (is) to 
(cylinder) E'S [Prop. 5.11]. Thus, cylinder AO (is) equal 
to cylinder EP [Prop. 5.9]. In the same manner, (the 
proposition can) also (be demonstrated) for the cones. 
(Which is) the very thing it was required to show. 


Proposition 16 


There being two circles about the same center, to 
inscribe an equilateral and even-sided polygon in the 
greater circle, not touching the lesser circle. 


w 
Sen 


Let ABCD and EFGH be the given two circles, about 
the same center, kK. So, it is necessary to inscribe an 
equilateral and even-sided polygon in the greater circle 
ABCD), not touching circle EFGH. 

Let the straight-line Bk D have been drawn through 
the center K. And let GA have been drawn, at right- 
angles to the straight-line BD, through point G, and let it 
have been drawn through to C. Thus, AC touches circle 
EFGH [Prop. 3.16 corr.]. So, (by) cutting circumference 
BAD in half, and the half of it in half, and doing this con- 
tinually, we will (eventually) leave a circumference less 
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émt to N, xal exeCebySwoav ai AA, AN: ton doa eotiv H 
AA th AN. not excel napdAnrde Eotw 7 AN tH AT, 7 5e AP 
epanteta tod EZHO xdxdovu, 71 AN dea ovx Egdnteta tot 
EZHO x0xdou- ToOAAG doa ai AA, AN obdx% epantovta tod 
EZHO xdxdAov. edv 67 tH AA ev¥ety touc xatk TO OUvExes 
évaouoowuey cic tov ABTA xvxhov, Ey yeaphoeta cic Tov 
ABTA xdxAov no\bywvoy iodrAcupdy te xol deTLOMAEUEOV 
un adov tod Edcooovog xbxAov tol EZHO: donee eden 
TOOL. 
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than AD [Prop. 10.1]. Let it have been left, and let it be 
LD. And let LM have been drawn, from L, perpendicu- 
lar to BD, and let it have been drawn through to N. And 
let LD and DN have been joined. Thus, LD is equal to 
DN [Props. 3.3, 1.4]. And since LN is parallel to AC 
[Prop. 1.28], and AC touches circle EFGH, LN thus 
does not touch circle EFGH. Thus, even more so, LD 
and DN do not touch circle EFGH. And if we continu- 
ously insert (straight-lines) equal to straight-line LD into 
circle ABCD [Prop. 4.1] then an equilateral and even- 
sided polygon, not touching the lesser circle EF'GH, will 
have been inscribed in circle ABCD. (Which is) the very 
thing it was required to do. 


+ Note that the chord of the polygon, LN, does not touch the inner circle either. 


IC’. 
Ato opaipév meet 10 avtTO xEvTEOV OvOdY Ei¢c Thy 
uetCova o~adioay otepedv ToAVEdpov Ey veda UY) babov Tic 
EAhOGOvOS opaioug KATH THY EMLPdveEtay. 


Nevoyjodwouy 500 opdioa nepl 16 ato xévtpOV TO A: 
det dH cic THY UEtTova o~aiioav otepedv TOAVEdSpOV EY yecpau 
un Yatoy tii EAcooovoc oatoacg Kate Thy Emipdvetav. 

Tetyfjodwoay at ogoloa emimédu tii Sia tod xévteou" 
géoovtat Sy) ot Touol xbxAol, Eneldyjmep UEevovonc THic 
StaeTeOL ual TEELpECOUevoU ToD YULxUxAloU EylyvEeTO 7 
opdipa dote xat xd’ olac dv Déoewo EmtvohowUEY TO 
NMLXLXALOV, TO OL AVTOD ExBaAAdUEVOV ErtmEd0v TOLHoEL 
EMl Thc emupavetac thc opatoac xUxAov. xal pavepdy, 
OTL XL USYLOTOV, EneLd4\nEO 7 SidUETeOC THic OMateac, Htc 


Proposition 17 


There being two spheres about the same center, to in- 
scribe a polyhedral solid in the greater sphere, not touch- 
ing the lesser sphere on its surface. 


Let two spheres have been conceived about the same 
center, A. So, it is necessary to inscribe a polyhedral solid 
in the greater sphere, not touching the lesser sphere on 
its surface. 

Let the spheres have been cut by some plane through 
the center. So, the sections will be circles, inasmuch 
as a sphere is generated by the diameter remaining be- 
hind, and a semi-circle being carried around [Def. 11.14]. 
And, hence, whatever position we conceive (of for) the 
semi-circle, the plane produced through it will make a 
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Eotl xal ToD HuLxuxAtov SidEteod SNAASH xal Too xbxAovU, 
ueiCwv eotl naody tév cig TOV KUXAOV H THY O¢diloay So 
youevey [evverév]. gotw obv ev ev tH YelTow opatog 
xbxdoc 6 BLAE, év d€ tH EAdooow o~atog xdxAo¢ 6 ZHO, 
xa HYVwWoay avtdy vo didvETeo! MEd OETA GAAAAUC ott 
BA, TE, xot 500 x0xrAwy meet TO ADTO KEVTEOV SvTWY TéV 
BLTAE, ZHO etc tov uetCova xvxdov tov BVAE noAvywvov 
(oOTAEUEOV Xal KETLOMAELEOV EyyeyeaP~UW Ur Patov tot 
éAdooovocg xUxAov tov ZHO, od rAcveal Eotwouy ev 16) BE 
tetaptyuopiw ai BK, KA, AM, ME, xo em@evydetoa 7 KA 
dijyVoo ei to N, xal dveotdtw and tod A onuetou té tot 
BLAE xdxAou éminédw Ted OeVac 7 AZ xal ovupPoarréto 
TH Etupaveta tic opatopag xate TO E, wal Sie tio AE xa 
exatépac tv BA, KN éxineda exBeBAjoda noujoovor oh 
did Ta clonueva Eml t¥ic Emtpavetac tic opatoac useyiotouc 
xbudroug. Totsitwoay, vy Huxvadra Eotw ent tv BA, KN 
dtauetowy te BEA, KEN. xat exel 1 ZA dp0H Eott TEd¢ TO 
tot BLAE xdxAou éxtnedov, xal navta doa Te Sie Thc ZA 
érined& Eottv PNK TEd¢ tO ToU BLAE xvxdovu éexinedov: 
Bote xal ta BEA, KEN fuxdxAta dp0& Eott med TO TOD 
BIAE xbx\ou éninedov. xat Enel tou Eotl ta BEA, BEA, 
KEN fuixdxrva er ye flowy ciol diavétepwv tv BA, KN- 
loa cotl xal ta BE, BE, KE tetaptnudera aArAnroic. doa 
doa etoly ev té) BE tetaotnuoetw mAcvpal tot noAUyavou, 
tooadtat clot xol Ev toic BE, KE tetaptyyoptiors too totic 
BK, KA, AM, ME evd8etac. eyyeypapdwouv xal Eotwoav 
at BO, OI, UP, P=, Ku, UT, TY, YE, xa exeCevyDwoav 
at SO, TH, YP, xo and tHv O, U ent to tod} BPAE 
xvxrou exinedov xdVetor HyIwouv? mecobvtm Sy Ent Tac 
nowds Tod THv emimédwv tac BA, KN, énevdynee xa 
ta Tv BEA, KEN éexineda d00& Eott Ted¢ 16 tov BTAE 
xdxdov eEntnedsov. TITTETWOAV, Kal Eotwoav at Ob, UX, 
ual eneCevydw A XD. xal Enel Ev tooig AutxuxAtoic toic 
BEA, KEN ‘tou dnenuuevan ctoly at BO, KX, xa xeDetor 
Hyuevat ciolv at O®, UX, ton [Soa] Eotiv H yev OSG tH UX, 
n Se B® tH KX. got be xal 6AN H BA Gdn tH KA ton: xa 
Aoinyh Goa 7 PA Aownf{ tH XA Eotw ton: Eotw &pa Wo H BS 
med¢ thy A, ottwo 7 KX med thy XA° naeddAndroc dea 
cotly 7 X® tH KB. xal enel exatéou tv OS, UX ody 
got Ted¢ TO to BLAE xvxdovu exinedov, napdAAnroc koa 
éotly n O® th UX. cdetyOn Oé auth xal ton xal a XO, UO 
doa toot ciot xol nupdAAnAor. nol Emel MaCGAANAGS EoTIV 
n X® th UO, wdAu H X® tH KB cot napdrAndoc, xa 
n UO doa tH KB tot napddAndroc. xal EemCevyvoovow 
avtac at BO, KE: 16 KBOX toa teteamAeveoyv ev evi 
EOTW ETINESW, ETELOH TEP, EV Got SbO cvVeion TAPGAANAOL, 
xa Ep Exatépuc adTe&v Anpdf tuydvta oNusta, H El tH 
onueia emCevyvuuevy cvveta ev 16) wv Enimédw ott toil 
TUCMAANAOLG. Old TH KUTA OH ual Exdtepov THv UOIIT, 
TIIPY teteandcvewy ev evi cotw eminédw. eott Se xail 
tO TYPE tetywvov ev evi Eminédw. edv 67 vofowuEy AMO 
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circle on the surface of the sphere. And (it is) clear 
that (it is) also a great (circle), inasmuch as the diam- 
eter of the sphere, which is also manifestly the diame- 
ter of the semi-circle and the circle, is greater than all 
of the (other) [straight-lines] drawn across in the cir- 
cle or the sphere [Prop. 3.15]. Therefore, let BCDE be 
the circle in the greater sphere, and F'GH the circle in 
the lesser sphere. And let two diameters of them have 
been drawn at right-angles to one another, (namely), 
BD and CE. And there being two circles about the 
same center—(namely), BCDE and FGH—let an equi- 
lateral and even-sided polygon have been inscribed in 
the greater circle, BCDE, not touching the lesser circle, 
FGH [Prop. 12.16], of which let the sides in the quad- 
rant BE be BK, KL, LM, and ME. And, KA being 
joined, let it have been drawn across to N. And let AO 
have been set up at point A, at right-angles to the plane of 
circle BCDE. And let it meet the surface of the (greater) 
sphere at O. And let planes have been produced through 
AO and each of BD and KN. So, according to the afore- 
mentioned (discussion), they will make great circles on 
the surface of the (greater) sphere. Let them make (great 
circles), of which let BOD and KON be semi-circles on 
the diameters BD and KN (respectively). And since OA 
is at right-angles to the plane of circle BCDE, all of the 
planes through OA are thus also at right-angles to the 
plane of circle BCDE [Prop. 11.18]. And, hence, the 
semi-circles BOD and KON are also at right-angles to 
the plane of circle BCDE. And since semi-circles BED, 
BOD, and KON are equal—for (they are) on the equal 
diameters BD and KN [Def. 3.1]—the quadrants BE, 
BO, and KO are also equal to one another. Thus, as 
many sides of the polygon as are in quadrant BE, so 
many are also in quadrants BO and KO equal to the 
straight-lines BK, KL, LM, and ME. Let them have 
been inscribed, and let them be BP, PQ, QR, RO, KS, 
ST, TU, and UO. And let SP, TQ, and UR have been 
joined. And let perpendiculars have been drawn from P 
and S' to the plane of circle BCDE [Prop. 11.11]. So, 
they will fall on the common sections of the planes BD 
and KN (with BCDE), inasmuch as the planes of BOD 
and KON are also at right-angles to the plane of circle 
BCDE [Def. 11.4]. Let them have fallen, and let them be 
PV and SW. And let WV have been joined. And since 
BP and KS are equal (circumferences) having been cut 
off in the equal semi-circles BOD and KON [Def. 3.28], 
and PV and SW are perpendiculars having been drawn 
(from them), PV is [thus] equal to SW, and BV to KW 
[Props. 3.27, 1.26]. And the whole of BA is also equal 
to the whole of AA. And, thus, as BV is to VA, so KW 
(is) to WA. WV is thus parallel to K B [Prop. 6.2]. And 
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tév O, &, H, T, P, YT onetwy ext 16 A emiCevyvuyevac 
evvetac, ovotadhoetat tt oy fa otepsov TOAVESpOV Latacd 
tOv BE, KE reoeupeoeisv ex mupauidwv ovyxetuevov, av 
Baoeig uev ta KBON, NOIIT, THPY tetedrarcven xat tO 
TPE tetywvov, xoeugy 5é 10 A onuciov. edv be xal Ent 
exdotne tv KA, AM, ME nAcupéiy xaddnep ent thc BK t& 
AUTH KATHOXELAOWLEV Kal ETL THY AOLMY ToL TeTAETH- 
wooly, cvotadjoetal TL oyun ToAVEdSpOV EYYEYEAUUEVOV 
cig THY OGdiloay nupautot mepleyduevoy, Sv Bdéoves [Ev] te 
clonueva tetodnAcvea xal tO TPE totywvov xal te OuoTayy, 
autoic, xopuPy Sé TO A onustov. 

Aéyw dt TO cionuévov TroAvEedeov ovx Epebeta Tic 
EAhOGOVOS Oalouc KATH THY EMLPpdvelav, EY Ho FOTW O 
ZHO xvxA0oc. 

"Hyd and tot A onyetov ext to told KBOX te- 
teamAeveou entnedov xuVetoc 7 AW xa ovpuBarrEta Té 
ETIMESH KATH TO VW onUEtov, xal exeTeVyDwouv ai VB, UK. 
xol ene 1 AV ded% Eott Ted T6 to} KBOX teteanAebeou 
éminedov, Kol Teds TdouC Hou Tac ANTOLEVAC AHUTHc eUDEtac 
xal ovoug Ev T6) TOD TetopamAcbeou EninedW CODY EoTW. 7 
AW doa oedt got Med¢ Exatépayv THv BW, WK. xal enet 
fon cotlv n AB ti AK, toov ott xai 16 and tic AB 165 
ano tij¢ AK. xat €ott 16 ev and thc AB tow td and tév 
AW, UB: de0} vue 7H Teds TH W 16 bE and tH¢ AK toa t& 
ano tév AV, WK. ta doa and tév AW, VB toa eotl tic 
and tév AV, WK. xowodv denofodw 16 and tic AW: Konov 
doa TO and Thc BW Aoinés 165 and thc WK toov Eotiv: toy 
goa n BW tH WK. duoiws 57 SeiGouev, dui xal at and tod VW 
émt ta O, Us EmiCevyvouevan evVeton too elolv Exatéea tiv 
BW, WK. 0 dou xévtow 6 WY xa Stacthuat evi tov WB, 
WK yeapduevocg xbuAoc Het ual Sie TOV O, LU, xa Eotar 
év XUXAW TO KBOX teted&rdcvueov. 

Kot énet uetCwv eotlv 7 KB tic X®, ton be HX tH 
XO, ueiCov doa W KB tic UO. ton 5 7 KB Exatéeg tév 
Kd, BO- xol exatéox doa tv KU, BO tic UO vetCov 
éotly. xal Emel ev xbxAW TetTedmAEUEOV EoTL TO KBOX, xa 
tou ot KB, BO, KE, xat chattwv 7 OX, xa ex tod xévteou 
tov xUxAou Eotly 7 BW, to dou and thc KB tod ano tic 
BW uci@ov éotw 7 SinAdowov. HyYw and tod K ent thy BO 
xav_etog 7 KQ. xol éret NH BA tic AOD Ekdttwv Eotiv 7H 
OimAh, xal Eotty ac H BA ned¢ thy AQ, ottw¢ 16 ONO TH 
AB, BQ. red¢ tO Oxd [tév] AQ, OB, avayeupouevou and 
tic BQ teteaxyavou xol cuunAneouyévoy tod ent tic QA 
TapaANAoYeEdUNoU xal TO OT AB, BO doa tod vnd AQ, 
QB éhattév gotw H SimAcowov. xat eott thc KA emCev- 
yvuyeving TO yev Und AB, BO ioov 16 and tig BK, 10 dé 
bro téHv AQ, OB ioov 16 and tic KO: 16 dou dnd t¥j¢ KB 
tod and thc KO ehacody cotw 7 SinAdcoLov. GAAG TO ATO 
tiic KB tot and tic BYU uciCdv Eotw Ff SimAdovov’ UiTov 
doa TO ano Tic KO tod and thc BW. xol enet ton eotiv 7 
BA ti KA, toov gotl 16 and thc BA 16 and tic AK. xat 
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since PV and SW are each at right-angles to the plane 
of circle BCDE, PV is thus parallel to SW [Prop. 11.6]. 
And it was also shown (to be) equal to it. And, thus, 
WV and SP are equal and parallel [Prop. 1.33]. And 
since WV is parallel to SP, but WV is parallel to KB, 
SP is thus also parallel to KB [Prop. 11.1]. And BP 
and KS join them. Thus, the quadrilateral kK BPS is in 
one plane, inasmuch as if there are two parallel straight- 
lines, and a random point is taken on each of them, then 
the straight-line joining the points is in the same plane 
as the parallel (straight-lines) [Prop. 11.7]. So, for the 
same (reasons), each of the quadrilaterals SPQT and 
TQRU is also in one plane. And triangle URO is also 
in one plane [Prop. 11.2]. So, if we conceive straight- 
lines joining points P, S, Q, T, R, and U to A then 
some solid polyhedral figure will have been constructed 
between the circumferences BO and KO, being com- 
posed of pyramids whose bases (are) the quadrilaterals 
KBPS, SPQT, TQRU, and the triangle U RO, and apex 
the point A. And if we also make the same construction 
on each of the sides KL, LM, and ME, just as on BK, 
and, further, (repeat the construction) in the remaining 
three quadrants, then some polyhedral figure which has 
been inscribed in the sphere will have been constructed, 
being contained by pyramids whose bases (are) the afore- 
mentioned quadrilaterals, and triangle URO, and the 
(quadrilaterals and triangles) similarly arranged to them, 
and apex the point A. 

So, I say that the aforementioned polyhedron will not 
touch the lesser sphere on the surface on which the circle 
FGH is (situated). 

Let the perpendicular (straight-line) AX have been 
drawn from point A to the plane K BPS, and let it meet 
the plane at point X [Prop. 11.11]. And let XB and 
X K have been joined. And since AX is at right-angles to 
the plane of quadrilateral K BPS, it is thus also at right- 
angles to all of the straight-lines joined to it which are 
also in the plane of the quadrilateral [Def. 11.3]. Thus, 
AX is at right-angles to each of BX and X kK. And since 
AB is equal to AK, the (square) on AB is also equal to 
the (square) on Ak. And the (sum of the squares) on AX 
and XB is equal to the (square) on AB. For the angle 
at X (is) a right-angle [Prop. 1.47]. And the (sum of 
the squares) on AX and X K is equal to the (square) on 
AK [Prop. 1.47]. Thus, the (sum of the squares) on AX 
and X B is equal to the (sum of the squares) on AX and 
XK. Let the (square) on AX have been subtracted from 
both. Thus, the remaining (square) on BX is equal to the 
remaining (square) on X kK. Thus, BX (is) equal to XK. 
So, similarly, we can show that the straight-lines joined 
from X to P and S are equal to each of BX and XK. 
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EOTl 16) Uev and Tic BA tou td dnd THV BW, WA, 16 5é ano 
tic KA tow ta dnd TOV KO, QA: ta dou and tHv BU, VA 
tou €otl toic and TOV KQ, QA, ov 10 and tic KO yeiZov 
to and tij¢ BW: Aowndv doa tO and Tig QA Eady Eott 
tot &nd tij¢ WA. ucitwv doa n AW tic AQ: TOAAG doa 
AW usi@wv éoti tic AH. xat cotw 7H uev AW ext ulav tod 
Todvedseou Baow, 7H sé AH Ent thy tic EAhooovoc o~atoac 
emipdvetav’ Bote TO ToAvedpov ov Yavoet tic EAkooOVOG 
Opaloag KATA THY ETUpdvelav. 

Abo dea opapéiv meet TO MUTO xEvTEOV ObOdSY Eic THY 
usiCova ooipay otepedv ToAVEdpoy Ey yeyparta Uh pavov 
Tic cAdcooovog oatoac “ata THy Emipdverav’ OnEo eel 
TOOL. 


ELEMENTS BOOK 12 


Thus, a circle drawn (in the plane of the quadrilateral) 
with center X, and radius one of XB or XK, will also 
pass through P and S, and the quadrilateral KBPS will 
be inside the circle. 

And since K B is greater than WV, and WV (is) equal 
to SP, KB (is) thus greater than SP. And KB (is) 
equal to each of KS and BP. Thus, KS and BP are 
each greater than SP. And since quadrilateral KBPS 
is in a circle, and KB, BP, and KS are equal (to one 
another), and PS (is) less (than them), and BX is the 
radius of the circle, the (square) on KB is thus greater 
than double the (square) on BX.‘ Let the perpendicular 
KY have been drawn from K to BV.‘ And since BD is 
less than double DY, and as BD is to DY, so the (rect- 
angle contained) by DB and BY (is) to the (rectangle 
contained) by DY and Y B—a square being described 
on BY, and a (rectangular) parallelogram (with short 
side equal to BY) completed on Y D—the (rectangle con- 
tained) by DB and BY is thus also less than double the 
(rectangle contained) by DY and YB. And, KD being 
joined, the (rectangle contained) by DB and BY is equal 
to the (square) on BK, and the (rectangle contained) by 
DY and YB equal to the (square) on KY [Props. 3.31, 
6.8 corr.]. Thus, the (square) on K B is less than double 
the (square) on KY. But, the (square) on KB is greater 
than double the (square) on BX. Thus, the (square) on 
KY (is) greater than the (square) on BX. And since 
BA is equal to K A, the (square) on BA is equal to the 
(square) on Ak. And the (sum of the squares) on BX 
and X A is equal to the (square) on BA, and the (sum of 
the squares) on KY and Y A (is) equal to the (square) on 
KA [Prop. 1.47]. Thus, the (sum of the squares) on BX 
and X A is equal to the (sum of the squares) on KY and 
Y A, of which the (square) on KY (is) greater than the 
(square) on BX. Thus, the remaining (square) on Y A 
is less than the (square) on X A. Thus, AX (is) greater 
than AY. Thus, AX is much greater than AG.® And AX 
is (a perpendicular) on one of the bases of the polyhe- 
dron, and AG (is a perpendicular) on the surface of the 
lesser sphere. Hence, the polyhedron will not touch the 
lesser sphere on its surface. 

Thus, there being two spheres about the same cen- 
ter, a polyhedral solid has been inscribed in the greater 
sphere which does not touch the lesser sphere on its sur- 
face. (Which is) the very thing it was required to do. 


t+ Since KB, BP, and KS are greater than the sides of an inscribed square, which are each of length /2 BX. 


Note that points Y and V are actually identical. 


8 This conclusion depends on the fact that the chord of the polygon in proposition 12.16 does not touch the inner circle. 
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IIde1cya. 

"Edy 6€ xal cic Etdouv omaipay 16) ev tH BVAE ogatog 
OTECEG) TOAVESEW GUOLOV OTEPEOV TOAVESEOY EYYEAH, TO 
év ti, BLAE ogatey otepeov noAvedeov mpd¢ TO Ev TH 
ETEOA O~aloY OTEPEOV TOAVESEOV TELTAACloVa ADYOV EXEL, 
Aree 7H thc BIAE ogatioucg didueteoc med¢ Thy Tic ETEOAC 
opaloac Siduetoov. Siaoedévtwv yuo téyv otEpEdy cic 
Tas OUOLOTANVEIc xal ONOLOTAYEIc TUPAULdAC EOOVTOL a TL- 
eauidec Suotal. oat bE GuoLHL MUPAULd|ec MEOS GAANAAC Ev 
TolmAaotow Ady Elol Téyv OYOAdYwV TAELEdSY’ YH hoa TL- 
eauic, Ac B&ou uev Eott TO KBOD tetod&nAcupov, xopugy) 
dé TO A onysiov, Ted¢ THy Ev TH EtTEEA O~ateg OYOLOTAYF 
TUEALISA ToLMAaolova ADYOV EXEL, MEE N OUOAOYOS TACVEa 
Ted THY OUdAOYOY TAEUEdy, TOUTEOTIV Aree H AB éx tov 
XEVTOOL Tic OMaloauc Tic Teel xEvtoOV TO A Ted THY Ex TOU 
XEVTEOU THic ETEpuC o~atoac. Ouolw¢ xal ExdotH TuUeaulc 
TOY EV TH Tepl xEvtoov 10 A o~atoa Med ExdotHy OUOTHY FH 
Tupauida tiv Ev TH Etéea o~atoa toinmAnctova Adyov eet, 
yneo 7 AB moed¢ thy Ex tod xévtoou tijc EtEpuC O~atouc. 
xal Wo Ev TOY NYOLUEVWY TEOG EV TOV ETOUEVW, OUTWC 
ANAvVTA TH NyobMEva Teds Unavta Tx EMduUEva’ ote Cdov 
TO Ev TH Tepl xévteov 10 A ogateg otepedv TOAVEd—POV 
TEOS OdOV TO Ev TH ETEOA [o~atoeg] otepsdv NOALES—OV TEI- 
TAaotova Adyov €€et, Anco Nn AB med¢ trv Ex tov xévteoU 
Tic Etéoac o~atoac, toutéotw yineo 7 BA didueteoc med¢ 
THY Tic EtECAC O~atouc SiduEteOV’ Sree eer detEau. 


# 
ty] . 
Al ogoiipa Ted GAANAaS Ev TeITAaolow ADYw eiol Tév 
iwv Sraetowy. 
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Corollary 


And, also, if a similar polyhedral solid to that in 
sphere BCDE is inscribed in another sphere then the 
polyhedral solid in sphere BC'DE has to the polyhedral 
solid in the other sphere the cubed ratio that the diameter 
of sphere BC DE has to the diameter of the other sphere. 
For if the solids are divided into similarly numbered, and 
similarly situated, pyramids, then the pyramids will be 
similar. And similar pyramids are in the cubed ratio of 
corresponding sides [Prop. 12.8 corr.]. Thus, the pyra- 
mid whose base is quadrilateral KBPS, and apex the 
point A, will have to the similarly situated pyramid in the 
other sphere the cubed ratio that a corresponding side 
(has) to a corresponding side. That is to say, that of ra- 
dius AB of the sphere about center A to the radius of the 
other sphere. And, similarly, each pyramid in the sphere 
about center A will have to each similarly situated pyra- 
mid in the other sphere the cubed ratio that AB (has) to 
the radius of the other sphere. And as one of the leading 
(magnitudes is) to one of the following (in two sets of 
proportional magnitudes), so (the sum of) all the lead- 
ing (magnitudes is) to (the sum of) all of the following 
(magnitudes) [Prop. 5.12]. Hence, the whole polyhedral 
solid in the sphere about center A will have to the whole 
polyhedral solid in the other [sphere] the cubed ratio that 
(radius) AB (has) to the radius of the other sphere. That 
is to say, that diameter BD (has) to the diameter of the 
other sphere. (Which is) the very thing it was required to 
show. 


Proposition 18 


Spheres are to one another in the cubed ratio of their 
respective diameters. 
A 
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UTOIXEION 18’. 


Nevoyjovwouv ogoipa ai ABIL, AEZ, didueteor 5 
avtév at BY, EZ: A€yw, tt H ABT o—aiion ted¢ thy AEZ 
ogdlioay teitAactova Adyoy éyet Anco n BI npd¢ thy EZ. 

Et yee py A ABIL ogoiipa npd¢ thy AEZ ogoiioay tet- 
TAaotova Adyov Eyet Hneo W BI nod thy EZ, efer doa 
ABIL ogolioa mpd¢ EAcooové tia tij¢ AEZ ogateac tet- 
TAaotova Adyov ¥ Ted¢ yEtTova ynep H BI npdc¢ thy EZ. 
eyéTw TEOTEPOV TEdc EAdooovVa THY HOK, xal vevofjodtu 7 
AEZ 17 HOK regi 16 abvt6 xévteov, xa EyyeyedgUe cic 
thy ustCova o¢dipayv tiv AEZ otepedév noAvedpov Uh patov 
Thc eAdooovoc opateac thc HOK xat& thy exupeveray, 
eyyeyedo vw sé xal cic thy ABI o¢dioav 16 ev tH AEZ 
opalog otepet) ToAVEdpW SGUOLOV OTEPEOV TOAVES—POV' TO 
goa év t7, ABT otepedv noAvedpov Tedc 16 Ev tH AEZ 
OTEPEOY TOAVESPOV TeLTAKOlova Adyov Exel Aree H BI ned 
thy EZ. éyet é xal H ABT ogolion ned¢ thy HOK ogoiioavy 
ToimAactova AOvov Aree 7 BI ned¢ thy EZ: gotw doa we 
n ABI ogdiea ned¢ thy HOK ogoiioay, ottw¢ 16 Ev TH 
ABI ogatpg otepeov noAvEdpoy Ted¢ TO Ev TH AEZ ogateg 
otepeov TOAVESPOV’ EVOAAGE [Koa] Oc 7 ABI ogaiiea ned¢ 
TO EV AUTH TOAVESeOV, OUTWo 7 HOK ogaiiepa med¢ tO Ev TH; 
AEZ ogaiog otepeov noAvedpov. UeiCwv d€ 7 ABI ogaiion 
tov év avtH ToAvedeou" UEiTwv doa xal 7 HOK ogaiea 
tot év tf AEZ ogatey nodvédpou. GAAd xal EAATIWV: 
euTEoléyetar Yue UN’ avTov. ovbx dea A ABI ogaiion med¢ 
éhdooova tijc¢ AEZ oatouc teitAaotova Adyov Eyer Aree H 
BI’ dtdueteo¢ ned¢ Thy EZ. ouotwc 51 SetEouev, dtt OVSE 
AEZ o«dion neds ¢Ackooova tij¢ ABT o—atoug tertAactova 
dovov Exel Aree n EZ nod thy BY. 

Aéyw oh, 6tt ovdE H ABT ogolion med¢ UstTove tive Tic 
AEZ ogaipac toitAactova AOyov Eyer nee WH BI ned¢ thy 
EZ. 


Et yao duvatév, eyétw Teds UetCova thy AMN: daveradww 
goa 7 AMN ogdiioa ned thy ABI ogaipay teitAactova 
hoyov Eyer nee A EZ Sidueteoc med¢ thy BI didueteov. 
as 6¢ h AMN ogdioa ned¢ thy ABT og¢diipav, oUtw>o 1 AEZ 
odipa med¢ EAcdooova tia tic ABI o~atouc, enevdinee 
uetCwv cotiv 7 AMN tic AEZ, wc Eutpoodev edety In. xa 
n AEZ dea ooiipa mepd¢ EAdhooové twa ti¢ ABI o¢atouc 
ToimAactova Adyov éyet Ameo n EZ nooo thy BI’ Sree 
&d0vatov Edetydn. odx doa A ABI o—diipa ned¢ usiTove 
twa tij¢ AEZ ogatoac teitAactova AOyov éyet Fnep H BI 
Teds THY EZ. edeiyOn 5é, StL OVSE TEdC EAdGCOVA. N hoa 
ABI ogdioa npd¢ thy AEZ ogoiipay teinAactova Adyov Ever 
nnee 7 BI npdc thy EZ: Onep Eder Seigu. 
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Let the spheres ABC and DEF have been conceived, 
and (let) their diameters (be) BC and EF (respectively). 
Isay that sphere ABC has to sphere DEF the cubed ratio 
that BC (has) to EF. 

For if sphere ABC does not have to sphere DEF the 
cubed ratio that BC (has) to EF then sphere ABC will 
have to some (sphere) either less than, or greater than, 
sphere DEF the cubed ratio that BC (has) to EF. Let 
it, first of all, have (such a ratio) to a lesser (sphere), 
GHkK. And let DEF have been conceived about the 
same center as GHK. And let a polyhedral solid have 
been inscribed in the greater sphere DEF, not touching 
the lesser sphere GH K on its surface [Prop. 12.17]. And 
let a polyhedral solid, similar to the polyhedral solid in 
sphere DEF, have also been inscribed in sphere ABC. 
Thus, the polyhedral solid in sphere ABC has to the 
polyhedral solid in sphere DEF the cubed ratio that BC 
(has) to EF [Prop. 12.17 corr.]. And sphere ABC also 
has to sphere GH K the cubed ratio that BC (has) to EF’. 
Thus, as sphere ABC is to sphere GH K, so the polyhe- 
dral solid in sphere ABC (is) to the polyhedral solid is 
sphere DEF. [Thus], alternately, as sphere ABC (is) to 
the polygon within it, so sphere GH K (is) to the polyhe- 
dral solid within sphere DEF [Prop. 5.16]. And sphere 
ABC (is) greater than the polyhedron within it. Thus, 
sphere GH K (is) also greater than the polyhedron within 
sphere DEF [Prop. 5.14]. But, (it is) also less. For it is 
encompassed by it. Thus, sphere ABC does not have to 
(a sphere) less than sphere DEF the cubed ratio that di- 
ameter BC (has) to EF’. So, similarly, we can show that 
sphere DEF does not have to (a sphere) less than sphere 
ABC the cubed ratio that EF (has) to BC either. 

So, I say that sphere ABC does not have to some 
(sphere) greater than sphere DEF the cubed ratio that 
BC (has) to EF either. 

For, if possible, let it have (the cubed ratio) to a 
greater (sphere), LMM N. Thus, inversely, sphere LM N 
(has) to sphere ABC the cubed ratio that diameter 
EF (has) to diameter BC [Prop. 5.7 corr.]. And as 
sphere LMN (is) to sphere ABC, so sphere DEF 
(is) to some (sphere) less than sphere ABC, inasmuch 
as LMN is greater than DEF, as was shown before 
[Prop. 12.2 lem.]. And, thus, sphere DEF’ has to some 
(sphere) less than sphere ABC the cubed ratio that EF 
(has) to BC. The very thing was shown (to be) impossi- 
ble. Thus, sphere ABC does not have to some (sphere) 
greater than sphere DEF the cubed ratio that BC’ (has) 
to EF. And it was shown that neither (does it have 
such a ratio) to a lesser (sphere). Thus, sphere ABC has 
to sphere DEF the cubed ratio that BC (has) to EF. 
(Which is) the very thing it was required to show. 


504 


ELEMENTS BOOK 13 


The Platonic Solids 


+The five regular solids—the cube, tetrahedron (i.e., pyramid), octahedron, icosahedron, and dodecahedron—were problably discovered by 
the school of Pythagoras. They are generally termed “Platonic” solids because they feature prominently in Plato’s famous dialogue Timaeus. Many 
of the theorems contained in this book—particularly those which pertain to the last two solids—are ascribed to Theaetetus of Athens. 
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# 
Qa. 
‘Eay evveia yeouun dxpov xal ueoov Adyov tundfi, 
TO UciTov tufUa TeocAaBoyv thy AUloetav tic SANS Tev- 
TarAdotov Sbvata ToD aNO Tic Nuloetac TeteAyavou. 


A 


K H E 

Evveian yoo yoouuy A AB dxoov xal usoov Adyov 
tetujovw xatz 16 [ onueiov, xol Eotw yeiTov tufjua TO 
AT, nal exBeBrAnodw en’ cdVetac tH TA evdeta n AA, xail 
xetodw tic AB yutoeia A AA: AEyoo, STL TevtaTAcoLdyv EotL 
tO and tiH¢ TA tot and tic AA. 

Avayeyeapdwoavy yoo and tév AB, AT tetedyova 
ta AE, AZ, xal xatayeyedgdw ev 165 AZ 10 oyfua, xa 
dijyVo Hn ZP ent to H. xal Enel 7 AB d&xpov nol yeoov 
OYOY TETUNTA Kate TOT, TO dou UN tHv ABT ioov éotk 
16 and tH¢ AL. xat got t6 ev Und tev ABT tO TE, 10 
dé ano thc AD 16 ZO: toov doa 16 TE 16 ZO. xal enet 
dimAf Eotw H BA tijc AA, ton dé A EV BA tH KA, n Se 
AA ti AO, ditAF boa xal y KA tic AO. we 66 H KA ted¢ 
thy AO, odtwco 16 TK ned¢ 16 TO: SitAdcovov doa 16 TK 
tot TO. etot 6é xal ta AO, OL SizAcove tot TO. toov goa 
to KT totic AO, OL. edelyOn Se xal tO TE 16 OZ toov: 
dhov Goa TO AE tetekywvov toov éott 16) MNE yvauow. 
ual Enel Sindy} got H BA tic AA, tetoatAcoudv gott TO 
ano tic BA tod ano tic AA, toutéott 10 AE tod AO. 
fooyv 6¢ 10 AE 16 MNE yvayow xat 0 MNE doa yvaduov 
tetopatAcods Eott tod AO: ddov toa T6 AZ revtartAcordv 
gott tov AO. xat got 16 Uev AZ 16 dnd tic AT, 10 5€ AO 
tO and tic AA: 16 dou and tic TA nevtandAdoudy Eott tod 
ano tic AA. 

"Edy dou evveta dxpov xal ugoov AdYo TUNA, TO UEITov 
TUHUA TeocAkaBov Thy NUloelav Thc SANS TEevtanAc&oLoy 
SUvatat TOD ano Tic NUloeiuc tetoxywvou: Smee Ede Seigau. 
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Proposition 1 


If a straight-line is cut in extreme and mean ratio 
then the square on the greater piece, added to half of 
the whole, is five times the square on the half. 


L F 

P 

D a 
K GE 


For let the straight-line 4B have been cut in extreme 
and mean ratio at point C, and let AC be the greater 
piece. And let the straight-line AD have been produced 
in a straight-line with CA. And let AD be made (equal 
to) half of AB. I say that the (square) on CD is five times 
the (square) on DA. 

For let the squares AF’ and DF have been described 
on AB and DC (respectively). And let the figure in DF 
have been drawn. And let FC have been drawn across to 
G. And since AB has been cut in extreme and mean ratio 
at C, the (rectangle contained) by ABC is thus equal to 
the (square) on AC [Def. 6.3, Prop. 6.17]. And CE is 
the (rectangle contained) by ABC, and FH the (square) 
on AC. Thus, CE (is) equal to FH. And since BA is 
double AD, and BA (is) equal to KA, and AD to AH, 
KA (is) thus also double AH. And as KA (is) to AH, so 
CK (is) to CH [Prop. 6.1]. Thus, CK (is) double CH. 
And LH plus HC is also double CH [Prop. 1.43]. Thus, 
KC (is) equal to LH plus HC. And CE was also shown 
(to be) equal to HF’. Thus, the whole square AF is equal 
to the gnomon MNO. And since BA is double AD, the 
(square) on BA is four times the (square) on 4D—that 
is to say, AF (is four times) DH. And AE (is) equal to 
gnomon MNO. And, thus, gnomon MNO is also four 
times AP. Thus, the whole of DF is five times AP. And 
DF is the (square) on DC, and AP the (square) on DA. 
Thus, the (square) on CD is five times the (square) on 
DA. 

Thus, if a straight-line is cut in extreme and mean ra- 
tio then the square on the greater piece, added to half of 
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p’. 

‘Edy cvdela yearn tuAYatoc eautiic mevtamAc&oioyv 
SUVNTAL, Thc SimAKotac Tod elenuevou TUnUatoc &xpov xatl 
Ueooy AdYoy TeLvouEvNS TO UEiToV TUYjUA TO AoLTOV UEPOG 
éotl tic €€ dpyfic evVetac. 


Z 


K E 4H 

Evveia yao yeauyy 7 AB tufuatoc Eautiic tod AT nev- 
tanrAcovoyv duvéo0w, tic 6€ AT Sih Eotw H TA. AEyoo, 
out tic TA d&xpov xal ugoov Adyov Teuvouevoc TO UEiTov 
TUAUd cotw HTB. 

Avayeyeupvw yuo ap’ exatéeac tv AB, TA tetepdyuva 
ta AZ, TH, xal xatayeyeapdw ev 16 AZ 16 oyfiya, xa 
dijyVw HW BE. xai Enel nevtanAcoudy got TO and ti\¢ BA 
tov and thc AL, nevtanAcoidy got, TO AZ tot AO. te- 
teatAcotog toa 0 MNE yvauwv tot AO. xal Enel SitAF 
éowv n AL tic TA, tetoparAcovov dou gotl 16 and AT tod 
ano TA, toutéott 16 TH tot AO. edetyn 5 xal 0 MNE 
YYOUOYV TeteaTAdcotog to AO: toog boa 6 MNE yvaduav 
ta) TH. xol nel Sindh cotw n AT tic TA, ton 5 7 yev 
AT t7# TK, 4 5é AT 17 TO, [5itdAH Goa xa HY KT tic TO), 
dimAcovov doa xal tO KB tot BO. ciol dé xai ta AO, OB 
tot OB diAdcoiw foov doa 16 KB toic AO, OB. edetydn 
dé xal dAo¢ O MNE yvauwv dAw 165 TH tooc: xat Aounov 
goa tO OZ 165 BH eotw toov. xat cott TO uUev BH 16 Uno 
tév TAB: ton yoo 7 TA tH AH: 16 6 OZ 16 and tic PB: 
tO Goa bnO tTév TAB itoov Eotl 16 and tic PB. gotw doa 
a> 7 AT npd¢ thy TB, obtw¢ A TB ned¢ thy BA. yei@ov 
dé A AT tic PB yeiCwv doa xat 7 PB tic BA. thc PA 
dea edvdetac dxpov xol Ugoov Adyov TeuvouEvNs TO UEiTov 
Tuc cotw 7 TB. 

‘Edy Gow cvVeta yearn TUALATOS EAUTHC NEvTATAcOLOV 
SUVNTOL, Thc SimAKotac Tob elenuevou TUnUatoc &xpov xatl 
Ueooyv AdYOY TeLVOUEVNS TO UEiTov TUYjUA TO AoLTOV UEEOG 
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the whole, is five times the square on the half. (Which is) 
the very thing it was required to show. 


Proposition 2 


If the square on a straight-line is five times the 
(square) on a piece of it, and double the aforementioned 
piece is cut in extreme and mean ratio, then the greater 
piece is the remaining part of the original straight-line. 


i F 
A ae 
K EG 


For let the square on the straight-line AB be five times 
the (square) on the piece of it, AC. And let CD be double 
AC. I say that if CD is cut in extreme and mean ratio 
then the greater piece is CB. 

For let the squares AF’ and CG have been described 
on each of AB and C’D (respectively). And let the figure 
in AF have been drawn. And let BE have been drawn 
across. And since the (square) on BA is five times the 
(square) on AC, AF is five times AH. Thus, gnomon 
MNO (is) four times AH. And since DC is double CA, 
the (square) on DC is thus four times the (square) on 
C A—that is to say, CG (is four times) AH. And the 
gnomon MNO was also shown (to be) four times AH. 
Thus, gnomon MNO (is) equal to CG. And since DC is 
double C'A, and DC (is) equal to CK, and AC to CH, 
[KC (is) thus also double CH], (and) KB (is) also dou- 
ble BH [Prop. 6.1]. And LH plus HB is also double HB 
[Prop. 1.43]. Thus, KB (is) equal to LH plus HB. And 
the whole gnomon MNO was also shown (to be) equal 
to the whole of CG. Thus, the remainder HF is also 
equal to (the remainder) BG. And BG is the (rectangle 
contained) by CDB. For C'D (is) equal to DG. And HF 
(is) the square on CB. Thus, the (rectangle contained) 
by CDB is equal to the (square) on CB. Thus, as DC 
is to CB, so CB (is) to BD [Prop. 6.17]. And DC (is) 
greater than CB (see lemma). Thus, C’B (is) also greater 
than BD [Prop. 5.14]. Thus, if the straight-line C'D is cut 
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Eotl tic €€ dpyfic cvVetuc: Smee Eder SeiEar. 


Afiuua. 

“Ou Sé A Sint tho AD yetCwv eott ti¢ BI, ottw< 
OELXTEOY. 

Et yao uh, gotw, et Suvatév, 7 BI dinAH tic TA. te- 
ToaTtAcovoyv dpa tO &nd t¥}¢ BP tot and tij\¢ PA’ revtarAcovm 
goa ta and tHv BI, PA tod ano tic TA. Ondxerton SE xaul 
tO ano th\¢ BA nevtandkdovov tot and ti¢ TA: 10 dpa and 
tiic BA ioov éoti toic dnd tHv BI, TA: éxe9 &d0vatov. 
ovx doa HTB dirAaota gotl tic AD. Ovoiwe oi) SetEouev, 
but OSE H EAATIOY Tic TB SimAaotwv Eotl thc TA: ToAAG 
yao [uciZov] t6 &tonov. 

“H doa tic AL Sindh uciwv gotl tic PB: donee ede 
deicoau. 


, 


1 


‘Eay evveia yeouun dxpov xal ueoov Adyov tundf, 
TO EAAOOOY TUYUA TOCCAGBOY THY HuloeLav Tov UEtTovoc 
TUNUATOS TEVTATAGOLOV SUvaTAL TOD AMO TH¢ Nutoetac tod 
uetCovog TUNUaATOS TeTOXYMVOU. 


A A i B 


A > E 
Evveia ydo tic WH AB dxpov xal ugcov Adyov tetuHoIw 
uate to T onustov, xal got ueitov tufua to AT, xot 
tetunove A AT diya xata 16 A> Ey, StL TEvtaTAcoLdv 
Eo TO ano tig BA tod and tic AT. 
Avayeyedpvw yue ano tic AB tetpkywvov 16 AE, xol 
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in extreme and mean ratio then the greater piece is CB. 

Thus, if the square on a straight-line is five times 
the (square) on a piece of itself, and double the afore- 
mentioned piece is cut in extreme and mean ratio, then 
the greater piece is the remaining part of the original 
straight-line. (Which is) the very thing it was required 
to show. 


Lemma 


And it can be shown that double AC (i.e, DC) is 
greater than BC, as follows. 

For if (double AC is) not (greater than BC), if possi- 
ble, let BC be double CA. Thus, the (square) on BC (is) 
four times the (square) on C'A. Thus, the (sum of) the 
(squares) on BC and CA (is) five times the (square) on 
CA. And the (square) on BA was assumed (to be) five 
times the (square) on C'A. Thus, the (square) on BA is 
equal to the (sum of) the (squares) on BC and C'A. The 
very thing (is) impossible [Prop. 2.4]. Thus, CB is not 
double AC. So, similarly, we can show that a (straight- 
line) less than CB is not double AC either. For (in this 
case) the absurdity is much [greater]. 

Thus, double AC is greater than CB. (Which is) the 
very thing it was required to show. 


Proposition 3 


If a straight-line is cut in extreme and mean ratio then 
the square on the lesser piece added to half of the greater 
piece is five times the square on half of the greater piece. 


A D C B 


L S E 
For let some straight-line AB have been cut in ex- 
treme and mean ratio at point C. And let AC be the 
greater piece. And let AC have been cut in half at D. I 
say that the (square) on BD is five times the (square) on 
DC. 
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xatayeyed~dw simAoby TO oyxfua. enel SimAH cotw H AT 
tic AT, tetpanAcovov doa 0 and thc AP tot and tic AT, 
toutéott to PX tot ZH. xal Enel tO Und tHv ABT ioov 
éotl 16 and tic AT, xat ott 10 Und Tv ABT 16 TE, 10 
goa TE toov cotl 165 PX. tetpatAdovoyv d€ 16 PX tot ZH: 
TeTeaTAcovov doa xal TO TE tod ZH. néAw enel ton cotlv 
n AA tH AT, ton Eotl xol 7 OK 17 KZ. Bote xai to HZ 
teto&ywvov toov gotl 16 OA tetpayavw. ton doa 7 HK 
tf KA, toutéotw 7 MN ti NE: dote xol 16 MZ 16 ZE 
éotw toov. dAd to MZ 165 TH Eotw toov: xat to TH tow 
16) ZE cotw toov. xowov teooxeiodw tO TN: 6 dou BOI 
YVOUWY toog cotl 16) TE. GAA 10 TE tetopanAdcoov edetyOy 
tot HZ: xal 0 SOIL doa yvauwv teteatrcovds cot told ZH 
teteaywvou. 0 EOI dea yvauwv xal to ZH tetocywvov 
mevtanAdoos cott tol ZH. wAd oO BOIL yvauwv xot to 
ZH tetecywvdv gott t6 AN. xai got TO uEv AN 16 and 
tic AB, 16 6€ HZ 16 and thc AT. 16 doa and tc AB 
TEVIATACOLOV Eott TOD and tic ALT: Sree Eder Seizau. 


ro 
‘Eay cvveia youuu d&xpov xal ueoov Adyoy tundfi, tO 
ANO TH¢ CANS Kal TOD EAdOOOVOS TUAUATOC, TH GUVALPOTEPa 
TETONYWVA, TOIMAKOLA EOTL TOU and Tot UE{Tovoc TUYATOG 


TETOXY VOU. 
T B 


A H E 


"How evdeta A AB, xal tetuhjotw dxoov xal ueoov 
hOyov xata T0 T, xal Eotw uetZov tufua tO AL Evo, 
ou Ta dnd tév AB, BP teinAdcork Eott tod and tij¢ TA. 

Avayeyeapdw yuo and tic AB tetedywvov to AAEB, 
xa xatayeyeup0w TO oyfjua. Enel odv A AB dxeov xal 
ueoov AdYoy TétTUNTa xaTta T6 TD, xal to UeiTov tUAUd Eotw 
n AT, 16 dea bnd tv ABT foov Eotl 16 and thc AT. xat 
éotl TO Nev UNO Tv ABI 16 AK, 10 dé ano tic AT 16 OH- 
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For let the square AF have been described on AB. 
And let the figure have been drawn double. Since AC is 
double DC, the (square) on AC (is) thus four times the 
(square) on DC—that is to say, RS (is four times) FG. 
And since the (rectangle contained) by ABC is equal to 
the (square) on AC [Def. 6.3, Prop. 6.17], and CE is the 
(rectangle contained) by ABC, CE is thus equal to RS. 
And RS (is) four times F'G. Thus, CE (is) also four times 
FG. Again, since AD is equal to DC, HK is also equal to 
KF. Hence, square GF is also equal to square HL. Thus, 
GK (is) equal to K L—that is to say, MN to NE. Hence, 
MF is also equal to FE. But, MF is equal to CG. Thus, 
CG is also equal to FE. Let CN have been added to 
both. Thus, gnomon OPQ is equal to CE. But, CE was 
shown (to be) equal to four times GF. Thus, gnomon 
OPQ is also four times square FG. Thus, gnomon OPQ 
plus square FG is five times FG. But, gnomon OPQ plus 
square FG is (square) DN. And DN is the (square) on 
DB, and GF the (square) on DC. Thus, the (square) on 
DB is five times the (square) on DC.. (Which is) the very 
thing it was required to show. 


Proposition 4 


If a straight-line is cut in extreme and mean ratio then 
the sum of the squares on the whole and the lesser piece 
is three times the square on the greater piece. 


A C B 


D G EB 


Let AB be a straight-line, and let it have been cut in 
extreme and mean ratio at C, and let AC be the greater 
piece. I say that the (sum of the squares) on AB and BC 
is three times the (square) on C'A. 

For let the square ADEB have been described on AB, 
and let the (remainder of the) figure have been drawn. 
Therefore, since AB has been cut in extreme and mean 
ratio at C, and AC is the greater piece, the (rectangle 
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toov dea ott t6 AK 16 OH. nal Enel toov éoti 16 AZ 165 
ZE, xowov teooxciodw 16 TK: ddov doa t6 AK die 65 
TE éoww toov: ta dea AK, TE tot AK ott bitAcovm. GAA 
ta AK, TE 6 AMN yvauevy gott xa t6 DK tetecywvov: 6 
goa AMN yvauev xat t6 DK tetpdywvov dinAcord Eott TOD 
AK. ®A& uy xal To AK 16 OH edetydn toov: 6 doa AMN 
yyuwv ual [to TK tetekywvov dsinkdouk cott tod OH: 
oote 0 AMN yvauwy xat] ta TK, OH tetedywva tormAcord 
éott tol OH tetpayavou. xat cotw 6 [uév] AMN yvauey 
xol ta DK, OH tetedkywva ddov 10 AE xal 16 PK, &neo Eott 
ta and tév AB, BI teted&ywva, to dé HO 16 and ti¢ AP 
TeTEdywvov. Ta doa and tv AB, BI tetedywva teinAcord 
éott tod dnd tij¢ AL tetepayavou: bree eer deta. 


€. 

‘Eay cvdeia yeu dxpov xol ueoov AOYoy TUNdA, xol 
Teootedh AUTH lon TH UetTowm TUHUaTL, H CAN evVEIa &xpov 
nal YEoov AOYOY TétTUNTAL, xal TO UEiTov TUUd EotW 7H EE 
doyfic cuvdeta. 


Has A Ir B 


E 

Evveia yao yoouuy 7 AB dxpov xal usoov Adyov 
tetuHovw uate To T onueiov, xal Eotw yeiCov tua A 
AT, xai tf AT ton [xetoda] 7 AA. AEvo, 611 AH AB cdDeta 
d&xpov xa UEcov AOYo TétUNnTH “ata TO A, xal TO UEITov 
TUAUS Eotl NH EE deyTic cvVEta 7 AB. 

Avayeyeapdw yuo and tic AB tetedywvov 16 AE, xol 
xatayeyedgvw 16 oyfua. Exel n AB dxoov xal Ueoov Ayo 
TéTUNTaH xaTa TOT, tO doa bnd ABT toov Eotl 16 and AT. 
nat ott TO Uev O20 ABIL 16 TE, 16 d€ and tij¢ AT 16 TO: 
loov doa 16 TE 163 OL. GAAG 16 UEv TE toov cotl 16 OF, 
16 5¢ OL toov 16 AO: xai 16 AO goa tooyv Eotl 165 OE 
[xowdv Teooxetodw TO OB]. drov doa 16 AK daw 165 AE 
gov toov. xal ott TO uev AK 10 Und tev BA, AA: ion 
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contained) by ABC is thus equal to the (square) on AC 
[Def. 6.3, Prop. 6.17]. And AK is the (rectangle con- 
tained) by ABC, and HG the (square) on AC. Thus, 
AK is equal to HG. And since AF is equal to FE 
[Prop. 1.43], let Ck have been added to both. Thus, 
the whole of AK is equal to the whole of CE. Thus, AK 
plus CE is double AK. But, AK plus CE is the gnomon 
LMN plus the square CK. Thus, gnomon LMN plus 
square CK is double AK. But, indeed, AK was also 
shown (to be) equal to HG. Thus, gnomon LMN plus 
[square CK is double HG. Hence, gnomon LMN plus] 
the squares CK and HG is three times the square HG. 
And gnomon LM N plus the squares CK and HG is the 
whole of AF plus CkK—which are the squares on AB 
and BC (respectively)—and GH (is) the square on AC. 
Thus, the (sum of the) squares on AB and BC is three 
times the square on AC. (Which is) the very thing it was 
required to show. 


Proposition 5 


If a straight-line is cut in extreme and mean ratio, and 
a (straight-line) equal to the greater piece is added to it, 
then the whole straight-line has been cut in extreme and 
mean ratio, and the original straight-line is the greater 
piece. 


D A C B 
L H . 
E 


For let the straight-line 4B have been cut in extreme 
and mean ratio at point C. And let AC be the greater 
piece. And let AD be [made] equal to AC. I say that the 
straight-line DB has been cut in extreme and mean ratio 
at A, and that the original straight-line AB is the greater 
piece. 

For let the square AF have been described on AB, 
and let the (remainder of the) figure have been drawn. 
And since AB has been cut in extreme and mean ratio at 
C, the (rectangle contained) by ABC is thus equal to the 
(square) on AC [Def. 6.3, Prop. 6.17]. And CE is the 
(rectangle contained) by ABC, and CH the (square) on 
AC. But, HE is equal to CE [Prop. 1.43], and DH equal 
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yoo n AA ty AA: 16 be AE 10 and tc AB 16 dow bn 
tév BAA tooy éotl 16 and thc AB. Eotw doa wo 7 AB 
med¢ thy BA, ottwe 7 BA mpd¢ thy AA. uci@wv dé 7 AB 
tiic BA’ veiWwv doa xal yn BA tic AA. 

“H doa AB &xpov xal ugoov Adyov TéeTUNTAL xaTa TO A, 
xa TO UeiTov tufUd cot H AB> ome Eder Seigau. 


Ts 
‘Eayv cvdeta ontn dxeov xal ueoov Adyov tundf, 
EXATECOY THY TUNUdTY GAoYdc EoTW N XAAOUUEVY A&TO- 


TOUN. 
A A r B 


I t t 1 

"Eote cvveia entity 7 AB xal tetujodu d&xpov xa eco 
Aoyoy xata 10 T, xal Eotw yeiTov tufjua 7 AD: A€yoo, Ott 
exatéoa Tv AT, TB &doydc Eotw H xaAovMEVN aTOTOUN. 

"ExBeBAjodw yuo A BA, xal xeciodw tic BA nutoea 
n AA. énel odv eddeia ny AB tétuntu d&xpov xol uecov 
oyoy xata 160 TD, xal 7 yetTow tunuatt T AD nedoxertar 
n AA futoera otow tic AB, 16 d00 and TA tod and AA 
TEVTATACOLOYV EoT. TO doa and TA ned¢ 16 and AA Adyov 
éyet, Ov dovwWudc Ted dovWUdv’ GvUNETEOV doa TO ano TA 
tS dnd AA. éntov 5é 16 and AA: onth yéo [Eotw] 7A AA 
nuloeia otoa tic AB éntiic oboNC: ENTOV doa xal TO and 
TA: pnth doa eott xat A TA. xol enet 16 dnd TA mpd 
to and AA éyov ovx Eye, Ov tetekywvoc deLOUds TEd¢ 
TeTEayWvoY dELNUdY, KovUUETEOS doa UAxer HDA tH AA: cit 
TA, AA doa Entat ciot Suvdyer Udvoy obUUETPEOL’ &nOTOUH 
dou cotiv W AL. nédw, éxet 7 AB &xpov xal ugoov Adyov 
TETUNTAL, Xa TO UEITov TUAUd Eotw HAT, 16 dow Und AB, 
BI t@ dnd AT toov gotiv. 16 koa and tic AP dnotouFic 
nape thy AB énthy napoBrAndev mAdto¢ notet thy BI. 16 
dE UNO ANOTOUAS TAEd ENTHY TAPABAAADUEVOY TAATOS ToLEt 
ANOTOUNY TOOTHY’ ENOTOUN Hoa TOwTY Eotlv 7 IB. edetydy 
dé xal 7 TA anotoun. 

‘Eay doa cuteta onty dxeov xol ugoov Adyoyv tundf,, 
EXATEOY THY TUNUdTMY GAOYOo EOTW N XAAOVUEVY d&TO- 
Ton Omep Eder SetEau. 
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to HC. Thus, DH is also equal to HE. [Let HB have 
been added to both.] Thus, the whole of DK is equal to 
the whole of AE. And DK is the (rectangle contained) 
by BD and DA. For AD (is) equal to DL. And AE (is) 
the (square) on AB. Thus, the (rectangle contained) by 
BDA is equal to the (square) on AB. Thus, as DB (is) 
to BA, so BA (is) to AD [Prop. 6.17]. And DB (is) 
greater than BA. Thus, BA (is) also greater than AD 
[Prop. 5.14]. 

Thus, DB has been cut in extreme and mean ratio at 
A, and the greater piece is AB. (Which is) the very thing 
it was required to show. 


Proposition 6 


If a rational straight-line is cut in extreme and mean 
ratio then each of the pieces is that irrational (straight- 
line) called an apotome. 

po Ag 

Let AB be a rational straight-line cut in extreme and 
mean ratio at C’, and let AC be the greater piece. I say 
that AC and CB is each that irrational (straight-line) 
called an apotome. 

For let BA have been produced, and let AD be made 
(equal) to half of BA. Therefore, since the straight- 
line AB has been cut in extreme and mean ratio at C, 
and AD, which is half of AB, has been added to the 
greater piece AC, the (square) on C’D is thus five times 
the (square) on DA [Prop. 13.1]. Thus, the (square) on 
CD has to the (square) on DA the ratio which a number 
(has) to a number. The (square) on C'D (is) thus com- 
mensurable with the (square) on DA [Prop. 10.6]. And 
the (square) on DA (is) rational. For DA [is] rational, 
being half of AB, which is rational. Thus, the (square) 
on CD (is) also rational [Def. 10.4]. Thus, CD is also 
rational. And since the (square) on C'D does not have 
to the (square) on DA the ratio which a square num- 
ber (has) to a square number, C'D (is) thus incommensu- 
rable in length with DA [Prop. 10.9]. Thus, CD and DA 
are rational (straight-lines which are) commensurable in 
square only. Thus, AC is an apotome [Prop. 10.73]. 
Again, since AB has been cut in extreme and mean ratio, 
and AC is the greater piece, the (rectangle contained) by 
AB and BC is thus equal to the (square) on AC [Def. 6.3, 
Prop. 6.17]. Thus, the (square) on the apotome AC, ap- 
plied to the rational (straight-line) AB, makes BC as 
width. And the (square) on an apotome, applied to a 
rational (straight-line), makes a first apotome as width 
[Prop. 10.97]. Thus, C’B is a first apotome. And C'A was 
also shown (to be) an apotome. 
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Ci 
‘Edy Tevtayvou isonmAcbeou al teeic ywviow tot ott 
Kata TO S€Fco H at UR nate TO EEfic fom Bow, iooyawov 
EOTAL TO TEVTAYWVOV. 


il A 


Ilevtaywmvou yuo ioonAcveov to} ABTAE at toeeic 
yovlat MPdTEpOY al KATA TO Ec al Ted toic A, B, T tou 
DAhAag Eotwouv’ A€EYH, StL looyowdy got, TO ABLAE 
TEVTLY WVOV. 

"EneCevydwoav yoo at AT, BE, ZA. xat enei S00 at 
TB, BA dvol toc BA, AE tom étolv exatéea exatéoa, xa 
yovia 7 ond TBA yovia tH 0nd BAE Eo tw ion, Béors doa H 
AT Baoet t7 BE gotw ton, xat to ABT totywvov 16 ABE 
ToLyava toov, xa at Aotmal ywviou toc Aottai¢g yerviouc too 
Eoovta, VY’ A at loom TAeVEal UnoTEtvouoW, HEV UNO BTA 
tf ond BEA, 7 5¢ Und ABE tj 0nd TAB: Hote xol tAcved 
n AZ rheved tH BZ got ton. edetydn 5é xat dAn 7 AP 
AY TH BE ton: xol Aownh How n ZT Aownf, tH ZE cot ton. 
got 6€ xol 7 TA tH AE ton. S00 SF at ZP, TA dvoi taiic 
ZE, EA toa ctotv: xalt Béoug adtév xowh A ZA> yeovia doa 
n und ZLA ywvig th Und ZEA Eoww ton. ed|etyOn dé xall 
n ono BIA tf 0nd AEB ion: xat dAn doa 7 Ud BLA ody 
tf ono AEA ton. ddd’ 4 UNO BLA ton Undxettau tolic MEdO¢ 
toic A, B ywviaic: xol A Und AEA Sx toiic med¢ toic A, B 
yoviac ton gottv. duotws of SelEouev, dt xa W ONO TAE 
yovia ton gotl tolig med¢ toic A, B, FP ywvtoic: iooyavov 
dou gott to ABLAE revtcywvov. 

AAA& OF UN Eotwoay tou ai xatk TO EFA Ywvion, GAA’ 
Eotwoay too at mpd¢ toic A, TP, A onustoic: AEyw, StL xa 
ovtws tooyawudy éott T ABLAE nevtcywvov. 

"EneCevy0w yoo 7 BA. xal éxel S00 ai BA, AE dvol 
toc BY, PA too eiot xat ywviac tou nepréyovow, Bdouc 
goa 7 BE Bdoet tH BA ton Eotty, xal t6 ABE tetywvov 165 
BIA teryove toov gotiv, xal ai Aowmal ywviot toiig Aoumatic 
yoviaic too Ecovtat, Ly’ a¢ at tou TAcveal UmoTetvovow: 
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Thus, if a rational straight-line is cut in extreme and 
mean ratio then each of the pieces is that irrational 
(straight-line) called an apotome. 


Proposition 7 
If three angles, either consecutive or not consecutive, 


of an equilateral pentagon are equal then the pentagon 
will be equiangular. 


A 


C D 

For let three angles of the equilateral pentagon 
ABCDE—first of all, the consecutive (angles) at A, B, 
and C—-be equal to one another. I say that pentagon 
ABCDE is equiangular. 

For let AC, BE, and FD have been joined. And since 
the two (straight-lines) CB and BA are equal to the two 
(straight-lines) BA and AE, respectively, and angle CBA 
is equal to angle BAE, base AC is thus equal to base 
BE, and triangle ABC equal to triangle ABE, and the 
remaining angles will be equal to the remaining angles 
which the equal sides subtend [Prop. 1.4], (that is), BCA 
(equal) to BEA, and ABE to CAB. And hence side AF 
is also equal to side BF [Prop. 1.6]. And the whole of AC 
was also shown (to be) equal to the whole of BE. Thus, 
the remainder FC is also equal to the remainder FE. 
And CD is also equal to DE. So, the two (straight-lines) 
FC and CD are equal to the two (straight-lines) F'E and 
ED (respectively). And F'D is their common base. Thus, 
angle F'CD is equal to angle FED [Prop. 1.8]. And BCA 
was also shown (to be) equal to AFB. And thus the 
whole of BC’D (is) equal to the whole of AED. But, 
(angle) BC'D was assumed (to be) equal to the angles at 
A and B. Thus, (angle) AED is also equal to the angles 
at A and B. So, similarly, we can show that angle CDE 
is also equal to the angles at A, B, C. Thus, pentagon 
ABCDE is equiangular. 

And so let consecutive angles not be equal, but let 
the (angles) at points A, C, and D be equal. I say that 
pentagon ABC'DE is also equiangular in this case. 

For let BD have been joined. And since the two 
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ton dou éotiv 7 Und AEB ywvia tH bnd TAB. got 6€ xa 
n bn0 BEA ywvia tf O26 BAE jon, éenel xal mAcved WY BE 
TAeveEgé TY, BA eotw ion. xal GrAn koa H UDO AEA yoovia 
oA TH UTO TAE Eoww ton. GAAG H UNO PAE toiig med¢ toic 
A, T yeviog brdxerta ton xal 7 UO AEA doa yewvia totic 
med¢ toic A, T ton éotiv. did te HTH OF xal H UDO ABT ion 
gol toic med¢ toic A, T, A ywviog. iooywmvov &oa Eotl TO 
ABLTAE revtéywvov: one gdet SetEau. 


, 
y fs 
‘Edy Tevtay@vou toonAeveou xal looywvlov Tac xXaTe 
TO E€F¢ BVO Ywvlag UrotEtvwow edVEta, dxpov xal UECoV 
AdYov Téuvouow GAANAaS, xal Ta UEiTova ADTHY TUAWATO 
lou cotl TH To mevtaywvou TAEUEE. 


A r 


Ilevtayovou yee toonAcvpov xal icooywviou tot ABTAE 
S00 ywviag ta “ate TO E€f¢ Tae TEd¢ toic A, B bzo- 
tewetwoay evveia ai AP, BE téuvovom dAAYAac Kate TO 
O onyelov: Aéyw, OTL ExATEOA MUTHY &xeov xall UECoV AdYOV 
TETUNTAL KATA TO O oNUEtov, xal Ta UEiTova ADTHY TUALATA 
fou cotl th tod nevtaywvou TAcvEy. 

Ileoryeyedqptw yuo rept to ABLAE revtcywvoy xbxro¢ 
o ABLAE. xal exet S00 edVeion af EA, AB duo tolic 
AB, BI iow ciot xal ywviag toug nepiéyovow, Béoig tea 
7 BE Béoe tH AT ion Eotiv, xal 10 ABE totywvov té5 
ABT teryove toov Eotiv, xal al Aowmal ywvion toiig Aotratic 
yoviac loo Eoovta ExaTtéoa Exatéog, VE Ac at too TAEVEAL 
Unotetvouow. ton dea éotlv 7 UNO BAT yovia tH bnd ABE: 
oiTAF Goa HW Und AOE tific On BAO. Eott dé xol H UNO EAL 
tic Und BAT did, Exerdrjnee nal mepupépera y EAT mepu- 
gepetag tic TB cot Sind: ion doa H Od OAE ywovia tH 
vmod AOE: ote xal 1 OE cvdeia tH EA, toutéot tf AB 


ELEMENTS BOOK 13 


(straight-lines) BA and AE are equal to the (straight- 
lines) BC and CD, and they contain equal angles, base 
BE is thus equal to base BD, and triangle ABE is equal 
to triangle BCD, and the remaining angles will be equal 
to the remaining angles which the equal sides subtend 
[Prop. 1.4]. Thus, angle AFB is equal to (angle) CDB. 
And angle BED is also equal to (angle) BDE, since side 
BE is also equal to side BD [Prop. 1.5]. Thus, the whole 
angle AED is also equal to the whole (angle) CDE. But, 
(angle) CDE was assumed (to be) equal to the angles at 
A and C. Thus, angle AED is also equal to the (angles) 
at A and C. So, for the same (reasons), (angle) ABC is 
also equal to the angles at A, C, and D. Thus, pentagon 
ABCDE is equiangular. (Which is) the very thing it was 
required to show. 


Proposition 8 


If straight-lines subtend two consecutive angles of an 
equilateral and equiangular pentagon then they cut one 
another in extreme and mean ratio, and their greater 
pieces are equal to the sides of the pentagon. 


A 


D C 


For let the two straight-lines, AC and BE, cutting one 
another at point H, have subtended two consecutive an- 
gles, at A and B (respectively), of the equilateral and 
equiangular pentagon ABC'DE. I say that each of them 
has been cut in extreme and mean ratio at point H, and 
that their greater pieces are equal to the sides of the pen- 
tagon. 

For let the circle ABCDE have been circumscribed 
about pentagon ABC DE [Prop. 4.14]. And since the two 
straight-lines EA and AB are equal to the two (straight- 
lines) AB and BC (respectively), and they contain equal 
angles, the base BE is thus equal to the base AC, and tri- 
angle ABE is equal to triangle ABC, and the remaining 
angles will be equal to the remaining angles, respectively, 
which the equal sides subtend [Prop. 1.4]. Thus, angle 
BAC is equal to (angle) ABE. Thus, (angle) AH E (is) 
double (angle) BAH [Prop. 1.32]. And EAC is also dou- 
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éotw ton. “ol Enel ton Eotilv nH BA evudeta tH AE, fon eotl 
xal ywvia 7 bnd ABE ti ond AEB. AG h Und ABE tH 
vmod BAO edetyDn ion xal 7 Und BEA doa tH Und BAO 
gov ton. xal xow? tv S00 TeLryOvaev tot te ABE xa 
tot ABO éotw 7 bn0 ABE: downy doa 7 Und BAE yoovia 
Aoinfi tH Und AOB Eo ww ton: tooymvov épa Eotl To ABE 
totywvov 16 ABO tetyava avédoyov dea gotly ac 7 EB 
med¢ THY BA, ottwe A AB ned¢ thy BO. ton 5€ 7 BA tH 
EO: wo doa n BE red¢ thy EO, otw¢ 7 EO red¢ thy OB. 
uci@wyv b¢ 7 BE tic EO: uci@wv dea xol n EO tic OB. H 
BE doa d&xoov xal ugoov Adyoy TETUNTAL KATA TO O, xall TO 
usiGov tua tO OE tooy éotl tf tod mevtaywvou TAcuEm. 
Ouotws of SeiGouev, Str xal N AD d&xpov xol u~cov Adyov 
TETUNTAL KATH TO O, xal TO UiZov avTH¢ TUAUa ATO toov 
éotl Tf Tov Nevtaymvou TACVEe SrEp Eder SetEau. 


0. 


"Ey 1 tov Efayavou TAEvEd xal H TOD Sexaywvou Tov 
cig TOV MUTOV KUXAOV EYYEAPOUEVWY oUYTEDGo, 1 OAN 
evdeia dxpov xa UEoov Adyoy TETUNTAL, Kal TO UEtEov adTHIC 
TUF ot H Tod ECaywvou MAEVE. 


Z 


A 


*"Eotw xvxdkoc O ABT, xa tév cic tov ABI xvxdov 
EYYEAPOUEVWY OYXNUATWV, SEXayYVOU UEV EoTW TAEVEX 7 
BI, e€ayeovou dé 7 TA, xat Eotwouy En’ evVetucg AEyw, StL 
1 OAN cvVeta 7 BA dxeov xat UEcov Adyoy TéTUNTAL, Kal TO 
UsiTov aUTi¢ TUAUd cotw ATA. 

EiAoVe yao TO xévteov To xbxAOU TO E onustoy, xaul 
éneCevyJwouv at EB, ED, EA, xat dijydo A BE ent 10 
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ble BAC, inasmuch as circumference EDC is also dou- 
ble circumference C'B [Props. 3.28, 6.33]. Thus, angle 
HAE (is) equal to (angle) AHF. Hence, straight-line 
HE is also equal to (straight-line) /A—that is to say, 
to (straight-line) AB [Prop. 1.6]. And since straight-line 
BA is equal to AE, angle ABE is also equal to AEB 
[Prop. 1.5]. But, ABE was shown (to be) equal to BAH. 
Thus, BEA is also equal to BAH. And (angle) ABE is 
common to the two triangles ABE and ABH. Thus, the 
remaining angle BAE is equal to the remaining (angle) 
AHB [Prop. 1.32]. Thus, triangle ABE is equiangular to 
triangle ABH. Thus, proportionally, as EB is to BA, so 
AB (is) to BH [Prop. 6.4]. And BA (is) equal to FH. 
Thus, as BE (is) to FH, so EH (is) to HB. And BE 
(is) greater than FH. EH (is) thus also greater than 
HB [Prop. 5.14]. Thus, BE has been cut in extreme and 
mean ratio at H, and the greater piece HE is equal to 
the side of the pentagon. So, similarly, we can show that 
AC has also been cut in extreme and mean ratio at H, 
and that its greater piece CH is equal to the side of the 
pentagon. (Which is) the very thing it was required to 
show. 


Proposition 9 


If the side of a hexagon and of a decagon inscribed 
in the same circle are added together then the whole 
straight-line has been cut in extreme and mean ratio (at 
the junction point), and its greater piece is the side of the 
hexagon.! 


D 

Let ABC be a circle. And of the figures inscribed in 
circle ABC, let BC be the side of a decagon, and C’D (the 
side) of a hexagon. And let them be (laid down) straight- 
on (to one another). I say that the whole straight-line 
BD has been cut in extreme and mean ratio (at C), and 
that C'D is its greater piece. 

For let the center of the circle, point FE, have been 
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A. énet dexaya@vou iconmeveov TAcue& Eotw nH BI, mevta- 
TAaotwy doa n ALB neoupépera tic BI nepupepetac: te- 
toatAaotwy doa n AD nepupépera tij¢ PB. wc 5 H AL ze- 
eupéeeia Tod Thy I'B, ottw<¢ 7H bnd AE ywvia med¢ thy 
bono LEB: teteanAactwv dea 7 bnd AED tij¢ nd LEB. xa 
énel ton HN Ord EBL yovla th Und EDB, n dea nd AEP 
yovla ditdacia cotl th¢ Und ETB. xa exel ton cotly y ED 
evveta tH TA: exatéea yuo avtév ton cotl tH Tob E€aywvou 
TAcvEg Tod cic tov ABT xbxAov [Eeyyeapouevou] ton eotl 
xal 7 Und TEA yowvia tH Ond TAE yeovia SimAaota doa 
n bro EPB yovla tic Ord EAT. GAA& tic Und ETB 6t- 
TAaota édetyn A Und AET: tetpankacia dea 7 bnd AET 
tic Und EAT. édetydn 5€ xol thc Und BED tetoeanAaota 
n vno AET: ton doa n Und EAT 17 tnd BED. xow?y dé 
t&v 500 ToLyYOvwy, Tol te BET xai tob BEA, 7 tnd EBA 
yovia’ xal Aon) dpa NH bnO BEA tf tnd ETB éow ion: 
tooyavov goa gotl To EBA tetywvov 16 EBD teryave. 
avéroyov éou Eotly wc 7 AB red¢ thy BE, ottwo H EB 
medc thy BI. ton dé 7 EB tH TA. gotw doa we n BA med¢ 
thy AT, otta¢ 7 AL npd¢ thy TB. veitov 5€ 7 BA tic 
AT’ usiZwv dea xol 7 AT tic PB. nH BA doa eveia &xpov 
xal ueooyv AOYoY TéETUNTAL [kate TOT], xal tO yeiTov tuFUA 
autiic cotw Hn AL: Sree eer Seigau. 


ELEMENTS BOOK 13 


found [Prop. 3.1], and let EB, EC, and ED have been 
joined, and let BE have been drawn across to A. Since 
BC is a side on an equilateral decagon, circumference 
ACB (is) thus five times circumference BC. Thus, cir- 
cumference AC (is) four times C'B. And as circumference 
AC (is) to CB, so angle AEC (is) to CEB [Prop. 6.33]. 
Thus, (angle) AEC (is) four times CEB. And since angle 
EBC (is) equal to ECB [Prop. 1.5], angle AEC is thus 
double ECB [Prop. 1.32]. And since straight-line EC is 
equal to C_D—for each of them is equal to the side of the 
hexagon [inscribed] in circle ABC [Prop. 4.15 corr.]— 
angle CED is also equal to angle CDE [Prop. 1.5]. Thus, 
angle ECB (is) double EDC [Prop. 1.32]. But, AEC 
was shown (to be) double ECB. Thus, AEC (is) four 
times HDC. And AEC was also shown (to be) four times 
BEC. Thus, EDC (is) equal to BEC. And angle EBD 
(is) common to the two triangles BEC and BED. Thus, 
the remaining (angle) BED is equal to the (remaining 
angle) ECB [Prop. 1.32]. Thus, triangle EBD is equian- 
gular to triangle EBC. Thus, proportionally, as DB is to 
BE, so EB (is) to BC [Prop. 6.4]. And FB (is) equal 
to CD. Thus, as BD is to DC, so DC (is) to CB. And 
BD (is) greater than DC. Thus, DC (is) also greater 
than C'B [Prop. 5.14]. Thus, the straight-line BD has 
been cut in extreme and mean ratio [at C], and DC is its 
greater piece. (Which is), the very thing it was required 
to show. 


t If the circle is of unit radius then the side of the hexagon is 1, whereas the side of the decagon is (1/2) (V5 — 1). 


, 

bs 
‘Edy El¢ xOxAOV TevTaywvov iodTACUPOV EY YEAHH, N TOD 
TEVTAYOVOU TACVES SUVaTAL THY Te TOD E€CayMVvoU xal THY 
tot Sexayavou Téyv Eig TOV AUTOV KUXAOV EY YPAPOUEVOY. 


Proposition 10 


If an equilateral pentagon is inscribed in a circle then 
the square on the side of the pentagon is (equal to) the 
(sum of the squares) on the (sides) of the hexagon and of 
the decagon inscribed in the same circle.‘ 


MA 
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*"Eotw xbdxdoc 0 ABLAE, xal cic to ABLAE xvxdov 
Tevtaywvov ioénAcueoyv eyyeyedp0w tO ABLAE. Ey, 
ott 7 tol ABLAE revtayovou mAcued SUvata THy te TOD 
efaymvou xal thy tot SexayMvou TAcuedy THV cic TOV 
ABTAE xbxdov eyyeapouevev. 

EiAoVw yao TO xévteov tol xUxAou TO Z onusloy, xaul 
eniCevyVeion n AZ SujyVo ext 10 H onyueiov, nal eneTevydu 
n ZB, xol and tod Z ent thy AB xddetoc HyVo H ZO, xa 
dijyVw Eri to K, xol ExeTedyYwouy ai AK, KB, xol néAw 
ano tod Z ent thy AK xddetog HyVo 7H ZA, nal Shy Ext 
to M, xol eneTevy9uw 7 KN. 

‘Exel ton cotiv n ABIH nepipépeva ti} AEAH reet- 
gepeta, OV n ABI tH AEA Eotw ton, Ao) doa 7 TH 
nepipépeta AowtH tH HA ot ton. nevtayavou 5é A TA: 
dexayavou goa n TH. xol enet ton cotiv n ZA tH ZB, xal 
xadetoc 7 ZO, ion dea xal y Ord AZK yovia tH 0nd KZB. 
ote xal neorpgoeia N AK ti KB éotw ton: Sindh doa H 
AB repupépeta thc BK nepupepetac: Sexaymvou dow TAcveEd 
cot 7 AK evdeta. die ta adTH 5H nal N AK tic KM Eot 
OAH. nal Enel SimAH ECotw n AB neoupépera tic BK nept- 
wepetac, ton de H TA repipépera tH AB neoupepeta, SitAF 
doa xal 7 TA nepupépeta tiic BK nepupepetac. got bE y TA 
Teeipépeta xo thc CH dint ton dow y CH reoupéoeia tH 
BK reoupeosta. GAAG 7 BK tic KM ott OinAh, eret xaul 
n KA: xol 7 TH dow tic KM eo OimAh. GAAG UY xa H 
TB repipépera thc BK mepupepeiug cot Sindh ton yoo 7 
T'B nepupépera tf BA. xal dAn dow 7 HB rnepupépeta tic 
BM éott SinAf Bote xal ywvia nbd HZB ywviac ti¢ Uno 
BZM [éoti] SinAf. got 6E A UNO HZB xai tic Und ZAB 
oA ton yao nH Und ZAB tf Und ABZ. xai A nd BZN doa 
tf, Und ZAB Eo ton. xown) 5€ tev SVO TeLyYO@vwy, TOD 
te ABZ xai tod BZN, 7 tnd ABZ ywvia Aon} Goa H TO 
AZB doing, th nd BNZ éotw ton: tooymvov &pa Eotl TO 
ABZ tetywvov 16 BZN teryava. avéroyov dow gotlv we H 
AB cvdcia mepd¢ thy BZ, ottw> H ZB med¢ thy BN: 16 dea 
vn tv ABN itoov éotl 16 and BZ. ndAw Exel ton Eotly H 
AA t¥ AK, xow?n dé xal med¢ deVa 7 AN, Beorg dow 7 KN 
Baoet th AN éot ton: xal ywvia doa 7 bnd AKN ywovia tH 
ono AAN éotw ton. GAG A UDO AAN ti Un KBN éotw 
fon xal 1 Und AKN dpa tH Und KBN Eotw fon. xal xowh 
tév 800 TeLyYOvov tod te AKB xai tot AKN 7 medc¢ 16 
A. doint, &pa AW bn AKB doinfi tH bnO KNA Eo tw ion: 
tooyavov goa éotl tO KBA toetywvov 16 KNA teryave. 
avéroyoyv doa gotly ac A BA cvVeta mpd¢ thy AK, ottwe 
n KA ted¢ thy AN: 16 doa Und téHv BAN ‘oov Eotl té5 
ano tic AK. edetyDn 5é xal to Und tHv ABN ‘oov 165 ano 
tiic BZ: 16 dow Und tév ABN uet& tod tnd BAN, zee 
éotl 10 and ti\¢ BA, toov Eotl 16 and tii\¢ BZ uet& tod and 
tiic AK. xat cotw 4 uev BA revtaywvou tAcved, 4 6é BZ 
efayavon, 7 de AK dexayavov. 

“H dea tod mevtaywvou mAcved SUVaTH THY Te TOU 
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Let ABCDE be a circle. And let the equilateral pen- 
tagon ABCDE have been inscribed in circle ABCDE. I 
say that the square on the side of pentagon ABC'DE is 
the (sum of the squares) on the sides of the hexagon and 
of the decagon inscribed in circle ABCDE. 

For let the center of the circle, point F, have been 
found [Prop. 3.1]. And, AF being joined, let it have been 
drawn across to point G. And let FB have been joined. 
And let FH have been drawn from F' perpendicular to 
AB. And let it have been drawn across to kK. And let Ak 
and K B have been joined. And, again, let FL have been 
drawn from F' perpendicular to AK. And let it have been 
drawn across to M. And let K N have been joined. 

Since circumference ABCG is equal to circumference 
AEDG, of which ABC is equal to AED, the remain- 
ing circumference CG is thus equal to the remaining 
(circumference) GD. And CD (is the side) of the pen- 
tagon. CG (is) thus (the side) of the decagon. And since 
FA is equal to FB, and FH is perpendicular (to AB), 
angle AFK (is) thus also equal to KF'B [Props. 1.5, 
1.26]. Hence, circumference AK is also equal to KB 
[Prop. 3.26]. Thus, circumference AB (is) double cir- 
cumference BK. Thus, straight-line AK is the side of 
the decagon. So, for the same (reasons, circumference) 
AK is also double KM. And since circumference AB 
is double circumference BK, and circumference C'D (is) 
equal to circumference AB, circumference C'D (is) thus 
also double circumference BA. And circumference C'D 
is also double CG. Thus, circumference CG (is) equal 
to circumference BK. But, BK is double KM, since 
KA (is) also (double KM). Thus, (circumference) CG 
is also double AM. But, indeed, circumference C'B is 
also double circumference BK. For circumference CB 
(is) equal to BA. Thus, the whole circumference GB 
is also double BM. Hence, angle GF [is] also dou- 
ble angle BF'M [Prop. 6.33]. And GF'B (is) also dou- 
ble FAB. For FAB (is) equal to ABF. Thus, BEN 
is also equal to FAB. And angle ABF (is) common to 
the two triangles ABF and BFN. Thus, the remain- 
ing (angle) AF'B is equal to the remaining (angle) BN F 
[Prop. 1.32]. Thus, triangle ABF is equiangular to trian- 
gle BF'N. Thus, proportionally, as straight-line ABP (is) 
to BF, so F'B (is) to BN [Prop. 6.4]. Thus, the (rectan- 
gle contained) by ABN is equal to the (square) on BF 
[Prop. 6.17]. Again, since AL is equal to LK, and LN 
is common and at right-angles (to kK A), base KN is thus 
equal to base AN [Prop. 1.4]. And, thus, angle LAN 
is equal to angle LAN. But, LAN is equal to KBN 
[Props. 3.29, 1.5]. Thus, LAN is also equal to KBN. 
And the (angle) at A (is) common to the two triangles 
AKB and AKN. Thus, the remaining (angle) AK B is 
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ECaya@vov xal thy tot Sexayavou Tov cic TOV AVTOV XUXAOV 
eyypapouevwy’ Onee Eder Seif. 
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equal to the remaining (angle) kK NA [Prop. 1.32]. Thus, 
triangle K BA is equiangular to triangle KNA. Thus, 
proportionally, as straight-line B.A is to AK, so K A (is) to 
AN [Prop. 6.4]. Thus, the (rectangle contained) by BAN 
is equal to the (square) on AK [Prop. 6.17]. And the 
(rectangle contained) by ABN was also shown (to be) 
equal to the (square) on BF’. Thus, the (rectangle con- 
tained) by ABN plus the (rectangle contained) by BAN, 
which is the (square) on BA [Prop. 2.2], is equal to the 
(square) on BF plus the (square) on Ak. And BA is the 
side of the pentagon, and BF (the side) of the hexagon 
[Prop. 4.15 corr.], and AK (the side) of the decagon. 

Thus, the square on the side of the pentagon (in- 
scribed in a circle) is (equal to) the (sum of the squares) 
on the (sides) of the hexagon and of the decagon in- 
scribed in the same circle. 


t If the circle is of unit radius then the side of the pentagon is (1/2) 10 — 2 V5. 


, 
lo. 
‘Edy cic x0xAov pntiy Exovta Try Siduetoov Tevtayu- 
voy lodTAEUEOY EY YEAH, H TOU Mevtaymvou TAcUVEd KAOYOc 
EOTW 1 KAAOVUEVY EACOOWY. 


A 
B E 
2) 
N 
A 
L A 
H 


Eic yao xbxA0v tov ABLAE pntiy Exyovta thy Siaueteov 
Tevtaywvov icédnAcueoyv eyyeyedq0w to ABLTAE: déyoo, 
6tt n tov [ABTAE] revtayavou mAcvedr d&Aoydc EoTW H 
XAXAOVUEVN EAOOWY. 

EiUAeVve yaue TO xévteov tol xvUxAov TO Z onustoy, 
xa eneTevyNwoav at AZ, ZB nal dujyIwouv exit ta H, O 
onysia, xol exneCedy0u A AT, xol xelodw tic AZ tétaptov 
ueeos 1 ZK. onty dé n AZ: onth doa ual n ZK. Eotr dé 
xoal 71 BZ orth odn dow 7 BK orth eotw. xal Enel ton 
éotlvy 7 ADH nepupépera th AAH xepipeoeia, Gv n ABI 
tf, AEA éotw ton, Aoiny, Gow 7 TH downy tH HA éotw 
fon. mal eav emZevEwuev thy AA, ovvéyovta dpdal ai 


Proposition 11 


If an equilateral pentagon is inscribed in a circle which 
has a rational diameter then the side of the pentagon is 
that irrational (straight-line) called minor. 


A 
B E 
H 
N 
L 
C D 
G 


For let the equilateral pentagon ABCDE have been 
inscribed in the circle ABCDE which has a rational di- 
ameter. I say that the side of pentagon [ABC DE] is that 
irrational (straight-line) called minor. 

For let the center of the circle, point F, have been 
found [Prop. 3.1]. And let AF and F'B have been joined. 
And let them have been drawn across to points G and H 
(respectively). And let AC have been joined. And let Fk 
made (equal) to the fourth part of AF’. And AF (is) ratio- 
nal. FK (is) thus also rational. And BF is also rational. 
Thus, the whole of BK is rational. And since circum- 
ference ACG is equal to circumference ADG, of which 
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Tedc 16 A ywvion, xol Sid ADA tic TA. be ta wvTe 
dr xal at Ted T6 M dedat ciow, xal Sind HAL tic PM. 
émel ov ton Eotlv n UNO AAT yovia th Und AMZ, xowh 
dé Tv S00 TeLyYovwv tod te ATA xai tot AMZ 7 v7d 
AAT, down doa 7 Und ADA Aoi tH ONO MZA Eo ion: 
tooyavov gpa gott t0 ATA tetywvov 16 AMZ teryave 
avéhoyoyv doa éotlv wo W AT med¢ TA, ottw¢ A MZ ned¢ 
ZA: xoal tv NYOUEVWV TH SiTAcOLA Go koa H Tio AT 
SimAF, TEOG THY TA, odtH¢ H Tio MZ SitAH Ted¢ Thy ZA. 
ws 5 H Tic MZ bind TEd¢ thy ZA, oUtwWo A MZ Ted¢ thy 
nuloeiav tic ZA’ xal wo doa H tio AT SitAH med thy TA, 
odtws A MZ ned¢ ty AUloeay tic ZA: nal tev Enouevov 
TK Nuloca wo doa H thc AL SimAf Ted¢ THY Huloeiay tic 
TA, ottw¢ 1 MZ npdc¢ tO tétatoov tic ZA. xa Eott tic 
yev AD dindh yn AT, tic be TA qutoew 4 TM, tic 6 ZA 
tétatpov ugeoc Hn ZK: gotw toa wc n AT noed¢ thy PM, 
ovtwo 7 MZ medc thy ZK. ovvdévt xal @¢ ouvaypdtepoc 
n ATM nodc thy PM, ottw¢ H MK red¢ KZ: xat we doa tO 
dnd ovvauotéeou tig AIM med¢ 16 dnd PM, ottw¢ 10 
and MK noedc¢ 16 ano KZ. xo Enel tic UO S00 TAEVEaS TOD 
Tevtayavou Urotewovons, olov tij¢ AT, dxpov xal ueoov 
AOYOY TELvoUEVNS TO UEiTov Tuya toov Eotl TH To nev- 
TAYWVOU TAEUE&, Toutéott TH AT, tO 52 UeiTov tuUAUA TeO- 
ohaBOv THY HUloelav Tic OAc TevtanAdoLov SvvaTa TO 
AMO THe Nutoetac tic GAnc, “at Eotw dAne tic AT Auloera 
n IM, 16 doa and thc ATM wc wie nevtandAcovdyv Eott 
tov and tij¢ TM. wc 5 16 and tH¢ ATM we wdc Med¢ TO 
and thc I'M, ovtuw¢ edetySn tO and tio MK ned¢ 16 ano 
thc KZ: nevtanAdowov dou T6 and thc MK tod and tic 
KZ. prtov dé TO and tH¢ KZ: onth yue 7 SidEteoc’ ENTOV 
dou xal tO and tic MK: Onth dea Eotly A MK [Suvéuer 
udvoy]. xal Enel tetoanAaota cotlv n BZ tijc ZK, nevta- 
TAgota doa cotly n BK tic KZ: cixooinevtanAdcotov dea TO 
and th¢ BK tot ano tic KZ. nevtandAdcovov 6€ tO ano TH¢ 
MK tod ano thc KZ: nevtandcowov dea to and thc BK 
to and tic KM: 16 doa and tii¢ BK med¢ 10 and KM 
OyYoy oux Exel, OV TeTEHywvoc aeLOUOS TOC TeTE&ywvov 
gowudv' covUUETeOC tea cotly n BK th KM unxe. xot cotr 
entry Exatéoa avtéyv. oat BK, KM doa pntat cio Suvduer 
UOVOY OUUUETEOL. EV OE ATO ONTH¢ ONTH Apaosdh SuvdaueL 
WUOvoY OUUNETEOS OVO TH OAN, N AoNY GAoydc EotW anoO- 
TON aOTOUH dea cotiv H MB, npoocapudCovuog dé avt# H 
MK. dA€éyoo SH, Ott xa tetdOTH. @ SH UEiTdv Eott tO and 
thc BK tot ano thc KM, exeivw toov otw TO and tic N: 
7 BK dpa tic KM usiZov S0vatan tH N. xa Enel obuUEtedc¢ 
éotw n KZ tH ZB, xal ouv0évtt obuetedc cott 7 KB t4 
ZB. Ad H BZ tH BO obuueted¢ Eotw: xa 1 BK tow tH 
BO ovuuetedc cot. xol Emel MevtanAcordv EoTL TO AMO 
thc BK tot and thc KM, 16 dpa and tic BK med¢ tO 
ano tij¢ KM Adyov Eyer, Ov E Med¢ Ev. avaoTeEtavTL koa 
TO ano thc BK ned¢ 10 ano tic N Adyov Eyet, Ov E med¢ 
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ABC is equal to AED, the remainder CG is thus equal 
to the remainder G'D. And if we join AD then the angles 
at L are inferred (to be) right-angles, and C’D (is inferred 
to be) double CL [Prop. 1.4]. So, for the same (reasons), 
the (angles) at / are also right-angles, and AC (is) dou- 
ble CM. Therefore, since angle ALC (is) equal to AMF, 
and (angle) LAC (is) common to the two triangles ACL 
and AMF, the remaining (angle) AC'L is thus equal to 
the remaining (angle) MF'A [Prop. 1.32]. Thus, triangle 
ACL is equiangular to triangle A/F’. Thus, proportion- 
ally, as LC (is) to CA, so MF (is) to F'A [Prop. 6.4]. And 
(we can take) the doubles of the leading (magnitudes). 
Thus, as double LC (is) to CA, so double MF (is) to 
FA. And as double M F (is) to FA, so MF (is) to half of 
FA. And, thus, as double LC (is) to CA, so MF (is) to 
half of F'A. And (we can take) the halves of the following 
(magnitudes). Thus, as double LC (is) to half of C'A, so 
MF (is) to the fourth of F.A. And DC is double LC, and 
CM half of CA, and F'K the fourth part of FA. Thus, 
as DC is to CM, so MF (is) to F'K. Via composition, as 
the sum of DCM (i.e., DC and CM) (is) to CM, so MK 
(is) to K F [Prop. 5.18]. And, thus, as the (square) on the 
sum of DC'M (is) to the (square) on C'M, so the (square) 
on MK (is) to the (square) on KF’. And since the greater 
piece of a (straight-line) subtending two sides of a pen- 
tagon, such as AC, (which is) cut in extreme and mean 
ratio is equal to the side of the pentagon [Prop. 13.8]— 
that is to say, to DC—-and the square on the greater piece 
added to half of the whole is five times the (square) on 
half of the whole [Prop. 13.1], and CM (is) half of the 
whole, AC, thus the (square) on DC'M, (taken) as one, 
is five times the (square) on CM. And the (square) on 
DCM, (taken) as one, (is) to the (square) on C'M, so 
the (square) on MK was shown (to be) to the (square) 
on KF. Thus, the (square) on MK (is) five times the 
(square) on KF. And the square on KF (is) rational. 
For the diameter (is) rational. Thus, the (square) on 
MK (is) also rational. Thus, MK is rational [in square 
only]. And since BF is four times F kK, BK is thus five 
times KF. Thus, the (square) on BK (is) twenty-five 
times the (square) on KF. And the (square) on Mk 
(is) five times the square on KF. Thus, the (square) 
on BK (is) five times the (square) on KM. Thus, the 
(square) on BK does not have to the (square) on KM 
the ratio which a square number (has) to a square num- 
ber. Thus, BK is incommensurable in length with kK M 
[Prop. 10.9]. And each of them is a rational (straight- 
line). Thus, Bk and KW are rational (straight-lines 
which are) commensurable in square only. And if from 
a rational (straight-line) a rational (straight-line) is sub- 
tracted, which is commensurable in square only with the 
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3, oby Ov tetTe&ywvos TEd> TeTe&ywVvov' KoLUUETeOS bea 
éotlv W BK tH N: W BK dow tic KM ueiCov Sbvato 16 ano 
KOUUNETOOY EaUTH. Emel obv GAN H BK tij¢ NECoAPUOTOvON¢ 
tic KM uei@ov Sbvatou 16 dnd dovUUETEOU EAUTH, xa GAN 
7 BK ovuuetedc eott tH Exxewevy ETH tH BO, anotouy 
doa tetéetn cotly 7 MB. tO be Und ONTH¢ xal anoTOUTS 
TetTdeTNS Tepleyouevoy CPVOYaVOV dAoydév EoTLY, Xal 1 dv- 
VOUEVN AUTO Ghoydc Eotly, xadettoa bE CAdTTOV. SVVATOL 
dé TO UnO téHv OBM 7 AB bid 10 Emifevyvuyerne tij¢ AO 
tooyavuoyv yiveota to ABO tetywvov 16 ABM teryave 
xal eivar @¢ thy OB med¢ thy BA, ottw¢ thy AB med¢ thy 
BM. 

“H doa AB tot nevtaymvou TAcued Gods EOTI A MO 
AovMEvY EAdTIWV’ STE Cet SetEau. 
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whole, then the remainder is that irrational (straight-line 
called) an apotome [Prop. 10.73]. Thus, MB is an apo- 
tome, and MK its attachment. So, I say that (it is) also 
a fourth (apotome). So, let the (square) on N be (made) 
equal to that (magnitude) by which the (square) on BK 
is greater than the (square) on kK M. Thus, the square on 
BK is greater than the (square) on K M by the (square) 
on N. And since K F is commensurable (in length) with 
FB then, via composition, K B is also commensurable (in 
length) with FB [Prop. 10.15]. But, BF is commensu- 
rable (in length) with BH. Thus, BK is also commen- 
surable (in length) with BH [Prop. 10.12]. And since 
the (square) on BK is five times the (square) on KM, 
the (square) on BK thus has to the (square) on kK M the 
ratio which 5 (has) to one. Thus, via conversion, the 
(square) on BK has to the (square) on N the ratio which 
5 (has) to 4 [Prop. 5.19 corr.], which is not (that) of a 
square (number) to a square (number). BK is thus in- 
commensurable (in length) with N [Prop. 10.9]. Thus, 
the square on BK is greater than the (square) on KM 
by the (square) on (some straight-line which is) incom- 
mensurable (in length) with (BK). Therefore, since the 
square on the whole, BK, is greater than the (square) on 
the attachment, kK M, by the (square) on (some straight- 
line which is) incommensurable (in length) with (BA), 
and the whole, BK, is commensurable (in length) with 
the (previously) laid down rational (straight-line) BH, 
MB is thus a fourth apotome [Def. 10.14]. And the 
rectangle contained by a rational (straight-line) and a 
fourth apotome is irrational, and its square-root is that 
irrational (straight-line) called minor [Prop. 10.94]. And 
the square on AB is the rectangle contained by HBM, 
on account of joining AH, (so that) triangle ABH be- 
comes equiangular with triangle ABM [Prop. 6.8], and 
(proportionally) as HB is to BA, so AB (is) to BM. 

Thus, the side AB of the pentagon is that irrational 
(straight-line) called minor.' (Which is) the very thing it 
was required to show. 


t If the circle has unit radius then the side of the pentagon is (1/2) \/10 — 2/5. However, this length can be written in the “minor” form (see 


Prop. 10.94) (p/V2) \/1 + k/V1 + k? — (p/V2) \/1— k/V1 + 2, with p = \/5/2 and k = 2. 


IC 

‘Edy clic xUxAOV Tolywvov lodmAEupOY EYYEAHT, N TOD 
TOlLY@VOU TAEVEd SUVdUEL TolmAdOlwWY EoTl Tc Ex TOD 
xévTeOU TOU xbxAOVv. 

"Eotw xvxroc 0 ABI, xal cic adtOv telywvov tlodmAevE- 
ov eyyeyedovw to ABI’ AEyw, 6tt toU ABT teryovou pica 
TACUEa SOUVdEL TeLTAKCLWY EOTL Tic Ex TOU xévteoU TOD 
ABT xdxAov. 


Proposition 12 


If an equilateral triangle is inscribed in a circle then 
the square on the side of the triangle is three times the 
(square) on the radius of the circle. 

Let there be a circle ABC, and let the equilateral tri- 
angle ABC have been inscribed in it [Prop. 4.2]. I say 
that the square on one side of triangle ABC is three times 
the (square) on the radius of circle ABC. 
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E 


ElA@Vw yee 16 xévteov tod ABT xbxAou tO A, xa 
emievyVeion 7 AA dijy0w ext 16 E, xal exeTevydw 7 BE. 

Kat énel lodmAeupdév éott t6 ABI tetywvov, A BET doa 
Tepipépeta teitov weeoc Eotl tic tol ABT xdxAou nept- 
wepetac. A toa BE repipépeia Extov eotl ueeos Tij¢ Tov 
xOxAOU TepLpEoetac: ECaywvoU dea cotiv 7 BE evVdeia- ion 
dou Eotl tH ex tod xévtpou tH AE. xol Enel SiuAH Eotw H 
AE tic AE, tetpanAcovoyv got 16 and tig AE tod and tic 
EA, tovtéott tov ano ti\¢ BE. foov 8 16 and tic AE toc 
ano tv AB, BE: t& dou and tév AB, BE tetoanAcord Eott 
tov ano tic BE. dteAdvt &pa TO and tic AB teinAdotdv 
éott tov and BE. ton dé WH BE tf AE: 16 Spa and tiH¢ AB 
TOLTACOLOV EOTL TOU ano tij¢ AE. 

“H doa tod tetymvou TAcueE& SuvaUEl ToITAGOLA EOTI THi¢ 
ex tov xévtpou [tod xUxAou]’ énee Eder Seton. 


ly’. 
TIupautda cvotionotan xal opatog nepiraBely TH Soveton 
nal SetEan, StL Thc opatpac SidvEteo Suvder AULoAta Eotl 
Thc MAcuetic TH¢ TUEauldoc. 
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For let the center, D, of circle ABC have been found 
[Prop. 3.1]. And AD (being) joined, let it have been 
drawn across to EF. And let BE have been joined. 

And since triangle ABC is equilateral, circumference 
BEC is thus the third part of the circumference of cir- 
cle ABC. Thus, circumference BE is the sixth part of 
the circumference of the circle. Thus, straight-line BE is 
(the side) of a hexagon. Thus, it is equal to the radius 
DE [Prop. 4.15 corr.]. And since AF is double DE, the 
(square) on AF is four times the (square) on / D—that 
is to say, of the (square) on BE. And the (square) on 
AE (is) equal to the (sum of the squares) on AB and BE 
[Props. 3.31, 1.47]. Thus, the (sum of the squares) on 
AB and BE is four times the (square) on BE. Thus, 
via separation, the (square) on AB is three times the 
(square) on BE. And BE (is) equal to DE. Thus, the 
(square) on AB is three times the (square) on DE. 

Thus, the square on the side of the triangle is three 
times the (square) on the radius [of the circle]. (Which 
is) the very thing it was required to show. 


Proposition 13 


To construct a (regular) pyramid (i.e., a tetrahedron), 
and to enclose (it) in a given sphere, and to show that 
the square on the diameter of the sphere is one and a 
half times the (square) on the side of the pyramid. 
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"Exxciod 7 tic SoVetonc o~atoac Staeteoc n AB, xa 
TeTUHOVE “ata TOT onueiov, Hote SitAaolav civau thy AP 
tic TB xat yeyedpde ext tic AB huxdxdtov to AAB, 
xa HyVw dno tot P onuetou tH AB nedc dedac yn TA, 
nal eneTevydw A AA: xal Exxetodw xdxAo0¢ 6 EZH tony 
éYov Thy Ex Tod xévteou tH AT, xal eyyeyeupdw cic tov 
EZH xvxiov tetywvov todrAcupgov to EZH: xa cithjodu 
TO xévtTepov Tod x0xAOU TO O onusiov, xal ExeTedyIwouv 
at KO, OZ, OH: xal aveotatw and tod O onuctou té tod 
EZH xvxdov exnédw Tedc opdac 7 OK, xa apnejodw ano 
tic OK tH AL cdVeta ton n OK, xal exeTeby0wour ai KE, 
KZ, KH. nat exet n KO dedh cott ned¢ 16 tot EZH xvxdov 
émtnedov, xal TENG TdouC Gow Tac ANTOUEVAC AUTHH¢ EvVElac 
xal otloag ev t6) tod EZH xdxdrovu eminédw deduc noijoet 
yoviac. &nteta SE avtH¢ Exdoty tv OE, OZ, OH: n OK 
doa Ted ExdoTH tiv OE, OZ, OH oedh Eotw. xal exel ton 
gotly 7 ev AT tH OK, 7 5é TA tH OE, xal dedac ywviac 
Tepleyovuow, Bdoic dou 7 AA Béoet tH KE éotw ion. did 
TH KUTA OH Ka Exatéoa T&v KZ, KH tH AA Eotw for: ai 
tosic dea at KE, KZ, KH too addnAouc ciotv. xol Enel sith 
éouv 7 AL tic PB, teinAh Goa WH AB tic BL. Wc 5¢ 7 AB 
med¢ thy BI, ovtwe¢ 16 and tic AA med¢ 16 and t¥¢ AT, 
a> E€fjc Serydfoeta. tToimAcotov doa tO and tic AA tod 
ano tic AT. got dé xol TO and tic ZE tod and tic EO 
toimAdotov, xat Eottwv ton H AT tH EO: fon toa xai 7 AA 
tH EZ. DAG n AA Exdoty tv KE, KZ, KH edety0n fon: 
xal exdotn dea tv EZ, ZH, HE excoty tv KE, KZ, KH 
Eotl ton: lodnrAEvEa hoa cotl TA TEcoKeN Tetywva Tae EZH, 
KEZ, KZH, KEH. nmupayic dopa ovuvéotata ex tecockowv 
TOLYOVO loonAguEwy, fc Baoic UEV Cott TO EZH tetywvovy, 
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D 


| 
i?) 


Let the diameter AB of the given sphere be laid out, 
and let it have been cut at point C such that AC is double 
C'B [Prop. 6.10]. And let the semi-circle ADB have been 
drawn on AB. And let CD have been drawn from point C 
at right-angles to AB. And let DA have been joined. And 
let the circle EF'G be laid down having a radius equal 
to DC, and let the equilateral triangle EF'G have been 
inscribed in circle EF'G [Prop. 4.2]. And let the center 
of the circle, point H, have been found [Prop. 3.1]. And 
let EH, HF, and HG have been joined. And let HK 
have been set up, at point H, at right-angles to the plane 
of circle EFG [Prop. 11.12]. And let Hk, equal to the 
straight-line AC, have been cut off from Hk. And let 
KE, KF, and KG have been joined. And since K H is at 
right-angles to the plane of circle E FG, it will thus also 
make right-angles with all of the straight-lines joining it 
(which are) also in the plane of circle EFG [Def. 11.3]. 
And HE, HF, and HG each join it. Thus, HK is at 
right-angles to each of HE, HF, and HG. And since 
AC is equal to HK, and CD to HE, and they contain 
right-angles, the base DA is thus equal to the base KE 
[Prop. 1.4]. So, for the same (reasons), AF and KG is 
each equal to DA. Thus, the three (straight-lines) KE, 
KF, and KG are equal to one another. And since AC is 
double C'B, AB (is) thus triple BC. And as AB (is) to 
BC, so the (square) on AD (is) to the (square) on DC, 
as will be shown later [see lemma]. Thus, the (square) 
on AD (is) three times the (square) on DC. And the 
(square) on F'F is also three times the (square) on EH 
[Prop. 13.12], and DC is equal to EH. Thus, DA Cis) 
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xoeueon dé To K onuetov. 

Aci 8) avuthny xol opatea neptraBetv ti Sodeton xal 
deta, StL H Tic oMateac Sidueteo¢ HULoAta Eotl Suvduer 
Tic MAcuetic Tio TUEauidoc. 

"ExBeBAjodw yao én’ evVetac tH KO cvdeta n OA, xait 
xetodw tH TB ton 7 OA. nol enet Eotw wo n AT med¢ thy 
TA, ottw¢ 7 TA rod¢ thy TB, ton de 4 uev AT tH KO, 4 5é 
TA ti GE, 7 Se VB t¥ OA, Eotw dpa We KO ted¢ thy OF, 
odtw> 7 EO med¢ thy OA: 16 doa UNO THV KO, OA ioov 
Eotl T6 aNd ti}¢ EO. nal cotw dey Exatéoa tév UNO KOE, 
EOA youdv: tO dea ent tic KA yepapduevoy nuxbxAtov 
néet xal oid tod E [enewdrjnee ev emCevewyev thy EA, dodh 
yivetan n Und AEK ywvia dc TO tooyavov yiveoDa tO 
EAK tetywvov exatéew tév EAO, EOK terymvey]. edv 
df Uevoboyne tij¢ KA nepteveyVev TO HULxdxALoy cig TO ATO 
TéAW droxataotad}, SVEev Ho€ato wépcoda, Heer xal Sid 
tOv Z, H onuctwy emCevyvuuevoy tev ZA, AH xa opddav 
OUOIWS YIVOUEVWY THY Ted¢ Toic Z, H ywwdsv xal Eotou 
N Tupac ogatoy nEpLetAnuyevny tH Sovetof. 7 yoo KA 
thc oaiouc Sidueteoc fon Eotl TH tic SoVEtions o~atouc 
dtauetow tH AB, énxevsyjneo tH wev AL ton xeita 7 KO, tH 
sé TB 7 OA. 

Aéyw 84, Ott FH tis opateacg Siduetpo¢ YULoAla eotl 
SULVaUEL THe TASUEtC Tho MUEAULSOC. 

‘Enel yoo oinAy cotw A AL tic PB, toinAh boa Eotiv 
n AB tic BI: agvactpébavt Aorta dea gotiv WH BA tic 
ATL. ao 5 7 BA ned¢ thy AT, od two 10 aNd ti¢ BA ned¢ 
tO and thc AA [Eneidineo EmCevyvuevnc tij¢ AB eotw 
w>o 1 BA npdc thy AA, ottwo 7 AA red¢ Thy AT Bie 
thy OuoLotTynTa Tv AAB, AAT toeryovey, xa eivo @¢ thy 
TEWTHY TES THY TEITHY, OUTWS TO ANO TH¢ TE@TNHS MEO¢ TO 
dno tic Seutépac]. HutdAtov doa xal tO &nod tic BA tot 
ano tic AA. xat gotw fH uev BA 7 tic SOVEloNs o~atouc 
didueteoc, A OE AA fon TH TAcUEe tio MUPAULdOc. 

“H doa tic opatoac Sikueteog NULoAla Eotl tic TAEUEGC 
tiic Mupauidoc: Sree det Seta. 
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also equal to EF’. But, DA was shown (to be) equal to 
each of KE, KF, and KG. Thus, EF, FG, and GE are 
equal to KE, KF, and KG, respectively. Thus, the four 
triangles FFG, KEF, KFG, and KEG are equilateral. 
Thus, a pyramid, whose base is triangle EFG, and apex 
the point K, has been constructed from four equilateral 
triangles. 

So, it is also necessary to enclose it in the given 
sphere, and to show that the square on the diameter of 
the sphere is one and a half times the (square) on the side 
of the pyramid. 

For let the straight-line HL have been produced in 
a straight-line with KH, and let HL be made equal to 
CB. And since as AC (is) to CD, so CD (is) to CB 
[Prop. 6.8 corr.], and AC (is) equal to KH, and CD to 
HE, and CB to HL, thus as KH is to HE, so EH (is) 
to HL. Thus, the (rectangle contained) by KH and HL 
is equal to the (square) on EH [Prop. 6.17]. And each 
of the angles KHE and FHL is a right-angle. Thus, 
the semi-circle drawn on KL will also pass through E 
[inasmuch as if we join EL then the angle LEK be- 
comes a right-angle, on account of triangle ELK becom- 
ing equiangular to each of the triangles ELH and EHK 
[Props. 6.8, 3.31] ]. So, if kL remains (fixed), and the 
semi-circle is carried around, and again established at the 
same (position) from which it began to be moved, it will 
also pass through points F' and G, (because) if FL and 
LG are joined, the angles at F' and G will similarly be- 
come right-angles. And the pyramid will have been en- 
closed by the given sphere. For the diameter, KL, of the 
sphere is equal to the diameter, AB, of the given sphere— 
inasmuch as kK H was made equal to AC, and HL to CB. 

So, I say that the square on the diameter of the sphere 
is one and a half times the (square) on the side of the 
pyramid. 

For since AC is double CB, AB is thus triple BC. 
Thus, via conversion, BA is one and a half times AC. 
And as BA (is) to AC, so the (square) on BA (is) to the 
(square) on AD [inasmuch as if DB is joined then as BA 
is to AD, so DA (is) to AC, on account of the similarity 
of triangles DAB and DAC. And as the first is to the 
third (of four proportional magnitudes), so the (square) 
on the first (is) to the (square) on the second.] Thus, 
the (square) on BA (is) also one and a half times the 
(square) on AD. And BA is the diameter of the given 
sphere, and AD (is) equal to the side of the pyramid. 

Thus, the square on the diameter of the sphere is one 
and a half times the (square) on the side of the pyramid.' 
(Which is) the very thing it was required to show. 


t If the radius of the sphere is unity then the side of the pyramid (i.e., tetrahedron) is \/8/3. 
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A 
T 
A B 
E Z, 
Afiuo. 


Agixtéov, ott gotly Wo WH AB ned¢ thy BI, owe 10 
ano tic AA ned¢ 10 and tic AT. 

‘Exxetovu yoo A tol AulxuxAtov xatayeaph, xol 
éreCevy0w h AB, xa dvayeyedgtu and tij¢ AT tetedkywvov 
to ED, xol ouurerAnemodu to ZB rapadkAnddyeauov. 
él ov Sta TO icoyaviov eivar tO AAB totywvov 176 AAT 
TeLyYOvw Eotlv @> W BA med¢ thy AA, ottw>o 7 AA med¢ 
thy AD, 16 doa Und tv BA, AT toov éotl 16 and tic 
AA. xal énet Eotty O¢ 1 AB npd¢ thy BI, ottwe 16 EB 
med¢ tO BZ, xat Eott TO UEv EB 10 On6 tév BA, AT* ion 
yoo n EA 174 AT: 16 5¢ BZ 16 brd tév AT, TB, we doa H 
AB ned¢ thy BI, obtw¢ 16 Und Tv BA, AT 106 16 bn 
tév AT, TB. xat cot 16 yév bn tv BA, AT toov 16 ano 
tiic AA, 16 5é bn6 téHv ATB toov té5 and tic AT: H ya 
AT x&Vetog tHv tic Bdoews tunudtwv tv AP, TB yéon 
&veAOYOV EoTL Ht TO CENA eivan thy UNO AAB. wc dow H 
AB medc¢ thy BI, otto TO &nd tic AA ned¢ 16 aNO Tic 
AT’ énep Eder Seigu. 


10’. 


‘Oxtdedpo0v cvotioacta xal o~atoa nepiroBetv, 7 xo 
TH TESTEOA, Kal Seton, StL H Thc owatpac Sidueteo¢ SuvduEt 
dimAKota EoTl TH TAcUEdic tod Oxtaédpov. 

‘Exxciodw nh tic Sovetonc opateac Siduetooc 7 AB, 
xal tetunode Stya xata TOT, xal yeyeapdw ent tic AB 
nurxdxAtov to AAB, xat HyYV and tot T 17 AB red¢ deVuc 
n TA, xot exeCevydw n AB, xal exxciodw tetedywvov 
tO EZHO ‘ony éyov exdotny tv TAcueév tH AB, xal 


ELEMENTS BOOK 13 


D 
C 
A B 
E F 
Lemma 


It must be shown that as AB is to BC, so the (square) 
on AD (is) to the (square) on DC. 

For, let the figure of the semi-circle have been set 
out, and let DB have been joined. And let the square 
EC have been described on AC. And let the parallel- 
ogram F'B have been completed. Therefore, since, on 
account of triangle DAB being equiangular to triangle 
DAC [Props. 6.8, 6.4], (proportionally) as BA is to AD, 
so DA (is) to AC, the (rectangle contained) by BA and 
AC is thus equal to the (square) on AD [Prop. 6.17]. 
And since as AB is to BC, so EB (is) to BF [Prop. 6.1]. 
And EB is the (rectangle contained) by BA and AC—for 
EA (is) equal to AC. And BF the (rectangle contained) 
by AC and C'B. Thus, as AB (is) to BC, so the (rectan- 
gle contained) by BA and AC (is) to the (rectangle con- 
tained) by AC and CB. And the (rectangle contained) 
by BA and AC is equal to the (square) on AD, and the 
(rectangle contained) by ACB (is) equal to the (square) 
on DC. For the perpendicular DC is the mean propor- 
tional to the pieces of the base, AC and C’B, on account 
of ADB being a right-angle [Prop. 6.8 corr.]. Thus, as 
AB (is) to BC, so the (square) on AD (is) to the (square) 
on DC. (Which is) the very thing it was required to show. 


Proposition 14 


To construct an octahedron, and to enclose (it) in a 
(given) sphere, like in the preceding (proposition), and 
to show that the square on the diameter of the sphere is 
double the (square) on the side of the octahedron. 

Let the diameter AB of the given sphere be laid out, 
and let it have been cut in half at C. And let the semi- 
circle ADB have been drawn on AB. And let CD be 
drawn from C at right-angles to AB. And let DB have 
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ereCebyDwoav at OZ, EH, xal aveot&étw &nd tot K onuetou 
16) tod EZHO tetewyavou enmédm meo¢ dedac evdeia 7 
KA xat dujydw ext ta Etepa UEey tod Eminédou wc WH KM, 
xa apnerodu ap’ exatépac Tv KA, KM wé tév EK, ZK, 
HK, OK ton exatéoa tv KA, KM, xol eneTevydwour ai 
AE, AZ, AH, AO, ME, MZ, MH, MO. 


A 


A 
ay 
B 
A 
IX 
r 
® 
M 

Kat enel ton cotiv 1 KE th KO, xat cotw dedy 7 Ord 
EKO yovia, 10 dpa and tic OE binAdcovdyv Eott tov ano tH\¢ 
EK. nédw, enet ton cotlv 7 AK tH KE, xat cotw dodh 
ono AKE yovia, 10 doa and thc EA ditAcotvdy Eott Tob ano 
EK. edetydn be xal to ano thc OE dimAdowoy tod ano tic 
EK: 16 dea and tij¢ AE toov éoti 16 dnd tig EO: ton dea 
éotlv 7 AE ti EO. die ta avt& 54 xa H AO tH OE éotw 
fon: todrAeupov dea Eotl TO AEO tetywvov. ouotuc oh 
del€ouev, Ott xal Exnotov Tév AoiNdY TeLryOvov, Ov Béoetc 
uév elow at tol EZHO teteayavou mAcvpal, xoopueal S& TH 
A, M onyeia, todtAcupdv eotw: 6xtdedeov dow ouveotaTaL 
UNO OXTA TELYOVWY lOOTAEVEWY TEPLEYOUEVOV. 

Agi 57 wvt0 xal o~aiog nepiraPely tH SoVeton nail SeiZau, 
OTL Y Tio G~atoac SidUEteos SuvdueEL SiTAKolwv EoTl Tic TOD 
OxTAgSeou TAEVEtC. 

‘Enel yuo at toeic at AK, KM, KE foo addnaauc ctoty, 
TO doa ent tic AM yeapduevov quixdxdtov AEet xal did 
tod E. xal bid th avtd, Ev Uevovone tijc AM nepieveydev 
TO AULXOXALov cic TO AUTO dnoxatTaoTADH, SVev oetato 
wépecoda, AEer xal cia tv Z, H, O onueiwv, xal Eota 
OMaAtey NECLELANUUEVOY TO OxT&ESPOV. AEyeo SH, OTL Kal TH 
doveton. Exel yao ton cotlv 7 AK ty} KM, xowy dé 4 KE, 
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been joined. And let the square EF'GH, having each of 
its sides equal to DB, be laid out. And let HF and EG 
have been joined. And let the straight-line K L have been 
set up, at point K, at right-angles to the plane of square 
EFGH [Prop. 11.12]. And let it have been drawn across 
on the other side of the plane, like KM. And let KL and 
KM, equal to one of EK, FK, GK, and HK, have been 
cut off from KL and K M, respectively. And let LE, LF, 
LG, LH, ME, MF, MG, and MH have been joined. 


iN 
C B 
L 
Ix 
F G 
M 

And since K E is equal to KH, and angle EKH isa 
right-angle, the (square) on the HF is thus double the 
(square) on EK [Prop. 1.47]. Again, since LK is equal 
to KE, and angle LK E is a right-angle, the (square) on 
EL is thus double the (square) on EK [Prop. 1.47]. And 
the (square) on HE was also shown (to be) double the 
(square) on EK. Thus, the (square) on LE is equal to 
the (square) on EH. Thus, LE is equal to EH. So, for 
the same (reasons), LH is also equal to HE. Triangle 
LEH is thus equilateral. So, similarly, we can show that 
each of the remaining triangles, whose bases are the sides 
of the square EF'GH, and apexes the points L and M, 
are equilateral. Thus, an octahedron contained by eight 
equilateral triangles has been constructed. 

So, it is also necessary to enclose it by the given 
sphere, and to show that the square on the diameter of 
the sphere is double the (square) on the side of the octa- 
hedron. 

For since the three (straight-lines) Lk, KM, and KE 
are equal to one another, the semi-circle drawn on LM 


will thus also pass through &. And, for the same (rea- 
sons), if LM remains (fixed), and the semi-circle is car- 


A 
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nal ywviac dedac nepteyovow, Bdorc dpa WH AE Béoet tH 
EM éotw ton. xal exel Cody Eotw 7 UNO AEM ywvia ev 
NurxvxAlw ydo° To doa dnd tic AM ditAcovdv ott tod ano 
tiic AE. nédw, éxet ton Eotlv H ADP t¥ TB, SixAaota eotiv 
n AB tic BL. we 5€ 4 AB ned¢ thy BI, ottwe¢ 16 and 
tiic AB nod¢ 16 dnd ti}¢ BA’ BitAdovov doa Eotl TO and 
tific AB tod and tic BA. edetydn dé xal tO and tio AM 
ditAcotoyv tod and tic AE. xat Eotw toov 16 and tij¢ AB 
TG) dnd tic AE: ton yap xeita 7 EO tH AB. toov doa xal 
tO ano tic AB 16 and thc AM: ton dow 7 AB tH AM. xat 
got 7 AB n tic Sovetons o~atoac Sidueteoc’ nH AM doa 
ton cotl th tic SoVElonc opatoac SraueteW. 

TlepretAnnton doa to Oxtdedeoy Th Soveion o~ateg. xaul 
OVVATOSESELNKTAL, OTL A TH¢ o~atoac Sideteo¢ Suvduel Gi- 
TAdotwy Eotl Tic TOU Oxtaédpou TAELEuC’ STEO Edel SetZa. 


t If the radius of the sphere is unity then the side of octahedron is V2. 


te. 

KvGov ovothoacda xal opaiog mepthaBeiv, A xal thy 
mupautda, xol SetEau, Sti H tic o~atoucg Sidueteoc SuvduEt 
ToeiTAaotwv cot ti\¢ ToU xUBoU TAcUEC. 

"Exxciodo n tic Sovetonc apateac Sidueteoc 7 AB xa 
TeTUNOVY xata To T Bote Sindy eivan thy AT tic PB, xa 
yeyedp0e ent thc AB yuxdxAtov t0 AAB, xai dno tod T 
tf, AB red dpdac Hy ATA, xal exeTevyIu A AB, xaii 
exxcio0w tetodkywvoy to EZHO tony éyov thy TAcuedy TH 
AB, xa and tév E, Z, H, O 16 tot EZHO teteawyovou 
éminédw med¢ deVac HyIwouv ai EK, ZA, HM, ON, xai 
apnoyjodw ano Exdotyne tv EK, ZA, HM, ON we tév 
EZ, ZH, HO, OE ion excotn tv EK, ZA, HM, ON, xai 
ereCebyDwoav at KA, AM, MN, NK: x0Boc doa ovvéotatat 
0 ZN bn0 E€ teteayovu flowy TepleydUEvoc. 

Aci 54 avtov xol o~atoa nepiraBety tY Sodeton xaul 
deta, StL H tij¢ o~atoac Sidueteoc SuvdueEr TeimAaola Eortl 
Thc TAcUEtc TOU xUBoU. 
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ried around, and again established at the same (position) 
from which it began to be moved, then it will also pass 
through points F, G, and H, and the octahedron will 
have been enclosed by a sphere. So, I say that (it is) 
also (enclosed) by the given (sphere). For since LK is 
equal to KM, and KE (is) common, and they contain 
right-angles, the base LE is thus equal to the base EM 
[Prop. 1.4]. And since angle LEM is a right-angle—for 
(it is) in a semi-circle [Prop. 3.31]—the (square) on LM 
is thus double the (square) on LE [Prop. 1.47]. Again, 
since AC is equal to CB, AB is double BC. And as AB 
(is) to BC, so the (square) on AB (is) to the (square) 
on BD [Prop. 6.8, Def. 5.9]. Thus, the (square) on AB is 
double the (square) on BD. And the (square) on LM was 
also shown (to be) double the (square) on LE. And the 
(square) on DB is equal to the (square) on LE. For EH 
was made equal to DB. Thus, the (square) on AB (is) 
also equal to the (square) on LM. Thus, AB (is) equal to 
LM. And AB is the diameter of the given sphere. Thus, 
LM is equal to the diameter of the given sphere. 

Thus, the octahedron has been enclosed by the given 
sphere, and it has been simultaneously proved that the 
square on the diameter of the sphere is double the 
(square) on the side of the octahedron.' (Which is) the 
very thing it was required to show. 


Proposition 15 


To construct a cube, and to enclose (it) in a sphere, 
like in the (case of the) pyramid, and to show that the 
square on the diameter of the sphere is three times the 
(square) on the side of the cube. 

Let the diameter AB of the given sphere be laid out, 
and let it have been cut at C’ such that AC is double 
CB. And let the semi-circle ADB have been drawn on 
AB. And let CD have been drawn from C at right- 
angles to AB. And let DB have been joined. And let the 
square EF'GH, having (its) side equal to DB, be laid out. 
And let EK, FL, GM, and HN have been drawn from 
(points) E, F, G, and H, (respectively), at right-angles to 
the plane of square EFGH. And let EK, FL, GM, and 
HN, equal to one of EF, FG, GH, and HE, have been 
cut off from EK, FL,GM, and HN, respectively. And let 
KL, LM, MN, and NK have been joined. Thus, a cube 
contained by six equal squares has been constructed. 

So, it is also necessary to enclose it by the given 
sphere, and to show that the square on the diameter of 
the sphere is three times the (square) on the side of the 
cube. 
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E C 
2 N 
g H 
A M 
A 
A c B 


‘EneCevydwoauv yee at KH, EH. xat exet dod Eotw 
yn Lno0 KEH ywovla die TO xal thy KE dodhy civ medc 
tO EH entredov SryAadt xal modc thy EH evdetav, 16 doa 
émt tic KH youpduevov numxbxAtov A€er xal did tot E 
onysctov. nda, énel n HZ de0% Eott ned Exatépay tov ZA, 
ZE, xal medc to ZK doa Exinedov opdy cotw n HZ: dote 
xol eav emCedEwuev thy ZK, y HZ dedy Eotm xal medc¢ 
thy ZK: xal dla toto méAw TO Ent thc HK youpduevov 
NULxoxALov Aer xa Sia tod Z. ovotwc nal dla tv Aowoyv 
tot xbGou onyeiwy Aer. edv Sh YUevovons tij¢ KH ne- 
pleveyVEv TO NULXUXALOV cic TO AUTO KMOXATAOTADA, OVEV 
Hecato wépecoVa, Coto opatoy mepretrAnuuevoc O xUfoc. 
Ey SH, OTL xal TH Sodeton. Enel yuo ton Eotlv n HZ t7 
ZE, xat Coty Oe0y H MEd¢ t65 Z ywovia, TO doa ano tic EH 
dimAcoLOy Eott Tob ano Ti\¢ EZ. ton dé H EZ tH} EK: 16 dow 
and thc EH binAdodv cot, tov ano tic EK: ote ta ano 
tOv HE, EK, toutéott 16 ano tic HK, tertAcoudy cot tod 
ano tic EK. xol énel toutAaotwy cotly n AB tic BI, we 
dé H AB nodc thy BI, odtw¢ 16 and tic AB ned¢ 16 an 
tiic BA, teinAdcowov doa t6 dnd tic AB tod and tic BA. 
edety0n dé xal TO and thc HK tod and tic KE toitAcovov. 
ual xeita ton 7 KE tf AB: ton doa xol n KH tH AB. xatt 
cot H AB tific SoVetons o~atoug Siduetpoc: xal 7 KH dea 
lon cotl TH tic SovEionc opatoac Siayete.. 

TH Sovdeton doa opaion neoretAnnta. 6 xUBoc: “ol ov- 
vaTosedselxTa, OTL N Tic Spatoag Sidueteog SuVvdEL Tol- 
TAdOtwy Eotl Tic TOU xUBOU TAcUEaC’ OnEE Eder Seigau. 
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For let AG and EG have been joined. And since an- 
gle KEG is a right-angle—on account of K EF also being 
at right-angles to the plane EG, and manifestly also to 
the straight-line EG [Def. 11.3]—the semi-circle drawn 
on KG will thus also pass through point E. Again, since 
GF is at right-angles to each of FL and FE, GF is thus 
also at right-angles to the plane F'K [Prop. 11.4]. Hence, 
if we also join F'K then GF will also be at right-angles 
to Fk. And, again, on account of this, the semi-circle 
drawn on GK will also pass through point F’. Similarly, 
it will also pass through the remaining (angular) points of 
the cube. So, if kG remains (fixed), and the semi-circle is 
carried around, and again established at the same (posi- 
tion) from which it began to be moved, then the cube will 
have been enclosed by a sphere. So, I say that (it is) also 
(enclosed) by the given (sphere). For since GF is equal 
to F'E, and the angle at F is a right-angle, the (square) 
on £G is thus double the (square) on EF [Prop. 1.47]. 
And EF (is) equal to EK. Thus, the (square) on EG 
is double the (square) on EK. Hence, the (sum of the 
squares) on GE and EF. K—that is to say, the (square) on 
GK [Prop. 1.47]—is three times the (square) on EK. 
And since AB is three times BC, and as AB (is) to 
BC, so the (square) on AB (is) to the (square) on BD 
[Prop. 6.8, Def. 5.9], the (square) on AB (is) thus three 
times the (square) on BD. And the (square) on G'K was 
also shown (to be) three times the (square) on KE. And 
K E was made equal to DB. Thus, KG (is) also equal to 
AB. And AB is the radius of the given sphere. Thus, KG 
is also equal to the diameter of the given sphere. 

Thus, the cube has been enclosed by the given sphere. 
And it has simultaneously been shown that the square on 
the diameter of the sphere is three times the (square) on 
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t If the radius of the sphere is unity then the side of the cube is \/4/3. 


, 


iv. 


Eixoodedeov ovotioawodar xal o~atey meetraBeiv, f xoul 
THX MEOSLONUEVA OyHata, ual SetEou, Str HW tod cixnoouédeou 
TAEUEG GAOYO EOTW  KAAOLUEVY EAUTTOV. 


A 


A ie B 

"Exxetodo H tic Sovetone opatpac Sidueteos H AB xol 
TeTUHOVE xata TO T Hote tetpanrfy civan thy AL tic FB, 
xa yeyedpte ent tic AB Auxvxdtov To AAB, xat Hyde 
ano tot TP t7 AB med¢ opdac ywviacg evdeta yeauur 7 DA, 
xat eneTevydw A AB, xal exxeiodw xbxdrAoc 6 EZHOK, 
od H Ev tov xévteou ton gotw th AB, xol eyyeyedodw 
cic tov EZHOK xvxdov nevteywvov todmAcvedyv te xatl 
tlooya@vov T0 EZHOK, xal tetujodwoauyv at EZ, ZH, HO, 
OK, KE nepupéperan Stya xata tO A, M,N, &, O onueta, xa 
ereCeby0woav ai AM, MN, NE, &O, OA, EO. iodrAeveov 
&eu cotl xal Tt AMNEO revtéywvov, xal Sexnyavou H 
EO cvVeia. xal dveotatwouv ano tév E, Z, H, O, K 
ONUElv 16 TOV xdxAOV EmiMeda TEdS EVA Ywviac evVEtau 
at EII, ZP, Hd, OT, KT tom oboa tf Ex tot xévteou tod 
EZHOK xvxrov, xal exeTevyYwouy ai WP, PX, UT, TY, 
YI, HA, AP, PM, M&, =N, NT, T=, =Y, YO, OI. 

Kat énel exatéoa tév EI], KY 16) auté eminédw med¢ 
oevdc EoTlv, TAEdAANAOS Kou cotly 7H EIT th KY. got 
d& HLTH ual lon: al SE tac tou¢g Te xol MaCAAAHAOUC ETI- 
Cevyvwoovout Et Ta AUTH UEP EvVETAL Tom Te xal TAOGAANAOL 
clow. i IY dea th EK ton te xol mapcdAnadc Eotw. Tev- 
TAYaVOU 5€ loontAcvVEOU 7 EK: revtayavou doa toonAeveou 
xa 7 IY tod cic tov EZHOK xdxdrov eyyoupouevon. 
Sid TA HOTA SY xl Excotn tTHv ITIP, PU, UT, TY tev- 
TayaVOU Eotiv tooTAcveOU Tov cic Tov EZHOK xbxdrov 
eyyeapouevou: todnAcveov doa TO PUTTY nevtcywvov. 
xol enel E€ayavou wev cotw 7 IE, dexayovou sé y EO, 
xat cotty OedyH 7H UNO IIEO, nevtayovou doa éotlv 7 WO: 7 
yoo tod nevtaywvou TAEVEd SUVaTAL THY Te TOU E€aywvou 
xal thy tod Sexayavou Toy El¢ TOV AUTOV KUXAOV EYYER- 
pouevwv. Sie Ta aHUTa SH xal NY OT revtaywvou Eotl 


ELEMENTS BOOK 13 


the side of the cube.’ (Which is) the very thing it was 
required to show. 


Proposition 16 


To construct an icosahedron, and to enclose (it) in a 
sphere, like the aforementioned figures, and to show that 
the side of the icosahedron is that irrational (straight- 
line) called minor. 


D 


A C B 

Let the diameter AB of the given sphere be laid out, 
and let it have been cut at C such that AC is four times 
CB [Prop. 6.10]. And let the semi-circle ADB have been 
drawn on AB. And let the straight-line CD have been 
drawn from C at right-angles to AB. And let DB have 
been joined. And let the circle EFGHK be set down, 
and let its radius be equal to DB. And let the equilat- 
eral and equiangular pentagon EFGHK have been in- 
scribed in circle EFGHK [Prop. 4.11]. And let the cir- 
cumferences EF, FG, GH, HK, and KE have been cut 
in half at points L, M, N, O, and P (respectively). And 
let LM, MN, NO, OP, PL, and EP have been joined. 
Thus, pentagon LM NOP is also equilateral, and EP (is) 
the side of the decagon (inscribed in the circle). And let 
the straight-lines FQ, FR, GS, HT, and KU, which are 
equal to the radius of circle EFGHK, have been set up 
at right-angles to the plane of the circle, at points FE, F, 
G, H, and K (respectively). And let QR, RS, ST, TU, 
UQ, QL, LR, RM, MS, SN, NT, TO, OU, UP, and PQ 
have been joined. 

And since EQ and KU are each at right-angles to the 
same plane, FQ is thus parallel to KU [Prop. 11.6]. And 
it is also equal to it. And straight-lines joining equal and 
parallel (straight-lines) on the same side are (themselves) 
equal and parallel [Prop. 1.33]. Thus, QU is equal and 
parallel to EK. And EK (is the side) of an equilateral 
pentagon (inscribed in circle EFGHK). Thus, QU (is) 
also the side of an equilateral pentagon inscribed in circle 
EFGHK. So, for the same (reasons), QR, RS, ST, and 
TU are also the sides of an equilateral pentagon inscribed 
in cirle EFGHK. Pentagon QRSTU (is) thus equilat- 
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TAcved. gott be xal n ITY mevtaywvou: iodnmAcvpoyv toa 
éott tO HOY tetywvov. die ta adTH OH Kal Exaotov Tédv 
IIAP, PMX, UNT, THEY todmdevedv Eottw. xal Enel tev- 
tayavou édety0n exatéoa t&v TA, TO, got dé xol 7 AO 
TEvtayavov, iodrmAcueoyv doa Eotl tO ILAO tetywvov. Sid 
TH AVTA SH “al Exaotov Tv APM, MUN, NTE, ETO 
TOLYOVV lodTAEUEOYV EOTIV. 


Ep dw to xévteov tod EZHOK xdxrov 16 ® onyuetov: 
xa AN TOD B 165 tod xOxAov Erimedw Teds GEVUC KvEOTATWD 
Hn ®Q, xal exBeBanodw ent ta Eteou EEN ao n OW, xo 
&pnerovde e€ayovou yev n OX, Sexayavou Se Exatéea tov 
OV, XO, xal exneCebyDwoav ot IO, WX, TO, ES, Ab, AV, 
wM. 

Kat enel exatéoa tv ®X, ITE 163 to} xvxAov eminédw 
TED OPVd Eat, TAPGAANAODS Goa EoTlv AH OX tH IIE. ciot 
dé xal tom xal a E®, TIX tow too te xal nmaocrAnaot 
ciow. eayavou sé n E®: e€ayavou toa xat A IX. xal 
émel e€ayavou ev cotw 7 IX, dexayovou sé A XO, xa 
oe0y cotw nH LTO TIX ywvia, mevtayavou doa eotlv 7 
TIQ. Std ta HOTA SY) Kal WTO nevtayavou eotty, Enerdyneo, 
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eral. And side QE is (the side) of a hexagon (inscribed 
in circle EFGH Kk), and FP (the side) of a decagon, and 
(angle) QEP is a right-angle, thus QP is (the side) of a 
pentagon (inscribed in the same circle). For the square 
on the side of a pentagon is (equal to the sum of) the 
(squares) on (the sides of) a hexagon and a decagon in- 
scribed in the same circle [Prop. 13.10]. So, for the same 
(reasons), PU is also the side of a pentagon. And QU 
is also (the side) of a pentagon. Thus, triangle Q PU is 
equilateral. So, for the same (reasons), (triangles) QLR, 
RMS, SNT, and TOU are each also equilateral. And 
since QL and QP were each shown (to be the sides) of a 
pentagon, and LP is also (the side) of a pentagon, trian- 
gle QLP is thus equilateral. So, for the same (reasons), 
triangles LRM, MSN, NTO, and OUP are each also 
equilateral. 


Let the center, point V, of circle EFGHK have been 
found [Prop. 3.1]. And let VZ have been set up, at 
(point) V, at right-angles to the plane of the circle. And 
let it have been produced on the other side (of the cir- 
cle), like VX. And let VW have been cut off (from X Z 
so as to be equal to the side) of a hexagon, and each of 
VX and WZ (so as to be equal to the side) of a decagon. 
And let QZ, QW, UZ, EV, LV, LX, and X M have been 
joined. 

And since VW and QE are each at right-angles 
to the plane of the circle, VW is thus parallel to QE 
[Prop. 11.6]. And they are also equal. EV and QW are 
thus equal and parallel (to one another) [Prop. 1.33]. 
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éav emiCevEwuev tac OK, XT, tom xol anevavtiov goov- 
tat, “at gottv A PK ex tod xévteov oboa ECayavov. 
e€ayovou dea xal 7 XT. dSexayavou 6é A XQ, xal dedy 
n bro TXO: nevtayavou doa H TQ. got dé xal yn NT 
Tevtay@vou’ todrAcveoy dea cotl tO ITO tetywvov. die 
TH AUTH BY Kal ExaoTov THY AOLMY TElLyYOVOY, Ov Bdoetc 
uév ciow at TP, PX, UT, TY cvdeton, xopvpy de 10 Q 
onysiov, tlodmAcupdv Eotw. TdéAtv, Emel E€ayavou Yev H 
BA, dexaymvou be yn OW, xai dod Eotw FH Vd ASV 
yovia, mevtayavou &pa éotiv 7 AW. did Ta adTH BH Edy 
emiCevEwuev thy M® ovoav e€ayavou, ovveryeta xal 7 MU 
Tevtayavovu. gott ¢ xal A AM revtayavou: todmAevpov 
goa cott TO AMW toelywvov. duolws Of Setydhoeta, StL 
xal ExXOTOV THY AOLTGY ToLyYOVuY, @v Béoeic EV Elow at 
MN, NE, SO, OA, xopueh dé 10 VW onuelov, todm\eupdv 
EOTlv. OUVeoTATA toa eixoodedeov UTO Elxool TOLYaVOv 
looTAcVeEWY TEELEYOUEVOY. 

Aci 57) wot xal o~aion neprroBely tf} SoVEton xa SeiEan, 
OTL YH TOU cixoowédeou TAcvEd dAoYdc EoTWW fH KXAOVUEVH 
EAMOOWY. 

"Enel yuo e€ayavou eotly h OX, dexayovov be H XO, 7 
OL dou dxpov xal UEGOV AdYOY TETUNTAL KATH TO X, Xal TO 
usiGov avtiis TUHUd Eotw 7 BX: Eotw doa ao A NP ned¢ 
thy ®X, ottwo nN BX neo¢ thy XL. ton Se H yEv PX ty 
®E, n be XO tH OW Eotw doa Oo H NP ned thy OE, 
ovtwc A E® medc thy ®W. xat clow dedal ai nd Q®E, 
E®W ywviow eav doa emCevemuev thy EQ edvdelav, ded 
gota H Und WED ywovla die thy OuoLdtyTa TOV WED, PED 
TOLYOVOV. Sia TH HUTA OH Emel Cot ac H N® TEd¢ THY 
®X, obtwo A PX mod thy XQ, ton SE H EV OP tH UX, 
n Se ®X tH XI, Eotw doa Wo H VX neo¢ thy XII, odtwe 
n ILX ned¢ thy XE. xal die tobtO méAW Edv EmCeVEwUeEv 
thy IW, ded gota Hn med 16) IT ywvla: tO doa Ent tic 
WO yoeapdyevov Huixvxdtov FEer xal Sta tod IT. xo edv 
usvovuone tic UO nepieveyDev TO HuLxbxALov ic TO AUTO 
TdAW aroxataotady}, SVEev HoEato wépcoda, Heer xal Sid 
to II xal tév Aoindv onustwyv to eixoougdeou, xol Eotau 
OMALEe TEPLELANUUEVOY TO Eixoodedoov. AEYw SH, STL xail 
th Soveion. tetuHoVa yuo n OX Stya xata tO a. xo Emel 
evveta yoouuuy n PQ d&xpov xa Ugoov AOYOY TETUNTOUL KATH 
TO X, xal TO EAaoooy aUTHs TUE Eotw OX, 7 koa NX 
TeoohaBoton thy AUloeav tod ustTovoc tufatos thy Xa 
TevtanAdoiov Svvata tot and t¥j¢ AUtoelac tot uetCovoc 
TUNUATOS TEvtanrAcolov oa Eotl TO ano tHi¢ Na tod ano 
The aX. xa cote the uev Qa SitAH NOW, tho SE aX SurA7; 
n ®X: nevtanAdcovov dea Eotl TO and Thc OW tov ano tic 
X®. xal Enel tetpandf cotw 7H AT tic PB, nevtandy toa 
éotlv W AB tic BL. we 5 n AB mpd¢ thy BI, obtwe¢ 10 
ano tHj¢ AB med¢ tO and tic BA’ nevtandcovov dou Eotl 
tO dno thc AB tod dnd tic BA. edetyDn SE xal TO aNd Tic 
QW revtanrdcovov tod &nod tic OX. xat Eotw ton A AB tH 
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And EV (is the side) of a hexagon. Thus, QW (is) also 
(the side) of a hexagon. And since QW is (the side) of 
a hexagon, and WZ (the side) of a decagon, and angle 
QW Z is a right-angle [Def. 11.3, Prop. 1.29], QZ is thus 
(the side) of a pentagon [Prop. 13.10]. So, for the same 
(reasons), U Z is also (the side) of a pentagon—inasmuch 
as, if we join Vk and WU then they will be equal and 
opposite. And V Kk, being (equal) to the radius (of the cir- 
cle), is (the side) of a hexagon [Prop. 4.15 corr.]. Thus, 
WU (is) also the side of a hexagon. And W Z (is the side) 
of a decagon, and (angle) UW Z (is) a right-angle. Thus, 
UZ (is the side) of a pentagon [Prop. 13.10]. And QU 
is also (the side) of a pentagon. Triangle QUZ is thus 
equilateral. So, for the same (reasons), each of the re- 
maining triangles, whose bases are the straight-lines QR, 
RS, ST, and TU, and apexes the point 7, are also equi- 
lateral. Again, since VL (is the side) of a hexagon, and 
VX (the side) of a decagon, and angle LV X is a right- 
angle, LX is thus (the side) of a pentagon [Prop. 13.10]. 
So, for the same (reasons), if we join MV, which is (the 
side) of a hexagon, MX is also inferred (to be the side) 
of a pentagon. And LM is also (the side) of a pentagon. 
Thus, triangle DMX is equilateral. So, similarly, it can 
be shown that each of the remaining triangles, whose 
bases are the (straight-lines) MN, NO, OP, and PL, 
and apexes the point X, are also equilateral. Thus, an 
icosahedron contained by twenty equilateral triangles has 
been constructed. 

So, it is also necessary to enclose it in the given 
sphere, and to show that the side of the icosahedron is 
that irrational (straight-line) called minor. 

For, since VW is (the side) of a hexagon, and WZ 
(the side) of a decagon, VZ has thus been cut in ex- 
treme and mean ratio at W, and VW is its greater piece 
[Prop. 13.9]. Thus, as ZV is to VW, so VW (is) to WZ. 
And VW (is) equal to VE, and WZ to VX. Thus, as 
ZV is to VE, so EV (is) to VX. And angles 7V FE and 
EVX are right-angles. Thus, if we join straight-line FZ 
then angle X EZ will be a right-angle, on account of the 
similarity of triangles XEZ and VEZ. [Prop. 6.8]. So, 
for the same (reasons), since as ZV is to VW, so VW 
(is) to WZ, and ZV (is) equal to XW, and VW to WQ, 
thus as XW is to WQ, so QW (is) to WZ. And, again, 
on account of this, if we join Q.X then the angle at Q will 
be a right-angle [Prop. 6.8]. Thus, the semi-circle drawn 
on X Z will also pass through Q [Prop. 3.31]. And if XZ 
remains fixed, and the semi-circle is carried around, and 
again established at the same (position) from which it 
began to be moved, then it will also pass through (point) 
Q, and (through) the remaining (angular) points of the 
icosahedron. And the icosahedron will have been en- 


529 


STOIXEION ty’. 


OX: exatéoea yuo avdtédyv ton cotl th Ex tod xévtoeovu tov 
EZHOK xbxAou: ton dea xol 7 AB tH WO. xat eotw 7 AB 
N tis SoVvetonce o~atoag Sidueteoc: xal N VO doa ton cotl 
TH tic Soveioncs o~atoag Stayetoew TY Kea Sodeton o~atog 
TEPLELANNTAL TO ElxOOKEd—OY. 

Aéyw oh, Sti H tod cixooagdpou TAcUEa GOO EOT H 
MAAOVNEVN EAUTTWV. EMEl YaO ENTH COTW H thc o~atoac 
Sideteoc, xat Eott SuvduEl TMevtatAactwv tic ex TOD 
xévteov tol) EZHOK xvdxadov, enth dow Eotl wal A ex 
tot xévteou tol EZHOK xvdxAou- ote xal 7H Sidueteoc 
avtod ENT Eotlv. Edy SE El¢ xUXAOV ENTYY EXOVTA THY 
SiaUETEOV TevTd&ywvov icodmAcUeOV EYYEAPH, A TOU Tev- 
TAyWVOU TAEUEd GAoYOs EOTW 7 XKAOUUEVN EAATIWY. 7 OE 
tot EZHOK revtayavou nAcved 7 tod eixoouédpou Eotiv. 
7) ea tod elxooagdpou TAEUEa dAoYdc EOTLY 7H KXAOVUEVH 
EAUTTOV. 


TIde1oua. 

‘Ex df tobtoU avepdy, OTL H TH¢ opaiouc Sideteoc 
SULVAUEL TEVTATAUOLWY EOTL TH¢ EX TOU xEvTEOU TOD xbxAOU, 
ap’ od TO Elxoodedpov avayeyeanta, xal OTL H TYic O~atoac 
dtdetoos ObYxEItaL Ex TE T¥j¢ Tov ELayavou xal dbo Tév 
ToD dexaywvou Toy Ei¢ TOV AUTOV XUXAOYV EYYPAPOUEVOY. 
bree Eder SetEan. 
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closed by a sphere. So, I say that (it is) also (enclosed) 
by the given (sphere). For let VW have been cut in half 
at a. And since the straight-line VZ has been cut in ex- 
treme and mean ratio at W, and ZW is its lesser piece, 
then the square on ZW added to half of the greater piece, 
Wa, is five times the (square) on half of the greater piece 
[Prop. 13.3]. Thus, the (square) on Za is five times the 
(square) on aW. And ZX is double Za, and VW double 
aW. Thus, the (square) on ZX is five times the (square) 
on WV. And since AC is four times CB, AB is thus 
five times BC. And as AB (is) to BC, so the (square) 
on AB (is) to the (square) on BD [Prop. 6.8, Def. 5.9]. 
Thus, the (square) on AB is five times the (square) on 
BD. And the (square) on ZX was also shown (to be) 
five times the (square) on VW. And DB is equal to VW. 
For each of them is equal to the radius of circle EFGHK. 
Thus, AB (is) also equal to X Z. And AB is the diameter 
of the given sphere. Thus, X Z is equal to the diameter 
of the given sphere. Thus, the icosahedron has been en- 
closed by the given sphere. 

So, I say that the side of the icosahedron is that irra- 
tional (straight-line) called minor. For since the diameter 
of the sphere is rational, and the square on it is five times 
the (square) on the radius of circle EFGHK, the radius 
of circle EFGHK is thus also rational. Hence, its di- 
ameter is also rational. And if an equilateral pentagon 
is inscribed in a circle having a rational diameter then 
the side of the pentagon is that irrational (straight-line) 
called minor [Prop. 13.11]. And the side of pentagon 
EFGHK is (the side) of the icosahedron. Thus, the side 
of the icosahedron is that irrational (straight-line) called 
minor. 


Corollary 


So, (it is) clear, from this, that the square on the di- 
ameter of the sphere is five times the square on the ra- 
dius of the circle from which the icosahedron has been 
described, and that the the diameter of the sphere is the 
sum of (the side) of the hexagon, and two of (the sides) 
of the decagon, inscribed in the same circle.’ 


+ If the radius of the sphere is unity then the radius of the circle is 2/./5, and the sides of the hexagon, decagon, and pentagon/icosahedron are 


2/V5, 1 — 1/5, and (1/5) V10 — 2 V5, respectively. 
IC’. 


Awsdexdedpov ovotyoaova xal opatoa nepihaBetv, A xal 
Td TEOELONUEVA CyHUaTa, xa SetEau, StL H TOO Swdexaédeou 
TAcueEd GhOYOs COTY NH XAAOVUEVN ATOTOUN. 


Proposition 17 


To construct a dodecahedron, and to enclose (it) in a 
sphere, like the aforementioned figures, and to show that 
the side of the dodecahedron is that irrational (straight- 
line) called an apotome. 
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H Kk 


A K A 


‘Exxetodwoay tod meosionuévou xbGou dbo eEnxineda 
Ted¢ OpVa GAAHAOIc te ABTA, TBEZ, xot tetufodw 
excoty tv AB, BY, TA, AA, EZ, EB, ZT ricvupésv dtya 
xata te H, O, K, A, M, N, &, xot enxeCevydwouy at HK, 
OA, MO, NE, xol tetnhodw excotn tév NO, OF, OIL 
&xpov xa UEooV Adyov xata Ta P, LU, T onueta, xa Eotw 
auteyv yetCova tunyata te PO, OX, TI, xai aveotétwoav 
ano té&v P, X, T onuetwv toic tot} xbBou emmédoic Ted¢ 
opvac Eni TK ExtO¢ UEPH TOU xUBoU al PT, UO, TX, xa 
xetodwoav tom totic PO, OX, TH, xai exeCedvyDwoav at 
YB, BX, XT, T®, ®Y. 

Aéyw, 611 10 TBXT® revteéywvov todrAcvupdy te xa Ev 
evi Eminédw xa Ett looyavdy Eotw. EneTebyOwouy vue at 
PB, UB, ©B. xa Enel cvdeia 7 NO dxoov xal uecov Adyov 
TETUNTAL KATH TO P, xal TO UEtTov tuyUd Eot H PO, ta doa 
and tév ON, NP teinAdcork cot tot ano tic PO. ton be 7 
yev ON th NB, n 6¢ OP tH PY: t& dow and tév BN, NP 
TolmAdoLd Cott TOU and tij¢ PT. toic SE and téHv BN, NP to 
and tic BP eotw toov: 10 dea and Th¢ BP toinAdovdy cot 
tov ano thc PY: dote ta and tHv BP, PT tetoanrdorw 
Eotl Tov and tic PY. toic dé ano tv BP, PT toov cot to 
and thc BY: 16 dpa dnd th\¢ BY tetpanrdcordy cot tod ano 
thc TP: binAh doa cotiv n BY tic PY. Eotr be nat H OT t¥\¢ 
TP Sindh, exevdineo xal A UP thc OP, toutéot thc PT, 
éott Sinan ton doa Nn BY tH T®. duotwc dy Sderydhoeta, 
ou xal Exdotyn THv BX, XT, [@ exatéeg tv BY, T® 
éotw ton. iodmAcupoy dea cotl tT BY ®LX nevtdywvov. 
AEYO BH, OTL nal Ev Evi Cot ETINEdH. HyVw yuo and tod O 
exatéoa Tv PT, UM napdAdrnroc Ext ta Extd¢ tod xbBou 
uéen HOW, xal eneCedyYwouv at VO, OX: éyw, StL 
WOX evdeid cotw. Enel yao 7 OIL dxeov xal uecov Adyov 
TETUNTAL KATA TO T, xo TO UeiTov wT TUAUd& Eotw H NT, 
éotw doa wo n OIL nod¢ thy UT, o¥twe n NT med¢ thy 
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Let two planes of the aforementioned cube [Prop. 
13.15], ABCD and CBEF, (which are) at right-angles 
to one another, be laid out. And let the sides AB, BC, 
CD, DA, EF, EB, and FC have each been cut in half at 
points G, H, K, L, M, N, and O (respectively). And let 
GK, HL, MH, and NO have been joined. And let NP, 
PO, and HQ have each been cut in extreme and mean 
ratio at points R, S, and T (respectively). And let their 
greater pieces be RP, PS, and TQ (respectively). And 
let RU, SV, and TW have been set up on the exterior 
side of the cube, at points R, S, and T (respectively), at 
right-angles to the planes of the cube. And let them be 
made equal to RP, PS, and TQ. And let UB, BW, WC, 
CV, and VU have been joined. 

I say that the pentagon UBWCYV is equilateral, and 
in one plane, and, further, equiangular. For let RB, SB, 
and V B have been joined. And since the straight-line NP 
has been cut in extreme and mean ratio at R, and RP is 
the greater piece, the (sum of the squares) on PN and 
NR is thus three times the (square) on RP [Prop. 13.4]. 
And PN (is) equal to NB, and PR to RU. Thus, the 
(sum of the squares) on BN and NR is three times the 
(square) on RU. And the (square) on BR is equal to 
the (sum of the squares) on BN and NR [Prop. 1.47]. 
Thus, the (square) on BR is three times the (square) on 
RU. Hence, the (sum of the squares) on BR and RU 
is four times the (square) on RU. And the (square) on 
BU is equal to the (sum of the squares) on BR and RU 
[Prop. 1.47]. Thus, the (square) on BU is four times the 
(square) on UR. Thus, BU is double RU. And VU is also 
double UR, inasmuch as SR is also double PR—that is 
to say, RU. Thus, BU (is) equal to UV. So, similarly, it 
can be shown that each of BW, WC, CV is equal to each 
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TO. ton dé 4 Uev OI tH OO, 7 Se IIT Exatéog tHv TX, 
OW: Eotw doa ¢ 7 OO med¢ thy OW, ovtTwc H XT Ted¢ 
thy TO. xat cotr mapdAAnroc H UEv OO tH TX: exatéoa 
yoo avté&v 16 BA émingdw tedc deVdc Eotw’ H SE TO tH 
OW: Exatéoa yuo avtésy 165 BZ eminédw med¢ OPV Eotw. 
éxy O€ 600 Telywva ouvtedH xaTte Ulav ywvlayv, ac Te VOO, 
OTX, tac dbo TAEUEdC Tolic SUVIV avdAOYOV EyovTA, WoTE 
Tag ONOADYOUS aUTHY TAEVEdC Kal MAPAAANAOUC Elva, aL 
Aoiral cudeta ex’ evdetac Eoovta ex’ evVeluc dou Eotly 7 
WO tH OX. niow de cvVeta Ev Evi Cot Emimedu Ev Evi dow 
eminedm cott to YBXT'® nevtaywvov. 

Aéyw oh, dt xal icoyavdy Eotw. 

‘Enel yoo eudeia yeayun 7 NO dxpov xal uecov Advov 
TETUNTAL KATA TO P, xal TO UEiZov tufUd Eotw 7H OP [Eotw 
doa ac ovvaypdoteooc 7 NO, OP nedc thy ON, ottwc 7 
NO ned¢ thy OP], ton 5¢ 7 OP tH OX [Eotw doa we A UN 
med¢ thy NO, ottw>¢ A NO ned¢ thy OX], A NE doa &xpov 
xa UEGov AOYOY TéTUNTAL KaTa TO O, xal TO UEITov TUAUd 
éotw 7 NO: t& doa and tv NX, UO tendo cot tod 
and tic NO. ton 5€ n wev NO th NB, n 5€ OF tH UM ta 
doa and Tv NU, U® tetodkywva toinAdcovk Eott to ano 
thc NB: dote ta and tév LX, UN, NB teteatAcowk cot 
tov ano tij¢ NB. totic 5€ and tév UN, NB toov Eotl to ano 
thc UB: ta dea ano tév BL, UO, toutéot 10 and tho BS 
[6e07 yao 7 UNO XB yovial, tetoanAdovdy cot tod &nod 
thc NB: SinAh dea cotlv H OB tic BN. got 5é xo H BI 
thc BN Sindh: ton dou Eotlv n B® t7 BI. xol Enel B00 at 
BY, T® dvol toic BX, XT tom cloty, xat Baorc NH BO Baoer 
th BI ton, ywvia dea A OTO BY ® yoovix tH bn BXT eotw 
fon. Ouotwe of SelZouev, Sti xal A OnO TOL ywvia ton eott 
th Uno BXT: oft dou Und BXT, BYS, TSI teeic ywoviaa 
loo HAAAaic Elotv. Edy SE TevTAywVOU looTAEVEOL at TeEic 
yooviat toa HAAnAac Dow, lOOyMVLoV EOTAL TO TEVTAYWVOV' 
tlooyavov dea €otl TO BY OLX nevtaywvov. cdetydy dé xa 
lodrAcugov’ TO doa BY ®LX nevteywvov todrAevedy ott 
xal looyaviov, xa Eotty Eml uldic tod xbGou mAcUEuc Tic 
BI. eav dea ey’ exdotyc Tv tod xbBou dadexa TAEUEGSY 
TH UVTA KATUOXEVADWUEV, OVOTAIHOETAL TL OYTFUX OTEPEOV 
UNO SOSEXa TEVTAYMVOV looTACVEWV TE xa icoywviwy TE- 
CleEXOUEVOY, O xXaAEiTOL Swbexced—ov. 

Asi 57 adt0 xa o~aton nepiraBetv tH Soveton xol SetEat, 
OTL 7 TOU Swdexagdeou TAEUEA dAOYdC EOTLY 7 KXAOUUEVH 
O&NOTOUN. 

"ExBePAhodw yao n VO, nat Cote n WO: cupBdrrer doa 
7 OL tH tod xvBou Stayetoew, xal Stya tTEeUVOVOL GAAHAAC 
toto yuo Sédeixtoa Ev 16 TapateAcUtTw Veweyyatt tod 
évoexdtou BiBAiov. Teuvetwouv uate TO 1 10 DQ dpa 
XEVTOOV EOTL Tic O~alouc TH¢ TepLAauBavovoncs Tov xbBovy, 
xa A QO Autoea ti¢ TAcuEsc tod xIBov. ExeCebyDw oF H 
TO. xol enet evdeia yoouuy 7 NX d&xpov xol ugoov Adyov 
TETUNTAL KATH TO O, nat TO UsiTov WHTH¢ TUFUd Eotw 7 NO, 
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of BU and UV. Thus, pentagon BUVCW is equilateral. 
So, I say that it is also in one plane. For let PX have 
been drawn from P, parallel to each of RU and SV, on 
the exterior side of the cube. And let X H and HW have 
been joined. I say that X HW is a straight-line. For since 
HQ has been cut in extreme and mean ratio at T, and 
QT is its greater piece, thus as HQ is to QT, so QT (is) 
to TH. And HQ (is) equal to HP, and QT to each of 
TW and PX. Thus, as HP is to PX, so WT (is) to 
TH. And HP is parallel to TW. For of each of them is 
at right-angles to the plane BD [Prop. 11.6]. And TH 
(is parallel) to PX. For each of them is at right-angles 
to the plane BF [Prop. 11.6]. And if two triangles, like 
X PH and HTW, having two sides proportional to two 
sides, are placed together at a single angle such that their 
corresponding sides are also parallel then the remaining 
sides will be straight-on (to one another) [Prop. 6.32]. 
Thus, X H is straight-on to HW. And every straight-line 
is in one plane [Prop. 11.1]. Thus, pentagon UBWCYV is 
in one plane. 

So, I say that it is also equiangular. 

For since the straight-line N P has been cut in extreme 
and mean ratio at R, and PR is the greater piece [thus as 
the sum of NP and PRisto PN,so NP (is) to PR], and 
PR (is) equal to PS [thus as SN is to NP, so NP (is) to 
PS], NS has thus also been cut in extreme and mean 
ratio at P, and NP is the greater piece [Prop. 13.5]. 
Thus, the (sum of the squares) on NS and SP is three 
times the (square) on NP [Prop. 13.4]. And NP (is) 
equal to NB, and PS to SV. Thus, the (sum of the) 
squares on NS and SV is three times the (square) on 
NB. Hence, the (sum of the squares) on VS, SN, and 
NB is four times the (square) on NB. And the (square) 
on SB is equal to the (sum of the squares) on SN and 
NB [Prop. 1.47]. Thus, the (sum of the squares) on BS 
and SV—that is to say, the (square) on BV [for angle 
VSB (is) a right-angle]—is four times the (square) on 
NB [Def. 11.3, Prop. 1.47]. Thus, VB is double BN. 
And BC (is) also double BN. Thus, BV is equal to BC. 
And since the two (straight-lines) BU and UV are equal 
to the two (straight-lines) BW and WC (respectively), 
and the base BV (is) equal to the base BC, angle BUV 
is thus equal to angle BWC [Prop. 1.8]. So, similarly, we 
can show that angle UVC is equal to angle BWC. Thus, 
the three angles BWC, BUV, and UVC are equal to one 
another. And if three angles of an equilateral pentagon 
are equal to one another then the pentagon is equiangu- 
lar [Prop. 13.7]. Thus, pentagon BUV CW is equiangu- 
lar. And it was also shown (to be) equilateral. Thus, pen- 
tagon BUVCW is equilateral and equiangular, and it is 
on one of the sides, BC, of the cube. Thus, if we make the 
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TK Kou aNd THV NU, UO teitAdcowk Eott tov ano tij¢ NO. 
fon 6€ n uev NX th WO, exevdAneo xal n uev NO tH OL 
cotw ton, 7 6¢ WO tH OX. aAAX Uy xal NOX tH WT, Exel 
xa TH PO- ta dea ano Tv OW, UT teitAdcord cot tod ano 
thc NO. tote 6¢ and tv OW, WT toov cotl 10 and th¢ TN: 
TO Goa ano THe TO teiTAdcoLdv Eott TOU aNd Tic NO. got 
d& xal N Ex TOU xEvtoEOU THic GHalouc TH¢ TepLkauBavovons 
tov x0Bov dSuvduet TelTAdcwY TH¢ NuLoElac Thc Tob xbBou 
TAcuetic’ TEObedelxTA yuo x0Bov cvoThoaodar xal opatog 
TeptAoBety xal Seigau, StL H Tic opatoac Sideteoc Suvéuet 
TOIMAAOLWV EOTI Tic TAELEGC TOU xbBoU. El dE GAN Tic CANS, 
xa [A] nuloera tic nutoetac: xat cotw A NO yuloeia tic tod 
xvBovu TAsuetic’ A dea TQ ton corti tH Ex tod xévteou tic 
opaloag tic TeptAauBavovons Tov x0Bov. xai Eott TO 2 
XEVTOOV THs O~atoag TH¢ TepthauBavovons tov x0Bov: TO 
T dou onuciov mpd TH Emipaveta cott Tic O~atoac. OUolw¢ 
on SetGouev, Sti xal ExdotH THV AoiNDV YOwsHY Tod dw- 
dexacdeovu Teds TH EMipaveta EoTl tH}¢ oMatoac NeolelANnTaL 
dpa TO Swdexaédeov TH SoVeton o~atog. 

Aéyo Oh, StL 7 TOD Swdexaédeo0u TACVEd KAoYO¢ EoTIV 
1] KAAOLUEV UTOTOUN. 

‘Enel yao tic NO d&xeov xal ueoov Adyov TetUNUEVNC TO 
usiCov tufjuc cotw 6 PO, tic bE OF d&xeov xal ugcov Adyov 
TETUNUEVNS TO UEtTov TUAUd Eotw Nn OL, OAnc dea tic NE 
&xpov xa UECov AOYOV TEUVOUEVI|C TO UEITov Tuc EoTW H 
PX. [otov eel cot wc 7 NO ned¢ thy OP, H OP ned thy 
PN, xo te SitAcoia Ta yo UEEN TOIc lodxIc NOAAATAMOLOIC 
TOV avTov Exel Adyov' Wo dou NH NE med¢ thy PU, odtw¢ 7 
PX red¢ ovvaypdtepov thy NP, UE. uci@wv oé n NE tic 
PY: usiZwv doa xa A PX ovvaupotéeou tij¢ NP, UE: n NE 
dou dxpov xal UEoov AdYoY TETUNTAL, xal TO UEITOV AUTI\C 
tufudc Eotw 7 PL] ton Se H PH tH TL: tic dea NE &xpov 
ual UEGov AOYOV TeUVOUEVNS TO UEiTov TUAUd cotw 7H TO. 
xol Emel ONTH COTY Thc GHatouc Sidueteo¢ Kat EoTL SuVduEL 
TolmAdolwy tic ToD xbBou TAEUEdC, ENTY how cotiv NH NE 
TAcved OvGA Tov xUBOL. Edy bE ENTH YEAUUN dxeov xall 
ueoov Adyoy tunvh, Exdtepov THY TUNUdTWV GhoYdc EoTIV 
O&NOTOUN. 

“H T® doa mAcved otoa tod dwdiexaddpou &hoydc Eotw 
O&NOTOUN. 
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same construction on each of the twelve sides of the cube 
then some solid figure contained by twelve equilateral 
and equiangular pentagons will have been constructed, 
which is called a dodecahedron. 

So, it is necessary to enclose it in the given sphere, 
and to show that the side of the dodecahedron is that 
irrational (straight-line) called an apotome. 

For let X P have been produced, and let (the produced 
straight-line) be X Z. Thus, PZ meets the diameter of the 
cube, and they cut one another in half. For, this has been 
proved in the penultimate theorem of the eleventh book 
[Prop. 11.38]. Let them cut (one another) at 7. Thus, 
Z is the center of the sphere enclosing the cube, and 7P 
(is) half the side of the cube. So, let UZ have been joined. 
And since the straight-line N.S has been cut in extreme 
and mean ratio at P, and its greater piece is NP, the 
(sum of the squares) on NS and SP is thus three times 
the (square) on NP [Prop. 13.4]. And NS (is) equal to 
XZ, inasmuch as NP is also equal to PZ, and XP to 
PS. But, indeed, PS (is) also (equal) to XU, since (it 
is) also (equal) to RP. Thus, the (sum of the squares) 
on ZX and XU is three times the (square) on NP. And 
the (square) on UZ is equal to the (sum of the squares) 
on ZX and XU [Prop. 1.47]. Thus, the (square) on UZ 
is three times the (square) on NP. And the square on 
the radius of the sphere enclosing the cube is also three 
times the (square) on half the side of the cube. For it 
has previously been demonstrated (how to) construct the 
cube, and to enclose (it) in a sphere, and to show that 
the square on the diameter of the sphere is three times 
the (square) on the side of the cube [Prop. 13.15]. And 
if the (square on the) whole (is three times) the (square 
on the) whole, then the (square on the) half (is) also 
(three times) the (square on the) half. And NP is half 
of the side of the cube. Thus, UZ is equal to the radius 
of the sphere enclosing the cube. And Z is the center of 
the sphere enclosing the cube. Thus, point U is on the 
surface of the sphere. So, similarly, we can show that 
each of the remaining angles of the dodecahedron is also 
on the surface of the sphere. Thus, the dodecahedron has 
been enclosed by the given sphere. 

So, I say that the side of the dodecahedron is that 
irrational straight-line called an apotome. 

For since RP is the greater piece of NP, which has 
been cut in extreme and mean ratio, and PS is the 
greater piece of PO, which has been cut in extreme and 
mean ratio, RS is thus the greater piece of the whole 
of NO, which has been cut in extreme and mean ratio. 
[Thus, since as NP is to PR, (so) PR (is) to RN, and 
(the same is also true) of the doubles. For parts have the 
same ratio as similar multiples (taken in corresponding 
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STOIXEION ty’. 


TId6e1oya. 
‘Ex 67 tovtou @avepdy, Ott Thc tod xbBou TAcuEuc 
d&xpov xa UEoov AdYOV TeuvoUEev TO UEiTov TUAUd EotW 
1 tod Swdexaédeou TAcvEd. TEE Eder Seitar. 


order) [Prop. 5.15]. Thus, as NO (is) to RS, so RS (is) 
to the sum of NR and SO. And NO (is) greater than 
RS. Thus, RS (is) also greater than the sum of NR and 
SO [Prop. 5.14]. Thus, NO has been cut in extreme and 
mean ratio, and RS is its greater piece.] And RS (is) 
equal to UV. Thus, UV is the greater piece of NO, which 
has been cut in extreme and mean ratio. And since the 
diameter of the sphere is rational, and the square on it 
is three times the (square) on the side of the cube, NO, 
which is the side of the cube, is thus rational. And if 
a rational (straight)-line is cut in extreme and mean ra- 
tio then each of the pieces is the irrational (straight-line 
called) an apotome. 

Thus, UV, which is the side of the dodecahedron, 
is the irrational (straight-line called) an apotome [Prop. 
13.6]. 


Corollary 


So, (it is) clear, from this, that the side of the dodeca- 
hedron is the greater piece of the side of the cube, when 
it is cut in extreme and mean ratio.! (Which is) the very 
thing it was required to show. 


+ If the radius of the circumscribed sphere is unity then the side of the cube is \/4/3, and the side of the dodecahedron is (1/3) (V15 — V3). 


, 


\y- 


Tac mAcupdc tev Révte Oy NUdTwW exVEoVan xal ovyxeiv- 


a TEdS HAATAaC. 
H 


A K Tr AA B 

"Exxetodo vy tic SoVvEtons o~atoug Sudueteoc H AB, nol 
tetuHoVe xate 10 TP dote tony civ thy AL tH UB, xate 5€ 
to A ote SitAaotova civ thy AA tijc AB, ual yeyedaotu 
émt tic AB nuixdxdtov to AEB, xol and tv I, A tH AB 
Ted OEVaS HyJwour ai TE, AZ, xat exneCTedyBwouy at AZ, 
ZB, EB. xal enet SitAH cotw HN AA tic AB, toinAt}, dou 
éotlv » AB tic BA. a&vaoteébavtt nuwoAta dow éotlv A BA 
tiic AA. we 5¢ 7 BA npdc thy AA, ottw¢ 16 and tic BA 


Proposition 18 


To set out the sides of the five (aforementioned) fig- 
ures, and to compare (them) with one another.' 


G 


A K Cc DL B 

Let the diameter, AB, of the given sphere be laid out. 
And let it have been cut at C, such that AC is equal to 
CB, and at D, such that AD is double DB. And let the 
semi-circle AEB have been drawn on AB. And let CE 
and DF have been drawn from C and D (respectively), 
at right-angles to AB. And let AF, FB, and EB have 
been joined. And since AD is double DB, AB is thus 
triple BD. Thus, via conversion, BA is one and a half 
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Ted¢ TO aNd Tc AZ: iooymnov yée Eott TO AZB toelywvov 
16) AZA terymvey’ nuLoAtov doa Eotl 16 and tig BA tod ano 
tic AZ. Eott bE ual H tic O~atoac SidUEteOC SUVeUEL HULOAL 
This TAEUEuC Tic MUpaUldoc. xal Eotty 7 AB  tij¢ o~atouc 
dtduetooc’ H AZ doa ton eotl tH MAcue& tig MUPauidoc. 

IldAw, enet ditAaotwyv cotiv nH AA tic AB, tend dea 
éotly 7 AB tic BA. we 6€ 7 AB mpd¢ thy BA, owe 16 
ano tic AB med¢ tO and tic BZ: tertAc&otov dou Eotl TO 
ano tic AB tod and tic BZ. ott Sé nal H tH¢ C~patouc 
didETOOS SUVaUEL TelTAGOlWY TH¢ TOU xVBoOU TAEUVEdC. axl 
got 7 AB n tY\¢ o-~atouc Sidueteoc’ Hh BZ dea tod xbBou 
Eotl TAEUEK. 

Kot énel ton cotlv y AL tH TB, Sint doa éotiv 7 AB 
tic BI. wo 5¢ HY AB ned¢ thy BI, ottw¢ 16 and tic AB 
Ted¢ TO aNd TY\¢ BE SitAdcovov dou Eotl TO and tH\¢ AB tod 
ano tic BE. got 6& xal A Thc opateac Sidueteoc SuvduEL 
dimAaolwy TYi¢ Tob dxtagdpou TAEUEuc. xal cotw n AB H 
thc SoVEtonc o~atoac Sidueteoc: 7 BE dow tot oxtaédeou 
éotl TACUeK. 

"Hyde 67) dno tot A onuctou tH AB evdeta npdc de0ac 
7 AH, xai xeiodw ny AH ton tH AB, xol exeCevydw yn HT, 
xal and tot © ext thy AB xdVetoc HyVw n OK. xat Exel 
dinAy €otw n HA tic AT: ton yoo 7 HA tH AB we 68 
HA nod thy ALT, ottw¢ 1 OK nedc thy KT, Sindh dea 
xa 7 OK tic KT. tetpatAdcovov toa cot TO and thc OK 
tov ano thc KI: ta dou ano tév OK, KT, donee eoti to 
ano th¢ OL, nevtarAcowdy cott tod and tic KT. ton dé 
n OL th PB: revtanAdcowov dou eoti tO ano th¢ BI tov 
ano tic PK. xot ene dindy cotw n AB tic TB, Gv H 
AA tij¢ AB Eott SiTAF, Aownh Koa H BA Aownie tH¢ AT 
éott SitAy. teimA dou H BI tic TA: Evvardcovov dea 
tO and tH¢ BL tot and tic TA. nevtandcovov dé TO ano 
tiic BI tod and tic PK: ueiCov Goa 16 and tic PK tod 
ano tic TA. ysitov doa cotiv 7 PK tic PA. xelodw ti 
TK ton n DA, xat and tot A tH AB red¢ dpdac FydIw 7 
AM, xot éxeCevydw 7 MB. xot Enel nevtandcotdy got TO 
ano tH¢ BI to¥ and tic PK, xat cot the yev BP diAy 
n AB, tijc 56¢ TK Sindh A KA, nevtanAdcovov dea Eotl TO 
ano tic AB tod ano tic KA. gots bE xal H TH¢ o~atoac 
SideToOS SUVaUEL TevtTaTAKotwy Thc Ex To xévteou ToD 
xUXAOV, &P OV TO Elxoodkedpov avayeypartaL. “al Cot 7 
AB ¥ tic o~atpac Sidueteoc’ A KA dou ex tod xévteou 
éotl tov xUxAOV, uP OD TO Elxooded—eov avayeyeuntat: 
7 KA dea e€ayavou Eotl TAcVEd Tod cionuevou xUxAov. 
mal ETel H tHic o~alouc Sidueteoc obyxetta Ex te Tic TO 
eCayaovou xat dbo tév Tod Sexayavou THY cic TOV EloNLEVOV 
xbxhov EYYEAPpoUEVw, xal Cot 7H UEv AB A tic o~atouc 
diduetoos, 7 6é KA E€ayavou tAcved, xal ton N AK tH 
AB, exatéea doa tév AK, AB Sexayavou éotl TAcvE& 
tod Eyyeapouevon cic Tov xdxAov, ap’ OD TO eixoodkedeov 
avayeyeunta. xal ene Sexaywvou yev H AB, e€ayavou 
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times AD. And as BA (is) to AD, so the (square) on 
BA (is) to the (square) on AF [Def. 5.9]. For triangle 
AFB is equiangular to triangle AF'D [Prop. 6.8]. Thus, 
the (square) on BA is one and a half times the (square) 
on AF’. And the square on the diameter of the sphere is 
also one and a half times the (square) on the side of the 
pyramid [Prop. 13.13]. And AB is the diameter of the 
sphere. Thus, AF is equal to the side of the pyramid. 

Again, since AD is double DB, AB is thus triple BD. 
And as AB (is) to BD, so the (square) on AB (is) to the 
(square) on BF [Prop. 6.8, Def. 5.9]. Thus, the (square) 
on AB is three times the (square) on BF’. And the square 
on the diameter of the sphere is also three times the 
(square) on the side of the cube [Prop. 13.15]. And AB 
is the diameter of the sphere. Thus, BF is the side of the 
cube. 

And since AC is equal to CB, AB is thus double BC. 
And as AB (is) to BC, so the (square) on AB (is) to the 
(square) on BE [Prop. 6.8, Def. 5.9]. Thus, the (square) 
on AB is double the (square) on BE. And the square 
on the diameter of the sphere is also double the (square) 
on the side of the octagon [Prop. 13.14]. And AB is the 
diameter of the given sphere. Thus, BE is the side of the 
octagon. 

So let AG have been drawn from point A at right- 
angles to the straight-line AB. And let AG be made equal 
to AB. And let GC have been joined. And let HK have 
been drawn from H, perpendicular to AB. And since GA 
is double AC. For GA (is) equal to AB. And as GA (is) 
to AC, so HK (is) to KC [Prop. 6.4]. HK (is) thus also 
double KC. Thus, the (square) on HK is four times the 
(square) on AKC. Thus, the (sum of the squares) on Hi 
and KC, which is the (square) on HC [Prop. 1.47], is 
five times the (square) on KC. And HC (is) equal to CB. 
Thus, the (square) on BC (is) five times the (square) on 
CK. And since AB is double CB, of which AD is double 
DB, the remainder BD is thus double the remainder DC. 
BC (is) thus triple CD. The (square) on BC (is) thus 
nine times the (square) on CD. And the (square) on BC’ 
(is) five times the (square) on C'‘kK. Thus, the (square) 
on C’K (is) greater than the (square) on C'D. CK is thus 
greater than CD. Let CL be made equal to CK. And 
let LM have been drawn from L at right-angles to AB. 
And let WB have been joined. And since the (square) on 
BC is five times the (square) on CK, and AB is double 
BC, and KL double CK, the (square) on AB is thus five 
times the (square) on KL. And the square on the diam- 
eter of the sphere is also five times the (square) on the 
radius of the circle from which the icosahedron has been 
described [Prop. 13.16 corr.]. And AB is the diameter 
of the sphere. Thus, AL is the radius of the circle from 
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dé 7 MA: ton yéo Eotr tH KA, Ene xal tH OK: toov yao 
dnéyovow and tov xévtpou" xat Eotw Exatéoea Tv OK, 
KA btmAaotwv tic KP: nevtayovou doa gotiv A MB. 7 dé 
to Nevtayavou Eotly nH Tot cixooagdpou: cixoougdeou toa 
éotly 7 MB. 

Kot enet 7 ZB xdGou eotl rAcved, tetunoVw dxeov xatl 
uéooy Adyoy xata TO N, xa Eotw yeitov tufua to NB- 
NB dea Swdexaédoou Eoti mAcvEd. 

Kat enel A thc opatoac Sidueteoc edely0n Tic YeV 
AZ rhevedc tic Tueatdoc SuvduEL AULOAla, Tic SE tot 
oxtaédseou Tic BE Suvauer SitAaotoy, tie 6€ Tob xUBoU Thc 
ZB dvuvduet TeitAdotwv, olwv doa 7 Thc o~atoag didUEteO¢ 
duvduet EF, TOLOUTWY MEV Tic TUPAULSO¢ Tecodewy, 7 SE 
tod oxtaédpou Ted, A Se to xbBou dbo. NH YEV doa Tic 
Tupautdoc TACUE& Tic UEV TOD OxTa€dpo0u MAEVE SUVaUEL 
éotly Entteitoc, tic dé tov x0Bou Suvduer SiTAH, 1 SE Tod 
Oxtaéseou Thc tToU xvUBou Suvduer AULoAia. ot ev obv 
clonUeva TOV ToLédSy oynudtwy TAcUEal, ACY 67 TUEALLSOC 
xal OxTaédseou xal x0Bov, mMedc GAANAaC Elolv Ev Adyolcg 
entoic. at dé Aoimal S00, AEyw SH H Te TOU elxooaedeou 
xal 7 To Swd|exaddpov, OUTE MEd GAAHAAC OUTE MEDS Tac 
TEOELONUEVAS Eloly Ev ADYOls ONTOIC’ GAovot yd Elow, 1 LEV 
EAATIWV, 7 SE ANOTOUN. 

"Ou yeitov cotly n tod cixooagdpou mAcved& A MB tic 
tod Swdexaédpov tic NB, SeiGouev owe. 

‘Enel yap iooyaudy gott t6 ZAB tetywvov 16 ZAB 
TELYOVH, avdAoyév Eotty Wo 7 AB med¢ thy BZ, ovtw< 
1 BZ npdc¢ thy BA. xal énel tosic cdVetian dvddoydv ciow, 
EOTW WC TN MOTH NEOs THY TolTHY, OUTU< TO UNO TH¢ TEWTNS 
TENS TO NO Tic SeUTEPAC’ Zotw doa wo n AB ned¢ thy BA, 
odtw> T6 dnd tig AB ned¢ tO aNd Tic BZ dvanadw dea 
a> } AB ned¢ thy BA, obtw¢ 10 &nd tc ZB npd¢ 16 anO 
tiic BA. toimAq dé 4 AB tic BA’ toinAdovov doa tO ano 
tiic ZB tod and thc BA. got 5é xal T6 and Tic AA tod 
ano tij¢ AB tetpatAcovov: Sindy} yuo 7 AA tic AB: uciZov 
dou 16 and tic AA tod and tic ZB- uciCwv doa n AA tic 
ZB: nodr@ doa 7 AA tic ZB yetCwv gotiv. nol tic wev 
AA d&xpov xal Uéoov AOyYOV TeUvouevNs TO UsiZov TUAUd 
cotw 7 KA, enevdjneo yn uev AK e€ayevou Eotiv, 7 6 KA 
dexayavou: tic 6é ZB d&xpov xal UECoOV AOyov Te“VOUEVNC 
TO usiFov tUAUd cotw n NB- ueitov doa A KA tic NB. 
torn d¢ 1 KA tH AM: ueilav goa n AM tic NB [rf\¢ dé 
AM uci@wv cotiv 7 MB]. nog koa 7 MB mAcved odo 
tov cixoouddeou uetCwyv eotl tic NB nAcupiic oton¢ tod 
Swdexaédpou" Sneo Eder SetEau. 
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which the icosahedron has been described. Thus, KL is 
(the side) of the hexagon (inscribed) in the aforemen- 
tioned circle [Prop. 4.15 corr.]. And since the diameter of 
the sphere is composed of (the side) of the hexagon, and 
two of (the sides) of the decagon, inscribed in the afore- 
mentioned circle, and AB is the diameter of the sphere, 
and KT the side of the hexagon, and AK (is) equal to 
LB, thus AK and LB are each sides of the decagon in- 
scribed in the circle from which the icosahedron has been 
described. And since LB is (the side) of the decagon. 
And ML (is the side) of the hexagon—for (it is) equal to 
KL, since (it is) also (equal) to HK, for they are equally 
far from the center. And HK and KL are each double 
KC. MB is thus (the side) of the pentagon (inscribed 
in the circle) [Props. 13.10, 1.47]. And (the side) of the 
pentagon is (the side) of the icosahedron [Prop. 13.16]. 
Thus, VB is (the side) of the icosahedron. 

And since F'B is the side of the cube, let it have been 
cut in extreme and mean ratio at N, and let NB be the 
greater piece. Thus, NB is the side of the dodecahedron 
[Prop. 13.17 corr.]. 

And since the (square) on the diameter of the sphere 
was shown (to be) one and a half times the square on the 
side, AF’, of the pyramid, and twice the square on (the 
side), BE, of the octagon, and three times the square 
on (the side), F'B, of the cube, thus, of whatever (parts) 
the (square) on the diameter of the sphere (makes) six, 
of such (parts) the (square) on (the side) of the pyramid 
(makes) four, and (the square) on (the side) of the oc- 
tagon three, and (the square) on (the side) of the cube 
two. Thus, the (square) on the side of the pyramid is one 
and a third times the square on the side of the octagon, 
and double the square on (the side) of the cube. And the 
(square) on (the side) of the octahedron is one and a half 
times the square on (the side) of the cube. Therefore, 
the aforementioned sides of the three figures—I mean, of 
the pyramid, and of the octahedron, and of the cube— 
are in rational ratios to one another. And (the sides 
of) the remaining two (figures)—I mean, of the icosahe- 
dron, and of the dodecahedron—are neither in rational 
ratios to one another, nor to the (sides) of the aforemen- 
tioned (three figures). For they are irrational (straight- 
lines): (namely), a minor [Prop. 13.16], and an apotome 
[Prop. 13.17]. 

(And), we can show that the side, / B, of the icosahe- 
dron is greater that the (side), NB, or the dodecahedron, 
as follows. 

For, since triangle FDB is equiangular to triangle 
FAB [Prop. 6.8], proportionally, as DB is to BF, so BF 
(is) to BA [Prop. 6.4]. And since three straight-lines are 
(continually) proportional, as the first (is) to the third, 
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so the (square) on the first (is) to the (square) on the 
second [Def. 5.9, Prop. 6.20 corr.]. Thus, as DB is to 
BA, so the (square) on DB (is) to the (square) on BF. 
Thus, inversely, as AB (is) to BD, so the (square) on 
FB (is) to the (square) on BD. And AB (is) triple BD. 
Thus, the (square) on FB (is) three times the (square) 
on BD. And the (square) on AD is also four times the 
(square) on DB. For AD (is) double DB. Thus, the 
(square) on AD (is) greater than the (square) on FB. 
Thus, AD (is) greater than F'B. Thus, AL is much greater 
than FB. And KL is the greater piece of AL, which is 
cut in extreme and mean ratio—inasmuch as LK is (the 
side) of the hexagon, and KA (the side) of the decagon 
[Prop. 13.9]. And NB is the greater piece of FB, which 
is cut in extreme and mean ratio. Thus, KL (is) greater 
than NB. And KL (is) equal to LM. Thus, LM (is) 
greater than NB [and WB is greater than LM]. Thus, 
MB, which is (the side) of the icosahedron, is much 
greater than NB, which is (the side) of the dodecahe- 
dron. (Which is) the very thing it was required to show. 


+ If the radius of the given sphere is unity then the sides of the pyramid (i.e., tetrahedron), octahedron, cube, icosahedron, and dodecahedron, 


respectively, satisfy the following inequality: \/8/3 > V2 > \/4/3 > (1/W5) 10 — 2 V5 > (1/3) (V15 — V3). 


Aéyw oh, Ott Taped TH EloNnUEVa TEvtE OYTUATA OU Ov- 
otabhoeta ETEPOV OY TUM TEELEeYOUEVOY LTO iooTAEVOWY TE 
xal loovwviey tow aAANAOLC. 

“Tro EV Yue S00 TELYOvwY 7) OAWS ETITEdWV OTEPEH 
ywvia ov ovviotata. Utd Se Tey TolLywvay n TH¢ Tu- 
eauidoc, UNO SE Tecodewyv N TOU OxTaédp0Lv, UNO dé TEévTE 
n tov eixooagdpou" Und be E€ teLtyYMvwv ioomAEvowy TE 
xa iooywviwy Med Evl onUsiw CUVIOTAUEVWY OUX EOTAL 
oteped yovia ovoncg yde Tic ToD toomAEvEOU TeELyYmvoU 
yovlac diwoieou deVijc Eoovta at EE TEcougow deVaiic tom’ 
Onee GVvatov dracon yuo oteps& Ywvla UTO EAaccdvHv 
 tecotowy opddy nepéyetar. Sid TH HUTA SY OSE UMO 
TAELOvw FEF YOvidy Emimédwv oteped Ywvia ouviotata. 
UNO SE TEeTPAYOVUY ToLéY 7 TOD xUBOU ywvia MEoLeyETo’ 
UNO SE Tecodowy adOVaTOV’ EoovTa yao TdALWW TéEcoUpEC 
oevai. Uno bE TevTAyOVwY IooTAEVEWY Xa looYWVlaV, UTO 
UEV TOLOY TOD Swdexaédeou' UNO bE Tecodowy GSVVATOV’ 
ovens Yue Tic TOU TevtayVOU loonAEVEOU Ywvlac OeDfc 
xol TEUMTOVL, ECOVTA al TEDOUPES YwWVIaL Tecodowy deDdyv 
uetCouc’ énep dVvatov. OvdE UHV LTO TOAVYOVOY ETECWV 
OYNUATWY TeeloyeDHoeTtaL oTepEdX Ywvia Sia TO AUTO &TO- 
TOV. 

Ovx doa Tapd Ta clonUeva Tévte OyHUATA ETEPOV OY TUM 
otepedv ovoTadhoetat LUMO loomAcvewy Te xal looywviwy 
mepleyOuevov’ Onee det SetEau. 


So, I say that, beside the five aforementioned figures, 
no other (solid) figure can be constructed (which is) con- 
tained by equilateral and equiangular (planes), equal to 
one another. 

For a solid angle cannot be constructed from two tri- 
angles, or indeed (two) planes (of any sort) [Def. 11.11]. 
And (the solid angle) of the pyramid (is constructed) 
from three (equiangular) triangles, and (that) of the oc- 
tahedron from four (triangles), and (that) of the icosahe- 
dron from (five) triangles. And a solid angle cannot be 
(made) from six equilateral and equiangular triangles set 
up together at one point. For, since the angles of a equi- 
lateral triangle are (each) two-thirds of a right-angle, the 
(sum of the) six (plane) angles (containing the solid an- 
gle) will be four right-angles. The very thing (is) impos- 
sible. For every solid angle is contained by (plane angles 
whose sum is) less than four right-angles [Prop. 11.21]. 
So, for the same (reasons), a solid angle cannot be con- 
structed from more than six plane angles (equal to two- 
thirds of a right-angle) either. And the (solid) angle of 
a cube is contained by three squares. And (a solid angle 
contained) by four (squares is) impossible. For, again, the 
(sum of the plane angles containing the solid angle) will 
be four right-angles. And (the solid angle) of a dodec- 
ahedron (is contained) by three equilateral and equian- 
gular pentagons. And (a solid angle contained) by four 
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Afiuua. 

“Ou b€ H tot toonAeveou xal looywviov TEevTaAyYaVOU 
yovia oedy cot. xol MéuTtOVL, OUTW SeLxTEov. 

"Kot yuo Tevtéywvoyv lodTAEveOV xXal idoyYOVWoY TO 
ABTAE, xol neoryeyedgiw rept abdtd xbxAo¢c 0 ABLAE, 
xal ctAnpda avtod tO xévteov 16 Z, xal EreTevyIwouy att 
ZA, ZB, ZI, ZA, ZE. dtya dea téuvovot tas MEd¢ Toic A, 
B, T, A, E tot nevtayovou yoviag. xal eel at mpd¢ 16 Z 
Tévte Ywviat téEcoapow devaiic toot clot xat elow tom, to. 
doa wUTHY, Wo A UNO AZB, wiic deVic¢ ot: TaOk NEUTTOV: 
hoiral dou at bn ZAB, ABZ we elow dedfic ual néuntov. 
ton 5€ H UNO ZAB tH Und ZBI xat An Goa H Und ABT tod 
TEVTIAYHVOL Yuvia Uldic Eotw OEVic xal MéuMtOU’ OnEE det 
deizoau. 
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(equiangular pentagons is) impossible. For, the angle of 
an equilateral pentagon being one and one-fifth of right- 
angle, four (such) angles will be greater (in sum) than 
four right-angles. The very thing (is) impossible. And, 
on account of the same absurdity, a solid angle cannot 
be constructed from any other (equiangular) polygonal 
figures either. 

Thus, beside the five aforementioned figures, no other 
solid figure can be constructed (which is) contained by 
equilateral and equiangular (planes). (Which is) the very 
thing it was required to show. 


A 


Lemma 


It can be shown that the angle of an equilateral and 
equiangular pentagon is one and one-fifth of a right- 
angle, as follows. 

For let ABCDE be an equilateral and equiangular 
pentagon, and let the circle ABCDE have been circum- 
scribed about it [Prop. 4.14]. And let its center, F’, have 
been found [Prop. 3.1]. And let FA, FB, FC, FD, 
and FE have been joined. Thus, they cut the angles 
of the pentagon in half at (points) A, B, C, D, and E 
[Prop. 1.4]. And since the five angles at F' are equal (in 
sum) to four right-angles, and are also equal (to one an- 
other), (any) one of them, like AF'B, is thus one less a 
fifth of a right-angle. Thus, the (sum of the) remaining 
(angles in triangle ABF), FAB and ABF, is one plus a 
fifth of a right-angle [Prop. 1.32]. And FAB (is) equal 
to FBC. Thus, the whole angle, ABC, of the pentagon 
is also one and one-fifth of a right-angle. (Which is) the 
very thing it was required to show. 
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ABBREVIATIONS: act - active; adj - adjective; adv - adverb; conj 
- conjunction; fut - future; gen - genitive; imperat - imperative; 
impf - imperfect; ind - indeclinable; indic - indicative; intr - in- 
transitive; mid - middle; neut - neuter; no - noun; par - particle; 
part - participle; pass - passive; perf - perfect; pre - preposition; 
pres - present; pro - pronoun; sg - singular; tr - transitive; vb - 
verb. 


&yo, &u, hyayoy, -Aya, fHruat, Ay Inv : vb, lead, draw (a line). 
&Sbvato¢ -ov : adj, impossible. 

det : adv, always, for ever. 

aipéw, atprow, e[t]rov, fenxa, Honuot, ReéWnv : vb, grasp. 
dutéw, aithow, Atnoa, Atnxa, Ktnuot, AtH0n : vb, postulate. 
altnua -atoc, t6 : no, postulate. 


dxddouvoc -ov : adj, analogous, consequent on, in conformity 


with. 
&xpoc -a -ov : adj, outermost, end, extreme. 


GA& : conj, but, otherwise. 
&doyos -ov : adj, irrational. 
&ua : adv, at once, at the same time, together. 


auBAvy@vioc -ov : adj, obtuse-angled; t6 duBALYaMov, no, ob- 
tuse angle. 


du BAUC -eia -b : adj, obtuse. 

d&udtepoc -a -ov : pro, both. 

a&vayedpa : vb, describe (a figure); see yedou. 
d&voAoyta, A : no, proportion, (geometric) progression. 
avéoyos -ov : adj, proportional. 

averadty : adv, inverse(ly). 

avarkyedw : vb, fill up. 

d&vaotpégw : vb, turn upside down, convert (ratio); see oteégu. 
d&vactpogy, 7 : no, turning upside down, conversion (of ratio). 
avOugaeéw : vb, take away in turn; see aiegéw. 

aviotyu : vb, set up; see totnur. 

&vioo¢ -ov : adj, unequal, uneven. 

avundéoyw : vb, be reciprocally proportional; see néoyw. 
&Ewy -ovoc, 6 : vb, axis. 

&naé : adv, once. 

dnac, &naca, ixav : adj, quite all, the whole. 

&neipoc -ov : adj, infinite. 

anevavttoy : ind, opposite. 

anéyw : vb, be far from, be away from; see éyw. 
amdath¢ -éc : adj, without breadth. 

andbetéic -Ewc, A : no, proof. 

dénoxadiotyut : vb, re-establish, restore; see totnur. 


dénokauBéve : vb, take from, subtract from, cut off from; see 
oy Bavo. 


énotéuvw : vb, cut off, subtend. 
dndétunus -ato¢c, tO : no, piece cut off, segment. 
&notouy, fi : vb, piece cut off, apotome. 


GREEK-ENGLISH LEXICON 


&rtw, &bw, Fa, —, fupot, — : vb, touch, join, meet. 
dnwtepoc -a -ov : adj, further off. 

&ea : par, thus, as it seems (inferential). 

dpvOudc, 6 : no, number. 

detiduic : adv, an even number of times. 


aptionAeupoc -ov : adj, having a even number of sides. 


deyo, UE, Feta, Heya, Heyuct, feyny : 
gin. 


vb, rule; mid., be- 


d&ovuueteoc -ov : adj, incommensurable. 

déoburtwto¢ -ov : adj, not touching, not meeting. 

&ptio¢ -a -ov : adj, even, perfect. 

&tuntoc -ov : adj, uncut. 

&téno¢ -ov : adj, absurd, paradoxical. 

avtéV_ev : adv, immediately, obviously. 

d&apalpew : vb, take from, subtract from, cut off from; see aiegéw. 
&@%4, A : no, point of contact. 

Bd&doc -eoc, t6 : no, depth, height. 


Batves, -BYooua, -€Bny, BeBnna, >: 
(of angle). 


BwWAW, Bard, EBorov, BEBANxa, BEBANUM, EBARInY : vb, throw. 
Bdotc -ewc, A : no, base (of a triangle). 


vb, walk; perf, stand 


yée : conj, for (explanatory). 


yily]vouou, yeviooum, éyevouny, yéyova, yeyévnuat, — 
appen, become. 


: vb, 


YYOUWV -Ovoc, A : 10, gnomon. 
yeauun, A : no, line. 


yedpw, yoda, éyeald/y]a, yéypapa, vyéyeauuo, goabdunv : vb, 
draw (a figure). 


yovia, i : no, angle. 


Set _: vb, be necessary; dei, it is necessary; eu, it was necassary; 
Séov, being necessary. 


Selxvuut, SelEw, Berta, Sé5erya, Séderyua, E5elyOnv : vb, show, 
demonstrate. 
detxtéov : ind, one must show. 


SelEic -ewe, AR : no, proof. 
Sexayavoc -ov : adj, ten-sided; to dexayavoy, no, decagon. 


Séxoua, SéFouan, E5eEduny, —, Sé5ey~yucn, E5éxInv : vb, receive, 
accept. 


54: conj, so (explanatory). 

SnAad%,_: ind, quite clear, manifest. 

SfA0¢ -y -ov_: adj, clear. 

SnAovot : adv, manifestly. 

diayw : vb, carry over, draw through, draw across; see &yw. 
Siayaviog -ov : adj, diagonal. 

dtaAcinw : vb, leave an interval between. 


Sidueteoc -ov : adj, diametrical;  didyueteoc, no, diameter, di- 


agonal. 
Siafpeoic -ew<, A : no, division, separation. 
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Siateéw : vb, divide (in two); d:apeVEvtoc -7 -ov, adj, separated 
(ratio); see aipéw. 


Sidotyya -atoc, t6 : no, radius. 

Siapépw : vb, differ; see véow. 

Sout, dHow, ESoxa, S€5nxa, SE5oun, E560nyv : vb, give. 
Siuolpoc -ov : adj, two-thirds. 

ditAaowsCw : vb, double. 

SimAdotoc -a -ov : adj, double, twofold. 
SitAaotwv -ov : adj, double, twofold. 
Sindobvc -7 -odv : adj, double. 

dic : adv, twice. 

Stya : adv, in two, in half. 

dxopoula, } : no, point of bisection. 

Sud¢ -é80c, fH : no, the number two, dyad. 


S0vayu : vb, be able, be capable, generate, square, be when 
squared; 6uvayévy, A, no, square-root (of area)—i.e., strai- 
ght-line whose square is equal to a given area. 


S0vautc -ewc, A : no, power (usually 2nd power when used in 
mathematical sence, hence), square. 


Suvatdc -f -dv : adj, possible. 

Sudexdedeoc -ov : adj, twelve-sided. 

Eautod -fc -ob : adj, of him/her/it/self, his/her/its/own. 

éyylwy -ov : adj, nearer, nearest. 

éyyed&pu : vb, inscribe; see ypdqu. 

eldoc -coc, t6 : no, figure, form, shape. 

cixoodedeoc -ov : adj, twenty-sided. 

clow/héyu, ée6/eptw, elnov, clonxa, clonun, éeerdrnv : vb, 
say, speak; per pass part, cvenuévoc -n -ov, adj, said, afore- 
mentioned. 

ette ...ette : ind, either ... or. 

éxaoto¢ -7 -Ov : pro, each, every one. 

Exatépoc -a -ov : pro, each (of two). 

éxBddAw : vb, produce (a line); see BérAAw. 

éx0éw : vb, set out. 

éxxewa : vb, be set out, be taken; see xeiyan. 


2 L, 


éxttdnus : vb, set out; see th0qu. 


L 


éxtdc : pre + gen, outside, external. 
éhdcowvy/trA&ttwv -ov : adj, less, lesser. 
éhdyiotoc -7 -ov : adj, least. 

éAAetnw : vb, be less than, fall short of. 

éuninta : vb, meet (of lines), fall on; see nintw. 
éutpoovev : adv, in front. 

évarrde : adv, alternate(ly). 

évapudTw : vb, insert; perf indic pass 3rd sg, évipuootan. 
évdéxoua. : vb, admit, allow. 

évexev : ind, on account of, for the sake of. 
évvamAdotoc -a -ov : adj, nine-fold, nine-times. 


évvola, 7) : 10, notion. 
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evnepiéyw : vb, encompass; see yw. 

évrinte : see éuxintw. 

évtéc : pre + gen, inside, interior, within, internal. 
éEdywvoc -ov : adj, hexagonal; t6 éEc&ywvov, no, hexagon. 
EEatAdotoc -a -ov : adj, sixfold. 

é€fc : adv, in order, successively, consecutively. 

ZEwev : adv, outside, extrinsic. 

: adv, above. 

érapyh, i : no, point of contact. 


2 , 


éret : conj, since (causal). 


énewoyinee : ind, inasmuch as, seeing that. 

emiCevy vous, Emevew, EnéCevea, —, EneCevyua, eneCebyOnyv : 
vb, join (by a line). 

émtdoy(Coua : vb, conclude. 

éntvoéw : vb, think of, contrive. 

éninédoc -ov : adj, level, flat, plane; 16 éninédov, no, plane. 

émoxéntoua. : vb, investigate. 

éntoxetic -ews, fH : no, inspection, investigation. 


émitécow : vb, put upon, enjoin; tO énitaydév, no, the (thing) 
prescribed; see técow. 


pian'y! 


éniteito¢c -ov : adj, one and a third times. 

émupdveta, fh : no, surface. 

éroua : vb, follow. 

Eeyoua, éAcevooun, AAVov, AfAvda, —, — : vb, come, go. 
Eoyxatoc -y -ov : adj, outermost, uttermost, last. 
étepdunune -ec : adj, oblong; t6 éteepdunxec, no, rectangle. 
étepoc -a -ov : adj, other (of two). 

ét. : par, yet, still, besides. 


evdbypauoc -ov : adj, rectilinear; t6 eb0byeauoy, no, recti- 
linear figure. 


ev0c -cta -0 : adj, straight; _ c0Veta, no, straight-line; éx’ 
evveiac, in a straight-line, straight-on. 


eveloxw, everoxw, nUpov, cUpexa, etenuat, cveédnv : vb, find. 


éyantw : vb, bind to; mid, touch; A é~axtouévy, no, tangent; 
see ONTW. 


EPAPUOTW, EPUPUSIW, EMTPLLOTA, EYYUOXA, EPTUOUM, EPHUdDTV 


: vb, coincide; pass, be applied. 
éyetfic : adv, in order, adjacent. 
éototnut : vb, set, stand, place upon; see totyu. 
Eyw, Ew, Eoyov, ~ayyxa, -Eoynuat, — : vb, have. 
Hyéoun, Hyfooun, hynoduny, hynux, —, HrAInV : vb, lead. 
Kon: ind, already, now. 
Axo, KEo, —, —, —, — : vb, have come, be present. 
hurxdxAtoy, t6 : no, semi-circle. 
TsOMoc -a% -ov : adj, containing one and a half, one and a half 
times. 


Rutouc -eva -v : adj, half. 


knep = 4+ nep : conj, than, than indeed. 
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Ato....% : par, surely, either ...or; in fact, either ... or. 
VEotc -ewc, 7 : no, placing, setting, position. 

Vewenya -atoc, t6 : no, theorem. 

{toc -a -ov : adj, one’s own. 


iodxuc : adv, the same number of times; todxic moAAaTAcotg, 
the same multiples, equal multiples. 


icoyavioc -ov : adj, equiangular. 

ioémAeupoc -ov : adj, equilateral. 

iconAnvyic -Ec : adj, equal in number. 

aoc -1n -ov : adj, equal; é€ icou, equally, evenly. 
icooxedne -é¢ : adj, isosceles. 


lotnut, othaw, Eotyoa, —, —, Eot&0nv : vb tr, stand (some- 


thing). 


lotnut, athaw, otny, Eotyxa, Cota, Eotadny : vb intr, stand 
up (oneself); Note: perfect I have stood up can be taken 
to mean present I am standing. 


icobddyc -é¢ : adj, of equal height. 

xaddneo : ind, according as, just as. 

x&0eto¢ -ov : adj, perpendicular. 

xa0dAou : adv, on the whole, in general. 

xaréw : vb, call. 

uaKEWOS = Kal ExEtvoc . 

xd&v = xal & : ind, even if, and if. 

xatayeapy, 7 : no, diagram, figure. 

xataye&ow : vb, describe/draw, inscribe (a figure); see ypdaw. 
xataxorouvéw : vb, follow after. 


xatadeinw : vb, leave behind; see Acinw; ta xataderndueva, no, 
remainder. 


xatédrnroc -ov : adj, in succession, in corresponding order. 
xatapetoéw : vb, measure (exactly). 

xatavtéw : vb, come to, arrive at. 

xataoxevdCw : vb, furnish, construct. 


xeluat, xelcouat, —,—, —, — : vb, have been placed, lie, be 


made; see tid nut. 

xEvtpovV, TO : NO, center. 

xdtw : vb, break off, inflect. 

xAivw, xAtvoo, ExAwa, xExAixa, xéxAtat, ExAOny : vb, lean, in- 
cline. 

xAlotc -ews, A : no, inclination, bending. 

xothoc -1n -ov : adj, hollow, concave. 


xoeugy, Ah : no, top, summit, apex; xat& xopvery, vertically 
opposite (of angles). 


xptvw, xpos, Expiva, xéxeixa, xéxpiuat, Expldny : vb, judge. 
x08oc, 6 : no, cube. 

x0xAoc, © : no, circle. 

x0Awbeoc, 6 : no, cylinder. 

xuetdc -4 -dv : adj, convex. 


xévoc, O : No, cone. 
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apBdvar, Afouat, ZraBov, etrnga elnuya, ZAApdnv : vb, 
take. 


éyw : vb, say; pres pass part, heyéyevoc -y, -ov, adj, so-called; 
see E1pw. 


heir, Acibw, Zrtnov, A€Aouta, A€Actupn, Erctedny : vb, leave, 


leave behind. 
Anuuctiov, tO : no, diminutive of Afupa. 
Afjuua -atoc, t6 : no, lemma. 
hijthic -ewe, 4 : no, taking, catching. 
Adyoc, 6 : NO, ratio, proportion, argument. 
hoindc -4 -dv : adj, remaining. 
yavidve, uxdhoounu, Euadoyv, ueucdnxa, —,— : vb, learn. 
uéyedoc -coc, t6 : no, magnitude, size. 
uetCwv -ov : adj, greater. 
véve, ueves, Evewa, weuevnxa, —, — : vb, stay, remain. 
uépoc -ouc, t6 : no, part, direction, side. 


uéaoc -n -ov : adj, middle, mean, medial; éx 600 uéowy, bime- 
dial. 


yetokauSdve : vb, take up. 

uetaev : adv, between. 

uetéwmeoc -ov : adj, raised off the ground. 
yeteew : vb, measure. 

uéteov, tO : No, Measure. 

undetc, undeuta, undév : adj, not even one, (neut.) nothing. 
undénote : adv, never. 

undétepoc -a -ov : pro, neither (of two). 
ufixoc -eoc, tO : no, length. 

uyv : par, truely, indeed. 

uovac -d50c, H : No, unit, unity. 

yovaydc -% -dv : adj, unique. 

yovaxya<¢ : adv, uniquely. 

udvoc -n -ov : adj, alone. 


yotw, —, vOnoa, vevonxa, vevonua, Evorydnv : vb, apprehend, 
conceive. 


oloc -a -ov : pre, such as, of what sort. 
éxtée5eo0c -ov : adj, eight-sided. 

ddoc -1y, -ov : adj, whole. 

Ouoyevyc -Ec : adj, of the same kind. 
dpowoc -a -ov : adj, similar. 

OuotorANndh< -E¢ : adj, similar in number. 
duovotayyc -E¢ : adj, similarly arranged. 


¢ a 


Ouordty¢ -Nto<, A : no similarity. 


© , 


Ouolw<e : adv, similarly. 

OudAoyoc -ov : adj, corresponding, homologous. 
duotaytc -é¢ : adj, ranged in the same row or line. 
OudvuOs -ov : adj, having the same name. 


dvou.a -atoc, T6 : NO, name; éx 500 évoudtwv, binomial. 
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6EvYavioc -ov : adj, acute-angled; 16 d6&uyaviov, no, acute an- 
gle. 
6&b¢ -cia -b : adj, acute. 


Orowoody = Oxotoc -a -ov + otv : adj, of whatever kind, any 


kind whatsoever. 
OTO00¢ -1 -OV : pro, aS Many, as Many as. 


Orococdynrotobv = Ondco¢ -7n -ov + Bf + noté + Odv : adj, of 
whatever number, any number whatsoever. 


dtrococoby = 6ndc0¢ -n -ov + odv : adj, of whatever number, 
any number whatsoever. 


OndtE—OC -a -ov : pro, either (of two), which (of two). 
6eVoyavov, 76 : no, rectangle, right-angle. 


6e0dc -4, -dv : adj, straight, right-angled, perpendicular; ned¢ 
60d ywoviac, at right-angles. 


de0c¢, 0 : no, boundary, definition, term (of a ratio). 


doadnnotody = dca + 54 + noté + odv : ind, any number 
whatsoever. 
oodxic : ind, as many times as, as often as. 


OoaTAdcovoc -ov : pro, as many times as. 
d00¢ -7 -ov : pro, as many as. 


donee, Knep, Step : pro, the very man who, the very thing 


which. 
dottc, Htc, 6 tt : pro, anyone who, anything which. 
étav : adv, when, whenever. 
otiobyv : ind, whatsoever. 
ovdeic, ovdeuta, obS¢v : pro, not one, nothing. 


axe 


obdétepoc -a -ov : pro, not either. 


ovvétepoc : see OvdéTEPOC. 
ovvéyv : ind, nothing. 

obv : adv, therefore, in fact. 

ovtw¢ : adv, thusly, in this case. 

méAw : adv, back, again. 

né&vtwe : adv, in all ways. 

mapa : prep + acc, parallel to. 

napaBdArw : vb, apply (a figure); see BorAw. 
napaBoA%, 7 : no, application. 

naodxewat : vb, lie beside, apply (a figure); see xeivon. 


TapArhAdcow, TAPUAGEW, —, TaEHAAaXA, —, — : vb, miss, fall 
awry. 


mapadkAnrenttesoc, -ov : adj, with parallel surfaces; 16 nagad- 
Anrextnedov, no, parallelepiped. 


TapadhAnrdyepauuoc -ov : adj, bounded by parallel lines; t6 xa- 
earANnAOYeauUOY, No, parallelogram. 


napddhAndoc -ov : adj, parallel; 16 napddAndov, no, parallel, 


parallel-line. 
TapanArewpua -atoc, t6 : no, complement (of a parallelogram). 
mapatéAvetoc -ov : adj, penultimate. 
maeéx : prep + gen, except. 


napeunintw : vb, insert; see rintw. 
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méoxYo, telcoun, Exadov, nénovda, —, — : vb, suffer. 


mevtdywvoc -ov : adj, pentagonal; 16 nevtéywvov, no, pen- 


tagon. 
mevtamAdcotoc -a -ov : adj, five-fold, five-times. 
mevtexasexcywvov, t6 : no, fifteen-sided figure. 
meTtepaouevoc -n -ov : adj, finite, limited; see nepatve. 


Tepatve, mepaves, énépava, —, neneptoua, EnepavavOny : vb, bring 


to end, finish, complete; pass, be finite. 
mépac -atoc, t6 : no, end, extremity. 
TEpatow, —, —, —, —, — : vb, bring to an end. 
meptyec&w : vb, circumscribe; see yedgu. 
meptéyw : vb, encompass, surround, contain, comprise; see yw. 
nepthauBdver : vb, enclose; see Kay Bdve. 
mepicodxic : adv, an odd number of times. 
mepiacdc -% -dv : adj, odd. 
mepipépeta, H : no, circumference. 
neppéew : vb, carry round; see épu. 
TNALKOtNC -Nto¢, fH : No, magnitude, size. 
nintw, tecobun, Execov, nETTOXA, —, — : VD, fall. 
mAd&toc -eo¢, t6 : no, breadth, width. 
mTAclwy -ov : adj, more, several. 
TAeved, A : no, side. 
TAF Voc -eoc, t6 : No, great number, multitude, number. 
mAfy : adv & prep + gen, more than. 
motdc -& -6v : adj, of a certain nature, kind, quality, type. 
TohAardkaciétw : vb, multiply. 
nmohAandkaotaoudc, 6 : no, multiplication. 
nmoAAarAdotov, t6 : no, multiple. 
modbedeoc -ov : adj, polyhedral; t6 noAvedeov, no, polyhedron. 
morbya@voc -ov : adj, polygonal; t6 noAbywvov, no, polygon. 
mokbrAcvpoc -ov : adj, multilateral. 
nOploue -atoc, t6 : no, corollary. 
noté : ind, at some time. 
TelouUa -atO¢, TO : NO, prism. 
mepoBatve : vb, step forward, advance. 
meodetxvuut : vb, show previously; see deixvunt. 
mpoexttOnus : vb, set forth beforehand; see tin. 


mpoeeéw : vb, say beforehand; perf pass part, npoeipnuévoc -7, 
-ov, adj, aforementioned; see ctpw. 


TpocavanAnedw : vb, fill up, complete. 

mTpocavayedcu : vb, complete (tracing of); see yedqu. 
teocaey.dCw : vb, fit to, attach to. 

mpocexBdrrw : vb, produce (a line); see éxBdrrw. 
meocevpioxw : vb, find besides, find; see ebetcxw. 
mtepochauBdéuw : vb, add. 

medxew.ou : vb, set before, prescribe; see xciva. 

medoxeiua : vb, be laid on, have been added to; see xciua. 
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mpooninta : vb, fall on, fall toward, meet; see nintw. 
TMEOTAOIS -EWC, H : NO, proposition. 


mTeoctécow : vb, prescribe, enjoin; tO teootaydév, no, the 
thing prescribed; see t&cow. 


mpoottOnus : vb, add; see tiOnus. 

mpdtepos -a -ov : adj, first (comparative), before, former. 
mpottdnu : vb, assign; see téOnu. 

mteoxweéw : vb, go/come forward, advance. 

meétoc -a -ov : adj, first, prime. 

mupauic -td0¢, } : no, pyramid. 

éntdc -4 -dv : adj, expressible, rational. 

pouBoesrc -é¢ : adj, rhomboidal; t6 éouBoedéc, no, romboid. 
6d6uBoc, 6 no, rhombus. 

onuciov, tO : no, point. 

oxaryvoc -4 -dv : adj, scalene. 

otepedc -& -dv : adj, solid; t6 otepedy, no, solid, solid body. 
ototxelov, t6 : no, element. 

OTPEMH, -OTPELW, Eotesba, —, Eotauun, Eot&pnv : vb, turn. 


ovyxewo : vb, lie together, be the sum of, be composed; 
ouyxetluevoc -7 -ov, adj, composed (ratio), compounded; 
see Xela. 


avyxetve : vb, compare; see xeivw. 

ouyBatvw : vb, come to pass, happen, follow; see Batvw. 
oupBdrAAw : vb, throw together, meet; see BoA. 
ovUuueteoc -ov : adj, commensurable. 

ovurac -avto¢c, © : no, sum, whole. 

ouurintw : vb, meet together (of lines); see nintw. 
ouuTAnedw : vb, complete (a figure), fill in. 

ovveyw : vb, conclude, infer; see &yw. 


ovvaodtepat -a. -a : adj, both together; 6 cuvayadtepos, no, 
sum (of two things). 


ovuvaroseixvuut : no, demonstrate together; see Sefxvuu. 
ovvaph, A : no, point of junction. 

obvév0, ol, al, t& : no, two together, in pairs. 

ouvexytc -é¢ : adj, continuous; xat& t6 ouveyéc, continuously. 
ovveotc -ews, H : No, putting together, composition. 
ovv0_etoc -ov : adj, composite. 


ov[vjiotnus : vb, construct (a figure), set up together; perf im- 
perat pass 3rd sg, ovuveatétu; see tot. 


ouvtidyut : vb, put together, add together, compound (ratio); 
see thn. 


oxXEols -EWS, H : NO, state, condition. 
orf -ato¢c, t6 : no, figure. 

oooipa -ac, A : no, sphere. 

téhEL -EWS, H : NO, arrangement, order. 


tapdcow, tapdew, —, —, tetépayuan, Etaody Inv : vb, stir, trou- 
ble, disturbe; tetapxyyévoc -n -ov, adj, disturbed, per- 
turbed. 
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tdoow, TaEw, Etat, tétaya, tétayyar, tay Inv : vb, arrange, 
draw up. 

tédeloc -a -ov : adj, perfect. 

TéUVO, TEVUVES, EteLOV, -TETUNKA, TETUNLAL, EtUrInY : vb, cut; 
pres/fut indic act 3rd sg, téuet. 

TETAPTHOPLOV, TO : No, quadrant. 

tEetTeayWvos -ov : adj, square; tO tete&ywvoy, No, square. 

tetodxic : adv, four times. 

tetpamAdatoc -a -ov : adj, quadruple. 

tetedmAeueoc -ov : adj, quadrilateral. 

tetpatAdoc -n -ov : adj, fourfold. 

thy, Dhow, 20nxa, té0nxa, xetuon, Eté0nv : vb, place, put. 

TFA -atoc, t6 : no, part cut off, piece, segment. 

totvuy : par, accordingly. 

toLovto¢ -abtH -oUto : pro, such as this. 

toed -Ewe, 6 : no, sector (of circle). 

tour, 7 : no, cutting, stump, piece. 

t6noc, © : no, place, space. 

tooautéxic : adv, so many times. 

TooautaTAGatos -a -Ov : pro, SO many times. 

toooUto¢ -adty -oUto : pro, sO many. 

tovutéott = toUT : par, that is to say. 

teanéCiov, tO : no, trapezium. 


> 4 


cotL 


tolywvoc -ov : adj, triangular; t6 tetywvov, no, triangle. 

toimAdotoc -a -ov : adj, triple, threefold. 

toimkeupoc -ov : adj, trilateral. 

toimA-6oc -y -ov : adj, triple. 

TeOToc, O : NO, Way. 

TOYYAVO, TEevEouUa, Etvyov, tethyNKA, TéeTELYNaL, ETEvY ONY : 
vb, hit, happen to be at (a place). 

ondéoxw : vb, begin, be, exist; see deyw. 

bme€atpeaic -ewe, ) : no, removal. 

bneepBdAAW : vb, overshoot, exceed; see BdAAw. 

bnepoyn, 7 : no, excess, difference. 

bneptyw : vb, exceed; see éyw. 

bndVeotc -ewc, A : no, hypothesis. 

bndxewon : vb, underlie, be assumed (as hypothesis); see xetyau. 

bnodcinw : vb, leave remaining. 

brotetvw, UnotEvVG, Unétewa, Unotétaxa, DnoTETAAL, UnETaONY 
: vb, subtend. 

Bto¢ -eo¢, t6 : no, height. 

avepdc -& -dv : adj, visible, manifest. 

gnul, phow, épnv, — —, — 

tew, olow, Kveyxoy, évivoya, Eviveywou, RvexIny : vb, carry. 

yoptov, t6 : no, place, spot, area, figure. 


: vb, say; €pauev, we said. 


yopic : pre + gen, apart from. 

odw : vb, touch. 

@c¢ : par, as, like, for instance. 

@c¢ étuyev : par, at random. 

@oabtwc : adv, in the same manner, just so. 
éote : conj, so that (causal), hence. 
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